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Adjoints of Ideals

REINHOLD HUBL & IRENA SWANSON

Adjoint ideals and multiplier ideals have recently emerged as a fundamental tool
in commutative algebra and algebraic geometry. In characteristic 0 they may be
defined using resolution of singularities. In positive prime characteristic p, Hara
and Yoshida [4] introduced the analogue of multiplier ideals as generalized test
ideals for a tight closure theory. For all characteristics, even mixed, Lipman gave
the following definition.

DErFINITION 0.1.  Let R be a regular domain and / an ideal in R. Then the adjoint
adj I of I is defined as

adj I = ("){reR [v(r) = v(I) — v(Jk, )},

v

where the intersection varies over all valuations v on the field of fractions K of R
that are nonnegative on R and for which the corresponding valuation ring R, is
a localization of a finitely generated R-algebra. Here Jg, ,z denotes the Jacobian
ideal of R, over R.

By our assumption on v, each valuation in the definition of adj / is Noetherian.

Many valuations v have the same valuation ring R,,; any two such valuations are
positive real multiples of each other and are called equivalent. In Definition 0.1
we need only use one v from each equivalence class. In the sequel, we will always
choose normalized valuations—that is, the integer-valued valuation v such that,
for all r € R, v(r) equals the nonnegative integer n satisfying that ¥R, equals the
nth power of the maximal ideal of R,.

Lipman proved that, for any ideal I in R and any x € R, adj(x]) = x adj(/).
In particular, adj(xR) = (x).

A crucial and powerful property is the subadditivity of adjoints: adj(/J) C
adj(/) adj(J). This was proved in characteristic 0 by Demailly, Ein, and Lazars-
feld [3] and for generalized test ideals in characteristic p by Hara and Yoshida [4,
Thm. 6.10]. A simpler proof in characteristic p can be found in [1, Lemma 2.10].
A version of subadditivity formula on singular varieties was proved by Takagi in
[21]. But subadditivity of adjoints is unknown in general. We prove it for gen-
eralized monomial ideals in Section 4 and for ideals in two-dimensional regular
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domains in Section 5. The case of subadditivity of adjoints for ordinary mono-
mial ideals can be deduced from Howald’s work [5] using toric resolutions, and
the two-dimensional case has been proved by Takagi and Watanabe [22] using
multiplier ideals. The case for generalized monomial ideals proved here is new.

One aspect of proving subadditivity and computability of adjoints is whether
there exist only finitely many valuations vy, ..., v,, such that, for all n,

m
adj(I") = (|{r € R | vi(r) = vi(I") = vi(Jr,, r)}-

i=l
We prove in Section 4 that Rees valuations suffice for the generalized monomial
ideals. We also give an example (the first example in Section 5) showing that Rees
valuations do not suffice in general. In Section 5 we give a general criterion for
when the adjoint of an ideal is determined by its Rees valuations. A corollary is
that Rees valuations suffice for ideals in two-dimensional regular domains. The
first three sections develop the background on generalized monomial ideals.

We refer the reader to the article by Smith and Thompson [19] and to Jirvilehto’s
thesis [8] for results on what divisors (i.e., valuations) are needed to compute the
multiplier ideals with rational coefficients. In general, Rees valuations do not suf-
fice there, even in dimension 2.

1. Generalized Regular System of Parameters

DEFINITION 1.1.  Let R be a regular domain. Elements x, ..., x4 in R are called
a generalized regular system of parameters if x1, ..., x4 is a permutable regular se-
quence in R such that, for every iy, ...,is €{l,...,d}, R/(x;,..., x;,) is aregular
domain.

REMARK. Any part of a generalized regular system of parameters is again a gen-
eralized regular system of parameters.

For example, when R is regular local, an arbitrary regular system of parameters
(or a part thereof) is a generalized regular system of parameters. And if R is a
polynomial ring over a field, then the variables are a generalized regular system
of parameters.

Let p be any prime ideal containing the generalized regular system of parame-

ters xy, ..., xq. Because R/(xy,..., x4) is regular, sois R, /(x1, ..., X4)p, Whence
X1,...,Xq is part of a (usual) regular system of parameters in R,,.
LEMMA 1.2.  Let R be aregular domain and let x1, ..., x4 be a generalized regular

system of parameters. Then, for any normalized valuation v as in Definition 0.1,
v(Jr,R) = v(x1---xg) — L.

Proof. By possibly taking a subset of the x;, we can state without loss of general-
ity that all v(x;) are positive. Let p be the contraction of the maximal ideal of R,, to
R. If we localize p, then xy, x5, ..., x4 are a part of a regular system of parameters



Adjoints of Ideals 449

(see comment preceding the lemma). We may possibly extend the x; to a full reg-
ular system of parameters, so we may assume that p = (xy,..., x;) is the unique
maximal ideal in R. We may also assume that v(x;) > v(x3) > --- > v(xy) > L.

If d = 0 then the lemma holds trivially. If 4 = 1 then v is the p-adic valuation,
in which case R, = R = Jg,/z. Since v is normalized, it follows that v(x;) =1
and the lemma holds again. Now letd > l and let § = R[%, s X;;;']. Then S is
aregular ring contained in R, and %, . X;—:, X4 constitute a generalized regular
system of parameters in S. Clearly Jg/z equals x[‘,{*lS. By induction on ), v(x;)
we conclude that v(Jg,/s) > v (% e X;’—;xd) —1, and so, by Lipman and Sathaye
[14, p. 201], v(Jg, /&) = v(Jsr) + v(Jr,/s) = V(x5 + p(IL. Tolyy) — 1=
v(x;---xg)— 1. O

Though in general not as nicely behaved as variables in a polynomial or power
series ring, generalized regular systems of parameters come close to them in many
aspects. One property of interest is the following.

PrROPOSITION 1.3.  Let R be a regular domain and let xy, ..., x4 be a generalized
regular system of parameters of R. Furthermore, let s < d, let p = (x1,..., Xs),
and let f be a nonzero element of R. Then there exist monomials my,...,m; in

X1,..., Xy and elements h, g1, ..., 8: € R\ p such that

t
hf:Zg,m,
i=1

Proof. Clearly we may assume that R is local with maximal ideal p, and we then
prove the proposition with 2z = 1. First we reduce to the case of complete local
rings. Let R be the completion of R, and observe that xi, ..., x; is a regular sys-
tem of parameters of R. Suppose we know the result for Rand thatxy, ..., x, € R.
Write f = Z;:l him; for some h; € R with h; ¢ p. Clearly we may assume that
none of the monomials is a multiple of another one. Let I = (my,...,m;) C R.
Since f € IRNR=1 (by faithful flatness), we may write f = Z;=1 gim; with
gi €R;in R we obtain Zﬁzl(gi — h;)m; = 0 and hence conclude from [9, Sec. 5]
that g; — h; € pﬁ, implying that g; ¢ p. Thus it suffices to prove the proposition
for the case of R complete local with maximal ideal p = (xy, ..., xy).
Assume now that R is complete and let f € R. Assume f € p™ \ p"*!. Then

1
f=)aimi+ fo,

i=l

with some (unique) monomials m; of degree njin xy, ..., x;, some aj; ¢ p (unique
modulo p), and some f, € p™ T Let M; = (myy, .. .,myy). If fo =0 then we are
done. Otherwise, we write

2

fr= ZGZimZi + f3»

i=1
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with some ay; ¢ p, some monomials m,; of degree n, in x1, ..., x;, and some f3 €
p"z“. Set M, = M, + (myy, ..., my,) and continue. In this way we derive an as-
cending chain M; € M, C --- of monomial ideals that must stabilize eventually,
M,=My = --=: M. Let

MOO = (ml,---7mt)9

with each m; a monomial of degree d; in xy, ..., x;. We may assume that none of
these monomials divides any of the other ones and that all m; appear in a presen-
tation of some f; as before. Then in each step we may write

t
Ji= Z nim; + fii1,
i=1

where n;; € p™'~4 and where, if [ is the smallest integer such that m; appears with

a nontrivial coefficient in the expansion of f;, then n; ¢ p. Hence
f= Z cimi + fiyr,

with some ¢;; ¢ p (or ¢;; = 0) and with ¢;1; — ¢;; € p"~% (and fi4 € p™+th).
Because R is complete, this converges and we obtain

f= Zcimi

with some c¢; ¢ p. OJ

2. Integral Closures of (General) Monomial Ideals

Monomial ideals typically denote ideals in a polynomial ring or in a power series
ring over a field that are generated by monomials in the variables. Such ideals have
many good properties; in particular, their integral closures and multiplier ideals are
known to be monomial as well. The result just stated on multiplier ideals for the
standard monomial ideals is due to Howald [5]. In this section we consider gener-
alized monomial ideals and present their integral closures. For alternate proofs on
the integral closure of generalized monomial ideals see Kiyek and Stiickrad [10].
We define monomial ideals more generally as follows.

DEFINITION 2.1.  Let R be aregular domain, and let xy, ..., x4 in R be a general-
ized regular system of parameters. By a monomial ideal (in xi,..., x4) we mean
an ideal in R generated by monomials in xy, ..., x4.

As in the usual monomial ideal case, we can also define the Newton polyhedron.

DEFINITION 2.2. Let R and xy,..., x4 be as before, and let I be an ideal gen-
erated by monomials x¢', ..., x9. Then the Newton polyhedron of I (relative to
X1, ..., Xxq) is the set

NP(/) ={e€Q’y|e >3, cia; forsome c; € Qzo, >, ¢; = 1}.
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Note that NP(/) is an unbounded closed convex set in @io. We use NP°(7) to
denote the interior of NP(7).

THEOREM 2.3. Let R be a regular domain and let x1, ..., x4 be a generalized reg-
ular system of parameters. Let I be an ideal generated by monomials in x1, ..., x4.
Then the integral closure 1" of I" equals

I" = (1zf | e en -NP(I) NN,

so it is generated by monomials.

Proof. Since NP(I") = n - NP(I), we may assume that n = 1. Write I =
(x4,...,x%), and let « = x¢ be such that e € NP(I) N N Then there exist
Cly---5Cs € Qsp such that Y ¢; = land e > ) ¢;a; (componentwise). Write
¢; = m;/n for some m; € Nand n € N.y. Then

o = xlnel—zmidn . 'X(I;ed_z mitlid()_cgl)ml . (zgx)mx e [t tms "
so that o € I. It remains to prove the other inclusion.

Let S be the set of hyperplanes that bound NP(/) and are not coordinate hy-
perplanes. For each H € S, if an equation for H is 1 X; + - - - + hy X4 = h with
h; € Nand h € N., then define Iy = (x¢ | e € N¢, > hie; = h). Clearly
I C Iy, NP(Iy) € {e€ Q%) | X hie; > h}, and NP(Iy) NN = {e € Q¢ |

3" hie; > h}NN?. Suppose that the theorem is known for the (generalized) mono-
mial ideals /5. Then

rc(\In

c N({x¢1eeN. X, hie; = hif H=:Y, h;X; = h})
HeS

= ({x¢ | e e NP(I) N N?}).

Hence it suffices to prove the theorem for Iy . As before, let >, h;X; = h define
H. By possibly reindexing, we may assume that 4, hy, ..., h; are positive integers
and that h,4; = - -- = hy = 0. As noted previously, it suffices to show that

In = ({x* | eeN"and Y hie; = h}).

Let Yi,...,Y; be variables over R and R’ = R[Yl,...,Y,]/(Ylh1 — X1yeen,
Y,hf — x;). This is a free finitely generated R-module and Yi,...,Y; is a regu-
lar sequence in R'. Setp = (Yy,...,Y;)R". Then R’/p = R/(xy,..., x,) is a regu-
lar domain and so p is a prime ideal; thus, for any prime ideal q in R’ containing
P, Rél is a regular local ring. By construction, Iy R’ is contained in (Y1, ..., Y =
p". Since Ry, is a regular local ring, th{J is integrally closed, and since R’ is
finitely generated over a locally formally equidimensional (regular) ring, Ry is lo-
cally formally equidimensional for every prime ideal ¢ containing p. By a theorem
of Ratliff [17], because p is generated by a regular sequence, the integral closure
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of thé, has no embedded prime ideals. It follows that the integral closure of thé,
is p"R} N R}. Because Ry is a regular domain and p is generated by a regular se-
quence, we have p"R;, N R} = p"R}. Tt follows that p"R), N R’ = p" is the integral
closure of ph. Hence Iy C ﬁ NR= ph N R and, by freeness of R’ over R, the
last ideal is exactly (x¢ | e €N, ), hje; > h), which finishes the proof. OJ

3. Rees Valuations of (General) Monomial Ideals

Recall that the Rees valuations of a nonzero ideal in a Noetherian domain form a
unique minimal set RV (/) of finitely many normalized valuations such that, for
all positive integers n, I"={reR|v(r) > nv() forall ve RV(I)}.

In an arbitrary Noetherian domain, for arbitrary ideals / and J we have that
RV(I)URV(J) € RV(IJ) and that equality holds in two-dimensional regu-
lar domains. (This has appeared in the literature in several places; see e.g. Muhly
and Sakuma [16] or the Rees valuations chapter in the book by Swanson and
Huneke [20].)

We will prove that the Rees valuations of an ideal generated by monomials in a
regular system of parameters are especially nice.

DEFINITION 3.1.  Let R be a regular domain, and let xy, ..., x; be a generalized
regular system of parameters. A valuation v on the field of fractions of R is said
to be monomial on xy, ..., x4 if, for some iy, ...,i; € {l,...,d} and for any poly-
nomial f =) c\,xi"]il - -x}i"x € R with all ¢, either O or notin (x;,,..., x;,),

v(f) = min{v(x?) | ¢, # 0}.

When the x; are understood from the context, we say that v is monomial.

Observe that v(f) = 0 forany f ¢ (x;,,..., x;,). In particular v(x;) = v(1) =0
if j & {i1,...,i}.

PrROPOSITION 3.2.  Let R be a regular domain, let x, ..., x4 be a generalized reg-
ular system of parameters, and let ay, .. .,a, be nonnegative rational numbers not
all of which are zero. Then there exists a unique valuation v on the field of frac-
tions K = Q(R) of R that is monomial on x1, ..., xq with v(x;) = a; forall i.

Proof. By reindexing we may assume that a; > 0,...,a; > 0 and that ¢, =
-+ =ay = 0 for some s > 0; we may also assume that all a; are integers.

The uniqueness of v is immediate from Proposition 1.3. To prove the existence
we may replace R by R, (with p = (xy,..., x,)) and assume that R is local. Let
R’ be the regular local ring obtained by adjoining an (a;)th root y; of x; to R (i =
1,...,s), and let n be the maximal ideal of R’. Then the n-adic valuation w on L =
Q(R’) is monomial in yy, ..., y, with w(y;) = 1 for all i. The restriction v :=
w| g is a monomial valuation as desired. O



Adjoints of Ideals 453

COROLLARY 3.3. Let R be a regular domain, and let xy,...,xq be a gener-
alized regular system of parameters. Let I be an ideal generated by monomi-
als in xy,...,xq. Then all the Rees valuations of I are monomial in xy,...,x,.
Furthermore, if H,, ..., H, are the noncoordinate hyperplanes bounding NP(1),
then the H; are in one-to-one correspondence with the Rees valuations v; of 1.

Proof. The Newton polyhedron NP(7) of I is the intersection of finitely many
half-spaces in Q¢. Some of them are coordinate half-spaces {x; > 0}, and each of
the others is determined by a hyperplane H of the form ;x| + - - - + hyxy = h,
where hy, ..., hy, h are nonnegative integers, h > 0, and gcd(hy,...,hg,h) = 1.
This hyperplane corresponds to a valuation vy that is monomial on xj, ..., x4 and
such that vy (x;) = h;. By Theorem 2.3, the integral closure of [ is determined
by these vy . Using NP(I") = n - NP(/), we see that the integral closure of I”
is also determined by these vy. So each Rees valuation is one such vy. Suppose
that the set of Rees valuations is a proper subset of the set of all the vy, and sup-
pose that one such vy is not needed in the computation of the integral closures of
powers of I. Since the hyperplanes H were chosen to be nonredundant, omitting
any one of them yields a point (ey,...,e4) € Q‘io that is on the unbounded side
of all the hyperplanes bounding NP(I) other than H but is not on the unbounded
side of H. Then there exist my,...,my € N and n > 0 such that, for each i, ¢; =
m;/n. By assumption we have x,"'---x/'* € I'", but (my,...,m,) ¢ n - NP(I)—a
contradiction. O

The following is a local version of [5, Lemma 1]. Howald’s proof relies on the
existence of a log resolution.

LEMMA 3.4. Let R be a regular domain, and let xy, ..., x4 be a generalized reg-
ular system of parameters. Let v be a discrete valuation that is monomial on
X1,..., X4, is nonnegative on R, and has value group contained in Z. Then

v(Jg,/R) = v(x; - xq) — ged(v(x)[i).

Proof. Since v is monomial in the x;, the center of v on R is contained in m =
(x1,...,x4). By localizing, we may assume that m is the only maximal ideal in
R. Let a; = v(x;). Without loss of generality, a; > a, > --- > ag; let s be the
largest integer such that a; > 0. Because v is monomial, if s = O then v = 0
and the lemma holds trivially. Hence we assume that s > 0. If s = 1, then nec-
essarily a; = ged(v(x;)]i), and v is a; times the (x;)-grading. Then R, = Ry,
Jr,g = Ry, and v(Jg,r) = 0 = v(x(---xg) — ged(v(x;)[i). So the lemma
holds in the case s = 1. We proceed by induction on ), a;. We may assume that
s > 1 Let S = R[i—i,..., X;—Zl] Then S is a regular ring contained in R,, and
3 Bl Xg, ..., Xg is a generalized regular system of parameters. For these

T
elements in S, v is still a monomial valuation, their v-values are nonnegative in-
tegers, and the total sum of their v-values is strictly smaller than ), a;. Thus, by
induction,
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X1 Xs—1
U(JR,,/S)Zv(_"' xs...xd>

Xs Xs

- gcd(v(ﬂ) s v(xs_l>, v(Xg), .., U(xd)>
X5 X5

=v(x;---xg) — (s — Dv(xy) — ged(xy), ..., v(xg)).

Since R € § C R, are all finitely generated algebras over R that are regular rings
and have the same field of fractions, it follows by Lipman and Sathaye [14, p. 201]
that Jg, g = Js/rJr,/s- Clearly Jg/z equals x‘f’l, whence

v(Jr,R) = v(xfTh +v(x-xg) — (s — Du(xy) — ged(u(xy), ..., v(xq))
=v(x1---x,) —ged(v(xy),...,v(xg)). O

4. Adjoints of (General) Monomial Ideals

A proof similar to the proof of Theorem 2.3 shows that the adjoint of a (general)
monomial ideal is monomial. This generalizes Howald’s result [5].

THEOREM 4.1.  Let R be a regular domain, and let x1, ..., x4 be a generalized reg-
ular system of parameters. Let I be an ideal generated by monomialsinx, ..., x,.
Then, foralln > 1,

adj(I") = [)Ax* | v(x%) = v(I") — v(x1 -+ x4) + 1})
=[dx* 1 v(x9) = v(I") = v(Jr,/p))

=({x¢leeNande+(1,...,1) eNP°(I")})

as v varies over the (normalized) Rees valuations of 1. In particular, the adjoint
is also generated by monomials.

Proof. Since I" is monomial and since the Rees valuations of I” are contained
in the set of Rees valuations of I, it suffices to prove the theorem for n = 1. By
Corollary 3.3 and Lemma 3.4, the second and third equalities hold. It therefore
suffices to prove that adj I equals the other three expressions (when n = 1).

First we prove that x¢ € adj(I) whenever e € N with e 4+ (1,...,1) e NP°(1)).
Let v be a valuation as in the definition of adj(). Since (x;---x4x¢)" € 17+ for
some positive integer n, it follows that v(x; - - - x4x¢) > v(I). Because v is normal-
ized, v(x%) > v(I)—v(x;---xq)+1. ByLemmal.2, v(Jg,/r) = v(x;---xq)—1,
so that v(x¢) > v(I) — v(Jg,/r). Because v was arbitrary, this proves that (x¢ |
ee Nd,g +(,...,1) e NP°(l)) C adj I. It remains to prove the other inclusion.

Let S be the set of bounding hyperplanes of NP(7) that are not coordinate hy-
perplanes. For each H € S, if an equation for H is i1 X; + - - - + hy Xy = h with
h; e Nand h € N-, define Iy = (x¢ | e e N% Y, h;e; > h). By the definition of
Newton polyhedrons, I C Iy.
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After possibly reindexing, we claim without loss of generality that iy, ..., h, >
0 and h;y; = --- = hy = 0. By Proposition 3.2 there exists a monomial valua-
tion vy on Q(R) defined by vy (x;) = h;. By construction, vy (1) > vy (Iy) >
h (even equalities hold), and adj(Iy) € {r € R | vg(r) > va(Ix) — va(JR,, )}
By the properties of vy, the last ideal is generated by monomials in the x;. By
Lemma 3.4, vy (Jr,,/r) = vg(x1- -+ xq) — 1, so that

adj(Iy) € ({x¢ | e e N vy (x9) > vy (Iy) — vy (x1 - x0)})
C ({x¢1eeN% X, hile; +1) > vy (In)})
C ({x¢1eeN% X, hi(e; +1) > h}),

whence
adj 7 < () adj(In)
HeS
S ﬂ({zf leeN, Y, hiei +1) > hif H=Y,h;X; = h})
HeS
=({x¢leeN% e+ (l,...,1) eNP°(I)}). O

Theorem 4.1 allows to address the subadditivity problem for monomial ideals as
follows.

COROLLARY 4.2. Let I,J € R be ideals generated by monomials in the gener-
alized regular system of parameters x, ..., xq. Then

adj(1J) < adj({) - adj(J).

Proof. Let x¢ € adj(1J) be a monomial. By Theorem 4.1, ¢ + (1,...,1) €
NP°(I - J). Since NP°(1J) € NP°(I) + NP°(J), there exist b € NP°(/) and
ceNP°(J)witha+(1,...,1) =b+c. Set f = (f1,..., fa)and g = (g1,...,84)
with f; = [b;] — 1 and g; = |c;]. Then x¢ and xZ are monomials with x& - x{ =
x¢; moreover,

f+@....Deb+Q¢, SNP°(I),
g+(L....)ec+QLy S NP°(J),
implying by Theorem 4.1 that ;cf €adj(/) and x% € adj(J). O

From the proof of Theorem 4.1 it is clear that the Rees valuations of the adjoint
depend on the Rees valuations of the original ideal. The number of Rees valua-
tions of I need not be an upper bound on the number of Rees valuations of adj(/),
and there is in general no overlap between the set of Rees valuations of / and the
set of Rees valuations of adj /.

ExaMpLE. Let R be a regular local ring with regular system of parameters x, y.
Let I be the integral closure of (x°,y”). Then, by the structure theorem, I has
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only one Rees valuation and I = (x7, x*y2, x3y3, x2y3, xy%,y7). By Theorem 4.1
(or by [5] or [7]), adj(]) = (x* x3y, x%y2, xy* y>), which is not the integral clo-
sure of (x4, y5 ). Thus adj(7) has more than one Rees valuation. In fact, it has two
Rees valuations, each of which is monomial and neither of which is equivalent to
the Rees valuation of /:
vi(x) =1=wvi(y), wvi(adj(d)) =4;
va(x) =3, va(y) =2, wa(adj(l)) =10.

Nevertheless, the one Rees valuation of 7 still determines the adjoints of all the
powers of 1.

5. Adjoints of Ideals and Rees Valuations

In this section we characterize those ideals I for which adj(1") is determined by
the Rees valuations of [ for all n. In the previous section we saw that this is true
for monomial ideals. That the Rees valuations of an ideal / should, in general,
play a crucial role in determining the adjoint of / is also implied by the following
result.

PROPOSITION 5.1.  Let I be an ideal in a regular domain R, and let V be a finite
set of valuations on the field of fractions of R such that, for alln e N,

adjl = ({reR | v(r) = v(I) = v(Jg,r)}-
vey
Then V contains the Rees valuations of 1.

Proof. Assume that there exist some Rees valuations of I not contained in V. By
the defining property of Rees valuations, there exist a nonnegative integer n and
an element r € R with

(1) v(r) =n-v(l) forallveV and
Q) re¢lr.

Let w be a Rees valuation of 7 with w(r) < n - w(I) — 1. Assume that [ is /-
generated and let r > [ - w(I). Then

wrH=t-wkr) <t -1+ DHw()

and so
rf ¢ Jri—l+1,

On the other hand,
v(r’) = nt-v(l) > nt-v(I) —v(Jg, k) forall ve,

implying that
r' eadj(I™) C -1+

by [12, (1.4.1)]—a contradiction. O

It is not true in general that the set of Rees valuations determines the adjoint of an
arbitrary ideal, as the following example shows.
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ExampPLE. Let (R, m) be a d-dimensional regular local ring with d > 2, and let
p be a prime ideal in R of height h € {2,...,d — 1} generated by a regular se-
quence. Then the p-adic valuation vy, is the only Rees valuation of p. If v, defined
adj(p™) in the sense that

adj(p") = {re R | vy (r) = nvy(p) — vp(JRUp/R)} for all n,
then, since vy, (p) = 1 and JRUP/R = ph’lep , it follows that
adj(p"™") = {re R | vy(r) >0} = R.

However, if p is generated by elements in m¢, where ¢ > d/(h — 1), and if v de-
notes the m-adic valuation, then

adj(p" ™ C{reR | vr) > v(p"") — v(Jk,x)}
C{reR|v(r)>d—(d—1)Cm,

which is a contradiction. A concrete example of this is R = k[[X, Y, Z]] with
the prime ideal p = (X* — Z3,Y3 — X?Z), which defines the monomial curve
([9 th t12).

The following is a geometric reformulation of [18] (see also [2, 2.3] or [13, 1.4]).

REMARK. Let R be a regular domain, let / € R be an ideal of R, and let Y =
Spec(R). Let P = R[IT], the Rees ring of I, and let P be its normalization and
¢: X = Proj(P) — Y the induced scheme. Then X/Y is essentially of finite type
by [14, p. 200] (see also [20, 9.2.3] for details). Thus ¢ is a projective birational
morphism, X is a normal Noetherian scheme, and /Oy is an invertible ideal. Let
P, ..., B, be the irreducible components of the vanishing set 2U(/Oy) of 10y
(i.e., those points x of X of codimension 1 such that /Oy , is a proper ideal of
Ox,x). Then Oy, g, is a discrete valuation ring (with field of fractions K = Q(R))
and the corresponding valuations vy, ..., v, are exactly the Rees valuations of 1.
If (R, m) is local and / is m-primary, the Rees valuations correspond to the irre-
ducible components of the closed fibre ¢ ~!(m), which in this case is a (dim(R) —1)-
dimensional projective scheme (in general neither reduced nor irreducible).

Let f: Z — Y be birational and of finite type. Then the Jacobian ideal J7,;y C
Oy is well-defined (being locally the zeroth Fitting ideal of the relative Kéhler
differentials). If, in addition, Z is normal, then

wzyy = Oz : Jz;y = Homz(Jzv, Oz)
is a canonical dualizing sheaf for f with
Oz Cwzyy © Mg,
where Mz denotes the constant sheaf of meromorphic functions on Z. If
g: 72 — Z

is another birational morphism and if g is proper and Z’ is normal as well, then
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gxwzyy S wzyy
(cf. [14, 2.3] and [15, Sec. 4]).

THEOREM 5.2. Let R be a regular domain, and let I C R be a nontrivial ideal.

Furthermore, let Y = Spec(R) and let ¢: X — Y be the normalized blow-up of

1. Then the following are equivalent.

(1) adj(I™") = mueRV(l){r €R | v() =n-v()—v(Jg,r)} for all positive in-
tegers n.

(2) If Z is a normal scheme and w: Z — X is proper and birational, then

TxWz)y = WX/y-

ReEMARK. If for Theorem 5.2(2) the scheme X is Cohen—Macaulay as well, then
X has pseudo-rational singularities only [15, Sec. 4].

REMARK. For Theorem 5.2(1), the set RV(I) is the unique smallest set of valu-
ations defining adj(/") in view of Proposition 5.1.

Proof of Theorem 5.2. If f: Z — Y is proper and birational with Z normal and
107 invertible, we set

adjz(I") = HY(Z,I"wz;y) (CR).

Then adj(I") = () adjz(I") by [12], where f: Z — Y varies over all such mor-
phisms. By the universal properties of blow-up and normalization, any such f
factors as

z5LH x5y

Since m.wz;y € wy,y and since 107 is invertible, it follows from the projection
formula that

H(Z,I"wz)y) = HY(X, . "wz)y)
= HX, I",0z)y)
C HUX, I"wxy).
Therefore,
adjz(I") C adjx(I") for all positive integers n (%)

forany such f: Z — Y.

Because wy/y is reflexive (by [14, p. 203]) and /Oy is invertible, I"wy,/y must
be a reflexive coherent subsheaf of the sheaf of meromorphic functions of X. We
therefore have

HX, "oy)y) = ﬂ (I"wx)y)sx-
xeX:ht(x)=1

For x € X with ¢(x) ¢ U(I), the set of primes containing /, we have
IOX,x = OX,)(s

wxy,x = Ox x,
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since ¢ is an isomorphism away from *U(/). Those x € X with ht(x) = 1 and
¢(x) € B(I) correspond to the Rees valuations of 7, and thus
adjx (I") = H(X, I"wxy)

= (] oxm)

xeX:ht(x)=1

= ﬂ (I"wxy)x N ﬂ Ox x
xeX:ht(x)=1,¢(x)eWV(I) xeX:ht(x)=1,¢(x)¢B)

> () reR|v(@) =n-v) = v(Jr,m)}
veRV(I)

where we have used that wg, sz is an invertible fractional ideal with inverse Jg, /.
Since m,wx;y = Ox (by [15, Sec. 4]) and so HO(X, wx/y) = R, the converse
inclusion is obvious:

adjx(I") = [|{r € K | v(r) = n-v(I) = v(Jr,p)} N R

S [ treRIv@) =n-v() = v(r,m)
veRV(I)

and we conclude that
adix(I"y = () {reR | v() =n-v() = v(Jr, )}
veRV(I)

Thus Theorem 5.2(1) is equivalent to
adjy(I") = adjz(I") forall neN

forall f: Z — Y as before.
First assume part (2); this direction is implicit in [12] (cf. [12, 1.3.2(b)]). Let
f:Z — Y be as before. By assumption, we have trivially

HYX, I"mywz)y) = HA(X, "wx)y),

which implies by the calculations preceeding () that adjx (I") = adjz(I") for all
positive integers n. Thus part (1) follows.

Conversely, suppose that part (1) holds (i.e., that adj(/") = adjx ({") for all pos-
itive integers n). Then by (x) it must follow that the canonical inclusions

H(X, I"m.wz)y) = adiz(I") — adjx(I") = H'(X, "ox)y)

are isomorphisms for all positive integers n. If X’ denotes the blow-up of I on Y,
then /Oy is a very ample invertible sheaf on X’. The extension X /X’ is finite and
so IOy is an ample invertible sheaf on X; hence the previous isomorphisms imply
that the canonical inclusion

TxWz)y <> WXy

is an isomorphism—in other words, that (2) holds. O
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Examples are known for both parts of the theorem, as we will show.
Recall that two ideals 1, J < R are called projectively equivalent if there exist
positive integers i, j with I = JJ (cf. [2]).

COROLLARY 5.3. Let R be a regular domain, let xy, ..., xq be a generalized reg-
ular system of parameters, and let I be an ideal projectively equivalent to an ideal
generated by monomials x¢', ..., x% inxy,..., xq. Then adj(I) is a monomial ideal
in xi, ..., xq determined by the Rees valuations of 1, and the normalized blow-up
of I satisfies Theorem 5.2(2).

Proof. We need only observe

Proj(R[If]) = Proj(R[It]) = Proj(R[I_it]);
then the corollary follows from Theorem 4.1. UJ

By the work of Lipman and Teissier we also know part (2) in some cases.

COROLLARY 5.4. Let (R, m) be a two-dimensional regular domain. Then, for
any nonzero ideal I,

adj(l) = (] {reR|v() =v() = v(Jr,r)}-

veRV()

Proof. Inthe two-dimensional case, the normalized blow-up of / has only pseudo-
rational singularities by [15, p. 103] and [11, 1.4]. Thus, part (2) of the theorem is
satisfied. UJ

REMARK. In the case of two-dimensional regular rings, an elementary direct
proof of Corollary 5.4 can be given as well. We may assume that (R, m) is local
with infinite residue field and that / is m-primary. Then it follows from [6] and
[7] (see also [12]) that, for a generic x € m \ m?, the ideals I and adj(/) are con-
tracted from S := R[™] and that adj(/)S = ! adj(IS). From this the corollary
follows by an easy induction on the multiplicity mult(/) of /.

With this line of argument we can also give an easy proof of subadditivity of
adjoint ideals in the two-dimensional case. Again we may assume that (R, m) is
local with infinite residue field and that / and J are m-primary. For a generic x €
m\ m? we have that 1, J, 1J, adj(I ), adj(J), adj(1J ), and adj(/ )adj(J) are all con-
tracted from § = R[%] Denoting by I’ (resp. J') the strict transforms of I (resp.
J), we may now conclude by induction on mult(/) + mult(J) that

adj(1J) = adj(IJ)S N R
1
= ~adj(IJS) N R
X
— xord(1)+0rd(J)—1 ad](I’J’) AR
C xord(l)—l ad](l/) . xord(])—l adJ(J/) N R

= adj(I)adj(J)S N R
= adj(I) adj(J).
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Alternatively, the subadditivity result may be deduced from [13] and [12]. We note
that Tagaki and Watanabe [22] proved subadditivity of adjoint ideals more gen-
erally for two-dimensional log-terminal singularities. The argument given here
does not extend to their situation.

ACKNOWLEDGMENT. We thank the referee for pointing out a crucial simplification.
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