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Dedicated to Mel Hochster on the occasion of his sixty-fifth birthday

1. Introduction

Let G, denote the symmetric group of permutations of 1,2,...,n, and let w =
wi---w, € 6,. An increasing subsequence of w of length k is a subsequence
w;, - - - w;, satisfying

Wi < Wj, < -+ < Wjp.
There has been much recent work on the length is,(w) of the longest increasing

subsequence of a permutation w € &,.. A highlight is the asymptotic determina-
tion of the expectation E(n) of is, by Logan—Shepp [11] and Vershik—Kerov [18]:

E(n) := % Z is,(w) ~ 21, n— oo. (1)

" wed,

Baik, Deift, and Johansson [3] obtained a vast strengthening of this result—
namely, the limiting distribution of is,,(w) as n — oo. In particular, for w chosen
uniformly from &,,,

M < [) — F([)’ (2)
n1/6

n— 00

lim Prob<
where F(t) is the Tracy-Widom distribution. The proof uses a result of Gessel [9]
that gives a generating function for the quantity

up(n) =#{weG, :is(w) < kj.
Namely, define

x2n
Uex) =} u(m—s, k= 1;

n>0
x2n+i
L;(2x) = Z; oo €z

The function I; is the hyperbolic Bessel function of the first kind of order i. Note
that I;(2x) = I_;(2x). Gessel then showed that

Ui(x) = det(f;—;(2x));

i, j=1"
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676 RICHARD P. STANLEY

In this paper we will develop an analogous theory for alternating subsequences—
that is, subsequences w;, - - - w;, of w satisfying
Wi > Wi, < Wiy > Wiy < -+ Wjp.

According to our definition, an alternating sequence a, b, c, ... (of length > 2)
must begin with a descent a > b. Let as(w) = as,(w) denote the length (number
of terms) of the longest alternating subsequence of w € G, and let

ar(n) =#{weG, : as(w) = k}.

For instance, a;(w) = 1, corresponding to the permutation 12 - - - n, while a,(n)
is the total number of alternating permutations in &,,. This number is customarily
denoted E,. A celebrated result of André [1] (see [16, Sec. 3.16]) states that

xi’l
Z En—‘ = secx + tanx. A3)
n!

n>0
The numbers E, were first considered by Euler (using (3) as their definition) and
are known as Euler numbers. Because of (3), E»,, is also known as a secant num-
ber and E,,_; as a tangent number.
Define
by(n) =#{we G, : as(w) <k}
=ai(n) + az(n) +--- +ax(n) 4)

so that, for example, by (n) = n! for k > n. Also define the generating functions

AGen) = ) anmrt = 5)

k,n=0
kX"
B(x,t)= Y bi(n)t —

k,n=0
Our main result (Theorem 2.3) consists of the formulas
I+ p+2te” + (11— p)erx
Tl p -2+ (1—p—12)e2rx’
A(x,t) = (1 —1)B(x,1),

where p = /1 — 2.

As a consequence, we obtain explicit formulas for a;(n) and by (n):

1 s k—s ny ,.
br(n) = S Z (=2) ((k+r)/2)(5>r ’

r4+2s<k
r=k (mod2)

ax(n) = br(n) — br_1(n).

By equation (6) we also obtain formulas for the factorial moments

B(x,t) (6)

1
ve(n) = — > asw)(as(w) — 1) (as(w) — k + 1).

|
wes,
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For instance, the mean v;(n) and variance var(as,) = v,(n) + v,(n) — v{(n)? are
given by n+1

6

r(as,) = —n — = >4
var(as, _4511 50" n >4,

The limiting distribution of as, (the analogue of equation (2)) was obtained
independently by Pemantle and Widom, as discussed at the end of Section 3. In-
stead of the Tracy—-Widom distribution as in (2), this time we obtain a Gaussian
distribution.

229

vi(n) =

)

NoTE. We can give an alternative description of by (n) in terms of pattern avoid-
ance. If v = vjv; - - - vy € &4, then we say that a permutation w = wjw, - - - w, €
6, avoids v if w has no subsequence w;w;, - - - w;, whose terms are in the same
relative order as v [6, Chap. 4.5; 17, Sec. 7]. If X C Gy, then we say that w € G,,
avoids X if w avoids all v € X. Now note that b;_;(n) is the number of permuta-
tions w € G,, that avoid all E, alternating permutations in S.

After seeing the first draft of this paper, Miklés Béna pointed out that the statis-
tic as, can be expressed very simply in terms of a previously considered statistic
on &,,: the number of alternating runs. Hence many of our results can also be de-
duced from known results on alternating runs. This development is discussed fur-
ther in Section 4. In particular, it follows from [20] that the polynomials 7,,(¢) =
3", ar(n)t* have interlacing real zeros. This result can be used to give a third
proof (in addition to the proofs of Pemantle and Widom) that the limiting distri-
bution of as,, is Gaussian.

2. The Main Generating Function
The key result that allows us to obtain explicit formulas is the following lemma.

LEMMA 2.1. Let w € S,,. Then there is an alternating subsequence of w of max-
imum length that contains n.

Proof. Let a; > a, < ---a; be an alternating subsequence of w of maximum
length k = as(w), and suppose that n is not a term of this subsequence. If n pre-
cedes a; in w, then we can replace a; by n and obtain an alternating subsequence
of length k containing n. If n appears between a; and a;; in w, then we can sim-
ilarly replace the larger of a; and a,, by n. Finally, suppose that n appears to the
right of a;. If k is even then we can append 7 to the end of the subsequence to ob-
tain a longer alternating subsequence, contradicting the definition of k. But if k is
odd then we can replace a; by n, again obtaining an alternating subsequence of
length k containing n. UJ

We can use Lemma 1.2 to obtain a recurrence for ay(n), beginning with the initial
condition a((0) = 1.
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LEMMA 2.2. Letl <k <n-+1. Then

n
ax(n+1) = Z(”.) Y @) tanaGan—j.  ®)
j=0 2r+s=k—1
r,s>0
Proof. We can choose a permutation w = a; - - - a,+1 € S, such that as(w) =
k as follows. First choose 0 < j < n such that a;j;; = n + 1. Then choose in (;’)
ways the set {ay, ..., a;}. Fors > 0 we can choose in a;(n — j) ways a permutation
w’ = ajy2- - apy satisfying as(w’) = s. Next we choose a permutation w” =
ay - - - aj such that the longest even length of an alternating subsequence of w” is
2r = k — 1 —s. We can choose w” to satisfy either as(w”) = 2r or as(w”) =
2r + 1. The concatenation w = w”(n + )w’ € &, will then satisfy as(w) = &,
and conversely all such w arise in this way. Hence equation (8) follows. O

Now write n
by
Fe(x) =) ax(m)—.
n>0
For example, Fyp(x) = 1 and F(x) = e* — 1. Multiplying (8) by x"/n! and sum-
ming on n > 0 gives
F(x) = Z (F2r(x) + Forq1(x)) Fs (x). )
2r+s=k—1

Observe that

A(x,1) =" Fe(oth,

k>0

where A(x,t) is defined by (5). Since k — 1 — s is even in (9), we need to work
with the even part A,(x, ¢) and odd part A,(x, ) of A(x,?), which are defined by

Acx,t) = ) Fa(x)r™

k>0

= %(A(x,t) + A(x, —1)),

(10)
Ao(x,t) =Y Fappa (x)e !
k=0
1
= 5 (Alx. 1) — Alx, =1)).
Multiply equation (9) by #* and sum on k > 0. We obtain
0A(x,1)
3 =1A.(x,1)A(x, 1) + Ao(x, D) A(x, ). 1)
X
Substituting —¢ for ¢ yields
0A(x, —1)
———— = —tA.(x, 1) A(x,—t) — A, (x, 1) A(x, —1). (12)

0x
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Adding and subtracting equations (11) and (12) gives the following system of
differential equations for A, = A,(x,t) and A, = A,(x,1):

9A, )
— = 1A,A, + A2, (13)
0x
9A,

=1A2 + A A,. (14)
0x

Hence we must solve this system of equations in order to find
A(x,1) = Ae(x, 1) + Ao(x,1).

THEOREM 2.3.  We have

14 p +2te”* 4+ (1 — p)er™
T oo -2+ (I—p—12)e2rr
A(x, 1) = (1 — 1) B(x, 1) (16)
14 p +2te* + (1 — p)e?*
L+p—124(1—p—1t2)e2rr’

B(x,t)

15)

— (-1 a7)

where p = /1 — t2.

Proof. We can simply verify that the stated expression (17) for A(x,?) satis-
fies (13) and (14) with the initial condition A(0,¢) = 1, a routine computation
(especially with the use of a computer). The relationship (16) between A(x, 1)
and B(x,t) is then an immediate consequence of (4), which is equivalent to
ay(n) = bi(n) — bi(n —1).

It might be of interest, though, to explain how the formula (17) for A(x,?) can
be derived if the answer is not known in advance. If we divide equation (13) by
(14), the result is

0A./0x A,

3A,/0x A,
Therefore, 2 (A2 — A2) = 0 and so A2 — A? is independent of x. This observation
suggests computing the generating function in ¢ for Aze - A%,, which a computer
shows is equal to 1+ O(¢") for a large value of N. Assuming then that A2 — A% = 1
(or even proving it combinatorially), we can substitute v'1 — A2 for A, in (13) to

obtain
dA,
3 =1ANAL — 1+ A2 —1,
X

a single differential equation for A,. This equation can routinely be solved by sep-
aration of variables (though some care must be taken to choose the correct branch
of the resulting integral, including the correct sign of VA2 — 1); we will spare the
reader the details. A similar argument yields A,, so we obtain A = A, + A,. U
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NotE. Ira Gessel has pointed out the following simplified expression for B(x, t):

By =2 1 (18)
1

17,0 2
—Tep" \/l—l

3. Consequences

A number of corollaries follow from Theorem 2.3. The first gives explicit expres-
sions for a; (n) and by (n), as stated in the Introduction. I am grateful to Ira Gessel
for providing the proof given here.

COROLLARY 3.1. Forallk,n > 1,

1 N n n
be(n) = 55 2 ((k+r)/2>< ) w

r+2s<k
r=k (mod 2)

ar(n) = br(n) — br_1(n). (20)

Proof. Define b; (n) to be the right-hand side of (19), and set

i ! ‘xn
B'(x.t)= ) bk(n)tkg.

k,n>0
Setn =s+mandk =r+2s+ 21, so that
B'(x,1)
= Z(—l)sZI"‘S—zl(r+s+21)<5+m)rx+mtr+2x+21 xstm
r,s,0,m r+s+1 Ky (s +m)!
(—rt?x/2)* r+s4+20\ /Y (rx)™
_ZZO<)—XI: I 2] @

The sum on m is e¢’*. Now let

Clu) =

bl

S Cut = _m

2x
n>0

the generating function for the Catalan numbers C, = - +1( ) IfG(x) =xC(x)

then G(x) = (x —x2)", where ! denotes composmonal inverse. It is then an
immediate consequence of the Lagrange inversion formula [16, Thm. 5.4.2] that

a_ a (2k—1+a\ ,
C(u)_2k+a< k )“

k>0

Differentiating both sides of (#C(u))* with respect to u, we obtain the formula

Z<2k+a)uk— C(u)a
- ) T
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Hence the sum on / in equation (21) is

C4+s 1 <2 - 2p>"H
t2 ’

Ji—2 P
2 t\ (—rt?x/2)* 2-2p\"
B/ ) == _ rx
(x.1) 0 Z(Z) s! ¢ 12

r,s>0

2 (1= Y = (rd =)o)’
=;Z<TE>ZT

s

_2 3 (1 ~ 'Oex> o—r=p)x
p\

2 1— -
= —(1— pe’”) ,
P t

and the proof of (19) follows from (18). Equation (20) is then an immediate con-
sequence of (4). O

Thus

By Corollary 3.1, when k is fixed by (n) is a linear combination of k", (k — 2)",
(k —4)", ... with coefficients that are polynomials in n. For k¥ < 6 we have

by(n) =2""",
b3(n) = %(3” —2n+3),
by(n) = %(4” —2(n —2)2"),

bs(n) = %(5" —2n=5)3"+2(n*>-5n+5)),

1
bo(n) = 25 (6" = 2(n — 34" + 2n? — 12n + 15)2").

As a further application of Theorem 2.3 we can obtain the factorial moment-
generating function

ts
—_— . n_
F(x,t) = E vj(n)x I
J:n=0
where

1 1
vi(m) = — 3 (asw)); = — 3 ar(m) (k)
T wes, Tk

and

() =h(h—=1)---(h— j +1).
Namely, we have

dIA(x, 1)
ot/

=YY wm

=1 >0 k>0

= Zvj(n)x".

n>0
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On the other hand, by Taylor’s theorem we have

IA(x,t t—1J
A=) @) @-bl
j=0 ot/ =1 .]‘
It follows that
F(x,t) = A(x,t +1). (22)

(It is far from obvious from the form of A(x, ¢ + 1) obtained by substituting ¢ + 1
for ¢ in (17) that it even has a Taylor series expansion at t = 0.) From equations
(17) and (22) it is easy to compute (using a computer) the generating functions

Mj(x) = Z vj(n)x"

n>0
for small j. For 1 < j < 4 we have
6x —3x2 4 x3
M =
1(x) 60— )2
90x2 — 15x* 4+ 6x° — x°
M>(x) = 3 ,
90(1 — x)3
2520x3 — 315x* + 189x° — 231x°® + 93x7 — 18x3 4 2x°
M3(x) = 7 ,
1260(1 — x)
Ny(x)
My(x) = ———
40 = 1500 — )
where

Na(x) = 47250x* — 3780x° + 2880x7 — 2385x® + 1060x°
—258x0 4 36x! — 3x12,

It is not difficult to see that, in general, M;(x) is a rational function of x with de-
nominator (I — x)/*1. It follows from standard properties of rational generating
functions [15, Sec. 4.3] that, for fixed j, v;(n) is a polynomial in n of degree j for
n sufficiently large. In particular,

4n +1
vi(n) = ”6+ L n=2 (23)
()_40n2—24n—19 -
U2 n - 90 ’ n iy £
1120713 — 2856n% + 440n + 1581
v3(n) = , n>6.
3780

Observe that vi(n) is just the expectation (mean) of as,. The simple formula
(4n 4 1)/6 for this quantity should be contrasted with the situation for the length
is,(w) of the longest increasing subsequence of w € G,,, where even the asymp-
totic formula E(n) ~ 2./n for the expectation is a highly nontrivial result [17,
Sec. 3]. A simple proof of (23) follows from (28) and an argument of Knuth [10,
Exer. 5.1.3.15].
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From the formulas for vi(n) and v, (n) we easily compute the variance var(as,,)
of as,,:

var(as,) = va(n) + vi(n) — vi(n)* = %, n>4. 24)
We now consider a further application of Theorem 2.3. Let
T,(1) = Z ap(n)tr. 25)
For instance, k=0
Ti(1) =1,
To(1) =1t + 12,

Ts(t) =t + 3t% + 213,

Tu(t) =t + 7% + 1183 + 514,

Ts(1) =t + 15t + 4313 4+ 451* 4+ 1617,

To(t) =t + 31t% 4 1481 + 2681 + 21127 + 611°,

T5(t) =t + 6312 + 480¢> + 13441* 4+ 1767¢> + 11131° + 272¢".

COROLLARY 3.2. The polynomial T,(t) is divisible by (1 + t)!"/*). Moreover, if
U,(t) = T,(t)/(1 + )2 then

Uzp(—1) = —Uspqi(—1) =

where E,, 1 denotes a tangent number.

(=D"Ezn41
2n ’

Proof. Let A.(x,t) and A,(x,t) be the even and odd parts of A(x, ) as in equa-
tions (10). By the definition of A.(x) we have

X T, (1) x2"
Al ——,1t ) = .
(«/1+t t) §(1+t)” 2n)!

With the help of a computer we establish that

X X
Iim A, ——.,t | = sech?—
—>-1 («/1+t ) V2
Z( D" E>nqi x2n
- = 2n @n)!”

Hence the desired result is true for 75,(¢). Similarly,

X
lim T+ 1A, ( ) = —+/2tanh —
—=1 NI V2
_ Z (=D"Ezpiq x>
B ~ 2n QCn+D

proving the result for 75,,41(¢). O
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By Corollary 3.2, T,,(—1) = 0 for n > 2. In other words, for n > 2 we have

|
#lwe S, : as,(w) even) = #{w € S, : as,(w) odd} = ’%

A simple combinatorial proof of this fact follows from switching the last two ele-
ments of w; it is easy to see that this operation either increases or decreases as,(w)
by 1, as first pointed out by M. Béna and P. Pylyavskyy. More generally, a com-
binatorial proof of Corollary 3.2 is a consequence of equation (28) to follow and
an argument of Béna [6, Lemma 1.40].

The formulas (23) and (24) for the mean and variance of as,, suggest in analogy
with (2) that as,, will have a limiting distribution K (¢) defined by

as,(w) —2n/3 - t)
—ﬁ <

for all € R, where w is chosen uniformly from &,,. Indeed, we have that K(¢) is
a Gaussian distribution with variance 8/45:

K(t) = lim Prob(

1 /454 5
K@) = ﬁ/ e % ds. (26)

It was pointed out by R. Pemantle (private communication) that equation (26) is
a consequence of [13, Thms. 3.1, 3.3, or 3.5] and possibly [5]. An independent
proof was also given by Widom [19], and in the next section we offer an additional
method.

4. Relationship to Alternating Runs

A run of a permutation w = w; - - - w, € &, is a maximal factor (subsequence of
consecutive elements) that is increasing. An alternating run is a maximal factor
that is increasing or decreasing. (Perhaps “birun” would be a better term.) For
instance, the permutation 64283157 has four alternating runs (642, 28, 831, and
157). Let gx(n) be the number of permutations w € &, with k alternating runs.
As pointed out by Béna [7], it is easy to see that

1
ai(n) = z(gkq(n) +g(n), n=>2. 27)

If we define G, (1) =), gx(n)t¥, then (27) is equivalent to

1
L) = 50+ 1)Gx(1), (28)

where 7,(¢) is defined by (25).

Research on the numbers g;(n) goes back to the nineteenth century; for refer-
ences see Bona [6, Sec. 1.2] and Knuth [10, Exer. 5.1.3.15-16]. In particular, let
A, (1) denote the nth Eulerian polynomial; that is,

An(f) — Z tH—des(w)’

weS,
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where des(w) denotes the number of descents of w (the size of the descent set de-
fined in equation (29)). It was shown by David and Barton [8, pp. 157-162] and
stated more concisely by Knuth [10, p. 605] that

1+\"! 1—
Gu(t) = (%) I+ w)"“A,,(H—Z), n>2,

where w = /(1 —1)/(1 4+ t). Theorem 2.3 is then a straightforward consequence
of the well-known generating function

P
Z "(I)H T 1 fel-nx

n>0
(see e.g. [6, Thm. 1.7]).

It is also well known [6, Thm. 1.10] that the Eulerian polynomial A,(¢) has
only real zeros and that the zeros of A, () and A, (¢) interlace. From this fact
Wilf [20] showed that the polynomials G,(¢) have (interlacing) real zeros, and
hence by (28) the polynomials 7,,(¢) also have real zeros. It is then a consequence
of standard results (e.g., [4, Thm. 2]) that the numbers ay (n) for fixed n are asymp-
totically normal as n — oo, yielding another proof of (26).

5. Open Problems

In this section we mention three directions in which our work in this paper could
be generalized.

1. Let is(m, w) denote the length of the longest subsequence of w € G,, that
is a union of m increasing subsequences, so that is(w) = is(1, w). The numbers
is(m, w) have many interesting properties, as summarized in [17, Sec. 4]. Can
anything be said about the analogue for alternating sequences—that is, the length
as(m, w) of the longest subsequence of w that is a union of m alternating sub-
sequences? This question can also be formulated in terms of the lengths of the
alternating runs of w.

2. Can the results for increasing subsequences and alternating subsequences be
generalized to other “patterns”? More specifically, let o be a (finite) word in the
letters U and D; for example, 0 = UUDUD. Let c* denote the infinite word

ooo ---,asin
(UUD)*® =UUDUUDUUD - - -.

In this example we have, for instance, that UUDUUDU is a prefix of ¢ of
length 7.

Lett =aja;---a,—) be aword of length m — 1 in the letters U and D. A se-
quence v = Vv - - - Uy, of integers is said to have descent word t if v; > v;11
whenever a; = D but v; < v;4; whenever a; = U. Hence v is increasing if
and only if T = U™, and v is alternating if and only if r = (DU)/ ' or t =
(DU)/~'D according as m = 2j — 1 or m = 2j.

Now let w € G, and define len,(w) to be the length of longest subsequence of
w whose descent word is a prefix of ¢®. Thus leny (w) = is,(w) and lenpy (w) =
as,(w). What can be said in general about len,(w)? In particular, let
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1
Eo(n) = — ) leny(w),

T wed,

the expectation of len, (w) for w € &,. Note that Ey(n) ~ 2./n by (1) and that
Epy(n) ~ 2n/3 by (7). Is it true that for any o we have E,(n) ~ an® for some
a,c > 07 Or at least that for some ¢ > 0 (depending on o) we have

log E;(n)
o — ¢
n—oo logn

(in which case can we determine ¢ explicitly)?
3. The descent set D(w) of a permutation w = w; - - - w, is defined by

Dw) ={i : w; > wiy} S [n—1], (29)

where [n — 1] = {1,2,...,n — 1}. Thus w is alternating if and only if D(w) =
{1,3,5,...}N[n—1]. Let S C [k —1]. What can be said about the number by s(n)
of permutations w € G,, that avoid all v € Gy, satisfying D(v) = S? In particular,
what is the value L s = lim,_, o bk’s(n)l/”? (It follows from [2] and [12], gener-
alized in an obvious way, that this limit exists and is finite.) For example, if § = ¢
or § = [k — 1], then it follows from [14] that L, s = (k — 1)2. On the other hand,
if § ={1,3,5,...} N[k — 1] then it follows from (19) that L; s = k — 1.

Added in proof. The statement in part 3 of Section 5 that L g exists is open, since
Arratia’s paper [2] deals with the avoidance of a single permutation.

References

[1] D. André, Développement de sec x and tg x, C. R. Math. Acad. Sci. Paris 88 (1879),
965-979.

[2] R. Arratia, On the Stanley-Wilf conjecture for the number of permutations avoiding
a given pattern, Electron. J. Combin. 6 (1999), Article N1.

[3] J. Baik, P. Deift, and K. Johansson, On the distribution of the length of the longest
increasing subsequence of random permutations, J. Amer. Math. Soc. 12 (1999),
1119-1178.

[4] E. A. Bender, Central and local limit theorems applied to asymptotic enumeration,
J. Combin. Theory Ser. A 15 (1973), 91-111.

[5] E. A. Bender and L. B. Richmond, Central and local limit theorems applied to
asymptotic enumeration. 11. Multivariate generating functions, J. Combin. Theory
Ser. A 34 (1983), 255-265.

[6] M. Béna, Combinatorics of permutations, Discrete Math. Appl., Chapman &
Hall/CRC, Boca Raton, FL, 2004.

[71 , private communication, October 13, 2005.

[8] E N. David and D. E. Barton, Combinatorial chance, Hafner, New York, 1962.

[9] I. M. Gessel, Symmetric functions and P-recursiveness, J. Combin. Theory Ser. A
53 (1990), 257-285.

[10] D. E. Knuth, The art of computer programming, vol. 3, 2nd ed., Addison-Wesley,
Reading, MA, 1998.

[11] B. F. Logan and L. A. Shepp, A variational problem for random Young tableaux,
Adv. Math. 26 (1977), 206-222.




Longest Alternating Subsequences of Permutations 687

[12] A. Marcus and G. Tardos, Excluded permutation matrices and the Stanley-Wilf
conjecture, J. Combin. Theory Ser. A 107 (2004), 153-160.

[13] R. Pemantle and M. C. Wilson, Asymptotics of multivariate sequences. 1. Smooth
points of the singular variety, J. Combin. Theory Ser. A 97 (2002), 129-161.

[14] A. Regev, Asymptotic values for degrees associated with strips of Young diagrams,
Adv. Math. 41 (1981), 115-136.

[15] R. Stanley, Enumerative combinatorics, vol. 1, Wadsworth and Brooks/Cole, Pacific
Grove, CA, 1986; second printing, Cambridge Stud. Adv. Math., 49, Cambridge
Univ. Press, Cambridge, 1997.

, Enumerative combinatorics, vol. 2, Cambridge Stud. Adv. Math., 62,

Cambridge Univ. Press, Cambridge, 1999.

, Increasing and decreasing subsequences and their variants, Proc. Internat.
Cong. Math. (Madrid, 2006), to appear.

[18] A.M. Vershik and K. V. Kerov, Asymptotic behavior of the Plancherel measure of the
symmetric group and the limit form of Young tableaux, Dokl. Akad. Nauk SSSR 223
(1977), 1024-1027 (Russian); English translation in Soviet Math. Dokl. 233 (1977),
527-531.

[19] H. Widom, On the limiting distribution for the length of the longest alternating
subsequence in a random permutation, Electron. J. Combin. 13 (2006), Article R25.

[20] H. S. Wilf, Real zeroes of polynomials that count runs and descending runs, preprint,
1998.

(16]

(7]

Department of Mathematics 2-375
Massachusetts Institute of Technology
Cambridge, MA 02139

rstan @math.mit.edu



