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1. Introduction

Let S be a scheme, G a flat S-group scheme, and X a G-scheme (i.e., an S-scheme
on which G acts). In [18], a G-linearization of an invertible sheaf on X is defined.
As quasi-coherent sheaves are important in studying a scheme, G-linearized quasi-
coherent sheaves are important in studying a scheme with a group action. If S, G,
and X = Spec A are all affine, then the category Lin(G, X) of G-linearized quasi-
coherent sheaves on X is equivalent to the category of (G, A)-modules (see [8]).
In particular, if § = Spec k = X with k a field, then Lin(G, X) is equivalent to the
category of G-modules. However, the definition of a G-linearization in [18] is com-
plicated, and probably it is difficult to study the homological algebra of Lin(G, X)
only from the definition. In [9], the diagram Bg (X) of schemes is defined and the
category of quasi-coherent sheaves Qch(G, X) = Qch(Bé” (X)) is studied. Note
that Lin(G, X) and Qch(G, X) are equivalent. The category Qch(X) of quasi-
coherent sheaves on X is embedded in the category of Ox-modules Mod(X),
and this embedding gives some flexibility to the homological algebra of Qch(X).
Similarly, Qch(G, X) is embedded in Mod(G, X) := Mod(Bé’I(X)), and the ho-
mological algebra of Qch(G, X) is considered in Mod(G, X). Note that Bé”(X)
is a diagram of schemes of the form

lgxa
a

GXSGXSXm)GXSX

P23
—

P2 X’
e

where a: G xg X — X is the action, u: G xg G — G is the product, and p,
and p,3 are appropriate projections. Thus, in the study of sheaves on diagrams of
schemes, it is important to consider Lin(G, X).

Local cohomology is a powerful tool in commutative ring theory. The local
cohomology H on a local ring (A, m) is especially important. However, when
we consider a group action, “local phenomena” sometimes occur on nonaffine
schemes; see Example 8.19. Thus, to construct a theory of equivariant local
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cohomology, it seems that we need to discuss local cohomology on diagrams of
not necessarily affine schemes.

The objectives of this paper are to give foundations of local cohomology on di-
agrams of schemes and give an application to invariant theory. We also introduce
the notion of G-localness of a G-scheme.

The local cohomology is a derived functor of the local section functor 'y, y for a
pair of open subdiagrams of schemes U and V of a diagram of schemes X such that
U D V. Asin the usual single-scheme case, 'y v depends only on U \V. However,
it is interesting to point out that U \V may not be a subdiagram of schemes. More-
over, not all families of locally closed subsets (Z;) of X; can be expressed as Z; =
U; \V; for a pair of open subdiagrams U and V such that U D V.

Because unbounded homological algebra is getting more and more important,
we discuss unbounded derived functor of 'y y. We introduce the notion of K-
flabby property over a diagram of schemes.

Section 2 consists of preliminaries. Problems of commutativity of diagrams is
inevitable in studying sheaves over diagrams of schemes. In Section 3, we prove
some basic commutativity of diagrams. We also prove that, for a locally quasi-
coherent sheaf over a locally Noetherian diagram of schemes, the local section
functor can be expressed in terms of some inductive limit of hom functors. In Sec-
tion 4, we discuss local cohomology and the K-flabby property; in Section 5, we
slightly modify and discuss Kempf’s quasi-flabby property. In Section 6, we state
and prove the flat base change. In the theory of local cohomology for the usual
single schemes, the flat base change and the independence theorem (see Corol-
lary 4.17) are important. We generalize and prove these theorems. In Section 7, we
consider the group action. We study the local cohomology with a group action, the
equivariant local cohomology. This is realized as a cohomology on the diagram of
schemes BY(X). We prove that the local section functor I,y is compatible with
the G-invariance functor. In Section 8 we define an equivariant version of a local
scheme, a G-local G-scheme (Definition 8.13); give some examples; and prove
some basic properties. It seems that this notion has some importance in invari-
ant theory, since if G is a (strongly) geometrically reductive k-group scheme (see
Section 8.22 for the definition), A is a G-algebra, and p € Spec AS, then Ap =
A ®4c A is G-local (Proposition 8.27).

In Section 9 we apply equivariant local cohomology on a G-local G-scheme to
prove the following result.

THEOREM 9.5. Let k be a field, G a linearly reductive k-group scheme, and X a
Cohen—Macaulay Noetherian G-scheme. Let m : X — Y be a geometric quotient
under the action of G in the sense of [18]. Assume that 7 is an affine morphism.
Then Y is Noetherian and Cohen—Macaulay.

As we will show, this is a generalization of the special case (that the ring in ques-
tion contains a field) of the theorem of Hochster and Eagon [11, Prop. 13] on
the Cohen—Macaulay property of the invariant subrings under the action of finite
groups.
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The authors are grateful to Professor Melvin Hochster for kindly communicat-
ing Theorem 9.10 and Corollary 9.11.

2. Preliminaries

2.1.  We use the notation, terminology, and results from [9] freely (however, see
Section 2.11).

2.2. Let f: Y — X be aringed continuous functor between ringed sites as de-
fined in [9, (2.3), (2.4), (2.19)]. Asin [9], let PM(X) and Mod(X) denote the cat-
egory of presheaves and sheaves, respectively, of Ox-modules. Let f(ﬁ : O(X) —
Q(Y) denote the canonical pull-back and let f#o: QO(Y) — QO(X) denote its left
adjoint, where © denotes either PM or Mod.

For b,c € Mod(Y), Amod: f#]v["Cl b®c) — f#MOdb ® f#MOdc is the composite
of the following (see [9, (1.40), (2.19), (2.20), (2.52)]):

f#(b® c) = afyqa(qb ®" qc) LI LN afrqa(gagb ®” gaqc)
2 afsqaqaf *fagh ® gaf *fago)
Y0, afyqalafafsqh ® af afsqe)
B, aftqa(frqafsqb ®” fqafrqe)
=2 affqaf *(qafeqb ®” qafqc)
% afyqf*a(qafsqb ®" qafsqe)
= afyf*qa(qafsqb ®" qafiqc)
%> aqa(qafsqb ®” qafsqc)
= a(qafrqb ®" qafsqe) = fsb ® fyc.
See [9, Sec. 2] for the notation. Itis easy to see that this composite map agrees with
J#(b ® c) = afyqalgb ®" qc) G afy(gb ®" gc) = a(frqb ®” fyqe)
“EL, aqafsqh ®” qafsqe) = fib® fec
(see [9, Lemma 2.34]).

2.3. LEMMA. Let notation be as before. If Apy: fa(gb Q7P qgc) — fagb®P fagc
is an isomorphism, then so is Apmoa: fo(b @ ¢) — fab ® fuc.

Proof. This follows immediately from the previous discussion and [9, Lemma
2.18]. O
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2.4. The map I'(x, Apy), which is the map Apy at the section at x € X, is given
as follows. It is the map
T'(x, fa(b ®"¢))
= ﬁ_r)nF(X, Ox) ®r(y,0v) (T'(y, b)) Qry, 04 F(y,¢)) = T(x, feb & fic)
= (lim I'(x, Ox) ®r(y,0v) (', )
Qr(x,05) (li_H)l ['(x,0x) ®rr,0v) Ly, 0))

givenby e @ (R y) — (¢ ® B) ® (1 ® y), where the colimits are taken over
v, v,y" € (If )°P, respectively. This description is obtained from the definition
of A [9, (1.40)] and the explicit descriptions of u, m, and ¢ in [9, (2.20), (2.50)].
If the category (Ixf )P (cf. [9, (2.6)]) is filtered, then the inverse of I'(x, Apy) is
given explicitly by mapping (¢ ® 8) ® (¢’ ® y) to e’ ® (B ® y). Thus we have
our next lemma.

2.5. LEMMA. Assume (I;f)"p is filtered for every x € X. Then Apy: fu(b®Pc) —
fub ®P fuc is an isomorphism for b,c € PM(Y). Hence Apoq: fu(b' ® ¢') —
fab' ® fac’ is an isomorphism for b’,c’ € Mod(Y).

We remark that C: f#Oy — Ox is also an isomorphism if (I,'f ')"p is filtered for
every x € X.

2.6. For b, c € Mod(X), the evaluation map ev: [b,c] ® b — c is the composite
[b.c]® b = a(glb.c] ®” q¢) > a(lgb.qc] ®” ge) “™> age = ¢,
where [b, c] denotes Hom o, (b, ¢) and so on.

2.7. Let the notation be as in Section 2.2. Assume that, for any x € X, the cat-

egory (Ixf )°P is filtered. Then, by Lemma 2.5, Apy and Apjoq are isomorphisms.
Thus P: fulb,c] — [fub, fuc]is defined for b, c € Mod(Y) (see [9, (1.50)]; it is
the composite

fulb,cl = afsqlb, c] ‘> aqafsqlb,cl <> alqafsgb, qafsqlb, ¢l ®” qafsgh]
L. lagafsqb,a(qafsqlb,c1 @ gafsqh)]
e, lafyqb,a(qafyqlb,c] ®” qafsqb)]
WO afsgb.al frqlb,cl @ frgh)]
22, lafsqb,afu(qlb,c] @ qb)]
= lafsqb.afsqa(qlb,c] ® qb)]
% lafsqb.afrqa(lgb.qc] @ gb)]
= lafegb.afsqaqc] = lafuqb.afeqc] = [fab. fac]
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by [9, (2.48)] and Section 2.2. It is straightforward to check that this composite
map agrees with
H P
Jelb,cl = afyqlb,cl — afylqb,qcl — al fyqb, fyqcl
p
— lafygb,afsqcl = [ f4b, fecl. (1)

2.8. LetXbe as in Section 2.7. By the definition of P [9, (1.50)] and the explicit
descriptions of tr, A, and ev in [9, (2.42)], Section 2.4, and [9, (2.41)], the map
Ppy is described as follows:
L(x, fylb, c]) = lim L(x, Ox) ®r(y,0v) Homoy,, (bly, cl)
— Homoey, ((f#b)lx, (fec)lx) = T(x, [fub, fucl),

which sends 8 ® ¢ to the map that sends 8’ ® o to 88’ ® ¢(«) for B € I'(x, Ox),
@:bly = cly, B eT(x,0x), and a € T'(y’, b) for some commutative diagram

x— fy y'
J pr lp
x—— fy Y,

where the colimit is taken over y € (1 ,'f ')°p.
Thus we have the following statement.

2.9. LEMMA. Let j: U — X be an open immersion of ringed spaces. Then
P: j*[b,c] — [j*b, j*c] is an isomorphism for b, c € V(X)) for O = PM, Mod.

Proof. First consider the case QO = PM. Then, for V C U,
LV, P): T(V, j*[b,c]) = T(V,[j*D, j*c])

is the identity map of Home, (b|v, c|v). Thus it is an isomorphism.
Now consider the case of O = Mod. Then Pyoq is the composite

j*Ib.cl = aj*qlb.c] 2> aj*[qb,qc] 22 al j*qb, j*qc] > laj*qb,aj*qc]

as described in Section 2.7. Note that H is an isomorphism by definition [9,
Lemma 2.38]. The natural map Ppy, is also an isomorphism, as we have just seen,
and P is an isomorphism because j*gc is a sheaf (see [9, (2.39)]). Thus Pyjeq 1S
also an isomorphism. O

2.10. PROPOSITION. Let f: X — Y be a morphism of schemes and let b,c €
Mod(Y). If one of the following conditions holds, then P: f*[b,c] — [f*b, f*c]
is an isomorphism.
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(1) f is locally an open immersion—that is, there exists an open covering (U,)
of X such that f|y, is an open immersion for every A;
(ii) f is flat and b is coherent.

Proof. (1) By [9, Lemma 1.54] we may assume that f is an open immersion, and
this case is Lemma 2.9.

(ii) By [9, Lemma 1.54] and Lemma 2.9, we may assume that both X and Y are
affine. Hence there is a presentation of the form Oy — O} — b — 0. By the
five lemma, we may assume that b = Oy, and this case is easy. O

2.11. Let/ beasmall category. For acategory C, the functor category Func(/°P, C)
is denoted by P(/,C). We denote the category of schemes by Sch. An object of
‘P(I,Sch) is called an I°P-diagram of schemes. Although in [9], whose nota-
tion we mainly use, diagrams of schemes are denoted by X,, Y,, Z,, ..., we write
X,Y,Z,... for simplicity of notation. Similarly, morphisms in P(/, Sch) are de-
noted by fs, ge, e, ... 1n [9], but we use f, g, h,....

Let X € P(1,Sch). Fori € I, X(i) is denoted by X;; for ¢ € Mor(/), X(¢) is
denoted by X. For a property of schemes IP, we say that X satisfies P if X; sat-
isfies IP for every i € I. Let Q be a property of morphisms. We say that X has Q
arrows if X satisfies Q for each ¢ € Mor(/). Let S be a scheme and consider the
case X € P(I,Sch/S). We say that X is Q over S if the structure morphism X; —
S satisfies Q for each i. Let f: X — Y be a morphism in P(/, Sch). We say that
fisQif f; is Q for each i. We say that f is Cartesian if the commutative diagram
Y, fi = fiXy is a Cartesian square for each (¢: i — j) € Mor([).

For a subcategory J of I, the restriction of X, to J was written X,|; in [9].
In this paper, X, is written as X and X|, is likewise simplified to X ;. Similarly,
for a morphism f of P (I, Sch), the restriction of f to J is denoted by f; rather
than f|;.

2.12. Let X € P(I,Sch). As in [9], we denote the category of Ox-modules by
Mod(X). Let M € Mod(X). The restriction of M to X; is denoted by M; fori €
I. We say that M is locally quasi-coherent (resp. locally coherent) if M, is quasi-
coherent (resp. coherent) for each i € I. We say that M is quasi-coherent (resp.
coherent) if M is locally quasi-coherent (resp. locally coherent) and equivariant
[9, (4.14)]. We denote the full subcategory of Mod(X) consisting of equivariant
(resp. locally quasi-coherent, locally coherent, quasi-coherent, coherent) sheaves
by EM(X) (resp. Lgc(X), Lch(X), Qch(X), Coh(X)). The derived categories
such as D(Mod(X)), quc(x)(Mod(X)), and Déch(x)(ch(X)) are denoted (re-

spectively) by D(X), DJquC(X ), and Déch(ch(X )) for short.

2.13. LEMMA. Let f: X — Y be a morphism in P(I,Sch) and let b,c €
Mod(Y). Then

P: f*Homo, (b,c) — Homo, (f*b, f*c)

is an isomorphism if one of the following holds:
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(1) f is locally an open immersion and b is equivariant;
(ii) f is flat and b is coherent.

Proof. By [9, Lemma 1.59], the diagram

i f*Ib,c] — s frOilbc] — T fr b

7 J#
OLFD, £l —s [ f b, el Y [£2)ib, £5ic]

is commutative for every i € I, where [-, -] denotes the Hom sheaf. Since b is as-
sumed to be equivariant in both cases, the horizontal arrows are isomorphisms by
[9, Lemma 7.22] and [9, Lemma 6.33]. By Proposition 2.10, the rightmost verti-
cal P is an isomorphism. Thus, the leftmost P is also an isomorphism. Since i is
arbitrary, we are done. UJ

A morphism of schemes is said to be concentrated if it is quasi-compact and quasi-
separated. A scheme X is said to be concentrated if the unique morphism X —
Spec Z is concentrated.

2.14. LEMMA. Let

X’ 4>f Y’

[,k
f
X —Y
be a Cartesian square in P(1,Sch), and let M € Mod(Y'). Then 6: f*g, M —
h(f")*M is an isomorphism if one of the following holds:

(i) f is locally an open immersion;
(ii) g is concentrated, f is flat, and M € Lqc(Y').

Proof. Using [9, Lemma 1.22] twice, it is easy to see that the diagram

[ (D — S [ Dige —— (Dif"gs

I |
* 4 ’ < *
(h)«(f*Mi —— (h)Di(f) —— Diha(f")
is commutative. Because the horizontal arrows are isomorphisms, we may assume
that the all diagrams of schemes are single schemes.
For (i), the case of f an open immersion is proved in the first paragraph of the

proof of [9, Lemma 7.12], and the general case follows from [9, Lemma 1.23].
Part (ii) is nothing but [9, Lemma 7.12]. O
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3. Local Section Functor for Diagrams

3.1. Let X be an /°P-diagram of schemes. As in [9], the category of presheaves
and sheaves of abelian groups are denoted by PA(X) and AB(X), respectively.
Let U be an open subdiagram of schemes of X, and let V be an open subdiagram
of schemes of U. Letboth f: U — X and g: V — U be the inclusion.

For M € Mod(X) or M € AB(X), we denote the kernel of the unit of adjunction

u: fif'’M— fig.g"f'M

by 'y, vy M. We denote the canonical inclusion 'y y M < f, f*M by ¢. Note that
the formation of 'y y is compatible with the forgetful functor Mod(X) — AB(X).
If U = X then there is an exact sequence

0 — Ly M5 ML g,gM,
where ¢’ is the composite
Ty v M > (idy), (idy)'M ‘> M.
3.2. LEmMA. Tyy: Mod(X) — Mod(X) is a left exact functor.

Proof. Let0 — L — M — N be an exact sequence in Mod(X). Since f* and
g* are exact and since f, and g, are left-exact, it follows that the diagram

0 0 0
0O—— EU,VE — ffrL — fe8+8" "L

0 — Luyy M —— foif "M —— f,8.8"f*"M

0 —— TuyvN —— fif'N —— fig.8f'N

has exact rows and that the second and the third columns are exact. Hence the first
column is exact, and the assertion follows. O

33. LetX,U,V, f,and g be as in Section 3.1. Let J be a subcategory of /, and
let M € Mod(X). Then we have the commutative diagram with exact rows

0 —— Ly, My —— (fDffMy —— (fD:(8): &5 [7 My

JCIO lclc'IOO

0 —— (Cuv M)y —— (fi f"M); —— (figegf*M)y,
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where ¢ 716 is the composite isomorphism

D fF s = (DDt N D fef™s

see [9, Example 5.6, 2], [9, Lemma 6.25], and [9, Lemma 1.24]. Similarly,
¢~ '¢7160 is the composite

D8N &FF s 5 (fDe(enegi D f* 5 (f)u(gn(Dsg’f*
s D88’ > )y fuged'f
Thus we obtain a unique natural map
Y =vuv.s: Luv,(Ds — DyLoy

such that 19 = ¢7'6¢. Note that y is an isomorphism by the five lemma.

3.4. LeMMA. With notation as before, let K be a subcategory of J. Then the
composite

Cueve Dk — Cueve i, 1D RN Mk, sCupv, (N

5 —1
L Dk Doy — OxLuy

is Yuv,k-
Proof. Consider the diagram

Cue vk Mk ———— (f)« [ Dk —

c (a) c

Coevie Dk, 1D —— ([R5 1(D s

v (b) ¢l (@
Dk, sLCu v, (Ny —— Dk, s (FD 7D o
y ©) clp

Dr 1D Loy ——— N N fuf*

¢! ) ¢!

NxLuy ————— Dx fuf™. <—J

The commutativity of (a) and (d) is trivial. The commutativity of (b) and (c) fol-
lows from the definition of . The commutativity of (e) is a consequence of [9,
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Lemma 1.4] and [9, Lemma 1.22]. So the whole diagram is commutative, and the
assertion then follows from the definition of p. U

3.5. Let

V/ 8 3 U/ f 3 X/

lhv @ lhu (b) J{h ()

v v x

be a commutative diagram in P(Z, Sch) such that the horizontal arrows are inclu-
sion maps of open subdiagrams.
By [9, Lemma 1.24], we have the commutative diagram with exact rows

0 — Luvhe ——— fif*hy ———— fugug"f*hs
Jce lcc()@ 3)
0 — hLyv —— b fI(f)* —— haflgl(8" ) (f)",
where c6 is the composite

c

Fuf e S f(h)o(F) S hof1(f)

and cc69 is the composite

Fe8e8 S [ugeg (h)o(f) D fagu(h)u(8)) (S
= fulho)gl(g ) (f)" = haflgl(8)) ()"
In this way we induce the unique natural map
Y =vuvu,vn: Luvhe = Loy

such that ty = c0t. In particular, considering the case where X’ = X and £ is the
identity,
Y =vuvu,v: Luyv = Luv

is defined.

3.6. LEMMA. Assume that (a) and (b) in diagram (2) are Cartesian. Then
Yu.v,u,v.n is an isomorphism.

Proof. By the five lemma, it suffices to show that c6 and cc66 in (3) are isomor-
phisms. Yet this is an immediate consequence of Lemma 2.14. U
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3.7. LEMMA. Let , ,
V// 8 } U// f } X//

be a commutative diagram in ‘P(I, Sch) such that the horizontal maps are inclu-
sions of open subdiagrams. Then the composite

oy (hK)y > Tuyhoke 2 by Ty, B ok, Tynyr < (hk), Ty yr
equals y.
Proof. Consider the diagram
Cuv(hk)y —— f. f*(hk), —
¢ () c

EU,Vh*k* 4L> f*f*h*k*

7 (b) 0 ©
h Ty vk, —— ho fL(f)) ke co
y (c) c6

h*k*EU”,V” *L} h*k*f*”(f”)*
¢! (d ¢!
(hk)«Lynyr —= (hk). f](f")*. —

The commutativity of (a) and (d) is trivial. The commutativity of (b) and (c) fol-
lows from the definition of y. The commutativity of (e) is a consequence of [9,
Lemma 1.4] and [9, Lemma 1.22]. So the whole diagram is commutative, and the
assertion then follows from the definition of y. U

3.8. LEMMA. Let (2) be as in Section 3.5 and let J be a subcategory of 1. Then
the diagram

Ty, (D) he —— (D Tyvhe —— (D Loy
Cu,v,(hp)«(Dy AN (h)«Ly v (Mg ERAEN (hp«M Ly v

is commutative.
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Proof. Consider the diagram

v v
T Cu,v,(Dshy —— D Lyvhy ———— Djh Loy v —

' (a) Jt (b) t

FDafF ) s — s (D fof Ry ——C s (D s hy 1)
c (c) c (d) c (e) c

D7D s =5 () (F)(FD Dy < (h) Dy LD

' (f) Tt (2) t

N T, (e —— ()T Dy — s () () Ty e—

By the definition of 7, (a) and (g) are commutative; by the definition of y, (b)
and (f) are commutative. The commutativity of (c) and (e) is trivial, and the com-
mutativity of (d) follows from [9, Lemma 1.4] and [9, Lemma 1.22]. Since ¢ is a
monomorphism, the assertion follows. U

3.9. LEMMA. Given (2) as before, assume X = X' and h = id. If U; \V; =

U/ \V/ foranyi €I, then yy vy, v': Luyv — Ly v is an isomorphism.

Proof. In view of Lemma 3.8, we may assume that X is a single scheme. Let
M e AB(X) or M € Mod(X). For any open set W C X, we have the following
commutative diagram with exact rows:

0 —— T(W,Tyy M) —— T(WNUM) —=— T(WNV, M)

J’y lres Jres
0 —— LW, Lyy M) —— T(W N U, M) —=— I(W NV, M).
By assumption, U = VU U’ and V' = V N U’. Hence
0O>TWNUM)->TWNV,M)yeT(WNU , M) - T(WNV, M)

is exact. Thus y is bijective, as can be seen easily. O

3.10. Let X € P(I,Sch). Let Y be a Cartesian closed subdiagram of schemes
of X; thatis, Y is a subdiagram of schemes such that the inclusion ¥ — X is a
Cartesian closed immersion. Let Z be a Cartesian closed subdiagram of schemes
of Y. If wenow let U; = X; \ Z; then U = U(Z) is a Cartesian open subdiagram
of schemes of X, and if we let V; = X; \ ¥; then V = U(Y) is a Cartesian open
subdiagram of schemes of U. Thus 'y, z := Ly (z),u(y) is defined.

If Z is empty, then [y.y is denoted by 'y. There is an exact sequence

O—>Eyt—>ldi>g*g*,

where g: U(Y) — X is the inclusion.
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For a subcategory J of I, we have U(Y); = U(Yy) and U(Z); = U(Z;). Thus
the isomorphism

VPv.z.0 = Yuz,uow,s: Lrz,(Dy — (DL z

is defined (see Section 3.3). We denote yy.g.; by Py. .

3.11. Letnotation be as before, and let 4 : X’ — X be a morphism in P (7, Sch).
Then Y’ := h~'(Y) is a Cartesian closed subdiagram of X' and Z’':= h~'(Z) is a
Cartesian closed subdiagram of Y'. Thus

YY:Z:h 1= YU(Z),U(Y),U(Z),U(Y"),h

is defined (see Section 3.5), and we denote yy.s., by yy.;. By Lemma 3.6, we
immediately have the following result.

3.12. LEMMA. Let notation be as before. Then yy. z., is an isomorphism.

3.13. Let X € P(I,Sch). A collection Z = (Z;);¢; is called a locally closed sys-
tem of X if there exist some open subdiagram of schemes U of X and an open
subdiagram of schemes V of U such that Z; = U; \V;. Such a pair (U, V) is called
a UV-pair of Z. If Z is alocally closed system of X, then Z; is a locally closed sub-
set of X; for any i. If ((U,, V3)) is a family of U V-pairs of Z, then (U U, U VA)
is also a UV-pair of Z. So if Z is a locally closed system of X, then there is a
largest U V-pair (U(Z),V(Z)) of Z.

We define 'z := Ly(z),v(z) for a locally closed system Z of X. If (U, V) isa
UV-pair of Z, then y: 'y — Ly v is an isomorphism by Lemma 3.9. If Z is a
Cartesian closed subdiagram of schemes of X, then Z can be viewed as a locally
closed system of X and thus "7 is defined. This definition of I"; agrees with the
one in Section 3.10, so there is no conflict.

3.14. Let the commutative diagram (2) be as in Section 3.5. Assume that 4 is
flat. Then there is a commutative diagram with exact rows

0 —— WTuy ——— Wfif* ———— h*fg.g"f*

ld@ ldd@@

u

0 —— Cynyrh™ —— fI(f)h* —— flgl(g/ ) (f)*h*,
where d@ is the composite
WS I S fD
and dd00 is the composite
g’ f D flhig.g " > flelhig S
S FLel(e ST > FLgl(g) (f) .

Hence there is a unique natural map § = 8y,v,py.s: h*Cyy — Cyryh* such
that 1§ = do.
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3.15. LEMMA. Assume that the squares (a) and (b) in (2) are Cartesian and that
his flat. Let M € Mod(X). Then 5: h*CyvM — Ly yh*M is an isomorphism
if one of the following conditions holds:

(1) h is locally an open immersion;

(ii) f and g are quasi-compact and M is locally quasi-coherent.

Proof. In both cases, 8: h*f, — f/h}, and 6: h},;g. — g.h}, are isomorphisms
by Lemma 2.14. The assertion then follows from the five lemma. UJ

3.16. Letnotation be as described in Section 3.11, and assume that /4 is flat. Then
we define 8y.z.; 1= SU(Z%U(y)’h—l(U(Z))Jl—l(U(Y”,h. By Lemma 3.15, if 4 is locally
an open immersion or if X is locally Noetherian and M is locally quasi-coherent,
then 8y. 7., is an isomorphism.

3.17. LEMMA. Given the notation of Lemma 3.7, assume that h and k are flat.
Then the composite

(W) Tuy > KR Ty 5> K Toyh® > Tynyk*h* 4 Ty (hk)*
is 8.
Proof. Consider the diagram
(hk)*'Tyy ——— (hk)*fof* —

d-! (@) d-!

k*h*EU,V —l> k*h* *f*

5 (b) do (e)
k*Ty vh* - K*fl(f)*h* do
5 (c) de

EU”,V”k*h* L f*//(f//)*k*h*

d (d d

Ly (k) — s fICF")* (k). —

The commutativity of (a) and (d) is trivial. The commutativity of (b) and (c) fol-
lows from the definition of 8. The commutativity of (e) is a consequence of the
opposite assertion of [9, Lemma 1.4] and [9, Lemma 1.23]. So the whole diagram
is commutative, and the assertion then follows from the definition of §. O

3.18. LEMMA. With notation as in Lemma 3.8, assume that h is flat. Then the
diagram
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1) Tuw — s BTy, () — s Dupyhi()y
P J@
(Dsh*Tuy —— )Tk — s Ty ()
is commutative.

Proof. Consider the diagram

—— ByLuy " BTy, () —— Loyhi)y ———
L (2) Jl (b) ¢
WO fof " < WD F7 D —5 D)

0 (© 0 (d 0 (e) 0
VB Fof* =2 O FUF 0 == D) Dk

' () Tl () t

N Ty —— )Ty ———— Dy (D h*

By the definition of p, (a) and (g) are commutative; by the definition of 8, (b) and
(f) are commutative. The commutativity of (c) and (e) is trivial, and the commu-
tativity of (d) follows from [9, Lemma 1.22] and [9, Lemma 1.23]. Since ¢ is a
monomorphism, the assertion follows. O

3.19. LEMMA. Let

Vy: gx’ Uy fx X’
K}, y y

Vv, 8z Uy fz 7 i
th i Jhu g
hy i

_ f

v y —= U X

v, 8z U, fz 7

be a commutative diagram in P (I, Sch). Assume that f, fz, fx', fz’, 8 8z, 8x'>
and gz are inclusions of open subdiagrams, and assume that h and h are flat.
Then the diagram
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7 H
h*k*EUz,Vz — h*Eyyvk* E— EUX/,Vx/h*k*
_ 5 _ 7 _
k;h*EUzsz k:kEUquz/h* EUX"Vx'k;h*
is commutative.

Proof. Consider the diagram

o WkLu,v, ——— h*Tuvk, —— Loy v h'k ——

' (a) JL (b) L

Wk (f2)u [ 2 B fohy —2s (fx)u [ s

6 © 0 (d) 0 (® 0

KL () —2 KL (fr)u fol* S (fio)u fikL

L (f) Tt (2) t

I R N

By the definition of , (a) and (g) are commutative; by the definition of 8, (b) and
(f) are commutative. The commutativity of (c) and (e) is trivial, and the commu-
tativity of (d) follows from [9, Lemma 1.22] and [9, Lemma 1.23]. Since ¢ is a
monomorphism, the assertion follows. U

3.20. Let X € P({,Sch), and assume that X has flat arrows. Let Y be a Cartesian
closed subdiagram of schemes of X (i.e., a closed subdiagram such that the inclu-
sion j: Y < X is Cartesian) so that the defining ideal Z of Y is quasi-coherent.
Set U := X \ Y. Then U is an open subdiagram of schemes of X. Note that
f: U — X is also Cartesian.

Because the sequence

I®OXI®OX"'®@XI—) Ox—)OX/In—)O

is exact, Ox/Z" is coherent for n > 1, since coherent sheaves are closed under
tensor products and cokernels. Applying (?); to the exact sequence, we obtain
(Ox/I"); = Ox,/TI"

For M € Mod(X), there is a canonical monomorphism

bel h_II)lHOl’Il@X(Ox/Zn,M) - M
induced by the obvious maps
®,: Hom, (Ox/Z", M) — Home, (Ox, M) = M.

The composite
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Homo, (Ox/Z", M) 2L M L5 £, f*M )
factors through
fuf *Hom o (Ox/T", M) = f, Hom o, (f*(Ox/I"), f*M).

Since f*(Ox/Z") = 0, it follows that (4) is zero; thus we induce the monomor-
phism

py: lim Homo, (Ox/Z", M) — Ly M

such that /py = Dy.
By [9, Lemma 1.47], the diagram

(7); Hom o, (Ox/T" ?) —s (),

JH lid
Homo, (Ox, /T, D(Di —2 (%),

is commutative. Therefore,

(7); lim Hom o, (Ox/Z",7) —— (2);Ly

lim(?); Homo, (Ox/Z",?) i ®)

lH
lim Homo, (Ox, /Z. D(Mi 5 Ty, ()

is also commutative.

3.21. LEMMA. Let X € P(I,Sch) be locally Noetherian with flat arrows, and let
Y be its Cartesian closed subdiagram. If M € Lqc(X), then

oy li_n)lHomoX(Ox/I",M) - IyM
is an isomorphism.

Proof. Since Ox/Z" is coherent, H in (5) is an isomorphism by [9, Lemma 6.33].
Thus we may assume that X is a single scheme, and this is just a special case of
[6, Thm. 2.8]. O

4. Local Cohomology for Diagrams

4.1. Let the notation be as in Section 3.1. For a complex M of Mod(X), the right
derived functor R'Ty,y M is denoted by Hy, ,,(M), and we call it the ith local co-
homology sheaf of M.

For a Cartesian closed subdiagram Y of X and a Cartesian closed subdiagram
Z of Y, R'Ty,zM is denoted by H}. ,(M) and H}.,(M) is denoted by Hy (M).
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4.2. LetFe K(Mod(X)). We say that F is K-flabby if F; (i € I') is K-flabby in
the sense of [21]. By [9, Lemma 8.17], a weakly K-injective complex is K-flabby.
By [9, Prop. 8.2], a K-flabby complex is K-limp. A single sheaf M € Mod(X) is
said to be flabby if it is K-flabby as a complex. By [21, Prop. 5.13], M is flabby
if and only if M, is a flabby sheaf on the topological space X; in the usual sense.

4.3. PROPOSITION. With notation as before, suppose 1 is a K-flabby complex in
Mod(X). Then Lis L'y v-acyclic.

Proof. Let ¢: I — J be a K-injective resolution, which exists because Mod(X)
is Grothendieck (see [3]). Note that J is K-flabby and so, replacing I by the map-
ping cone of ¢, we may assume that I is exact; we need to prove that [y y (I) is
exact. For this it suffices to prove, for any i € I, that (?); Ty, v (I) = Ly, v, (I;) is
exact. So we may assume that X is a single scheme. To verify that [y y (I) is ex-
act, it suffices to show that I'(W, 'y v (I)) is exact for any open subset W of X.
Applying the functor I'(W, ?) to the exact sequence

0— EU,V L) f*f* = f*g*g*f*,
we obtain the exact sequence
0— (W, olyy —» TWUNW,?) = T(VAW,?).
For Z := (U\V )NW, we have that ['(W, 2)T'y; v is isomorphic to Hom, (Ozc x, 7).
By [21, Prop. 5.21], (W, Ly, v (I)) = Hombx(02cx,ﬂ) is exact. This is what we
wanted to prove. O

4.4. Let (X,Ox) be aringed space and F € K(Mod(X)). Then F is K-flabby
if and only if F is K-flabby as a complex of sheaves of abelian groups. To ver-
ify this, it suffices to show that if F is a K-injective complex in Mod (X)) then F is
K-flabby as a complex of sheaves of abelian groups. Let G be an exact complex
of sheaves of abelian groups that is bounded above, and assume that each term of
G 1is a direct sum of sheaves of the form Z -~ x for some locally closed subset Z
of X. Since G is Z-flat, G’ = Ox ®z G is again exact. Thus

Hom?% (G, F) = Homy, (G, F)

is exact by the K-injectivity of IF. Hence I is K-flabby as a complex of sheaves of
abelian groups.

Similarly, a complex of Ox-modules on a ringed site (X, Ox) is K-limp if and
only if it is K-limp as a complex of sheaves of abelian groups.

4.5. LEMMA [21, Prop. 5.15]. Let f: X — Y be a continuous map between
topological spaces. If F is a K-flabby complex of sheaves of abelian groups, then
sois f.F.

Similarly, if f: Y — X is an admissible continuous functor (see [9. (2.8)]) be-
tween sites and if IF is a K-limp complex of sheaves of abelian groups on X, then
f#F is also K-limp; see [9, Lemma 3.31].
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4.6. LEMMA. Let X be a topological space, U an open subset of X, and F a
K-flabby (resp. K-limp) complex of abelian groups. Then F|y is again K-flabby
(resp. K-limp).

Proof. Letg: F — I be a K-injective resolution, and leti: U < X be the inclu-
sion. Since i* has an exact left adjoint i, it follows that i*Tis K-injective. Because
i*isexact, i*¢p: i*F — i*1is a K-injective resolution. Let J be the mapping cone
of . It suffices to show that, for any locally closed subset Z (resp. open subset V)
of U, I'z(U,i*]) (resp. I'(V,i*])) is exact. But this is trivial, since I'z(U,i*]) =
I'z(X,]) (resp. I'(V,i*]) = I'(V, ])). O

4.7. LEMMA. Let X be a topological space, and let U, V, W, W’ be open subsets
of X suchthat VC U and W C W. Set Z := W\ W'. Let F be a flabby sheaf of
abelian groups on X. Then the canonical map

Czav(X, F) = Tzav(X, F)

is surjective.

Proof. Leta € Tzny (X, F) = Ker(T(WNV,F) - I'(W' NV, F)). Then there
is a unique section @ € (W' N U) U (W NV), F) such that the restriction of &
to W NV is « and the restriction of @ to W' N U is zero. Because F is flabby,
a is extended to an element 8 of (W N U, F). Then 8 € Ker(T'(W N U, F) —
r(W'NU, F)) =T'zay(X, F), and the restriction of 8 to W NV is «. This shows
that the canonical map

Izav(X, F) = I'zav (X, F)

is surjective.

4.8. LEMMA (cf. [6, Lemma 1.6]). Let the notation be as in Section 3.1. Let 1
be a K-flabby complex in Mod(X). Then L'y vl is again K-flabby.

Proof. We may assume that X is a single scheme.

Let W' C W C X be open subsets and let Z := W \ W’. As in the proof of
Proposition 4.3, it is easy to check that 'z (X, ?) o ['y v is isomorphic to the kernel
of the map

TUNW,?)—-T(VAW,DeTWUNW,?.

Since this map factors through the injective map
CVNwyuunwH,)->TVnw,Hel(UNW,?),

I'z(X,?) o Ly y is isomorphic to 'z (X, ?), where E is the locally closed subset
UNWHN(VNWHYUWUNW) =U\V)NW\W).

First we consider the case where [ is strictly injective (i.e., K-injective with each
term injective). Then

0— Lyyl— fif T figugf* I— 0 (6)

is exact, since each term of I is flabby. By Lemma 4.5 and Lemma 4.6, f, f*I
and f, g.g"f "I are K-flabby. Therefore, the (—1)-shift of the mapping cone of
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u: fof*I - fi.g.8"f*Iis a K-flabby resolution of 'y vI. So to verify that T'y; y I
is K-flabby, it suffices to show that (6) remains exact after applying I'z(X,?)
for any locally closed subset Z of X. Applying I'z(X,?) to (6) and letting E =
(U \V) N Z, we derive the sequence

0 — Ie(X,I) — T'ynz(X, 1) = Tynz(X, 1) — 0, @)

which is exact by Lemma 4.7, as can be seen easily. This finishes the case where
I is strictly injective.

Next consider the general case. Let ¢: I — J be a strictly injective resolution,
which exists because Mod(X) is Grothendieck (see [3]). Since 'y vJ is K-flabby,
it suffices to show that, for any locally closed subset Z of X, I'z(X, Ly yvI) —
I'z(X,TyvJ) is a quasi-isomorphism. Letting K be the mapping cone of ¢,
it thus suffices to show that I'z(X, [y vK) is exact. But this is trivial, since
I'z(X, Ty vK) = I'e(X,K) and K is K-flabby exact (again, E = (U \V) N Z).

O
4.9. LEMMA. Let X be a topological space, and let F be a complex of sheaves of
abelian groups. If F is K-limp and if each term of T is flabby, then F is K-flabby.

Proof. Let ¢: F — 1 be a strictly injective resolution. Observe that I is K-limp
and that each term of I is flabby. So, replacing F by the mapping cone of ¢, we
may assume that F is exact; we must prove that I'z (X, F) is exact for any locally
closed subset Z of X. Let V C U C X be open subsets of X suchthat U \V = Z.
Since each term of F is flabby,

0—-TI'z2(X,F) - I'(UF) > I'(V,F) > 0

is a short exact sequence of complexes. Since F is K-limp exact, I'(U,F) and
I'(V,F) are exact. Hence I'z (X, IF) is also exact. O

4.10. LEmmA. With notation as in Section 3.1, there exists a triangle of the form
RTuyv = Rf.f* = RfRg.g"f* — RLuyl[l].

Proof. Let1be a K-limp complex with each term of I flabby. Then there is a short
exact sequence of complexes
0— Cyyl = fif T fugeg™f I — 0.

The lemma follows immediately. UJ

4.11. COROLLARY. Let notation be as before. If f and g are quasi-compact, then
RTy v (Drge(X)) C Drge(X). If f and g are quasi-compact Cartesian and if X
has flat arrows, then RTy v (Dqch(X)) C Den(X).

Proof. This follows from Lemma 4.10, [9, Lemma 8.5], [9, Lemma 8.7], and [9,
Lemma 8.20]. U

4.12. LEMMA. Given the notation of Section 3.1, assume that f: U — X and
g: V. < U are quasi-compact. If X is quasi-compact and if I is finite, then
RTyyv: Dirgc(X) — Dy (X) is way-out in both directions (see [7, (1.7)]).
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Proof. The statement is obvious by [9, Lemma 8.5] and Lemma 4.10. UJ

4.13. LEMMA. Let J be a subcategory of 1. Then the canonical functor

¢: R(Cy,v,(Ny) — RLy, v, (D

is an isomorphism.

Proof. This follows because, if [ is a strictly injective complex of Mod(X), then
I, is K-flabby. U

Lemma 4.13 yields the isomorphism
¢! Ry ¢
Ry, > R(Cuv, (D)) = R, Luv) = (DsRCuy,
which we denote simply by y.

4.14. LEMMA. Let the notation be as in Section 3.5. Then the canonical map
¢: R(Lyvhy) — RLyyvRh, is an isomorphism.

Proof. Let I be a K-injective complex of Ox/-modules. Then 4.l is K-flabby
by Lemma 4.5. Hence .l is [y v-acyclic by Proposition 4.3, and the assertion
follows. U

4.15. By Lemma 4.14, the canonical map
—1 -
RTyyvRh, “— R(Cyvh,) &> R(h.Ty,y) <> Rh,RTuyv,
which we denote by y, is defined.

4.16. LEMMA. With notation as in Section 3.5, the canonical map
¢: R(hLyry) — R RUy v

is an isomorphism.

Proof. If 1 is a strictly injective complex of Ox/-modules then, by Lemma 4.8,
Ty v 1is K-flabby. The lemma follows immediately. O

4.17. CorOLLARY (independence theorem; cf. [2, (4.2.1)]). Let notation be as in
Section 3.5, and assume that (a) and (b) in the diagram (2) are Cartesian. Then y:
RTyvRh, — Rh.RTy v is an isomorphism.

Proof. This follows immediately from Lemma 4.16 and Lemma 3.6. OJ
4.18. With notation as in Section 3.1, let W C V be an open subdiagram of

schemes and let z: W < V be the inclusion. Let I be a complex in Mod(X).
Assume that each term of [; is flabby for any i € I. Then the diagram
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0
0 0 Cywl
J d~ e
OHEU,V]I . S frL k fe8: & f'l ——— 0
JP id u
0 —— Luwl —— fi f*T —"> figh h*g" f*1 —— 0
0 0

is commutative with exact rows and columns, where d ~c: is the composite
Dow > (/) 5 fogulfe) ©> fgug'f™
Utilizing the snake lemma, it is easy to see that the sequence
0 — Cyyl 5 Tyl 5 Tyl — 0

is exact. Thus we have a triangle

RLlyyv z RLyw z RLvw EN RLyv (1],
where § is induced by

Lyw < Cone(L'yw 7, Cyw) % Cyyv(1]

and ~ denotes a quasi-isomorphism.

5. Quasi-flabby Sheaves

5.1.  The following definition is due to Kempf [16], although we make a slight
modification here.

5.2. DEFRINITION. Let X be a topological space. A presheaf M of abelian groups
on X is said to be quasi-flabby if the restriction map I'(U, M) — T'(V, M) is sur-
jective for any quasi-compact open subsets U and V such that U D V.

Note that a flabby sheaf is quasi-flabby. For the sake of completeness, we list
Kempf’s results for this modified definition.

5.3. LEMMA [16]. Let X be a topological space such that the intersection of two
quasi-compact open subsets is again quasi-compact. Let
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0O->L->M—->N-=>0

be a short exact sequence of sheaves of abelian groups. If L is quasi-flabby and
U is a quasi-compact open subset of X, then the sequence

0—-IUL) - T(UM)—TWUN)—0

is exact.

5.4. COROLLARY. Let X be as in the lemma. Let
0O>L>M—->N-=>0

be a short exact sequence of sheaves of abelian groups. If L and M are quasi-
flabby, then so is N.

5.5. COrROLLARY. Let X be as in Lemma 5.3. If L is quasi-flabby and U is a
quasi-compact open subset, then H'(U, L) = 0 fori > 0.

5.6. LEMMA. Let f: X — Y be a continuous map of topological spaces. As-
sume that Y has an open basis consisting of quasi-compact open subsets and that
f~(U) is quasi-compact if U is a quasi-compact open subset of Y. Assume, more-
over, that Y has an open covering (U,) such that, for any ) and quasi-compact
open subsets V, V' of f~1(U,), the intersection V NV’ is again quasi-compact.
Then, for a short exact sequence

0O>L->M->N-=0
of sheaves of abelian groups on X with L quasi-flabby, the sequence

0— fil —> fuM — LN =0
is exact.

Proof. Tt suffices to show that (f| ;-1y,))« M| -1,y = (f| f1w,)« N 1w,y 18
surjective for each A. Since L] ;-1y, is quasi-flabby for each A, we may assume
that, for any two quasi-compact open subsets V, V'’ of X, the intersection V NV’
is quasi-compact, replacing f: X — Y by f|;-1p,): YU, — Us.

Because there is an open basis of Y consisting of quasi-compact open subsets,
it suffices to show that T'(U, f, M) — T'(U, f,N) is surjective for any quasi-
compact open subset U of Y. Since f~'(U) is quasi-compact, this is Lemma 5.3.

O

5.7. COROLLARY. Let f: X — Y be as in the lemma. If L is a quasi-flabby
sheaf of abelian groups on X, then R'f, L =0 fori > 0.

Proof. The question is local on Y, and we may assume that, for any two quasi-
compact open subsets V, V' of X, V N V' is again quasi-compact. Take a short
exact sequence of the form

0=-L—-T5 1 50
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with Z injective. Because an injective sheaf is quasi-flabby, £’ is quasi-flabby by
Corollary 5.4.

We now use the induction on i. Note that
LT LD L' — RYfL — R'I

is exact. Since Z is injective, R'f, Z = 0. On the other hand, fp is surjective by
the lemma, so le*E =0.
Consider the case i > 2. Then R'L = R'~!£’ = 0 by induction. O

5.8. LEMMA. Let X be a topological space. Assume that X has an open basis
consisting of quasi-compact open subsets. Let U be a quasi-compact open sub-
set of X, and let (M) be a pseudo-filtered inductive system of sheaves of abelian
groups on X. Then the canonical map

11_I>HF(U,M)\) — I'(U, ll_n)l/\/lx)

is an isomorphism.

5.9. CorROLLARY. Let X be as in the lemma. Then a filtered inductive limit of
quasi-flabby sheaves is quasi-flabby.

5.10. CorOLLARY. Let f: X — Y be a quasi-compact morphism in P (I, Sch).
If (M,) is a pseudo-filtered inductive system of sheaves of abelian groups on X,

then the canonical map
li_II)l f* M)\ g f* 111)1 MA
is an isomorphism.
Proof. By restriction, we may assume that the problem is on single schemes. Since

Y has an open basis consisting of quasi-compact open subsets, it suffices to show
that, for a quasi-compact open subset U of Y,

P, lim . My) — T(U, fi lim M;) ®)
is an isomorphism. Because U and f ~!(U) are quasi-compact, the canonical maps

; lim D(U, f My) — T(U, lim f. M)
an
l'g)nr(f“(UxMA) — T(f7'(U), lim M;)

are isomorphisms by Lemma 5.8. Hence the map (8) is also an isomorphism, as
required. U

5.11. LEMMA. Let X € P(I,Sch). Let U be an open subdiagram of X, and
let V be an open subdiagram of U. Assume that the inclusions f: U — X and
g: V. — U are quasi-compact. Then, for a pseudo-filtered inductive system (M)
of Ox-modules, the canonical map

11_n>1 CyyMy — Lyy 11_11>1M,\

is an isomorphism.
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Proof. Consider the following commutative diagram with exact rows:

0 —— Loy My — s lim £ f "My — s lim fug.g™f "M

| | J

0 — LyvlimM, —— fof*limM; = fig.g"f" lim M.

The middle and the right vertical arrows are isomorphisms by Corollary 5.10. By
the five lemma, we are done. O

5.12. LEMMA. Let f: X — Y be a concentrated morphism in P(I,Sch). Let
be an Ox-module such that Z; is quasi-flabby for eachi € 1. Then T is fy-acyclic.

Proof. We may assume that the problem is on a single scheme. This case is Corol-
lary 5.7. O

5.13. LEMMA. Let X € P(I,Sch). Let U be an open subdiagram of schemes
of X, and let V be an open subdiagram of schemes of U. Let f: U — X and
g: 'V < U be inclusions. Assume that f and g are concentrated. If M is a
quasi-flabby sheaf of abelian groups on X, then

0 — CyvM = fuf "M = figug"f"M — 0
is exact.

Proof. Tt suffices to show that, for a quasi-compact open subset W of X, the re-
striction I'(U N W, M) — ['(V N W, M) is surjective. This is trivial. O

5.14. COROLLARY. Let notation be as in the lemma. Then M is Ty y-acyclic.

Proof. Note that f*M is quasi-flabby and hence is f,-acyclic. Similarly, g*f*M
is (fg)-acyclic. The lemma follows from the long exact sequence

0= CyvM = fif "M S fig.8"f'"M
— HjyM — R'f, f*M — R'(f2):(f)'M — -+,
in which u: f, f*M — f,g.g"f "M is surjective. O

5.15. Let A be an abelian category and C a complex in A. For n € Z, we define
7="C to be the truncated complex

coo > C"2 5 " Kerd" — 0.
Similarly, t="C is defined to be the complex
0 — Cokerd" ' > "' - Cc"? - ...,

which is quasi-isomorphic to C/=""!C.
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5.16. LEMMA (cf. [17, (3.9.3.1)]). Let X, f: U — X,and g: V — U be as in
Lemma 5.13. Let (Cy) be a pseudo-filtered inductive system of complexes of Ox-
modules such that, for each j € I, there exists some n; € Z such that rf”-f’l(Ca)j
is exact for any . Set C = h_r)n Cy. Then the canonical map

: i i
lim Hy, yCoy — Hy € 9)
is an isomorphism fori € Z.

Proof. We may assume that the problem is on single schemes. Let n be an integer
such that T="~!C,, is exact for any «.

As in the proof of [17, (3.9.3.1)], let t="C, — F, be the Godement resolution
so that we have a composite quasi-isomorphism C, — t="C, — F,. Observe
that each term of Fy, is flabby. In particular, thisis a 'y, v -acyclic resolution. Then,
taking the inductive limit, we have a quasi-isomorphism C — F := lim F,. Note
that each term of F is quasi-flabby by Corollary 5.9. Hence this is also a [y y-
acyclic resolution.

As a result, the map (9) is nothing but the composite

lim H'(Cy,y Fo) = H'(lim Cyy Fo) = H'(Cyy lim Fo) = H'(Cy v F),

where the second = is an isomorphism by Lemma 5.11. This is what we wanted
to prove. UJ

6. Flat Base Change of Local Cohomology of Diagrams

6.1. Let the commutative diagram (2) be as in Section 3.5. Assume that /% is flat.
Then there is a canonical composite map

h*RTy,v LN R(h*Tyv) LN R(Cyryh™) LN RTy v h*,
which we denote by §.
6.2. LEMMA. Let notation be as before. If h is an open immersion, then
¢: R(Lyyh*) — RTyyh*
is an isomorphism.

Proof. Let1be a K-injective complex of Ox-modules. Then, by Lemma 4.6, h*1
is K-flabby and hence is 'y yr-acyclic. The assertion follows. UJ

6.3. COROLLARY. Let the commutative diagram (2) be as in Section 3.5. If
h is locally an open immersion and if (a) and (b) are Cartesian in (2), then
8: hW*RTyyv — RLy v h* is an isomorphism.
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Proof. Fori € I, the diagram

W*RTy, vi(Di —— h*()iRCyy —— (1):h*RTyy

Lﬁ J(?)ig

Ry vihi(Mi —%—s RTyry (ih* —7 5 (2),RTy,yih*

is commutative by Lemma 3.8. It suffices to show that the right vertical arrow
(7);6 is an isomorphism. For this we need only show that the left vertical arrow
5: hiRLy, v;(7Di — RLy v h7(?); is anisomorphism. Hence we may assume that
the problem is on single schemes.

First assume that / is an open immersion. Then the assertion follows immedi-
ately from Lemma 6.2 and Lemma 3.15.

Now consider the general case. Take an open covering |_J, W, of X’ such that
h|w, is an open immersion for each A. It suffices to show that j*§: j*hA*RTyy —
J*RTy v h* is an isomorphism for each A, where j: W = W, — X’ is the inclu-
sion. However, the diagram

—1
J*h*RTyy d (hj)*RCuv

s K

. 5 . d-! .
J*RUy v h* —— RUwnu,wav j*h* —— RLwou,wav (hj)*

is commutative by Lemma 3.17, and the all arrows except for j *§ are isomor-
phisms by what we have already proved. Hence j*§ is also an isomorphism, as
desired. UJ

6.4. LEMMA (cf. [17, (3.9.3.2)]). Let X, f: U — X, and g: V — U be as
in Lemma 5.13. Let (Cy) be a pseudo-filtered inductive system of complexes in
Mod(X). Assume one of the following:

(a) U islocally Noetherian and, for eachi € I, U; admits an open covering (Uy)
such that each Uy is of finite Krull dimension;

(b) Cy has locally quasi-coherent cohomology groups for each «;

(c) for each j € I, there exists some n; € Z such that rf"/’l(Ca)j is exact for
any o.

Then the canonical map
: i i
lim H;,,Coy — Hy €

is an isomorphism for i € 7, where C = 12)11 Cy.

Proof. The case when (c) is satisfied is Lemma 5.16. We consider the case where
(a) or (b) is satisfied. By restriction, we may assume that the problem is on a sin-
gle scheme. Also, we may assume by Corollary 6.3 that X is an affine scheme.
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If we assume (a) (resp. (b)) then there exists some d € Z such that—for any
i € Z,any d > dy, and any complex D in Mod(X) (resp. any complex D in
Mod(X) with quasi-coherent cohomology groups)—R'f, f*(t==¢D) = 0 and
Ri(gf).(gf)*(t=1=?D) = 0; see [17, Remarks in (3.9.3.2)]. This implies that
I_-I&V(tfi’dD) = Oforany i € Z, any d > do + 1, and any complex D in
Mod(X) (resp. any complex D in Mod(X) with quasi-coherent cohomology).
Hence Hj,, (D) — ﬂb,v(rzi‘dD) is an isomorphism for d > d,. The square

lim H,, (Ca) —— lim Hjy , (t=~40C,)

J J

H} (C) ——=— Hj,, (z=17%0C)

is commutative and so, replacing C, by 7>/~% C,, we may assume that there exists
some 1 € Z such that t="~1C,, is exact for each «. This is the case where (c) is as-
sumed, and we are done. O

6.5. CoroLLARY (cf.[17,(3.9.3.3)]). LetX, f:U — X,andg: V — U beas
in Lemma 6.4. Let (Cy) be a small family of complexes in Mod(X). If one of (a),
(b), or (c) in the lemma is satisfied, then the canonical map

@ RTyyvCy — RLyy <@ Ca)

is an isomorphism.

6.6. COrROLLARY. LetX, f:U — X,and g: V — U be as in Lemma 6.4. If X
is concentrated, then RU'yyy : Dyrgc(X) — Droc(X) has a right adjoint.

Proof. Note that Dy g (X) is compactly generated by [9, Lemma 17.1]. The corol-
lary follows from Corollary 6.5 and Neeman’s theorem [19, Theorem 4.1]. UJ

6.7. CoroLLARY (cf. [17, 3.9.3.4)]). Under the assumptions of Lemma 6.4, if
each Cqy is Iy v-acyclic then C is Ty v-acyclic.

Proof. By assumption, H (CyyCy) — LI{]’VCD, is an isomorphism for each i €
Z and «. Taking the inductive limit, the composite

H'(LyyC) = lim H'(Tyy Co) = lim Hyy y Co = Hy €

is an isomorphism, where the first = is an isomorphism by Lemma 5.11 and the
last = is an isomorphism by Lemma 6.4. Therefore, C is 'y y-acyclic. UJ

6.8. CoroLLARY (cf.[17,(3.9.3.5)]). LetX, f:U — X,andg:V — U be as
in Lemma 5.13. Let C be a complex in Mod(X), and assume one of the following.
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(a) U is locally Noetherian, U; (i € I) admits an open covering (Uy) such that
each U, is of finite Krull dimension, and each term of C; (i € I) is quasi-
flabby;

(b) X is locally Noetherian and, for each i € I, each term of C; is an injective
object of Qch(X;).

Then C is Ty y-acyclic.

Proof. Let C — I be a K-injective resolution. Then I; is I'y, v, -acyclic for each
i € I,since [; is K-flabby. So it suffices to show that each C; is ['y;, v, -acyclic, and
we may assume that the problem is on single schemes.

In every case, each term C" of C is 'y y-acyclic. Indeed, in case (a), this is
Corollary 5.14. In case (b) this is obvious, since an injective object of Qch(X) is
an injective object of Mod(X) [7, (I1.7)]. Thus the truncated subcomplex

oZ"C: -5 0>0>C"> C"l > ...

of C is 'y y-acyclic for any n € Z. Since C = 1i_n>1<75”C, the assertion follows
from Corollary 6.7. O

6.9. LEMMA. Let h: X' — X be a flat morphism between locally Noetherian
schemes. Let Y be a closed subscheme of X, and let 1 be an injective object of
Qch(X). Then h*1is Ly/-acyclic, where Y’ := h~'(Y).

Proof. By [7, Thm. I1.7.18], A*I has an injective resolution J in Qch(X’); it is an
injective resolution in Mod (X ") as well (see [7, (I1.7)]). Let Z be the defining ideal
sheaf of Y. Then Y’ is defined by ZOy/. So, by Lemma 3.21 and [7, Prop. I1.5.8],

R'Ty (h*1) = H' Ty (J)) = H"(li_r)n Homo,,(h*(Ox/Z"),1))
~ @@gx,(h*(ox/zn),h*ﬂ)
= lim 7" (Ext,, (Ox/Z",1)) = 0
fori > 0. O

6.10. THEOREM (flat base change; cf. [2,Thm.4.3.2]). Leth: X' — X be aflat
morphism in P(I,Sch). Assume that X and X' are locally Noetherian. Let Y be
a Cartesian closed subdiagram of schemes of X, and let Z be a Cartesian closed
subdiagram of schemes of Y. Then the canonical map 8: h*RUy.; — RLy:. z/h*
is an isomorphism of functors from Dig.(X) to Dig(X'), where Y' = hI(Y)
and Z' = h='(2).

Proof. By an argument similar to the proof of Corollary 6.3, we may assume that
the problem is on single schemes. Moreover, the question is local both on X and
X’ by Corollary 6.3, so we may assume that both X = Spec A and X’ = Spec B
are affine.

Now, by Lemma 4.12, T'y. 7 : Dig.(X) = Dig(X) and Ly 71 Dige(X') —
D14 (X') are way-out in both directions. By the way-out lemma [7, Prop. 1.7.1],
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it suffices to show that §: h*RTy.zZ — Rly:.z/h*T is an isomorphism for an
injective object Z of Qch(X).
Observe that § is the composite

h*RLy,zZ N R(h*Ty:2)T %> R(Lyr,zh")I > RTy, 2 h*T.
Hence it suffices to show that RS and ¢ are isomorphisms.
By Lemma 3.15, 5: h*Ty.zZ — Ly.zh*T is an isomorphism. Since Z is in-
jective in Mod(X) [7, (I1.7)], it follows that RS is an isomorphism.
To prove that ¢ is an isomorphism, we need only prove that h*Z is I'y . z-acyclic.
By Section 4.18, there is an exact sequence

o —> Hy(h*I) - H(h*I) — H}.,(h*T) > H;"'(W*T) — - -
By Lemma 6.9, Hj(h*Z) = 0 (i > 0) and H,(h*Z) =0 (i > 0). So
Hy.,(h*I)=0 for i >0,
as desired. O

7. Compatibility with G-invariance

7.1.  Let S be a scheme, G a flat S-group scheme, and X an S-scheme with a triv-
ial G-action. Asin [9, (30.1)], we denote the G-invariance functor Mod (G, X) —
Mod(X) by (7. By [9, Lemma 30.3], (NDC agrees with (?)_1Rx,,, where Rp,,:
Mod(G, X) = Mod(BY (X)) — Mod(BY¥ (X)) is the right induction for BY(X)
the augmented diagram described in [9, (30.2)]. If G is concentrated over S, then
(7)%(Lqe(G, X)) C Qch(X). Note that BY(X)a,, = BY(X). Asin [9, Sec. 29],
for a G-morphism f we let BY(f). be simply denoted by f. and BY(f)* by f*,
et cetera.
We know that (?)¢ = (?)_;R,,, has an exact left adjoint (?)a,,L_;. Hence

(N%: Mod(G, X) — Mod(X)

preserves injectives and R(?)¢: D(G, X) — D(X) preserves K-injectives.
It seems that the following question is fundamental.

7.2. QUESTION. Let Z be an injective object of Qch(G, X). Then, for i > 0,
does R{(NCT = 0?

This is not obvious a priori, since the derived functor is computed in D(G, X).

73. Let f: X — Y be a morphism of S-schemes with trivial G-actions. Then
BY(f): B¥(X) — BY(Y) is induced. Note that BY(f) is Cartesian. The com-
posite isomorphism

e=er: foO = f.(DaRay > (D_1BY(F)Rx,

S (D1Ray BE() = °F,
is induced (see [9, Cor. 6.26]).
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7.4. Moreover, the natural map
9 ~
e=el: X9 = XD iRay = DB () Ray,

5 ()R, BY () = ()OF*

is induced; see [9, (6.27)]. We distinguish ¢ from ¢. Note that 6 is an isomor-
phism by [9, (6.25)]. Exactly the same proof as in [9, (10.7)] shows that u is an
isomorphism of functors from Lqc(G, Y) to Qch(X), provided f is flat and G is
concentrated over S. Similarly, u is an isomorphism of functors from Mod(G, Y)
to Mod(X) if f is locally an open immersion. Thus we have the following result.

7.5. LEMMA. Let f: X — Y be an S-morphism between S-schemes with trivial
G-actions. If f is flat and G is concentrated over S, then

e fr N — (Vo

is an isomorphism between functors from Lqc(G,Y) to Qch(X). If f is locally
an open immersion, then € is an isomorphism between functors from Mod(G, Y)
to Mod(X).

7.6. LEMMA. Let f: X — Y be as in Section 7.3. Then the diagram
N —— fuf*
lid lef
N —— DL f
is commutative.
Proof. We need to prove that the composite
u % 2 ~ * *
(D-iRay = ff*DoiRay = FDBY)Ray = fe(DiRa, f
¢! D x & *
— DaBY(NRayf* = DaRay fof

agrees with u. Since ¢ ' in the displayed composition agrees with c~' by the
naturality of ¢, it suffices to show that the composite

Dt S Fuf Do S LB S L BYHBY (10)
agrees with u and that the composite
R, > BYCS),BY)Ra, L BY(S) Ry f* = Rayfuf* (1)

agrees with u.
By [9, Lemma 1.24], (10) agrees with u; (11) agrees with u by the commutativ-
ity of the diagram
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Ray ———— Rayfuf*

=T

88" Ray —— 88" Ray fif* £

Je

" 8+8° xRy f* +—— guRay f

l/s

* § *
g*RAMf E— RAMf*f B

*

where g = BY(f). O

7.7. Let X be a G-scheme, U a G-stable open subscheme of X, and V a G-stable
open subscheme of U. The local section functor EBé”(U),Bg’(V): Mod(G, X) —
Mod(G, X) is simply denoted by 'y v and is called the equivariant local section
functor. The right derived functor R'Ty,y is denoted by H,,, and is called the
equivariant local cohomology. For a G-stable closed subscheme Y of X and a
G-stable closed subscheme Z of Y, the local section functor I Cpmyy siz) is sim-
ply denoted by I'y. z. Asusual, I'y.y is denoted by I'y. The denved functor R' Fy 7
is denoted by HY 4 and R'Ty is denoted by H,.

7.8. Let X be an S-scheme with a trivial G-action. Let U be an open subscheme
of X, and let V be an open subscheme of U. Let f: U < X be the inclusion, and
let g: V < U be the inclusion.

By Lemma 7.6, we have a commutative diagram with exact rows:

0 —— Luv(DC® —— fif*(DC —— fugug™f* (D

}e l (12)

0 —— Loy —— Of* —— O egug"f"
Hence there is a unique natural map
E:Tyv(D® = (M°Tyy

such that tE = eet.
By Lemma 7.5, the vertical maps in (12) are isomorphisms. Consequently, E is
an isomorphism.

8. G-local G-schemes

Let S be a scheme, G a flat S-group scheme concentrated over S, and X a G-
scheme (i.e., an S-scheme with a left G-action).
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8.1. Lett¢: Y — X be a subscheme. We denote the composite

GxY % Gxx S x
by ay, where a is the action. If ay factors through Y, then we say that Y is G-stable.
In this case, Y has a unique G-scheme structure such that ¢ is a G-morphism.
The scheme-theoretic image of ay is denoted by Y*. If ¢ is quasi-compact,
then Y* is the smallest closed G-stable subscheme of X containing Y (see [8,
Lemma 2.1.5]).

8.2. A closed subscheme Y of X is G-stable if and only if ¥ = Y™ Let (Y3)ca
be a family of closed subschemes of X. If Y, is defined by a quasi-coherent ideal
sheaf 7,, then the sum ), 7, is also a quasi-coherent ideal sheaf and it defines the
intersection (") ; Yy (i.e., the direct product of Y} in the category of X-schemes; it
is also the usual intersection, set theoretically). If each Y; is G-stable, then () Y,
is also G-stable. The complement of a G-stable closed subscheme is a G-stable
open subset.

8.3. The intersection of finitely many G-stable open subsets is G-stable. More-
over, the union of G-stable open subsets is G-stable. Letting a G-stable open
subset open, we can define a topology on X. We call this topology the G-Zariski
topology.

If X is quasi-compact with respect to the G-Zariski topology, we say that X is
G-quasi-compact. Since the G-Zariski topology is coarser than the Zariski topol-
ogy, a quasi-compact G-scheme is G-quasi-compact.

Let U be a G-stable open subset of X, and let Y be X \ U with the reduced
structure. It is easy to verify that Y* does not intersect U (so Y* = 7Y, set the-
oretically). Note that Y* is G-stable, and hence U has a G-stable complement
Y* Thus a closed subset in the G-Zariski topology is nothing but an underlying
subset of some G-stable closed subscheme. If Y is an open or closed G-stable sub-
scheme of X, then the G-Zariski topology of Y agrees with the induced topology
of Y induced by the G-Zariski topology of X. If f: X — X’ is a G-morphism of
G-schemes, then f is continuous with respect to the G-Zariski topologies.

8.4. LEMMA. If X is G-quasi-compact and if Y is a G-stable closed subscheme
of X, then there exists a minimal nonempty closed G-subscheme of Y.

Proof. Observe that Y is G-quasi-compact, since it is a closed subset of quasi-
compact X, with respect to the G-Zariski topology. Let €2 be the set of nonempty
G-stable closed subschemes of Y. For Z,Z' € Q, wesaythat Z < Z'if Z D Z'.
Then, by Zorn’s lemma, €2 has a maximal element and the proof is complete. [J

8.5. LEMMA. Assume that G — S is universally open. Then any x € X has a
quasi-compact G-stable open neighborhood.

Proof. Let U be an affine open neighborhood of x. Because the actiona: Gx X —
X is an open map, U* := a(G x U) is open; it is also G-stable, as can be seen
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easily. Since U is quasi-compact and since G is quasi-compact over S, it follows
that G x U is quasi-compact. Hence U* is quasi-compact. Now U* D U is ob-
vious, so U* is the desired open neighborhood of x. UJ

Since we assume that G is flat, if G is locally of finite presentation over S then
G — S is universally open (see [5, (1.10.4)]).

8.6. COROLLARY. Let G — S be universally open. If X is G-quasi-compact,
then X is quasi-compact.

Proof. By Lemma 8.5, X has an open covering U, consisting of quasi-compact
G-stable open subschemes. By assumption, there exist A, ..., A, such that X =
UL, Us,. Because each U, is quasi-compact, X is quasi-compact. UJ

8.7. Atopological space I is said to be local if it has a unique minimal nonempty
closed subset—say, ®. In this case, we say that (I', ®) is local.

8.8. LEMMA. Let T" be a topological space. Then the following statements are
equivalent.

(1) T islocal.
(ii) T is nonempty and, if (F) is a nonempty family of nonempty closed subsets
of T, then () F,, is nonempty.
(iii) T is nonempty and, for any open covering (U,) of T, there exists some X\
such that X = U,,.

In particular, a local topological space is nonempty and quasi-compact.

Proof. (i) = (ii): Let (I, ®) be local. Then I" D ® # @. Moreover, (), Fy D
O #J7.

(ii) = (i): Let  be the set of nonempty closed subsets of I'. Then (). F is
the desired unique minimal nonempty closed subset of T.

(ii) < (iii): This is trivial. O

8.9. CoroLLARY. If f: ' — T is a surjective continuous map of topological
spaces and if T is local, then T is local. If (T, ®) is local then (I, ®) is local,
where @' is the closure of f(©).

Proof. Since f is a map and I" is nonempty, it follows that I’ is nonempty. Let
Q' be a nonempty set of nonempty closed subsets of I'". Then f~'(F’) # ¢ for
F’ € Q' by the surjectivity of f. Hence f~'((peq F') = f~'F' # ¢ by the
localness of T, so I'’ is local.

We prove the last assertion. Let (I', ®") be local. Because f is surjective,
f~(®) is a nonempty closed subset of " and hence f~'(®') O ®. Therefore,
the closure of f(®) is a nonempty closed subset of ®'. By minimality, they agree.

U
8.10. LEMMA. A Ty-space I is local if and only if T is quasi-compact and has
exactly one closed point y. In this case, (T, y) is local.
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Proof. We first prove the “only if” part. By Lemma 8.8, I" is nonempty and quasi-
compact. A nonempty quasi-compact Ty-space has a closed point, so I" has at
least one closed point . However, a closed point is minimal nonempty closed.
Such a point must be unique, and the last assertion is also obvious.

For the “if” part, let F be a nonempty closed subset of I. Then F is a nonempty
quasi-compact Tp-space and has a closed point. This closed point must be y, so
y is the unique minimal nonempty closed subset of T". U

For x,y € I', we define x = y if x = y, where the bar denotes closure. The quo-
tient space I'/= is called the Ty-ification of T.

8.11. LEMMA. Let w: ' — Ty be the Ty-ification. Then I is local if and only if
Ty is local. If (T, ®) and (Ty, ©¢) are local, then w(®) = Oy and © = 77(0y).

Proof. Because 7 is surjective and continuous, if I" is local then I is local by
Corollary 8.9.

We prove the converse. Since I'y is nonempty and 7 is surjective, it follows that
" is nonempty. Let €2 be a nonempty set of nonempty closed subsets of I'. Then,
for each F € Q, we have F = 7~ !(7(F)). Because 7 is submersive (i.e., for any
subset F' of Iy, F' is closed if and only if # ~'(F") is closed), 7 (F) is both closed
and nonempty. Therefore,

rr(FOQF) - n(nfl(ﬂ n(F))) == (F) #9.

Hence (1) F is nonempty and I" is local.
Now 7 (®) = O follows from Corollary 8.9, since ® is a point by Lemma 8.10.
Since O is closed, ® = 7 1(7(®)) = 771(Oy). O

8.12. LEMMA. For a scheme Z, the following statements are equivalent.

(1) The underlying topological space of Z is local.
(ii) Z is local; that is, Z = Spec A for some local ring (A, m).
(iii) Z is quasi-compact and has a unique closed point z.

In this case, (Z,z) = (Spec A, m) are local topological spaces.

Proof. (i) = (ii): Let (U,) be an affine open covering of Z. Then Z = U, for
some A by Lemma 8.8, so Z = Spec A is affine. Since Z is nonempty, A is nonzero
and has a maximal ideal. If A has two or more maximal ideals, then Z has two or
more closed points and then Z cannot be local. Hence A is a local ring.

(i1) = (iii): This is obvious.

(iii) = (i): This follows from Lemma 8.10, since a scheme is Tj.

The last assertion is obvious. UJ

8.13. DEFINITION. We say that a G-scheme X is G-local if there is a unique min-
imal nonempty G-stable closed subscheme of X. If X is G-local and if Y is the
unique minimal nonempty G-stable closed subscheme, then we say that (X, Y) is
G-local.
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8.14. LEMMA. Let X be a G-scheme. Then the following are equivalent:

(i) X is G-local,

(i1) X is local in the G-Zariski topology.

In particular, a G-local G-scheme is G-quasi-compact. Moreover, if (X,Y) is
G-local, then (X,Y) is local in the G-Zariski topology.

Proof. (i) = (ii): Let (X,Y) be G-local. If F is a nonempty closed subset of X
in the G-Zariski topology, then F is the underlying set of some nonempty G-stable
closed subscheme of X. So F' D Y, and (X, Y) is local in the G-Zariski topology.

(ii) = (i): LetY = () p.q F, where Qs the set of all nonempty G-stable closed
subschemes of X. Then Y is nonempty by assumption, and (X, Y) is G-local. [J

8.15. CorOLLARY. If G — S is universally open, then a G-local G-scheme is
quasi-compact.

Proof. This follows immediately from the lemma and Corollary 8.6. UJ

8.16. COROLLARY. Let f: X — X’ be a surjective G-morphism of G-schemes.
If X is G-local, then X' is G-local. Moreover, if f is concentrated, (X,Y) is G-
local, and (X', Y") is G-local, then the scheme-theoretic image of f|y is Y'.

Proof. The first assertion is an immediate consequence of the theorem and Corol-
lary 8.9. We prove the last assertion. Since f is surjective, ¥ C f~'(Y’). Thus
the scheme-theoretic image of f|y is contained in Y’. Because f is concentrated,
fly is also concentrated and hence the scheme-theoretic image of f|y is G-stable
closed, since (f|y)«Oy € Qch(G, X’). By the minimality of Y’, the scheme-
theoretic image of f|y agrees with Y. UJ

Here are some examples of G-local G-schemes.

8.17. ExaAMPLE. Assume that G is trivial. Then the G-Zariski topology agrees
with the usual Zariski topology and, by Lemma 8.12, X is G-local if and only if
X is a local scheme.

8.18. ExampLE. If § = Speck for k afield, then (G, G) is G-local, where G acts
on G left regularly.

Proof. Tt suffices to show that, if Y is a nonempty G-stable closed subscheme of
G, then Y = G. Since Y is nonempty, ¥ has a geometric point n: Spec K —
Y. Taking the base change and replacing k by K, we may assume that Y has
a k-rational point y. Then G — G (g +— gy) is an isomorphism and hence
Y=Y*"2{}yr=0G. O

8.19. EXAMPLE. Let k be a field, let G be affine and of finite type, and let X be
a homogeneous space G/H for some closed subgroup scheme H of G. If S =
Speck, then (X, X) is G-local. This example shows that, even if S and G are
affine, a G-local G-scheme X need not be affine in general.
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Proof. Let p: G — X = G/H be the canonical projection. Then p is faithfully
flat and is surjective. Since (G, G) is G-local by Example 8.18, (X, X) is G-local
by Corollary 8.16. U

8.20. ExamMPLE. Let S = SpecZ and let G = G/, the split torus over S. Let
X = Spec A be affine. Then A is a Z"-graded ring in a natural way [8, (I1.1.2)].
By definition, X is G-local if and only if A is H-local in the sense of Goto and
Watanabe [4].

8.21. ExaMPLE. Let S = Speck with k an algebraically closed field, and let G
be a reductive group, B a Borel subgroup of G, and P a parabolic subgroup of
G containing B. A Schubert subvariety of G/P is a B-stable closed subvariety
by definition. The point P/P is the unique minimal Schubert subvariety (see [15,
Chap. 13]), and we have that (G/P, P/P) is B-local.

8.22. Let S = Speck with k a field. We say that G is geometrically reductive if
G is affine of finite type and if, for any finite-dimensional G-module V and any
ve VE\ O, there exist an r > 0 and an f € (Sym, V*)© such that f(v) # 0.
Moreover, if we can take r to be 1 (for any V and v), then we say that G is linearly
reductive. If r can be taken to be 1 if the characteristic of k is zero, and a power of
p if the characteristic p of k is positive, then we say that G is strongly geometri-
cally reductive (SGR for short). By definition, a linearly reductive group scheme
is SGR. We can prove that G is geometrically reductive if and only if G is SGR
if and only if the radical of the linear algebraic group (k ®i G)yeq is a torus if and
only if, for any finitely generated k-algebra A with a G-action, AY is finitely gen-
erated [10]. This last fact is probably well known for linear algebraic groups, but
we will not use it here and mainly consider the SGR property.

8.23. Assume that G and S = Spec R are affine. We say that A is a G-algebra if
A is an R-algebra and if a G-scheme structure of Spec A is given. This is equiv-
alent to saying that A is both an R-algebra and a G-module (whose underlying
R-module structures agree) and that the product A ® A — A is G-linear. An
ideal I of A is called a G-ideal if Spec A/I is a G-stable closed subscheme of
Spec A or, equivalently, if 7 is a (G, A)-submodule of A.

8.24. LEMMA. Let S = Speck with k a field, and let G be an SGR k-group
scheme. Let A be a G-algebra, and let f € (), IA)G. If I, is a family of G-ideals,
then there exists some q such that f7 € ), If, where q is a power of p if the
characteristic of k is p > 0 and g = 1 if k is of characteristic 0.

Proof. See [18, Apx. to Chap. 1, C]. UJ
8.25. Let S and G be affine, and let A be a G-algebra. A maximal element of
{I|IisaG-ideal and I # A}

is said to be G-maximal. We say that A is G-local if A has a unique G-maximal
G-ideal. Note that A is G-local if and only if Spec A is G-local.
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8.26. LEMMA. Let S and G be affine. If A is a G-algebra and if I # Ais a G-
ideal, then there is a G-maximal ideal of A containing I.

Proof. Since X = Spec A is quasi-compact, it is also G-quasi-compact. Now ap-
ply Lemma 8.4. O

8.27. PROPOSITION. Let S = Speck with k a field, and let G be SGR. Let A be
a G-algebra. If p € Spec AS, then Ap = A Quo Ag is G-local.

Proof. Observe that (A,)¢ = Ag. Replacing A by A,, we may assume that
(A%, m) is a local ring; we are to prove that A is G-local.

Because A¢ is nonzero, A is nonzero. By Lemma 8.26, A has a G-maximal
ideal. Assume that A has two different G-maximal ideals / and J. Since 1 ¢ I and
1 ¢ J, it follows that I C m and J¢ C m. On the other hand, I + J = A by
maximality. By Lemma 8.24, 1€ 19 + J¢ C m. This is a contradiction, so A is
G-local. O

Note that, in the proposition, pA, may not be the G-maximal ideal. Indeed, if
G =G, and A = k[x] withdegx = land p = 0 C AY = k, then 0 = pA, is
not G-maximal, since (x) C A is a G-ideal.

9. A Generalization of a Special Case of a
Theorem of Hochster and Eagon

Let S, G, and X be as in Section 8. In this section, we give an application of equi-
variant local cohomology on a G-local G-scheme to invariant theory.

9.1. LEMMA. Let S = Speck with k a field, and let G be SGR. Let A be a G-
algebra. Assume that the canonical map m: Spec A — Spec AC is a geometric
quotient in the sense of [18]. Then, for any prime ideal p of A°, pA, and the
G-maximal ideal P of the G-local ring A, have the same radical.

Proof. Because pAy is a G-ideal of Ay, we have P D pA,. Assume that VP #
/PAy. Then there is an algebraically closed extension field K of «(p) such that
(a) there are K-valued points & of V(P) and n of V(pA,) \V(P) and (b) the set
of K-valued points of V(pA,) constitutes one orbit with respect to the action of
G (K). But since V(P) is G-stable and since & € V(P)(K) and n ¢ V(P)(K), it
follows that & and » cannot be on the same orbit. This is a contradiction; hence

NENTS 0

9.2. Let X bealocally Noetherian G-scheme and M a coherent (G, Ox)-module.
Then Hom, (M, M) is also a coherent (G, Ox)-module, as can be seen easily
from [9, Lemma 6.33] and [9, Lemma 7.11]. The canonical map

Ox — Homo, (M, M)

is (G, Ox)-linear. Hence the kernel ann M is a coherent G-ideal. Therefore,
Supp M = V(ann M) is a G-stable closed subscheme of X.
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9.3. Let(X,Y)bea G-local G-scheme and assume that X is Noetherian. Let Z
be any irreducible component of Y, and let { be the generic point of Z.

9.4. LEMMA. The functor (7);: Qch(G, X) — Mod(Ox, ) is faithfully exact.

Proof. Clearly, the restriction Qch(G, X) — Qch(X) is exact. Moreover, the
stalk functor (?), : Qch(X) — Mod(Oy,,) is exact. Hence the composite is exact.

We prove that the functor in question is faithful. Assume the contrary, and
let M € Qch(G, X), M # 0, and M, = 0. Then, since Qch(G, X) is locally
Noetherian and since a Noetherian object of Qch(G, X) is nothing more than a
coherent (G, Ox)-module by [9, Cor. 11.8], there exists some nonzero coherent
(G, Ox)-submodule A of M. Let V := Supp . Then V is nonempty, closed,
and G-stable, soV DY D Z > ¢ Hence 0 = M, D N{ # 0, and this is a
contradiction. O

9.5. THEOREM. Letk be a field, G a linearly reductive k-group scheme, and X a
Cohen—Macaulay Noetherian G-scheme. Let w: X — Y be a geometric quotient
under the action of G in the sense of [18]. Assume that 7 is an affine morphism.
Then Y is Noetherian and Cohen—Macaulay.

Proof. Since m is surjective, Y is quasi-compact. It therefore suffices to show that
Y is locally Noetherian and Cohen—Macaulay. The question is local on Y, and we
may assume that ¥ = Spec A is affine.

Since 7 is affine, it follows that X = Spec B is also affine, and A = B¢ by
assumption. We remark that A is a direct summand subring of B because G is
linearly reductive. In particular, A is Noetherian since B is (see [14, Prop. 6.15]).

It remains to show that A is Cohen—Macaulay. Toward this end, we localize A
at one of its maximal ideals and so may further assume that (A, m) is local. Note
that 7 is still submersive after localization, since G is linearly reductive and A =
BE (see the proof of [18, Thm. 1.1]). By Proposition 8.27, X is G-local. Let Z be
the unique minimal nonempty closed G-subscheme of X.

Let y be the closed point of Y. Then

H,(Oy) = H'(RT,((.0x)%)).

Let J be the injective resolution of 7,0y in Qch(G,Y). Then J¢ is an injec-
tive resolution of (,Ox) in Qch(Y), because (?)°: Qch(G,Y) — Qch(Y) is
exact and preserves injectives (since it has an exact left adjoint (?),,L_). Any
injective object of Qch(Y) is injective in Mod(Y) by [7, (I1.7)]. Hence we have
isomorphisms

H{(Oy) = H(L,J%) = H'(T,1)°) = (H'([,1))°,

where the second isomorphism is by Section 7.8 and the third isomorphism is by
the exactness of (?)° on Qch(G, Y) (note that I',J is a complex in Qch(G, Y) by
Corollary 4.11).

Thus, to show that Y is Cohen—Macaulay it suffices to show that the cohomol-
ogy of the complex ', J is concentrated in one place. By Lemma 9.1, 7 ~!(y) and
Z agree set theoretically. So, by Corollary 4.17,
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H'(T'yJ) = H'(RL,(7.0x)) = H'(RLyR7.Ox)
=~ H'(R7,RL ;-1(,)Ox) = H'(Rm,RT 70x).
Observe that
(N H,(Ox) = H'(():RLz0x) = H(Ox.;)

by Theorem 6.10. We have H("(OX@) =0fori #d (d :=dim Oy ), since Ox ,
is a Cohen—Macaulay local ring. Since (?), is faithfully exact by Lemma 9.4,
H.(Ox) =0fori #d. Let M := ﬂg((’)x), and note that M is quasi-coherent.
Then

Rﬂ*RE20X = Rﬂ*M[—d] = H*M[—d]

As aresult,
HY(L,J) = H'(Rw.RLz0x) = H* /(1. M) =0
fori # d. This is what we wanted to prove. U

9.6. COROLLARY. Let k be an algebraically closed field, G a linearly reductive
k-group scheme, and X = Spec B a Cohen—Macaulay affine G-scheme of finite
type. Let m: X — Y = Spec BC be the canonical morphism, and set

U = {x € X | dim O(x) is maximal and O(x) is closed},

where O(x) is the G-orbit of x. Then U is a G-stable open subset of X, and 7w (U)
is Cohen—Macaulay.

Proof. This follows easily from the theorem and [20, Prop. 3.8]. U

9.7. COROLLARY. Letk be afield, G a linearly reductive finite k-group scheme,
and B a Noetherian and Cohen—Macaulay G-algebra. Then B¢ is Noetherian
and Cohen—Macaulay.

The corollary is an immediate consequence of a theorem of Hochster and Eagon
[11, Prop. 12] (note that B is integral over BY; see the proof of Lemma 9.8 to fol-
low). Indeed, the case of G a finite group is stated in [11, Prop. 13] (however, they
do not assume that B contains a field, and our corollary is not a complete gener-
alization of [11, Prop. 13]). Corollary 9.7 is also obvious by Theorem 9.5 and the
following lemma.

9.8. LEMMA. Letk be afield and let G be a finite k-group scheme. Let B be a G-
algebra. Then the canonical map 1 : Spec B — Spec B is a geometric quotient.

Proof. Since G° (the identity component of G) is normal in G, it suffices to prove
that Spec B — Spec B¢" and Spec B¢" — Spec (B¢")¢/¢” are geometric quo-
tients. Thus we may assume that G is either infinitesimal or étale.

Consider the case where G is infinitesimal. We may assume that the character-
istic p of k is positive, since any group scheme over a field of characteristic 0 is
reduced [22, Thm. 11.4]. Let H be the coordinate ring of G°. Since G° is a point
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(set theoretically), H is an Artinian local ring. Let m be the maximal ideal of H,
and take ¢ > 1 sufficiently large so that m?* = 0. Then it is easy to see that b”* €
BC for any b € B. This shows that any base change of 7 is a homeomorphism
(note also that B is integral over B¢). Hence 7 is a geometric quotient, as can be
checked easily.

Next consider the case where G is étale. We show that B is integral over B¢. To
verify this, we may assume (by virtue of the base change) that k is algebraically
closed. In this case, G is a finite group. Then b € B is integral over BY, since b is
a root of the monic polynomial ]_[geG(t — gb) € BY[1].

It remains to show that 7 is an orbit space. To verify this, we may assume that k
is algebraically closed again. Thus G is a finite group, and it must be SGR. Indeed,
let V be a finite-dimensional G-module and let v € V ¢ \ 0; then there is a linear
form ¢ € V* such that ¢(v) # 0. Let H be the trivial subgroup of G if the charac-
teristic of k is 0, and let H be a p-Sylow subgroup of G if the characteristic p of
k is positive. Let r be the order of H, and let {gi, ..., g/} be a complete set of rep-
resentatives of G/H. Note that  is nonzero in k. Then f := ZLI 8i([Tpen ho)
is in (Sym, V*)S, and f(v) = lp(v)" # 0.

Now assume that 7 is not a geometric quotient. Then there is an algebraically
closed field K with Spec K — Spec BY such that the geometric fiber Spec C has
two K-rational points x and y on two different G (K )-orbits, where C := K ®pc B.

Forany c € C G there exists some g such that ¢? € K, where ¢ = 1 when the
characteristic of k is 0 and where ¢ is a power of p when the characteristic p of
k is positive. This can be seen easily from Lemma A.1.2 of [18, Apx. to Chap. 1,
C]. Therefore, C ¢ is a ring with only one prime ideal.

On the other hand, Gx and Gy are closed orbits in Spec C, since x and y are
closed points and G is finite. By the choice of x and y, we have Gx N Gy = §.
By Lemma 8.24 and the proof of [18, Thm. 1.1], x and y are mapped to different
points in Spec C ¢. This contradicts the fact that C has only one prime ideal. [

9.9. Assume that the characteristic of k is 0. In addition to the assumption of
Theorem 9.5, assume that X is of finite type over k and has rational singulari-
ties. Then Y is of finite type and has rational singularities by Boutot’s theorem [1],
which makes Theorem 9.5 unnecessary. Similarly, if the characteristic is positive
and X is F-regular, then Y is F-regular by Corollary 9.11.

However, if D is a nonreduced Artinian local G-algebra with residue field & that
is finite over k, then Spec D x X is still of finite type and Cohen—Macaulay but
does not have rational singularities, since it is not even reduced. By [18, Prop. 1.9],
Spec D x X admits an affine geometric quotient, which is Cohen—Macaulay by
Theorem 9.5.

The following theorem and its corollary are due to Hochster. We include proofs
because there is no appropriate reference.

9.10. THEOREM. Let B be a ring and A its pure subring. If A is Noetherian then,
for any maximal ideal m of A, there exists some maximal ideal N of B such that
Aw — Bon is pure.
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Proof. We remark that A, — By, is pure. By [13, (2.2)], there exists some max-
imal ideal 9’ = M By, of By, (M = M’ N B) such that A, — (Bw)ow = B
is pure. Let M be a maximal ideal of B containing 9. Since 9 lies on m (by
the purity) and since m is maximal, it follows that M also lies on m. So MM’ =
MBy, C MBy, # Br,. Since 9/ is maximal, 9B, = MB,, and hence 9t = M
is maximal. O

9.11. COROLLARY. Let B be a Noetherian ring and A its pure subring. If B is
normal (resp. of prime characteristic and weakly F-regular or of prime charac-
teristic and F-regular), then so is A.

Proof. Recall that A is Noetherian [14, Prop. 6.15]. The assertion for F-regularity
follows from that for weak F-regularity by localization, so we consider normality
and weak F-regularity. Note that each property in the problem is local on max-
imal ideals (see [12, (4.15)]). Hence by Theorem 9.10 we may assume that both
A and B are local. Because weakly F-regular implies normal by [12, (5.11)], B is
a normal domain. Now the assertion for normality follows from [14, Prop. 6.15],
and the assertion for weak F-regularity follows from [12, (4.12)]. O

Added in proof. Related to Section 8.22, we refer the reader to Section 2 of
W. van der Kallen, A reductive group with finitely generated cohomology alge-
bras, Algebraic groups and homogeneous spaces, pp. 301-314, Tata Inst. Fund.
Res. Stud. Math., Tata Inst. Fund. Res., Mumbai, 2007.
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