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0. Introduction

Unless explicitly stated otherwise, throughout this paper we assume that R is a
Noetherian ring of prime characteristic p and that M is a finitely generated R-
module. By (R, m, k) we indicate that R is local with its maximal ideal m and its
residue field k = R/m. We always denote g := p* for varying e € N.

For every e € N, there exists a Frobenius map (which is a ring homomorphism)
F¢: R — Rdefinedby F¢(r) = r? = r?" forany r € R. Thus, given M, there is a
derived R-module structure, denoted by °M, on the same abelian group M but with
its scalar multiplication determined by r - x = r9x = r”'x forr € R and x € M.
It is routine to verify that Ann(M) € Ann(°M) € /Ann(M) and that Ass(M) =
Ass(°M) for all e € N.

When R is reduced it is clear that °R and R4 := {r'/?° | r € R} are isomorphic
as R-modules for every e. Using this terminology, a result of Kunz [K1, Thm. 2.1]
states that R is regular if and only if °R is flat over R for some e > 1 or, equiva-
lently, for all e € N.

We say that R is F-finite if 'R is finitely generated over R or, equivalently, if °R
is finitely generated over R for all e € N. By a result of Kunz [K2], every F-finite
ring is excellent. If R is F-finite and if M is a finitely generated R-module, then
it is easy to see that °M remains finitely generated over R for every e € N.

Similarly, if 'M is finitely generated over R then so is !(R/Ann(M)). This
means that R/Ann(M) is an F-finite ring. In other words, ¢(R/Ann(M)) is finite
over R/Ann(M) (or, equivalently, over R) for all e, which forces M to be finitely
generated over R for all e € N.

For any e € N, the derived R-module °M can be roughly identified as the mod-
ule structure of M over the subring R? := {r¢ = r?° | r € R}. Thus, in general,
the “size” of “M should increase as e — 0o. Assuming that °M is finite over R for
all e € N, we are interested in whether it is possible for the derived R-modules ‘M
to remain indecomposable (i.e., not writable as a direct sum of two nontrivial sub-
modules) for all e € N. Since we can always replace R by R/Ann(M), we may
simply assume that R is F-finite.
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Here is a case where °M remain indecomposable for all e € N. Suppose R has
a maximal ideal m such that k = R/m is a perfect field, and let M = k. Then itis
easy to see that “M = M = k and hence is indecomposable for all ¢ € N. Another
(trivial) case of nonsplitting is when M = 0.

Hochster [H] showed the eventual splitting of “M for e >> 0 in many cases.
In particular, he proved that “M decomposes for all e > 0 if dim(M) < 1 (ex-
cept for the cases mentioned in the previous paragraph). Indeed, if dim(M) = 0
then the eventual splitting reduces to a local case in which we see that Anng (M)
is an m-primary ideal of (R, m,k). Then m!?*l € Ann(M) for some ¢y € N,
where m!?“’! denotes the ideal of R generated by {r”*’ | r € m}. Thus the derived
R-modules °M become vector spaces over k = R/mforall e > eg, sincem-°M =
mlPIM = 0. As for the 1-dimensional case, we quote what was essentially proved
in [H, Thm. 5.16(2)] as follows.

THEOREM 0.1. Let (R, m, k) be an F-finite local Noetherian ring of characteris-
tic p, and let M be a finitely generated R-module with dim(M) = 1. Fixany P €
Ass(M) with dim(R/P) = 1 and let A = R/P be the integral closure of R/P in
its fraction field (R/P)p. Then, for any n € N, there exists an ey € N such that ‘M
has a direct summand isomorphic to A" for all e > ey.

One of the main ideas in the proof of this theorem is [H, Lemma 5.17], which also
plays an important role in this paper. Because we will need a stronger result than
the original version of [H, Lemma 5.17], we state the following lemma.

LeEmmMmA 0.2 (cf. [H, Lemma 5.17]). Consider the short exact sequence
0— D''"®B—M-—N-—0

of finitely generated modules over a Noetherian ring R (not necessarily of char-
acteristic p). Assume that W(E) < r for all submodules E C Ext}e(N, D), where
W(E) denotes the least number of generators of E. Then M has a direct summand
that is isomorphic to D.

Proof. This can be derived from the proof of [H, Lemma 5.17]. We omit the
details. O

In [H, Fact 5.14] it was also observed that, if M is a graded module over an F-finite
N-graded Noetherian ring R with R a field of characteristic p and dim(M) > 1,
then for any n € N there exists an e such that “M splits as a direct sum of more
than n nonzero R-modules. This splitting property was then used to prove the ex-
istence of small Cohen—Macaulay modules (see [H, Prop. 5.11]).

In this paper we study the direct sum decomposability of ‘M when dim(M) >
2. Our approach is similar to that of [H, Thm. 5.16(2)]. We now state the main
result, which is proved in Section 1.

MaAIN THEOREM (see Theorem 1.8). Let (R,m,k) be an F-finite Noetherian
local ring of characteristic p, and let M be a finitely generated R-module with
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dim(M) = 2. Let A be the integral closure of R/P in some finite algebraic exten-
sion field of (R/P)p for some P € Ass(M) with dim(R/P) = 2. If A is strongly
F-regular then, for any n € N, A" is isomorphic to a direct summand of ‘M for
every e > 0.

Recall that an F-finite ring R is said to be strongly F-regular [HHu2, Def. 5.1] if,
forany ce R° := R\ Upemin(R) P, the R-linear map R — “R defined by 1 — ¢
splits for some e > O (or, equivalently, for all e > 0). Strong F-regularity can be
equivalently defined in terms of tight closure (cf. [HHul]): (R, m, k) is strongly
F-regular if and only if 0 is tightly closed in the injective hull of k. For example,
if (R, m, k) is an F-finite regular local ring, then “R is free over R for all e by [K1,
Thm. 2.1]. Thus, for any ¢ # 0 € R, the R-linear map R — °R sending 1 to ¢
splits as long as e is large enough that ¢ ¢ m[?) = m - “R. This shows that every
F-finite regular ring is strongly F-regular.

In Hochster’s result (our Theorem 0.1), R/P is a domain with dim(R/P) <
1 and so its integral closure A = R/P is regular (and hence strongly F-regular)
automatically. However, when dim(R/P) = 2, its integral closure may not be
regular. Nevertheless, Theorem 1.8(1) states that if there is a module-finite domain
extension of R/P that is strongly F-regular, then the same splitting result for ‘M
still holds. In this sense, Theorem 1.8(1) may be regarded as a generalization of
Theorem 0.1.

1. The Eventual Splitting of ‘M in Dimension 2
We begin this section with an easy remark.

REMARK 1.1. Let R be aring, and let M; — M — M, be an exact sequence.
Then

sup{u(E) | E € M} < sup{u(E)) | E1 © My} + sup{i(E2) | E2 S Ma}.

Throughout this paper, 1 (E) denotes the minimal number of generators for any
R-module E.

Let us next recall a familiar and useful fact about 1-dimensional R-modules. We
use Ag(-) to denote the length of an R-module.

LEmMA 1.2.  Let M be a finitely generated module over a local ring (R, m, k) (not
necessarily of characteristic p) with dim(M) < 1. Then

sup{u(E) | E € M} < M(HY(M)) + e(M) < oo,

where H?H(M) = U,en(© 1y m") and e(M) = lim,_, oo A(M/m"M)/n, the
Hilbert multiplicity of M (as a module of dimension 1).

Proof. We sketch a proof. Let E be an arbitrary submodule of M; then
HY(E) =H (M)NE
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and so there exists an exact sequence 0 — E/HY (E) — M/HS(M). Notice that
E/HY (E) is either zero or Cohen—Macaulay of dimension 1. Thus, by Remark 1.1
(and other considerations) we have

1(E) < w(HY(E)) + n(E/HQ(E)) < A(HY(E)) + e(E/HY(E))
< A(HL(M)) + e(M/H,(M)) = A(H{,(M)) + e(M).
Here we have used that /,L(E/H&(E)) < e(E/H&(E)), which holds because N :=
E/ Hom(E ) is a 1-dimensional Cohen—Macaulay R-module. To prove this, we as-

sume without loss of generality that dim(R) = 1 and |k| = oco. Then there exists
an x € m such that x is N-regular and xR is a reduction of m. Consequently,

e(N) = lim AN/m™N) _ lim AN/x"N)

—00 n n—o00 n

= Ar(N/XN) = w(N). 0

The next result plays an important role in the proof of our main theorem. Before
stating the result, we first explain some notation and terminology that we shall use.

NortaTiON 1.3. Let L, D # 0 be finitely generated modules over an F-finite

ring R.

(1) We denote by #r(L, D), or by #(L, D) if the ring R is clearly understood, the
maximal integer n such that L = D" @ N for some R-module N.

(2) When (R, m, k) is local, we denote o(R) = log,[k : k7] (i.e., pe® is the
rank of 'k as a k-vector space).

(3) Assuming that the ring (R, m, k) is local, we say that D is an F-contributor
of L if im sup,_, o #(°L, D)/q*®+dmL) ~ (0, where g = p°. (See [Y1] for
some properties of F-contributors.)

(4) Given functions f,g: N — N, we say that f(e) = O(g(e)) if there exists an
a € N such that f(e) < ag(e) forall e e N.

Recall that, for any P € Spec(R) and e € N, the derived module ¢(R/P) has
torsion-free rank g®®+dim(R/P) gyer R /P [K2, Prop. 2.3]. The next lemma gives
a criterion for when the eventual splitting of °M occurs.

LEmMA 1.4. Let (R, m,k) be an F-finite local Noetherian ring of prime charac-
teristic p, and let M be a finitely generated R-module. For some ey > 0, suppose
there exists a short exact sequence

0—L—°M-—N—0

such that dim(N) = d < | and limsup,_. . #(°L, D)/q“(R)+d = 00 for some
finitely generated R-module D # 0 (e.g., dim(L) > d and D is a F-contributor of
L). Then, for any n € N, there exists an e € N such that °M has a direct summand
isomorphic to D".

Proof. Because the assumption implies also that lim sup,_, o, #(°L, D")/q*®+4 =

oo for any n € N, we need only prove the lemma for the case n = 1. Also, since
¢(“oM) = ¢TeopM for all e € N, we may relabel M as M and thus assume eg = 0
without loss of generality.
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We can filter N by finitely many submodules such that successive quotients are
isomorphic to either k = R/m or R/P with P € Spec(R) and dim(R/P) = 1. For
each such P, denote by R/P the integral closure of R/P in its fraction field. Then
R/P is regular and finitely generated over R/P since R is excellent. Hence there
exists an exact sequence 0 — R/P — R/P — U — 0 with Ax(U) < oo. This
shows that N may be filtered by finitely many submodules with successive quo-
tients isomorphic to either k = R/m or R/P with P € Spec(R) and dim(R/P) =
1. Fix such a filtration, say

0=NoCMNC---CN, =N,

and let Ag € {1,2,...,r}and Ay = {1,2,...,r}\ Ag such that N;/N;,_; = k =
R/m when i € Ag and N;/N;_; = R/P; with P; € Spec(R) and dim(R/P;) = 1
when i € A. Since the integral closure R/P; is a 1-dimensional regular semilocal
domain for each i € A, we have e(m) = (Iﬁ)"a(m1 (cf. [K2, Prop. 2.3] and
Lemma 1.10). Hence, for any e € N, the derived R-module °N may be filtered cor-
respondingly as

OZeNogeNl g geereN,

where s

¢k = k4
“(R/P) = (R]P)"
Thus, by induction on r (we omit the details) and iteration of Remark 1.1, for all
e € N we have

if iAo,
if i €A

a(R)+1

’Ni/‘Ni—1 = {

sup{(E) | E C Exty(°N, D)}

<D sup{u(E) | E S Exty(‘Ni/Ni-1, D)}
i=1
=q*® " sup{u(E) | E C Exty(k, D)}
ieAg
+q*® > " sup(u(E) | E € Extp(R/P;, D).
e\
We therefore conclude that sup{u(E) | E C Ext}z(eN, D)} = 0(g*®*). Ob-
serve that if dim(N) = d = 0 then A; = @.

Put pu(e) = sup{u(E) | E C Ext}e(eN, D)} for every e € N. Because u(e) =
O(g*®+dy and lim sup,_, o #(°L, D)/q*®*? = o0, there exists a large enough
e such that #(°L, D) > u(e) + 1. That is, °L = D*©*! @ B for some R-module
B, and hence we have the exact sequence

0— D*9MgB — ‘M — °N — 0.
By Lemma 0.2, we see that D is isomorphic to a direct summand of ‘M. O
REMARK 1.5. We may sketch another proof of Lemma 1.4; again, it suffices to

prove the case where n = 1. The assumption limsup,_, o, #(°L, D)/q*®+? =
oo implies that D has depth at least d + 1 = dim(N) + 1 (see the proof of [Y],
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Lemma 2.2]). Hence there exists an x € Ann(N) € Ann(°N) for all e € N such
that x is D-regular. Let R = R/Anng(N) and D = D/xD. Then, for all e € N,

ExtL(°N, D) = Homg(°N, D/xD) € Homg(R*M), D) = Homg(R, D)™

Because HomR(ﬁ, D) has dimension at most 1, Remark 1.1 and Lemma 1.2 im-
ply that

sup{u(E) | E C Exth(°N, D)} < sup{u(E) | E € Homg(R, D)*)}
< u(*N)sup{u(E) | E € Homg(R, D)}
= O(u(°N)).

On the other hand, u(¢°N) = A(°N/m - °N) = g*®r(N/mlIIN) = O(g*B+9)
by the existence of Hilbert—Kunz multiplicity (see [Mo]), where d = dim(N).
Hence sup{u(E) | E C Exti(°N, D)} = 0(g*®*?), and from this point the
proof proceeds as in the original proof of Lemma 1.4.

REMARK 1.6. By Lemma 1.4 we see that if lim,_, o, #(°L, D)/q*®+¢ = oo then,
for any given n € N, there exists an e; € N such that M has a direct summand
isomorphic to D" for all e > e;.

Next, we use the criterion of Lemma 1.4 to produce a situation where °M splits for
e > 0. For any finitely generated R-module M, set

Assh(M) = {P e Ass(M) | dim(R/P) = dim(M)},

which is the same as {P € min(M) | dim(R/P) = dim(M)}. We remark that
some of the arguments in the proof of the following proposition are similar to
those outlined in the proof of [H, Thm. 5.16(2)].

ProprosITION 1.7. Let (R, m, k) be an F-finite local Noetherian ring of char-
acteristic p, and let M, L, D be finitely generated nonzero R-modules such that
dim(M)=2,Ass(L) C Assh(M) (so that dim(L) =2), and lim sup._, - #(°L, D)/
q* P+ = 0o (e.g., D is an F-contributor of L). Then, for any n € N, there exists
an e € N such that D" is isomorphic to a direct summand of ‘M.

Proof. Choose a primary decomposition of 0 in M, say

0=0/N0N---NQYs,

such that Ass(M/Q;) = {P;}. Assume the primary decomposition is minimal so
that Ass(M) = {Py, P,, ..., P;}. Let Assh(M) = {Py, P,,..., P} for some 1 <
r<sandletS =R\ U,'rzl P;. Then, over the localization ring S ~IR, we obtain
a primary decomposition of 0 in S ~'M,

o=s"'ons'g,n---nso,,

which shows that S~ (€D;_,; M/Q;) = S~'M by the Chinese remainder theorem.
Lifting the isomorphism back to R, we have the short exact sequence
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0—>@M/Q,-—>M—>N—>O
i=1
for some finitely generated R-module N with dim(N) < 1. Then, for every e €
N, there is a short exact sequence

0— P/ — M—N—0 (1.7.1)
i=1

with dim(°N) = dim(N) < 1. Since Ass(M/Q;) = { P;}, it follows that *(M/Q;) #
0 are finitely generated torsion-free (R/P;)-modules for all ¢ >> 0. (Indeed, be-
cause v/Anng(M/Q,) = P;, there exists an ¢g € N such that (Anng(M/Q;))!?*1
P;, which implies that ¢(M/Q;) is annihilated by P; for every e > e(; moreover,
for any x € R\ P;, x is a nonzero divisor on M/Q; and thus it remains so on
¢(M/Q;) for every e > 0.) For any e > e¢g and any i = 1,...,r, let n(e,i) denote
the torsion-free rank of ¢(M/Q;) over R/P;. Then n(e,i) > 0 and there exists a
short exact sequence

0 — (R/P)") — “(M/Q;) —> Ny — 0 (1.7.2)
such that N ;) is finitely generated over R/P; with dim(N ;) < dim(M/Q;) =

2 forevery i = 1,...,r. Combining (1.7.1) and (1.7.2), we obtain the short exact
sequence

0 — Pw/py"’ — M — N, — 0 (*e)
i=1

for each e > e, where N, is a finitely generated R-module with dim(&,) < 1.
Notice that n(e +1,i) = p*®+2p(e, i) for each e > eg and eachi € {1,2,...,r}
(cf. [K2, Prop. 2.3]). In particular, we see that n(e,i) — 00 as e — 00.

Now we carry out a similar procedure on L. Let Ass(L) = {Py, P»,..., P;} for
somel <t < r. Fix a primary decompositionof Oin L,say 0 = Q1N Q5N---NQ;
with Ass(L/Q]) = {P;}. Let U = R\ J;_, P;. Then U~'(B;_, L/Q}) = UL,
which gives the short exact sequence

t
0—L—PL/Qj— N —0 (1.7.3)
i=1
for some finitely generated R-module N’ with dim(N’) < 1. Similarly, we can
find a large enough e’ € N such that, foreachi = 1,2,...,1, e’(L/Qlf) is torsion-
free over R/P; (say, with torsion-free rank n(i)); hence there exists a short exact
sequence , A
0 — “(L/Q)) — (R/P)"? — N/ — 0 (1.7.4)
for some finitely generated (R/P;)-module N/ with dim(N,) < 1. Together, (1.7.3)
and (1.7.4) produce the short exact sequence

1
0— ‘L — @P®R/PY)" — N"— 0 (%)
i=1

for some finitely generated R-module N” with dim(N") < 1.
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Now fix a sufficiently large e; € N such that n(ey,i) > n(i) foralli =1,...,¢.
Then the exact sequences (*,,) and () generate the short exact sequence

0—°‘L&B — "M — N — 0,

B= <€|9<R/Pi)"<‘f“'>"<">) ® ( >, <R/Pi)"<€l’f>)
i=1

i=t+1
and N is a finitely generated R-module with dim(N"") < 1. Moreover, it is
clear that

where

i #(°L.D) i #(‘(‘L® B),D) _
MSUp e 00 = MMSP T g =
Now the desired result follows from Lemma 1.4. O

Proposition 1.7 can be applied to the following case, which proves our main the-
orem. First, recall that Aberbach and Leuschke [AL] have proved the following
result concerning strong F-regularity: An F-finite local ring (R, m) is strongly
F-regular if and only if liminf,_, o #(°R, R)/q*®+Tdm®) - 0 See [SV; Y1] for
the definition and properties of modules of finite F-representation type (abbrevi-
ated FFRT).

THEOREM 1.8. Let (R, m, k) be an F-finite local Noetherian ring of characteris-
tic p, and let M be a finitely generated R-module with dim(M) = 2. Let A be a
domain that is a module-finite extension of R/P for some P € Assh(M).

(1) If A is strongly F-regular then, for any n € N, there exists an e, € N such that
‘M has a direct summand isomorphic to A" for all e > e.

(2) If there is a finitely generated torsion-free A-module L # O that has FFRT,
then there exists an R-module D # 0 such that, for any n € N, there is an
e; € N such that “M has a direct summand isomorphic to D".

Proof. (1) Evidently dim(A) = 2, Assg(A) = {P}, and A is a semilocal F-
finite ring, say with maximal ideals m;,m,,..., m.. Observe that dim(Ay,,) =
dim(A) = 2 and a(Any,;) = a(R) foreachi = 1,2,...,c. Indeed, the equa-
tion (An;) = a(R) holds because A /m; is a finite field extension of R/m; then
dim(Ay,;) = dim(R) follows from [K2, Prop. 2.3]. It also follows from Ratliff’s
dimension formula (see [M, Thm. 15.6]).

We must show that liminf,_, o, #z(‘A, A)/q@®+dmA) ~ 0 in order to apply
Proposition 1.7 and Remark 1.6. It suffices to show liminf,_, ., #4(°A, A)/
q@®+dimA) (0 by considering A as an A-module. Because A is strongly F-
regular, sois Ay, foreachi =1,2,..., c. Therefore, liminf, o #4,, (“Am;, Am,)/
q@Am)HdimAm) ~ 0 foreachi = 1,2,...,c (see [AL]). Finally, by Lemma 1.10
(to follow) we have

#4(°A, A)

#ap (Am;s A,
liminf ————— = mln{hm inf An\i( m; m;)

— <i<
e—o0 go(R)+dim(4) emoo  gR+dim(A) [1=<i= C} >0,

which finishes the proof of part (1).
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(2) Clearly, we have Assg(L) = {P} € Asshg(M) and so dim(L) = 2. Also,
our assumption that L has FFRT as an A-module implies that L has FFRT as an
R-module by definition. By [Y1, Lemma 2.1], there is a nonzero F-contributor D
of L over R. Now Proposition 1.7 applies. O

REMARK 1.9. Because every strongly F-regular ring A is normal, we see that if
A is a module-finite extension of R/P (as in Theorem 1.8) then A is the integral
closure of R/P in some finite field extension of (R/P)p.

In general, for any (F-finite) local ring (R, m, k) of prime characteristic p, the in-
variant s(R) = lim,_, oo #(°R, R)/q*F+dmPB) if it exists, is called the F-signature
of R, which was first defined and studied in [HuL]. For related work on the F-
signature, see for example [AEl; AE2; AL; Si; SV; YI; Y2].

Although Lemma 1.10 may be well known, we state and prove it for the complete-
ness of the proof of Theorem 1.8. (Lemma 1.10 was also referred to in the proof of
Lemma 1.4.) Before stating the lemma we remark that, for any Noetherian local
ring (R, m) and any finitely generated R-modules N, D # 0,

#r(N ® D", D) = #r(N,D) +n ()

forevery n € N, which follows from #IQ(M R ﬁ) = #zr(M, D) and the Krull-Schmidt
property of R, the m-adic completion of R.

LEmMMA 1.10. Let A be a semilocal Noetherian ring (not necessarily with prime
characteristic p) with maximal ideals mi,m,, ..., m. exactly and with M, D # 0
finitely generated A-modules. Then

#A(M’ D) = min{#Ami(Mm,"Dmi) | 1 S i S C}'

Proof. One could prove this lemma by using that (a) #4(M, D) = #A(M’ ﬁ),
where " = "™ denotes the completion with respect to the m-adic topology for m =
(-, m; the Jacobson radical, and (b) A= I—[le(Ami)m", where (%)™ denotes
the (m; A, )-adic completion.

For an alternative proof, let #4(M, D) = nand M = N @ D". Then #4(N, D) =
0 and, by (1), we have

min{#a,, (Mu,. Dw,) |1 <0 < ¢} = n +min{#s, (No,. D)) | 1 < i < c}.

It suffices to prove that min{#4,, (N, Dw;) | 1 <i < c} = 0. Suppose, to the
contrary, that min{#a,, (Nu;, Dm,) | 1 <i < c} > 0. Then, foreach1 <i <,
there exist homomorphisms

¢i/si € (HOmA(N, D))m, = HOmAm,(Nmi, Dmi)’
Yi/si € (Homu(D, N))m; = Homyu,, (Dm;, Nm,)

such that (¢;/s;) o (¥i/s;) = 1p,, , where ¢; € Homu(N, D), ¥; € Homs(D, N),
and s; € A\ m;. Choose r; € ﬂ#i m; \ m; foreachi = 1,2,...,c. Then it is
routine to verify that

<XL: ri¢i> o (XL: Vﬂﬂi) € Homu(D, D)
i—1

i=1
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is surjective (by Nakayama’s lemma) and hence is an isomorphism, which implies
that NV has a direct summand isomorphic to D—a contradiction. UJ

Note that Proposition 1.7 and Theorem 1.8 apply only to 2-dimensional cases. For
higher dimensions we have the following result, which was obtained during a dis-
cussion with Melvin Hochster.

THEOREM 1.11. Let (R, m,k) be an F-finite local domain of prime characteris-
tic p with dim(R) > 2 such that Rp is integrally closed in its fraction field for all
P € Spec(R) with dim(R/P) > 2. Let A := R be the integral closure of R in its
fraction field. If A is strongly F-regular then, for any finitely generated faithful
R-module M and any n € N, there exists an e| such that °M has a direct summand
isomorphic to A" (as an R-module) for all e > ey.

Proof. Let € = {r € R | rA € R} be the conductor, which is the largest common
ideal of R and A. Then we see dim(R /&) < 1 by assumption. Consider the short
exact sequence

0—C¢M —>M— M/EM — 0,

where dim(M/€M) < 1and €M is a finitely generated faithful A-module. Thus
there exist h € Hom (€M, A) and x € €M such that h(x) = ¢ € A°. Then, since A
is strongly F-regular, there exist ey € N and g € Homu(°°A, A) such that g(c) = 1.
Consequently, we obtain an A-linear homomorphism goh: (€M) — “A — A
that maps x to 1, showing that A is a direct summand of ** (€M) as an A-module.

The strong F-regularity of A also implies liminf,_, o, #4(°A, A)/g®®+dim(4) -
0 (cf. [AL] and the proof of Theorem 1.8(1)). As a result,

#r(“(CM),A) . . #(“(CM), A)

caee TRAAEN ) ) TAU\RM ), A)
hergg.}f qot(RH—dim(R) —hergg.}f qa(R)+dim(A) > 0.

Now the claim follows from Lemma 1.4 and Remark 1.6. O

ACKNOWLEDGMENTS. Most of the research in this paper was conducted during a
visit to the University of Kansas, Lawrence. The author would like to thank Craig
Huneke for the conversations that generated this paper. The author would also like
to offer his gratitude to Melvin Hochster for his help and suggestions.

References

[AE1] I. Aberbach and F. Enescu, The structure of F-pure rings, Math. Z. 250 (2005),
791-806.
, When does the F-signature exist? Ann. Fac. Sci. Toulouse Math. (6) 15
(2006), 195-201.
[AL] I. Aberbach and G. Leuschke, The F-signature and strong F-regularity, Math.
Res. Lett. 10 (2003), 51-56.

[H] M. Hochster, Big Cohen—Macaulay modules and algebras and embeddability
in rings of Witt vectors, Conference on commutative algebra (Kingston, 1975),
Queen’s Papers in Pure and Appl. Math., 42, pp. 106—-195, Queen’s Univ.,
Kingston, ON, 1975.

[AE2]




The Direct Sum Decomposability of °‘M in Dimension 2 755

[HHul] M. Hochster and C. Huneke, Tight closure, invariant theory, and the Briangon—
Skoda theorem, J. Amer. Math. Soc. 3 (1990), 31-116.
, F-regularity, test elements, and smooth base change, Trans. Amer.
Math. Soc. 346 (1994), 1-62.
[HuL] C. Huneke and G. Leuschke, Two theorems about maximal Cohen—Macaulay
modules, Math. Ann. 324 (2002), 391-404.
[K1] E. Kunz, Characterizations of regular local rings of characteristic p, Amer. J.
Math. 91 (1969), 772-784.
, On Noetherian rings of characteristic p, Amer. J. Math. 98 (1976),
999-1013.
[M] H. Matsumura, Commutative ring theory (M. Reid, transl.), Cambridge Stud.
Adv. Math., 8, Cambridge Univ. Press, Cambridge, 1986.
[Mo] P. Monsky, The Hilbert—Kunz function, Math. Ann. 263 (1983), 43-49.
[Si] A. Singh, The F-signature of an affine semigroup ring, J. Pure Appl. Algebra 196
(2005), 313-321.
[SV] K. E. Smith and M. Van den Bergh, Simplicity of rings of differential operators
in prime characteristic, Proc. London Math. Soc. (3) 75 (1997), 32-62.
[Y1] Y. Yao, Modules with finite F-representation type, J. London Math. Soc. (2) 72
(2005), 53-72.

, Observations on the F-signature of local rings of characteristic p,
J. Algebra 299 (2006), 198-218.

[HHu2]

[K2]

[Y2]

Department of Mathematics and Statistics
Georgia State University
Atlanta, GA 30303

yyao@gsu.edu



