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Sally Modules of Rank One
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1. Introduction

Let A be a Cohen—Macaulay local ring with the maximal idealmandd = dim A >
0. We assume the residue class field k = A/m of A is infinite. Let I be an m-
primary ideal in A and choose a minimal reduction Q = (aj,a,...,aq) of I. Let

R=R({):=A[lt] and T =R(Q):= A[Qt] C A[t],

respectively, denote the Rees algebras of I and Q, where ¢ stands for an indeter-
minate over A. We put

R'=R():=A[l1,t"], T'=R(Q):=A[Qn1],
and
G=G():=R/tT'R' = QB 1"/,
n>0
Let B = T/mT, which is the polynomial ring with d indeterminates over the field
k. Following Vasconcelos [13], we then define

So(I) = IR/IT

and call it the Sally module of I with respect to Q. We observe that the Sally mod-
ule § = Sp(7) is a finitely generated graded T-module, since R is a module-finite
extension of the graded ring T.

Let £4(-) stand for the length and consider the Hilbert function

Hy(n) = La(A/T")

(n > 0) of 1. Then we have the integers {e; = e;({)}o<i<a such that the equality

Hi(n) = eo(nj;d> —€1<n ;Il—il_ 1) + -+ (=Dey

holds for all n > 0.

The Sally module S was introduced by Vasconcelos [13], where he gave an ele-
gant review (in terms of his Sally module) of Sally’s works [10; 11; 12] about
the structure of m-primary ideals / with interaction to the structure of G and
Hilbert coefficients e;. Sally first investigated those ideals I satisfying the equal-
ity e; = eg — £a(A/I) + 1 and gave several important results, among which one
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can find the following characterization of ideals I withe; = ey — £4(A/I) + 1
and e, # 0, where B(—1) stands for the graded B-module whose grading is given
by [B(—1)], = B,—; for all n € Z. (The reader may also wish to consult [2] and
[14] for further ingenious use of Sally modules.)

THEOREM 1.1 [12;13]. The following three conditions are equivalent.
(1) S = B(—1) as graded T-modules.
2) ej=eo—La(A/])+1andifd > 2 thene, # 0.
(3) I® = QI? and £4(1*/QI) = 1.
When this is the case, the following assertions hold true:
(i) ex=1ifd = 2
(ii) e; =0 forall3 <i <difd = 3;
(iii) depthG > d — 1.

This research is a continuation of [12; 13] and aims at similar understanding of the
structure of Sally modules of ideals / that satisfy the equalitye; = eqg—£€4(A/I)+1
but e, = 0. When mS = (0), we denote by wp(S) the number of elements in a
minimal homogeneous system of generators of the graded B-module S. Let

[ = LJ[I’H'1 1" = L_J[I"Jrl :(af,ab,....a)]
n>1 n>1
denote the Ratliff—-Rush closure of I (cf. [8]), which is the largest m-primary ideal
of A suchthat / € I and
ei(I)=¢e;(I) forall 0<i<d.

With this notation, the main result of this paper is stated as follows.

THEOREM 1.2. Suppose d > 2. Then the following four conditions are equivalent.

(1) mS = (0), rankg S =1, and up(S) = 2.
(2) There exists an exact sequence

0— B(-2)—> B(-)®B(-1) > S—0
of graded T-modules.

(3) er=eo—La(A/I)+1,e, =0,and depthG > d — 2.
@) I’ = QI €4(1%/QI) =2, mI? C QI, and £,(1°/Q%I) < 2d.
When d = 2, one can add the following condition:
(5) €x(I/I) =1and I* = QI.
When any of conditions (1), (2), (3), or (4) is satisfied, the following assertions
hold true:
(i) depthG =d — 2;
(i) e3 =—1lifd = 3;
(iii) e; =0 forall4 <i <difd > 4;
(iv) €4(I%/Q%1) =2d — 1.
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Moreover, when d = 2 and condition (5) is satisfied, the graded rings G, R, and
R’ are all Buchsbaum rings with the same Buchsbaum invariants

I(G) = [(R) = I(R") = 2.

Combined with Theorem 1.1, this theorem gives, for d = 2, a complete struc-
ture theorem of Sally modules of those ideals I with e; = eqg — £4(A/I) + 1
(cf. Theorem 3.1). We could similarly describe the structure of Sally modules in
higher-dimensional cases also provided one could show that I3 = QI?% ife; =
eo — £a(A/I) + 1, which we surmise holds true although we could not prove the
implication.

Let us now briefly explain how this paper is organized. We shall prove Theo-
rem 1.2 in Section 3. The key for our proof of Theorem 1.2 is Theorem 2.4, whose
applications we will closely discuss in Section 2. Section 2 also includes some
auxiliary facts on Sally modules. If e; = 2 but 12 # QI, the ideal I naturally sat-
isfies the equality e; = eg — €4(A/I) + 1. In Section 4 we shall explore those
ideals I with e; = 2 but I? # QI in connection with the Buchsbaum property of
the graded rings R, G, and R’ associated to I. We shall explore in Section 5 one
example in order to illustrate our theorems.

In what follows, unless otherwise specified, let (A, m) be a Cohen—Macaulay
local ring with d = dim A > 0. We assume that the field A/m is infinite. Let I be
an m-primary ideal in A and let S be the Sally module of I with respect to a min-
imal reduction Q = (ay,az,...,ay) of I. Weput R = A[lt], T = A[Qt], R' =
A[It,t7"],T' = A[Qt,t7"],and G = R"/t"'R’. Let M = mT + T be the unique
graded maximal ideal in 7. We denote by H',(-) (i € Z) the ith local cohomology
functor of T with respect to M. Let L be a graded T-module. For each n € Z, let
[Hi,,(L)]n stand for the homogeneous component of H§t4(L) with degree n. We
denote by L(«), for each o € Z, the graded T-module whose grading is given by
[L(@)]n = Loy foralln eZ.

2. Preliminaries

The purpose of this section is to summarize some auxiliary results on Sally mod-
ules that we will use throughout this paper. Some of the results are known, but we
include brief proofs for the sake of completeness.

LEMMA 2.1.  The following assertions hold true.
(1) m*S = (0) for integers £ > 0.
(2) The homogeneous components {S,},cz of the graded T-module S are given by
N { ©0) if n <0,
"l rtyion ifn > 1
(3) S = (0) ifand only if I* = QI.
(4) Suppose that S # (0) and put V.= S/MS. Let V, (n € Z) denote the
homogeneous component of the finite-dimensional graded (T/M)-space V
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with degree n and put A = {n € Z | V, # (0)}. Let ¢ = max A. Then
A={1,2,...,q9} and ro(I) = q + 1, where 1o(I) stands for the reduction
number of I with respect to Q.

(5) S =TS, ifand only if I* = QI

Proof. Let u = t~" and note that S = IR/IT = IR'/IT' as graded T-modules.
We then have u‘- (IR/IT") = (0) for some £ > 0, because the graded 7’-module
IR'/IT' is finitely generated and [IR'/IT'], = (0) foralln < 0. Hence m* - S =
(0) for £ > 0, because Q° = (Qru’ € u'T’'N A and m = \/Q. This proves
assertion (1).

Because [IR], = (I"*)¢" and [IT], = (I0™)t" for all n > 0, assertion (2)
follows from the definition of the Sally module S = IR/IT. Assertion (3) readily
follows from assertion (2).

To show assertion (4), we observe that V| = §;/mS; # (0) since § = Zn>]
and S} = I2/QI # (0). Hence 1€ A. Leti € A and put o; = dim;, V;, where k =
T/M. We choose elements {&; ;}i<j<q, Of S; so that the images of {&; ;}i<j<q, in
V form a k-basis of V;. Hence, thanks to graded Nakayama’s lemma, we have

-2(x )
ieA
Let & ; be the image of x; ;¢ in S with x; ; € 'L,
Let n > 1 be an integer and assume that n ¢ A. Choose x € I"*! and let £ be
the image of xt” in S. We write

> (Z w,,»&,,)

ieA,i<n  j=I

with ¢; j € T,,—;. Then, letting ¢; ; = b; ;#"~" with b; ; € Q"~', we obtain

X = Z <Z bi,jxi,j) mod Qn[,
ieA,i<n  j=I
whence x € QI" because 3L, b; jx; ; € Q"I € QI" for all i € A such
that i < n. Thus I"*! = QI". Suppose now n < q. Then 19! = QI9, whence
Sy € T1. S and so V, = (0), which is impossible. Therefore, A = {1,2,...,q}. If
we choose n = ¢ + 1 then the preceding observation shows that 7972 = Q9%
whencerp(I) < g+ 1. Ifr =ro(I) < g+1then 17" = QI9 andso S, C TS,
which is absurd. Thus ro(I) = g + 1. This proves assertion (4). Assernon ) is
now clear. O

PROPOSITION 2.2.  Let p = mT. Then the following assertions hold true.

(1) Asst S C {p}; hencedimy S =d if S # (0).

(2) La(A/I"Y) = eo("F9) — (e0 — €a(A/D)) - ("597") — €a(S,) foralln > 0.

(3) e1 = eg — La(A/I) + £r1,(Sp); hence ey = eg — La(A/I) + 1 if and only if
mS = (0) and rankg S = 1.
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(4) Suppose that S # (0) and let s = depthr S; then depthG =5 — 1 ifs < d,
and S is a Cohen—Macaulay T-module if and only if depthG > d — 1.

Proof. (1) Let P € Assy S. Then p = mT C P, since m‘S = 0 for some £ > 0
by Lemma 2.1(1). Since hty p = 1, it is enough to show that hty P < 1. Consider
the exact sequence

0— ITp - IRp —> Sp — 0

of Tp-modules. We recall that /T is a Cohen—Macaulay T-module withdimy IT =
d + 1 because

T/IT = (A/I) ®as0 (T/QT)

is the polynomial ring with d indeterminates over A/I and T is a Cohen—Macaulay
ring withdim 7" = d+1. Notice now thata; € P is anonzero divisor on /R, whence
depthy, IRp > 0. Thanks to the depth lemma, it follows from the previous exact
sequence that dimy, I7p = 1, since depthy, IRp > 0 and depth7, Sp = 0. Hence
dim 7Tp = 1, because IT is a Cohen—Macaulay T-module with (0) :7 IT = (0).
Thus P = p and so we have Assy § = {p} as claimed.

(2) Let n > 0 be an integer. Then, by the exact sequence

0— S, — A/Q"T - A/I"™ > 0
of A-modules (Lemma 2.1(2)), we have

CACA/T™Y) = LA(A/QT) — £a(Sh),
and by the exact sequence

0— Q%0" - A/Q"] - A/Q" — 0

we have
LA(A/Q"T) = LA(A/Q") + £4(Q"/Q"T)
n+d-—1
= (A(A/Q) - ( 4 ) +£4(Q"/Q"I)

d—1
= eo(n * ) +£4(Q"/Q"I)

d
n+d n+d—1 -
=eo< d >—eo( d—1 >+5A(Q /Q"I)
because ey = £4(A/Q) (recall that Q = (aj,as,...,a,) is a minimal reduction of

I). By virtue of the isomorphisms

0"/Q"T = (A/I) ®,4 (Q"/Q"") = (A/I) ®4 [(A/Q) e ] = A/ i),

we also have the equality

nn n+d-—1
£AQ"/Q 1)=6A<A/1>-< o )

Thus,
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Ca(A/T™T
= LA(A/Q"T) — £4(Sy)

d d—1
= [%(”Z ) - eo(”;_ 1 ) +zA(Q"/Q”1>] — £a(S2)

d d—1 d—1
=[eo<”; )—eo(”;_l >+eA(A/1>-(”j;_1 )]—eA(Sn)

—1
—eo" 1) oty ("HITY) s

foralln > 0.
B)If S = (0), thene; = eg — £4(A/I) by assertion (2). We may thus assume
that S # (0). Take a filtration

S=Lo2Li 2 2Ly=(0)
of the graded T-module S such that each L; is a graded T-submodule of § and
Li/Liy1 = (T/P)(—;)

with some integer «; for all 0 < i < g, where P; is a graded prime ideal of T.
Then, because Assy S = Miny S = {p}, we see thatp C P; forall0 <i < q.
Furthermore,

Lr,(Sp) =#{i |0 <i <gq,p= P},

since
g—1 q—1
r,(Sp) = Y Cr,(Li/Liv)p) = Y L1, (Ty/PiTy)
i=0 i=0
and B if P
1 = [,
T, /PiT, = { P 0
©O) if pC P
On the other hand,
g—1 qg—1
a(S) = Y Ca(Li/Lily) = Y Ca(l(T/P) (—e)],)
i=0 i=0

for all n € Z. When p = P; we have

n—o;+d—1
CaC(T/PY () 1) = €a(By-o) = ( d-1 )

. n+d-—1 n+d-—2 a ) )
= d—1 o; d—2 ower terms),

and when p C P; we have dim 7/P; < d, so the degree of the Hilbert polynomial
of T/P; is less than d — 1. Consequently, the normalized coefficient in degree d — 1
of the Hilbert polynomial of the graded T-module S is exactly equal to €7,(Sy);
then, by assertion (2), we get the equality e; = eg — £4(A/1) + €1,(Sp).
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To show the second part of assertion (3), we recall that Assy S = {p}. If
£1,(Sp) = L then pS, = (0), so that pS = (0); hence mS = (0) and rankp § =
£1,(Sp) = 1. The reverse implication is clear.

(4) Recall that s < d = dimy S. Because IT is a Cohen—Macaulay 7T-module
with dimy IT = d + 1, it follows from the exact sequence

00— IT—-IR—> S—0 (a)

that depthy IR > d if s = d and depthy IR = s if s < d (by the depth lemma).
We put L = R and note that /R = L(1) as graded R-modules. Therefore, since
A is a Cohen—Macaulay ring with dim A = d, from the exact sequence

0O—-L—>R—->A—-0 (b)

it follows that depth R > d if s = d and depth R = s if s < d. Hence, the exact
sequence
0—-IR—-R—-G—0 (©)

implies that depthG > d — 1if s = d. If s < d, then depth R = s and so, by [4,
Thm. 2.1], we obtain depth G = s — 1.

Suppose that depth G > d — 1. Then depth R > d by [4, Thm. 2.1]; whence, by
the exact sequence (b) we have depthy L > d and so depthy S > d by the exact
sequence (a). Therefore, S is a Cohen—-Macaulay T-module. UJ

Combining Lemma 2.1(3) and Proposition 2.2 yields the following result of North-
cott and Huneke.

COROLLARY 2.3 [5; 7]. We have ey > eog — La(A/I). The equality e, =
eo — La(A/I) holds true if and only if I* = QI. When this is the case, e; =
0 forall2 <i <d, providedd > 2.

The following result is the heart of our paper.

THEOREM 2.4. The following conditions are equivalent.

(1) mS = (0) and rankp S = 1.

(2) Either S = B(—1) as graded T-modules, or S = a as graded T-modules for
some graded ideal a (# B) of B with htg a > 2.

Proof. We have only to show (1) = (2). Because S} # (0)and S =) .,
Lemma 2.1, we have § = B(—1) as graded B-modules once S is B-free.

Suppose that S is not B-free. The B-module S is torsion-free, since Assy S =
{mT} by Proposition 2.2(1). Therefore, since rankg S = 1, it follows that d > 2
and S = a(m) as graded B-modules for some integer m and some graded ideal a
(# B) in B, so that we obtain the exact sequence

S, by

0— S(—m)—> B —> B/a— 0

of graded B-modules. We may assume that htg a > 2,since B = k[ X}, X2, ..., X 4]
is the polynomial ring over the field k = A/m. We then have m > 0, because
a1 = [a(m)]; = S # (0) and ag = (0). We want to show m = 0.
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Because dim B/a < d — 2, the Hilbert polynomial of B/a has degree at most
d — 3. Hence

Ca(Sn) = €a(Bunsn) — €a([B/almin)

tn+d—1
('" ao )—KA([B/a]mM)

_(n+d-1 n n+d—2 a . )
= d—1 m\" o, ower terms
for n > 0. Consequently,

d d—1
CaCAJT™) = eo('”dr ) — (eo — EA(A/D)) - (" e ) — £a(S0)

=eo(”+d) —(eo—eA<A/1)+1>~(”+d_1)

d d—1
— m(n td- 2) + (lower terms)
d—2
by Proposition 2.2(2), so e, = —m. Thus m = 0, because e, > 0 by Narita’s the-
orem [6]. O

We note some consequences of Theorem 2.4.

COROLLARY 2.5. Suppose e = eq — £o(A/I) + 1 and I’ = QI* Let ¢ =
24(I%/QI). Then the following assertions hold true.
(1) O0<c<dand ug(S) =c.
(2) depthG > d — c and depthg S =d — ¢ + 1.
(3) depthG =d — c forc > 2.
@) Ifc <d, then La(A/I"Y) = eo("h) —ei("397) + (545" foralln = 0
and {0 ifi#c+l,
Tl =Dt ifi=c+1
for2 <i<d.
(5) Ifc = d, then L4(A/I"T) = eo(”zd) — el(”ZﬁI) foralln > 1. Also, e; =
Ofor2<i<d.

Proof. We have mS = (0) and rankp S = 1 by Proposition 2.2(3), while § =
TS, since I° = QI? (cf. Lemma 2.1(5)). Thus by Theorem 2.4 we have S = a as
graded B-modules, where a = (X, X5, ..., X.) is an ideal in B generated by lin-
ear forms {X,}i<;j<.. Hence 0 < ¢ <d, up(S) =c,anddepthp S =d —c+1, so
assertions (1), (2), and (3) follow (cf. Proposition 2.2(4)). Considering the exact

sequence
0—S—-B— B/la—0

of graded B-modules, we have

£a(Sn) = €a(Bn) — £4([B/aln)

_ n+d-—1 n+d—-—c—1
- d—1 d—c—1
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foralln > 0 (resp. n > 1) if ¢ < d (resp. ¢ = d). Thus assertions (4) and (5) fol-
low (cf. Proposition 2.2(2)). O

Let] = Unzl[l’”rl : 1] be the Ratliff-Rush closure of I [8], which is the largest
m-primary ideal in A such that I C [ and ei(f) =e; forall0 <i <d.

COROLLARY 2.6. Suppose that d > 2. Then the following three conditions are
equivalent.

(1) S = By as graded T-modules.

2) e1 =¢ep —EA(A/I) +1,13=0I%ande; =0 forall2 <i <d.
(3) I* = QI t4(I/1) =1,and I* = QI.

When these conditions hold, depth G = 0.

Proof. Let ¢ = £4(1%/QI).

(1) = (2) and the last assertion: These follow from Corollary 2.5. Notice that
¢ =1£4(S1) =dand I’ = QI? because § = B..

(2) = (1): We have ¢ = d by Corollary 2.5(4) and (5) because e; = 0 for all
2 <i <d,so S = B (see the proof of Corollary 2.5).

(2) = (3): We have depthG = O by Corollary 2.5(3), since ¢ = d. Now we
apply local cohomology functors H' » (+) of T with respect to the graded maximal
ideal M = mT 4 T, to the exact sequences

0-R-R—-G—-0 and 0> IT—-IR—- S—0
of graded T-modules and so derive the monomorphism

HY(G) — H},(IR)

and the isomorphisms
H),(IR) = H},(S) = B/B,

of graded T-modules (recall that S = B and IT is a Cohen—Macaulay 7-module
with dimy IT = d + 1). Consequently, because HZ(\)/I (G) # (0) and £4(B/B+) =
1, we have

HY(G) = H},(IR) = H,,(S) = B/B,,

whence H/?/I(G) = [Hg,,(G)]o # (0). Then EA(i/I) = 1 because [H&(G)]O =
I /1. Therefore, it follows from the equality e; = eg — €4(A/I) + 1 that

ei(l) =eo(I) — La(A/]),

since e; (I) =e¢; fori =0,1and £4(A/]) = ZA(A/I) +1. Hence I% = QI by
Corollary 2.3.

(3) = (2): Wehaveel =eg—{la(A/I)+1ande; =0forall2 <i <d, since
el(l)_eo(l)—ZA(A/I)_eo—EA(A/I)+lande(I)_Oforall2<z <d
(cf. Corollary 2.3). O

We include a proof of Theorem 1.1 in this context in order to show how our argu-
ments work.
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Proof of Theorem 1.1. (1) = (3): See parts (2) and (5) of Lemma 2.1.

(3) = (1): By Lemma 2.1(5) we have S = TS;, whence mS = (0) because
Sy = I?/QI and £,(1%/QI) = 1. We thus have an epimorphism B(—1) — S —
0, which must be an isomorphism because dimy S = d.

(1) = (2) and the last assertions: We have I3 = QI? since § = TS, so the
assertions now follow from Corollary 2.5 (note that ¢ = 1).

(2) = (1): We have mS = (0) and rank g S = 1 by Proposition 2.2(3), and the
B-module S is torsion-free by Proposition 2.2(1). Hence S is B-free if d = 1 and
so § = B(—1) as graded T-modules (note that S; # (0)).

Assume that d = 2. Then we have the exact sequence

00— B(-)>S—-C—=0 (d)

of graded B-modules with dimp C < 1. Hence £4(S,) = £A(B,—1) + £4(C,) =
('11) + £4(C,) for all n > 1 and so, by Proposition 2.2(2),

n—+2
2

Consequently, e, = 1 — £4(C,) > 0 by Narita’s theorem [6] and so £4(C,) = 0
forall n > 1. Thus £4(C) < 1, so that C = (0) by the exact sequence (d).

Now let d > 3 and assume that our assertion holds for d — 1. Choose the ele-
ment a; € Q so that a, is a superficial element of I (this choice is possible because
the field A/m is infinite). Let A = A/(a1), I = 1/(a1), and Q = Q/(a;). Then
all the assumptions of condition (2) are safely fulfilled for the ideal I in A, since
e;(A) =e; forall0 <i <d — 1. As a result, the hypothesis of induction yields
that depth G(I) > (d—1)—1=d—2 > 0and so, thanks to Sally’s technique [12],
we see that ;7 is a nonzero divisor for G; from this it follows that I3 = i 2 be-
cause I° = QI> Thus S = B(—1) as graded B-modules by Corollary 2.5 (note
thatc = 1). O

n+l1 n +l
CA(A/T"T) =eg —o—La(A/D+ D )+ A= La(Ch)).

3. Proof of Theorem 1.2
We begin with the following statement.

THEOREM 3.1. Suppose that d = 2. Then the following three conditions are
equivalent.

(1) ey =eo — £a(A/1) + 1.

(2) Either S = B(—1) as graded T-modules or S = B, as graded T—lzzoa’ules.~
(3) Either (a) I> = QI% and £,(1*/QI) = 1or (b) £4(I/]) = 1and I* = QI.
We obtain e, = 1 (resp. e, = 0) if condition (3)(a) (resp. condition (3)(b)) is sat-
isfied and also have the following results.

ey r1o(I) depthy S depthG

1 2 2 2 ifQ 2 I?
1 2 2 1 if Q D I?
0 2 1 0 G is a Buchsbaum ring with I(G) = 2
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Proof. (1) = (2): In view of Corollary 2.5 and its proof, we need only show that
I3 = QI? This equality follows directly from a result of Rossi [9, Cor. 1.5]. We
present a proof in our context for the sake of completeness.

We have mS = (0) and rankg S = 1. Assume that S % B(—1) as graded B-
modules. Then, by Theorem 2.4, we have S = a as graded B-modules for some
graded ideal a # B with htg a = 2. We will show that a = B, . Because a; =
S1 # (0), the ideal a contains a linear form f # 0 of B and so the ideal a/(f) of
B/(f) is principal, since B/( f) is the polynomial ring with one indeterminate over
the field k = A/m. We write a = (f, g) with a form g € B. Then f, g is a regu-
lar sequence in B, since htg a = 2. Let « = deg g; then @ < 2 by Lemma 2.1(4).
We will show that o = 1.

Assume that « = 2. Then, since S = a = (f, g), the graded B-module S has a
resolution of the form

p=(&n)
s

0 — B(-3) —(—fl) B(—-1) & B(—2) S—0,

in which the homomorphism ¢ is defined by ¢(e;) =& € S; and p(e;) =ne S,
(here {e;, e,} denotes the standard basis of B(—1) @ B(—2)). Leta € Q, c € 02,
x € 1% and y € I* be such that f and g are (respectively) the images of at and ct>
in B and £ and 5 are (respectively) the images of x¢ and yt2 in S. We observe that
a¢mQ,so Q = (a,b) for some b € Q. Hence ¢ = a’z; + abz, + b*z3 for some
21,22,23 € A.

We now consider the relation g& + fn = 0in S3; thatis, cx +ay € Q1. Write
cx +ay = (a’zy + abzy + b?z3)x + ay = a®i + b%j with i, j € QI (recall that
03 = (a% b*) Q). We then have ay’ = bx’, where y/ = y + az,x + bzox — ai
and x’ = j — z3x. Hence x’ = ah and y’ = bh for some h € A, because the se-
quence a, b? is A-regular. Therefore, i € I° : (a? b?) C I because a’h = ax’' €
I? and b>h = y’ € I*. Now take note that S = B& 4+ Bn. We thus have S| = By&
and S, = B;S| + Bon, so £4(I1%/QI) = 1and I = QI + (y).

We shall need the following.

Claim1. h¢ I andx' =ah ¢ QI.

Proof of Claim 1. Assume that h € I. Then y’ = b*h € Q*I and so y =
y' —azix —bzox +ai € QI% whence I° = QI + (y) = QI This forces S =
BS), which is impossible because @ = 2. Thus /& ¢ I. Suppose ah € QI and let
ah = ai; + bi, with iy,i, € I. Then a(h — iy) = bi, and so h — i; € (b). Hence
h € I, which is impossible. ]

Because ¢ A(i /1) > 1 by this claim, we obtain
er=-¢eo—L4(A/]) +1
=eo(I) — La(A/T) — (La(I/T) = 1)
<eo(l) —La(A/])
<ei(D)
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where eo(i) — EA(A/i) < el(f) is the inequality of Northcott for the ideal 1] (cf.
Corollary 2.3). Then we have £4(I/1) = 1and e;(I) = eo(I) — £4(A/I), so that
[ =1+ (h)and [* = Qf by Corollary 2.3, since Q is also a reduction of I.
Thus the associated graded ring of lisa Cohen—-Macaulay ring and so (a) N "=
al" ' for all n € Z, because at is G(i) -regular.

Now recall that x’ = ah ¢ QI; then I? = QI + (ah) because £4(1%/QI) = 1.
Let A= A/(a), I = I/(a),and Q = Q/(a). Then I> = QI and so I° = QI?,
whence I° € QI? + (a). Thus I? = QI? + [(a) N I*]. On the other hand,

(@NI*C@NnI?=al?>=a0l = Q) + (h)) = (aQ)I +x'0 C QI

then I3 = QI? and so a = 1, which is the required contradiction. Thus S = BS;
and S = B,.

(2) = (3): See Theorem 1.1 and Corollary 2.6.

(3) = (1): If condition (3)(a) is satisfied, then (1) follows from Theorem 1.1.
Suppose condition (3)(b) is satisfied. Then e; = ei(l) = eo(I) — ZA(A/f) =
eg — La(A/I) + 1 (cf. Corollary 2.3).

We now consider the theorem’s last assertions. Suppose condition (3)(a) is sat-
isfied. Then e; = 1 by Theorem 1.1. If Q D I% then I> = Q N I? # QI, so
that G is not a Cohen-Macaulay ring. If Q 2 I* then Q N I?> = QI, because
04(1?/Q1) =1and I?> D Q N I? D QI. Because I° = QI?, this yields that G is
a Cohen—-Macaulay ring.

Suppose condition (3)(b) is satisfied. Then, since 2 = Qf, we have e, = 0
(by Corollary 2.3; recall that ez(f ) =e;) and R’(I~ ) is a Cohen—Macaulay ring.
We also have the following.

Claim 2. I" = I" foralln > 2.

Proof of Claim 2. We have S = B, as graded T-modules, because e, = 0.
Hence H?,I(G) [H (G)]o by the implication (2) = (3) in the proof of Corol-
lary 2.6. Let n > 2 be an integer. We then have

[0 111" = [H (G)]a-1 = (0).
Qonsequpntly, In = 1" because 1" C Nt (recall that " = Q”’li, since
2=QI). Thus I" = I" foralln > 2. O
We put W = R/(I)/R’ and look at the exact sequence
0> R —RUI)—>RU)R -0 )

of graded R’-modules. Observe that W = W = I /I by Claim 2, whence £ (W) =
1. Let N = (m, Ry, ") R’ be the unique graded maximal ideal in R’. Then, be-
cause R'(]) is a Cohen—Macaulay ring, applying functors H v () to the exact se-
quence () yields Hj\,(R ) = (0) foralli # 1,3 and HN(R ) = W. Thus R’ is a
Buchsbaum ring with the Buchsbaum invariant

2

2 .
I(R) = Z(l.)zA(H'Nue’)) =2,

i=0
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whence so is the graded ring G = R’/t'R’. We similarly have that R is a Buchs-
baum ring with I(R) = 2, because R(7) is a Cohen—Macaulay ring and R(/)/R =
[R(1)/R]o = I/I. This completes the proof of Theorem 3.1. O

We are now in a position to prove Theorem 1.2.

Proof of Theorem 1.2. (1) = (3): We have e; = ey — £4(A/I) + 1 by Proposi-
tion 2.2(3) and so e; = 0 by Theorem 1.1. Because S % B(—1), by Theorem 2.4
we get S = a as graded B-modules for some graded ideal a (# B) in B with
htg a > 2. Since pg(a) = wp(S) = 2, the ideal a is a complete intersection with
htg a = 2 and so depthg B/a = d — 2, whence depthg § = d — 1. Therefore,
depth G = d — 2 by Proposition 2.2(4).

(3) = (2): We first show that /> = QI Thanks to Theorem 3.1, we may as-
sume that d > 3 and our assertion holds true ford — 1. Since depthG > d —2 >
0, we may choose a; € Q so that @t is a nonzero divisor in G. Let A= Af(ar),
I = I/(ay),and Q = Q/(a;). Then, because G(I) = G/at - G and e;(I) = e;
forall 0 < i < d — 1, condition (3) is satisfied for the ideal 7 and so I°> = le
whence I° = QI?. Therefore, since e; = 0, we see by Corollary 2.5 that ¢ =
wp(S) = 2 and so assertion (2) follows.

2) = (4): We have mS = (0), § = TS, and §; = Bg. Hence mI? C QI
I° = QI% and £,(1%/QI) = £4(S;) = 2. We similarly have

CA(IP/QPT) = £A(S2) = 2£4(By) — £a(Bo) =2d — 1 < 2d.

(4) = (1): We have S = TS; and so mS = (0), since mS; = (0). Given that
£4(S1) = 2, we have an epimorphism B(—1)> — § — 0 of graded B-modules,
which cannot be an isomorphism because £4(S2) = £4(1°/1Q%) < 2d. Thus
rankp S = 1, from which g (S) = 2 follows by Corollary 2.5.

See Theorem 3.1 for the equivalence between condition (5) and the others. See
Corollary 2.5 and the proof of Theorem 3.1 for the last assertions. U

We note the following.

ExampLE 3.2. Let A =k[[X,Y,Z,,Z>,...,Z,]] (m > 0) be the formal power
series ring over a field k. Hence dim A = m + 2. We put
0=X"Y"2,Z,....Z,) and I= Q0+ (XY, XY?).
Then
mI> C QI, £4(I*/QI) =2, €A(I’/Q°I) <2d, I’ = QI
where d = m + 2. Hence condition (4) in Theorem 1.2 is satisfied, so that mS =
(0), rankpg S =1, and up(S) = 2. We have £4(A/Q) =16, £4(A/I) = 11, and

LA/ = 16(” “ZL 2) _ 6<” “IL 1)

foralln > 1ifm =0. If m > 1, then

ntly n+d\ (n+d-—1 n+d—-3
o >_16< d) 6( PN (M

foralln > 0. Asaresult,es = —lande, =0(2 <i <d, i # 3).
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Proof. Because G = G((X* X3Y,XY3,Y*)[Z1,Z,,...,Z,] (the polynomial
ring), the case m > 0 follows easily from the case m = 0 (see Theorem 1.2(3)).
Letm = 0; then I?> = QI + (X°Y?, X?Y®). It is routine to show that m/> C QI,
24(I%/QI) =2, and I®* = QI* We have QI* = Q%I + (X'0y2, X0y x2y'0),
so £4(13/Q%) = 3. O

Before closing this section, we briefly study ideals with e; = 2.

THEOREM 3.3.  Suppose that e; = 2 and 1> # QI. Then the following asser-
tions hold.

(i) €a(1/Q) = £A(I?/QI) = 1.
(i) I* = QI>
(iii) S = B(—1) as graded T-modules.
(iv) depthG =d — 1.
V) ey=1ifd>2ande; =0 for3 <i <difd > 3.
Proof. Since I? # QlI, it follows from Corollary 2.3 that
0<l4(1/Q) =eg—La(AJ]) < e =2.

Therefore, £4(I/Q) = land e; = eg — £4(A/I) + 1. Let I = Q + (x) with x €
A. Then I? = QI + (x?), so that £4(1?>/QI) = 1 because I> # QI and mI C
Q. We will show by induction on d that I3 = QI and depth G > d — 1. Since
£4(S1) = £4(1%/QI) = 1, by Theorems 1.1 and 3.1 we may assume that d > 3
and then our assertion holds true for d — 1. Choose a; € Q so that a; is a super-
ficial element of /. Then, passing to the ideals 7 = [ /(a;) and Q Q/(ay) in the
r1ng A= A/(a;), we obtain ei(I) = e, = 2. We claim that I #* QI_ In fact, if

= QI then the ring G(/) is Cohen—Macaulay. We can thus use Sally’s tech-
nique [12] to find that a,¢ is regular on G; hence 1> = QI, which is impossible.
Consequently, the hypothesis of induction shows 7> = QI? and depth G(I) >
(d—1) —1=d—2 > 0. Thus, again using Sally’s technique, we find that a;¢
is regular on G and so I° = QI? and depthG > d — 1. Since mI C 0, it fol-
lows that 12> € Q; hence G is not a Cohen—Macaulay ring, for otherwise /> =
Q N I? = QI. Therefore, depth G = d — 1. See Theorem 1.1 for assertions (111)
and (v). O

COROLLARY 3.4. Suppose that ey = 2. Then depth G > d — 1, and the ring G is
Cohen—Macaulay if and only if I> = QI.

4. Buchsbaumness in the Graded Rings G
Associated to Ideals with e; =2

The purpose of this section is to study the problem of when the associated graded
rings G are Buchsbaum for the ideals / with e; = 2.

We assume that e; = 2 but 1> # QI. We have depth R = d [4, Thm. 2.1] be-
cause depth G = d — 1 by Theorem 3.3. Let N = mR 4 R and let

a;(G) = sup{n € Z | [H{(G)], # (0)}
forO0<i <d.
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LeEmMA 4.1.  The following assertions hold true.

(1) a4(G) =2 —d and £4([HY(G)]o—g) = L.

(2) ag-1(G) = 1 —d and L4(HY ' (G)i-a) = 1.

In particular, HR, (G) = [HR,(G)]O and G is a Buchsbaum ring if d = 1.

Proof. Supposed = 1. Leta = a; and f = at. Then I® = al? by Theorem 3.3.
Let n > 1 be an integer and let x € I". Then, since I"*? = aI"*!, we obtain x €
" if ax € I"T2 Thus (0) :¢ f = [(0) :¢ flo. Hence (0) :¢ f* = (0) :¢ f for
alln > 1, so

HY(G) = (0) :¢ f =1(0) : flo = I/I.
In particular, £ A(f/l ) > 0. Because
er=eo— La(A/D) +1
=eo(I) = La(A/T) = (LA(I/T) = 1)
<eo(l) —€a(A/])
<ei(l)
=€,
it follows that £ A(i/l ) = 1, which proves assertion (2). In particular, H?,(G) =
[HY (G)]o and G is a Buchsbaum ring. Because (0) :¢ f = HY(G), we have the
exact sequence
0 — H%(G) — G/fG — HL(G)(=1) L HL(G) — 0

of local cohomology modules. Hence a;(G) = 1, because Hy (G) = [HY(G)]o
and G/fG = A/l ® 1/Q ® I?/QI with I?/QI # (0). We have [G/fG], =
[H},(G)]1, whence £4([H), (G)11) = £4(1?/QI) = 1 by Theorem 3.3.

Now we consider the case where d > 2. Because depthG = d — 1 > 0 by
Theorem 3.3, we may assume that f = a7 is regular on G. We put A = A/(a)),
I = I/(a)),and Q = Q/(a)). Then e;(/) = 2 and I? # QI (cf. the proof of
Theorem 3.3). The induction hypothesis now yields assertions (1) and (2) for the
ideal /.

We next look at the exact sequence

0 — H{2(G(D) — HY(G)(=) 5 BY'(G) — HY (G
— HY(G)(=1) L HI(G) — 0 (%)
of local cohomology modules, which is induced from the canonical exact sequence
0> G- L 6> ai)—0

of graded G-modules. Because aq_2(G(I)) =2 —d, we get a monomorphism
[H'(G)], = [HY'(G)]pyt forall n > 2 — d, whence [HY'(G)], = (0) for
alln >2—d. Thusa,_1(G) <1—d and
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[HY (G ) ]a—a = [HE H(G)]i

Therefore, a4_1(G) = 1 —d and L4([Hy "(G)]1—q) = La([Hy 2(GUN]r—a) =
1. On the other hand, letting a = a,;(G) in the exact sequence (x) shows that

[H (G)(=D]ar1 = [HY(G)]a ( (0)
is ahomomorphic image of [Hl‘f,_l(G(I_))]aH. Hencea+1 < ad_l(G(I_)) =3—d,
whence a < 2 — d. Because [HY/(G)]3_4 = (0) and [H{(G)]3_q = (0), it fol-

lows from (*) that [HY '(G(1))]3-4 = [H%(G)]2_4. Consequently, a,(G) =
2 —d and KA([H (G)]r_4) =1, as claimed. O

We can now state the main result of this section. See Theorem 5.1 for an example
whose associated graded ring G is a Buchsbaum ring.

THEOREM 4.2.  The following two conditions are equivalent.
(D) Gis a Buchsbaum ring.

(2) Hy™'(G) = [Hy '(G)]i-a-

When d > 2, one can add the following:

(3) R is a Buchsbaum ring.

Proof. (2) = (1): By Lemma 4.1 we have N - HY '(G) = 0, since
m - [Hy (G)]i—a = (0).

Hence G is a Buchsbaum ring, because depth G = d — 1 by Theorem 3.3.
(1) = (2): By Lemma 4.1 we may assume that d > 2 and that our asser-
tion holds true for d — 1. Because depthG = d — 1 > 0, we may assume that
J = ait is regular on G. Similarly as before, let A=A)a), I = I/(ay), and
QO = Q/(ay). Then G(I) = G/fGisa Buchsbaum ring with depth G(I) =
d — 2. Hence, by induction we derive H 2(G(D)) = [H]‘\l, 2(G(I))]2—q. Thus
HYN(G) = [HY ' (G)]1_4, because H;’,‘Z(G(I_ )) = HEY(G)(—1) (see the exact
sequence (x) in the proof of Lemma 4.1).
(3) = (1): We continue to suppose that d > 2. Apply functors va(-) to the
exact sequences
0 Ry—->R—-A—-0 and 0— Ry (1) > R— G — 0.
Then, since depth R = d (cf. [4, Thm. 2.1]), we have the exact sequences
0 — H¢(R) — H}(R) — H.(A) and )
*k
0 — H{™N(G) — HE(Ry)(1) — HY(R) — HL(G).

Because R is a Buchsbaum ring, N - Hl‘f,(R) = (0) and so N - H¢ y(R3:) = (0).
Thus N - Hl‘f, 1(G) = (0), whence G is a Buchsbaum ring.
(2) = (3): Consider the exact sequences (). Then
[HY (R )]ns1 — [HY(R)],
foralln > a;(G) =2 — d. Hence
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[HE(R)], = [HY (R)], = (0)
forall n > 2 — d. We have
[Hy (R, = [HE (R,

forall n < 0 and
[HE (R, = [HE (RO (D]t = [HE (R)]n1

for all n < 2 — d, since H,’f,_l(G) = [Hl‘f,_l(G)]l 4- Therefore, since d > 2, it
follows that [H (R)], is embedded into [H,‘f,(R)]n | foralln < 2 — d. Hence
[Hj\’, (R)], = (0) forall n < 2 — d, because Hd (R) is a finitely graded R-module
(cf. [1]; recall that G is a Buchsbaum ring). As aresult,

Hy (R) = [Hy (R)]2—a-
Because [Hf\l, (R1)]3—4 = (0), by the exact sequence (x*) we have
[Hy (R)]2—a = [Hy(G)]a—g

and so EA(H (R)) =1, since ZA([H (G)]2—4) = 1 by Lemma 4.1 and depth R =
d by [4, Thm. 2.1]. Thus N - Hd (R) = (0), whence R is a Buchsbaum ring. [

5. An Example

In this section we explore the following example, which satisfies the conditions in
Theorem 1.1(1) and Theorem 4.2(1). The example is a generalization of an exam-
ple given by the first author [3], where the case A = @ is explored.

Let m > d > 0 be integers. Let A be a subset of {1,2,...,m} such that
AN{l,2,...,d} =0. Let

U=k[[X,X2,.... X0, V. Y1, Y2,...,Y4]]

be the formal power series ring over a field k, and let

d
a= (X, X2,oo. Xu) - (X1, X2, X, V) + (v2 — Zx,n).
i=1
We put A = U/a and denote the images of X;, V, and Y; in A by x;, v, and
aj, respectively. Then dimA = d, since Jo = (X, X2,...,X,, V). Letm =
(xj |1<j<m)+ (v)+ (a; | 1 <i < d) be the maximal ideal in A. We put

I =(ai,az,...,a3) + (x4 |l €eA)+ (v) and Q = (ay,az,...,aq).

Then m?> = Qm, I?> = QI + (v?) # QI, and I? = QI? (cf. Lemma 5.3), whence
Q is a minimal reduction of both m and I and the series aj, as, ..., a, is a system
of parameters for A.

We are now interested in the Hilbert coefficients e of the ideal 7 as well as the
structure of the associated graded ring and the Sally module of /. We maintain the
same notation as in the previous sections. Our first result is as follows.
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THEOREM 5.1.  The following assertions hold true.

(1) A is a Cohen—-Macaulay local ring with dim A = d.

(2) S = B(—1) as graded T-modules.

(3) eo=m+2and e, =#A +2. Hence, e; =2 but I> # QI if A = 0.
@) ea=1ifd>2,ande; =0 forall3 <i <difd > 3.

(5) G is a Buchsbaum ring with depth G = d — 1, and EA(HZ‘ffl(G)) =1.

We divide the proof of Theorem 5.1 into several steps as follows.

PROPOSITION 5.2.  Let p = \/(Xl, X5,...,X,,,V)inU. Then ZUF(AP) =m+2.

Proof. Letk = k[Y1,1/Y{1and U = U[1/Y,]. We put Z; = X;/Y, forl <i <
m, Ty =Y;/Y,for2 < j<d and W = V/Y,. ThenU = k[Z,,2>,...,Z,,V,
Tz, T3, ey Td] and
d
al = (Z1,Z2, s Zn) - (Z1, Z2s oo s Zns W) + (W2 -y T,z - zl).
j=2

Since the elements {Z;}<i<m, W, and {T}},< j <4 are algebraically independent over
k, it follows that

k[Z2,Z3so s Zus W, T2, T, .., Tyl
(W29 Z2’ ZS’ M Zm) ° (Zz’ Z37 MR Zm’ W) ’
where we have replaced Z; with W2 — Zj‘lzz T;Z;. Then the ideal pU/ KU corre-

sponds to the prime ideal P = (Z3,Z3,..., Zy,, W). Thus £y, (Ay) = EgP(Up) =
m+ 2. O

U/aU = U =

Now we have eo(Q) = £y, (Ay) - eé/pA((Q + pA)/pA) = m + 2 by the associa-

tive formula of multiplicity, because p = /a and U/p = k[Y}, Y2, ..., ¥4]. On the
other hand, £4(A/Q) = m + 2 because
A0 = KLLX1, Xas ooy Xons V1]
- (Xl, X27~-~’Xm) . (Xh X2’~~~aXm’ V) + (VZ)
Hence eg(Q) = £4(A/Q), so A is a Cohen—Macaulay ring and eo(Q) = m + 2.

LEMMA 5.3. The following assertions hold true.

(1) m?> = Qm, I?> = QI + (vV?) # Ql,and I* = QI*

Q) (ar,az,...,qi,...,a0) NI* = (ay,as,...,4d;,...,aq)] forall1 <i <d.

(3) (ay lae)NI" = (ay | @ € T)I"! for all subsets T' C {1,2,...,d} and
for all integers n € 7.

4) (af,a%,...,aﬁ) NI" = (alz,ag,...,af,)l”‘zforall3 <n<d+1.

Proof. (1) Tt is routine to check that m?> = Qm and 7> = QI + (v?). We have
I3 = QI?, since v? = 0. Let us check that v> ¢ QI. Suppose v> € QI and write

d d

2

vt = E aixj = E a;&;
i=1 i=1
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with & € I. Then ay(x; — &,) € (ai,az,...,aq4-1) and so x; — &, € (ay,as, ...,
ag—1), because aj,a,...,ay is a regular sequence. Hence x; € I so that X; €
a+ (Y1,Y2,....Y))U + (X | @« € A)U + VU, which is impossible because
AN{L2,....d} =0.

(2) Let 1 < i < d be an integer and put Q; = (a1,4az,...,d;,...,aq). Then

0:NI*=Q;N(QI + (v?))
= QN (Qil +a;l + ()
= Qi1 + Qi Nla;I + ()]

Letp € Q;N(a;1 +v>A) and write ¢ = a;p+v?E withp e I and& € A. Thenp =
aip+ Zle ajx;§ =ai(p+x:§+ Z#i ajx;&. Hence a;(p + x;£) € Q; and so
p+x;E € Q;; thus x;& € I. Therefore,E em = I+ (xo | ¢ A). Let§ =& &
with&’ e I and £” € (x4 | o ¢ A). Notice that x;& = x;(§'+&") = x;&' +x;&" =
x;& forall 1 < j <d, since x;&" € (X1, X2, ..., x> = (0). Consequently, ¢ =
ai(p +x;&) + Z#i ajx;& € Q;l,since £ e I and p + x;§' = p+ x;§ € Q;.
Thus Q; N 1% C Q;1,so we have Q; N I* = Q;I.

(3) Let t = #I'; we will prove assertion (3) by descending induction on t.
Suppose thatt =d —landletT" = {1,2,...,?,...,d} withl <i <d. Ifn <2,
assertion (3) is obvious and follows from assertion (2). So assume that n > 3 and
that our assertion holds true for n — 1. Then, since I° = i 2, we have

o;inIt=Q;noIr"!
=Q;N(Q:I" " +al"™
= Q1"+ Qi Na; 1™
= Q" '+ a;[Qi NI
Since Q; N I"~! = Q,;1"2, it follows by induction on n that
ail[QiNI" " =a;[Q:1" ) € Q1"

Thus Q; N 1" < Q;1"!, whence Q; N I" = Q; 1"

We now consider the case where T < d — 1. Assume that n > 2 and that our as-
sertion holds true forn — 1. Letp € (a, | o eT)NI"andlet B €{1,2,...,d}\T.
Then

(@ |0 €T)N 1" C [(aq | @ €T) + @] N 1" = [(@q | @ €T) + (ap)1"!

by the hypothesis on 7. We write ¢ = ¢’ + agp with ¢’ € (a, | « € T)I"! and
p € I"!. Then agp € (aq laeTl)andsop e (ay | el)N 1", while (aq |
aeT)NI"" = (ay | @ € T)I"2 by the hypothesis on n. Hence p € (a, | @ €
DI 2andsope(ay | e D)™ Thus (aq | eT)NI" C (ag | )"}
as claimed.

(4) We put J = (af,a3,...,a3). Assume that J N 1" # JI1"~? for some 3 <
n < d+1and choose d as small as possible among such counterexamples. Hence
d>?2 LetoeJNI"suchthatp¢ JI" 2
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We begin with the following.
Claim 3.

Id“:Jldfl+a1a2---ad1+Za1a2~--éi-~-adv2A.

Proof of Claim 3. Since I* = QI + (v?) and I°® = QI?, we have
Id+l Qd 112 Qd*l(QI + (UZ)) — Qd[ + U2Qd71.
On the other hand, since

04 =7J0" %+ (ajar---ay) and

d
Q' =70+ ) aiaydi - agA,
i=1
it follows that
QI =JQ" I +avay---aql S I v ajar---aql

and

UZQGF1 2.]Qd 3+U <Z ayaj - adA>

i=1

d
d—1 - 2
CJI "+ ajaz---d;---agv°A
i=1

(notice that v € I'). Therefore,

d
Id+lgJld_'+a1a2~-~ad1+2a1a2~~izi~-~adv2A. O

Suppose that n = d + 1. Then by Claim 3 we may write

’ p4 2
=9 +01‘12"'ad77+2 cimaz---aj---aqv

i=1
with ¢’ € JI¥"! nel,and c; € A. Because v> = Zf;l a; x;, we see that

d

E ciaiay - advz_alag ad<2 CiXx ,> mod J,

whence

d
aas - - ad(n—i-Zc[x,-) =aqa;--- adr;—l—Zc,-alaz R TR advz =0 mod J
= i=1
because
d
) =g0/+a1a2~-~adn+2cia1a2~-~é,----advzel.
i=1
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As aresult, n + Zflzl c;ix; € Q because ay,as,...,a, is a regular sequence in A;
thus we have

d

Zcixielz(ai |1<i<d)+ (xq | @€A)+ (V).

i=1
Since {x;}1<i<m, v, and {a;}1<i<q constitute a minimal basis of the maximal ideal
m of A and since A N {1,2,...,d} = @, this forces c; e mforalll <i < d.
We write ¢; = ¢! + ¢/ with ¢/ € Q and ¢/ € (x1,X2,...,%,,v). Then, since
(X1, X2, .., X, V) - (X1, X2, ..., %) = (0), it follows that ¢x; = 0 and so

cixi=cixi+c/x;=cix;€Q

because ¢/ € Q. Consequently, since 1 + Z?:l cix; € Q, we have

d d
n=n+Y cxi=n+ Y cix;=0modQ.
i=1 im1

Hence 1 € QO and so
d+1 2 2 2\ Hd-1 d—1
ajaz---aqgn € Q = (ay,a;y,...,a5)0 cJI .
On the other hand, we have cl.”v2 = 0 since ¢/ € (x1,X2,..., Xy, V), so that
civ? = cjv? + /v’ = c/v* € Q? because ¢}, v? € Q. Thus
ciayay -+ di - agvt =ajas---d; - ag -c{vze Q4 c grd-!
foralll <i <d, so that
d

o=¢' +taayam+y_ ciaay--d;-aqv’ e JI,
i=1
which is a contradiction. Therefore, 3 <n < d.

We put A= A/(ay) and I= I/(ay). For each x € A, let x denote the image of
x in A. We then have, by the minimality of d, that

@,a2,....a2_ )NI"=(a%a...,a3_)I"?
forall 3 <n <d. Hence ¢ € (61_12,(1_%,...,61[217])1_”72, so that
pe(at,ai,....,a> )I"? +[(ag) NI"].

Since (ag) N I" = ay 1" by assertion (3), we have ¢ = ¢’ + a4 for some ¢’ €

(alz, a%,...,aﬁfl)l”’z and £ € 1" hence ay€ € J, because ¢, ¢’ € J. We write

aqsé = Zid:l al?gi with & € A. Then ay (& — aqs&,) € (a%,a%,...,afi_l) and so
€ —ayéq € (at,a3,...,a5_). Consequently,

Ec (af,a%, . ..,aﬁ_l) Nni'= (alz,a%, . ..,aﬁ_l)l_”_3
by the minimality of d. Therefore,

£e(at,a3,....az_ 1" +[(an) N 1",
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However, since (ag) N I"~' = a,1" 2 by assertion (3), we have
as€ e ad(af,ag, ... ,61(2171)1”_3 + aj]”_2 c JI" 2
As aresult, 9 = ¢’ 4 ay€ € JI"2, which is the required contradiction. Thus
JNI"=JIr?

forall3 <n <d + 1, as we wanted. O
We are now in a position to complete the proof of Theorem 5.1.

Proof of Theorem 5.1. We have £4(1%/QI) = 1, since mv? C QI (recall that [> #
QI and I? = QI + (vV?) by Lemma 5.3(1)). Because I3 = QI?, by Theorem 1.1
we have S = B(—1) as graded T-modules, so thate; = eg —€a(A/I)+1,e, =1
ifd>2,ande; =0forall3 <i <difd > 3. Because £4(A/]) = m —#A + 1
andey =m + 2, we obtaine; = #A + 2; hencee; =2if A = 0.

Observe that G is not a Cohen—Macaulay ring. In fact, Q N I> # QI (re-
call that I> € Q since m> = Qm). The ring G is Buchsbaum by parts (1),
(2), and (4) of Lemma 5.3 and [3, Prop. 9.1], so H{ '(G) = [H4 '(G)]i_4 and
L A([H[‘f,_l (G)]i—4) = 1 both follow by induction on d similarly as in the proofs of
Lemma 4.1 and Theorem 4.2. O
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