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1. Introduction

Let 7 be an ideal in the regular local ring (R, n) such that I C n2, and let
A:=R/I, m:=n/l, k:=R/n=A/m.

Let d = dim(A) be the dimension, e the multiplicity, and 7 = v(m) — d the em-
bedding codimension of A. We assume that k is a field of characteristic O (see the
comment after Proposition 2.3).

A classical problem in the theory of local rings is the determination of the min-
imal number of generators v(/) := dim,(//nl) of the ideal I under certain re-
strictions on the numerical characters of A. For example, by a classical theorem
of Abhyankar we know that e > h + 1, and if the equality e = & + 1 holds then
we say that A has minimal multiplicity and we know that v(I) = ("}").

In a sequence of papers, Rosales and Garcia-Sanchez proved the following re-
sults for A the one-dimensional local domain corresponding to a monomial curve
in the affine space (see [4; 5; 6]). By difficult computations related to the numeri-
cal semigroup of the curve, they were able to prove the following: if 7 +2 < e <

h + 3, then
(”f)—esv(l)s(hjl); ()

ifh+2 <e <h+ 4 and A is Gorenstein, then
o(l) = <h ;F 1) 1 )

We remark that the monomial curve {3 : #10 : #12 : t13} shows that (2) does not
hold if e = h + 5 (see [6]).

On the other hand, the monomial curve {¢7 : ¢® : t!° : t1} shows that the upper
bound in (1) does not hold if e = & + 4. In the same paper it is asked whether

(h;2>—e=(h;1>—3§v(1)5<h-2’_1)+1 3)

holds for e = h + 4.
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A first motivation for our paper was to understand these results and to extend
them to the general case of a local Cohen—Macaulay ring of any dimension.

A sharp upper bound for the minimal number of generators of a perfect ideal 1
in a regular local ring R has been given in [2] in terms of the multiplicity e and of
the codimension 4 of R/I. The bound is

o(l) < (“t’_l) —r 4,

where the meaning of r, ¢, and ") will be explained in the Section 2. In the same
section we will also prove that

<h;2) —e <o)

holds for every perfect codimension-# ideal I in a regular local ring R; see Propo-
sition 2.2. We will also see how these bounds extend (1) to a considerable extent
and positively answer question (3) in a general setting.

For (2), the problem is much harder. We have a Gorenstein local ring (A =
R/I,m = n/I) of codimension 4 and multiplicity 2 +2 < e < h + 4, and we
want to determine the minimal number of generators of /. It is easy to see that
we may assume A = R/I is Artinian; then, since A is Gorenstein, the possible
Hilbert functions of R/I are

(LA, D, (LA, 1,1, (1, A,2,1), (1, A, 1,1 1).

Hence, in any case, v(m?) < 2.

Following Sally [8] we say that an Artinian local ring (A, m), not necessarily
Gorenstein, is stretched if v(m?) = 1. We call almost stretched an Artinian local
ring such that v(m?) = 2.

With this notation, we can strongly extend (2) proving that, if R/l is Goren-
stein, stretched, or almost stretched of multiplicity e and codimension /4, then
o(l) = (") — 1.

By the classical theorem of Macaulay on the shape of the Hilbert function of a
standard graded algebra, the Hilbert function of A is given by

o] 1]2]...|s]s+1]
[1ln|1]... 1] o |
(with s > 2) if A is stretched or by
lofn]2].. |e|r+1].. |s]s+1]
[1n|2]. 2] 1t ]...[t] o |
(with s > ¢ > 2) if A is almost stretched.
The particular shape of the Hilbert function can be used to prove that

(h + 1) —1<v() < <h + 1) if A is stretched, and

2 2

(h —21— 1) —-2<v() < <h —2|— 1) if A is almost stretched.
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The case of a stretched Artinian Gorenstein local ring was studied by Sally [8],
who was able to prove a structure theorem for the corresponding ideals (see also
[7]1). We extend this result to the case of stretched Artinian local rings of any
Cohen—Macaulay type. But the unexpected and deeper result that we prove in this
paper is a structure theorem for any almost stretched Gorenstein local ring.

These results are proved as Theorem 4.1, respectively. As a consequence, we get
even more of what we wanted: if A is stretched, then v(/) = ("3') — lif T (A) < h
azld v(I) = ("}') otherwise; if A is almost stretched and Gorenstein, then v(I) =

+) _ 1
( gglother motivation for our paper came from a recent work by Casnati and
Notari [1]. Let Hilb,(P;') denote the Hilbert scheme parameterizing closed
subschemes in P}’ with given Hilbert polynomial p(¢) € Q[7].

The case deg(p(¢)) = 0 is often problematic. Since it is known that any zero-
dimensional Gorenstein scheme of degree d can be embedded as an arithmetically
Gorenstein nondegenerate subscheme in IP’,f ~2, it is natural to study the open locus

Hilb4G(PI~?) C Hilby(PI2).

The scheme Hil bjG(P,f ~2) has a natural stratification that reduces the problem
to understanding the intrinsic structure of Artinian Gorenstein k-algebras of de-
gree d. Because such an algebra is the direct sum of local, Artinian, Gorenstein
k-algebras of degree at most d, it is natural to begin with the inspection of these
elementary bricks.

If d = 6 then the bricks are all given by stretched local rings—excepting the
Hilbert function (1,2, 2, 1), which is almost stretched and was studied deeply by
Casnati and Notari.

Extending these results to the case d > 7 would begin with studying the intrin-
sic structure of Artinian Gorenstein local algebras with multiplicity 7. Since the
Hilbert function (1,2, 3, 1) is not allowed, an Artinian Gorenstein ring (A, m) with
multiplicity 7 is stretched or almost stretched. (See [3] for more results on the
classification of Artinian algebras.) Hence, the structure theorems we prove here
will shed light on these questions, too.

It would clearly be best to have a classification up to isomorphisms of Artinian
Gorenstein k-algebras of a given Hilbert function, at least in the almost stretched
case. We approach this difficult problem in the last part of the paper, where we
give a classification of Artinian complete intersection local k-algebras with Hilbert
function (1,2,2,2,1,1,1). This example is significant because the parameter space
has a one-dimensional component.

2. Upper and Lower Bounds for v(7)

Let (R,n) be a regular local ring and 7 an ideal in R. We assume that (A = R/I,
m = n/I) has dimension d, embedding codimension /4, and multiplicity e. We
denote by H, the Hilbert function of A:

.— d' mn
HA(}’l) = dimg W
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for n > 0. The socle degree of an Artinian ring A is the last integer s = s(A) such
that Ha(s) # 0; the Cohen—Macaulay type of A is

T(A) := dimg(0 : m).

A sharp upper bound for v(7) can be given by using the notion of lex-segment
ideal as in [2]. We recall that the associated graded ring of A can be presented as
grm(A) = gry(R)/I*, where I* is the ideal generated by the n-initial forms of 7
in the polynomial ring § = gr,, (R). This implies that the Hilbert function of A =
R/I is the same as the Hilbert function of the standard graded algebra S/I*.

A set of elements in / whose n-initial forms generate /* is called a standard
basis of 1. Itis easy to see that a standard basis is a basis, so we have v(I) < v(I*).

On the other hand, by a classical result of Macaulay, any homogeneous ideal P
in the polynomial ring § = k[ X}, ..., X, ] has the following property: The number
of minimal generators of P is less than or equal to the number of minimal gen-
erators of the unique lex-segment ideal Pjcx, which has the same Hilbert function
of P.

Hence, given the ideal [ in the regular local ring (R, n) and the corresponding
lex-segment ideal [iex := (I *)jex in S := gr,(R), we have

v() = v(*) < v(lex)- “4)

More difficult is obtaining a bound involving only the multiplicity and the codi-
mension. In particular, one must compare the number of generators of all the
lex-segment ideals having the given multiplicity and codimension. This has been
done in [2], where the following bound was proved.

If n and i are positive integers then n can be uniquely written as

= (”(.i)) + ("(’ R 1)) ot ("(.j)),
i i—1 j

where n(i) > n(i — 1) > --- > n(j) > j > 1. This is called the i-binomial ex-
pansion of n. We let

" '_<i+l>+< i >+"'+<j+1>'

Given two positive integers e, h with e > h + 1, we define ¢ as the unique integer

such that
<h+t—1> <h+t>
<e<
t—1 - t

<h+t—1>
r .= — .
t—1

The main result in [2] shows that, for every perfect codimension-% ideal [ in
the regular local ring R with I C n? and e(R/I) =e,

o(l) < <h T 1) —r 4, 5)

and
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For example, if h > 3ande = h + 2,thent = 2, r = 1 and we have v(]) <
("31). The same bound holds also for e = h + 3; see (1).
If, instead, e = h + 4, thent = 2,r = 3, and

v(I)S(h;1>—3+3<2>=(h;1>—3+4:<h;1>+1;

see (3). The same bound holds also for e = h + 5.
A lower bound for v(7) is obtained from the following easy lemma.

LEMMA 2.1. Let A = R/I be a local Artinian ring with multiplicity e and em-
bedding codimension h. We assume that I C n2. Then

(h;2> —e< (h;”) — v(m?) < v(l).

Proof. 1t is clear that the kernel of the epimorphism
i - mimd =2+ 1)/ +1) -0
is(m®+I)/n® = I/n> N I). Since In € n® N I, we have
u(n®) — v(?) = (h . 1) — () < v().

Now observe that we have e = Y i_, v(m’), where s is the socle degree of A, so
thate > 1+ & + v(m?) and

(h;”)—es <h§2>—<l+h+v<m2>)=(”j1>—v<m2>. O

As a consequence of this lemma we derive a lower bound for the number of gen-
erators of perfect ideals in a regular local ring, a bound that seems to be useful at
least for low multiplicity.

ProPOSITION 2.2. Let A = R/I be a local Cohen—Macaulay ring with dimen-
sion d, multiplicity e, and embedding codimension h. Assume that I C n2. Then

<h—2i_2>—e§v(1)§ <h+;_l>—r+r<’).

Proof. Let J = (x1,...,x4) be a maximal n-superficial sequence for A. Because
A is Cohen—Macaulay, x, ..., x, is a regular sequence modulo / and so I N J =
1J. Let

I=U+J)J, R=R/J,

A=A/(x1,....,x))A=R/I, m=m/J.
Then

v(I) = dimg(I + J/nl + J) = dimg(I/nl + I N J) = dimg(I/nl) = v(I).

We know also that the multiplicity of A is the same as the multiplicity of the
Artinian local ring A/(xy,...,x4)A. Finally, I and I share the same embedding
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codimension because # = v(m) —d = v(m). The lower bound now follows from
Lemma 2.1, and the upper bound is given by (5). UJ

In Section 3 we shall establish structure theorems for stretched local rings and for
almost stretched Gorenstein local rings. One of the main ingredients is the fol-
lowing result, which will be used several times later and is reminiscent of the lean
basis notion introduced by Sally [8].

In the proof of the following proposition, we need to know that if the charac-
teristic of K is 0, then a Borel fixed monomial ideal K is strongly stable. This
means that K satisfies the following requirement: For any term M € K and any
indeterminate X; dividing M, we have X;(M/X;) € K forall 1 <i < j.

PrROPOSITION 2.3.  Let (A, m) be an Artinian local ring of embedding dimension
h and socle degree s such that the characteristic of the residue field k is 0 and
v(m?) < 2. Then we can find a minimal basis x, ..., x;, of m such that

m/ = (x]) for j=2,...,s
if A is stretched and such that
) { (x,{,x,f_lxh,l) for j =2,...,1t,
mj = .
(x}) for j=t+1,....,s
if A is almost stretched.

Proof. We prove the proposition for A almost stretched because the other case is
easier. Let m = (ay,...,a,); we know that the Hilbert function of A is the same
as the Hilbert function of grm (A) = k[&),...,&,] = S/J, where &; := a; e m/m?,
S = k[Xi,...,Xn], and J is an homogeneous ideal of S. Moreover, the generic
initial ideal gin(J) of J is a Borel fixed monomial ideal, which is then strongly
stable.

We claim that, after a suitable change of coordinates in § that corresponds to a
change of generators for the maximal ideal m of A, we may assume that a basis
for S; modulo gin(J); is given by X;, X/ ~'X,_, for j = 2,..., and by X; for
j=t+1,...,s.

In order to prove this claim, we need only remark that if a monomial ideal
K is strongly stable and K; # S; then X{; ¢ K;, and if dim(S;/K;) > 2 then
X ,i_lX n—1 ¢ K;. Since gin(J) is an initial ideal, the same monomials form a basis
also for S modulo J. The conclusion follows because, for every j > 0,

Si/(J); = (mm/ . O

Hereafter, we will assume by this proposition that the residue field k has charac-
teristic 0.

REMARK 2.4. Note that the argument used in the proof of Proposition 2.3 does
not hold for codimension > 2. Take, for example, the ideals (X 2. X1 X5, X1 X3)
and (X2, X1 X2, X3), which are strongly stable of codimension 3 in k[X;, X2, X3].
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3. Stretched Local Rings

We recall that Sally [8] studied several properties of stretched local rings and proved
a structure theorem for stretched Artinian local rings in the Gorenstein case. Here
we extend that result to any Cohen—Macaulay type.

THEOREM 3.1. Let I be an ideal in the regular local ring (R,n) such that I C
w2 and A := R/I is Artinian. Let m := n/I and h := v(m), and let T be the
Cohen—Macaulay type of A.

(1) If A is stretched of socle degree s and if T < h, then we can find a ba-
sis {x1,...,xp} of n such that I is minimally generated by the elements
{xixih<i<j<n {sz}zgjif, and {xi2 — u;x{}ry1<i<n; here the u; are units
in R.

(i1) If A is stretched of socle degree s and if T = h, then we can find a basis
{x1,x2,...,x,} of n such that I is minimally generated by the elements
{1y a<jsns (X0 2ziz jn, and i

Proof. By Proposition 2.3, we can find an element y; € m, y; ¢ m? such that y{ #

0and m/ = (y/) for2 < j < s. This implies that y; ¢ m/*! forevery1 < j <'s.

LEMMA 3.2. We have
(0:m)Nm?=m"

Proof. If s = 2 then there is nothing to prove, sowelets > 3. Ifa€0: manda €
m?, then a = y7u and we have 0 = y,a = y3u. Since s > 3 it follows that u € m,
for otherwise y; = 0. Hence a € m®. Continuing in this fashion yields a € m®,

as desired. O
Since y{ € 0 : m and y; # 0, we can find elements y;,...,y; € m such that
{y7,¥2,..., ¥} is a basis of the k-vector space 0 : m.

LEmMMA 3.3.  The elements y1,y», ..., Y, are part of a minimal basis of m.

3

Proof. 1f Y _, A;y; € m? then A; € m; otherwise, y; €0 : m+ m? and y? e m?, a

contradiction. Hence
T
Zkiyi eO:mNm’>=m
i=2

and, for some ¢t € R, Zf:z Aiyi +ty] = 0. This implies that A; € m for every i,

because {y, ..., y:, ¥} is a basis of the k = A/m vector space 0 : m. OJ
Of course we can complete the set {yi, y2,..., .} to a minimal basis of m, say
m = (Y1,¥2,---5 Vs Zr+1---»25). Now,if j > t+1theny,z; € m?; hence yizj =

yitand z; — yit €0 : y;. After replacing z; with z; — y7 in the minimal genera-
tors of m, we may assume that

m:(ylayZ’---’yt’yf-ﬁ-l""’yh)



276 JUAN EL1AS & GIUSEPPE VALLA

with
V2,...,yr €0:m, Yeqlsoos YR €01 yy. (6)

Case (i): T < h. If we choosei and j sothatt + 1 <i < j < h, then
yiym € yim? = yi(yf) = 0.
Hence y;y; € (0: m) N m> =m' = (y7) and we can write y;y; = u;;y{, where
u;j € mif and only if y; y; = 0.
Let J := (Yr41,---,¥Yn). We can then define an inner product in the k-vector
space V := J/Jm by letting

(¥, ;) == it; € A/m =K.

This is well-defined. Namely, let y; = p; + z; with p; € J and z; € Jm; since
J €0:y1, we have

yiyi — pipj = (pi +2)(p; +2;) — pip; € Jm* = y1J = 0.

Since the characteristic of Kk is not 2, the inner product can be diagonalized. There-
fore, the generators of m can be chosen to satisfy

yiyi =0 N

forevery t + 1 < i < j < h. This implies that for every t + 1 < i < h we must
have yi2 # 0, because if yi2 = 0 then we would get y; € 0 : m, a contradiction.
Hence, forevery t +1 <i < h,

i =uiy ®)
with u; ¢ m.
As a consequence we can prove the first part of the theorem. Let x; € n such
that x; = y;. From (6), (7), and (8) it is clear that all the elements

2 2
{xixih<icjen, {xhsjce, X7 —uixiesicizn

arein /. Let J be the ideal they generate; then J C I, so that Hg,;(n) < Hg;;(n)
for every n > 0. We claim that equality holds here for every n > 0. In particular,

= (up) T xyxt e

so that I* D J* D K, where K is the ideal in § = k[X},..., X;] generated by
Xf“ and all degree-2 monomials except X 12 Since the Hilbert function of S/K is
the same as the Hilbert function of R/I, the claim follows. Hence R/J and R/I
have the same finite length and so the canonical surjection R/J — R/I is a bijec-
tionand I = J.

Finally, the given elements are a minimal basis of / because the generators of n
are analytically independent.

Case (ii): T(A) = h. If the Cohen—Macaulay type of A is &, the maximum al-
lowed, then by (6) we have m = (y1,y2,...,¥s), where (y2,...,y,) € 0 : m.
This implies that y;y; = 0 foreveryi =2,...,hand y;y; =0 forevery2 <i <
Jj < h. We also have yf“ = 0. The conclusion follows as in case (i) but is now
even easier because the generators of J are monomials. U
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REMARK 3.4. Itis clear that, for a stretched local ring A = R/I of maximal type,
the minimal set of generators of / found in Theorem 3.1 are a standard basis for 1.
Namely, we have that 7* is the ideal generated by Xf“ and the degree-2 mono-
mials in S except for X 12 This is not true when t(A) < h. In this case, the initial
forms of the generators of / in § = gr,(R) = kK[Xj, X5, ..., X;,] are the degree-2
monomials in S except for X12 The ideal I* is, as before, the ideal generated by
X f“ and the degree-2 monomials in S except for X2

REMARK 3.5. Given two integers 1 < t < h and a regular local ring (R, n) with
maximal ideal n minimally generated by (x1, x», ..., xp), the ideals I generated as
in Theorem 3.1 have the property that A := R/I is a stretched local ring of type 7.

We have proved that if R/ is a stretched Artinian local ring of embedding di-
mension i, Cohen—Macaulay type T < h, and socle degree s, then there exists a
minimal system of generators x, ..., x; of n such that

2 2 K
I = ({xixj}1§i<j§h7 {x] }2§j§r’ {x;i — uixlv}rﬁ—lsish),

where the u; are units in R. For every u = (4;)j=r+1
an ideal.

We shall often use the following easy and well-known lemma, a consequence
of Hensel’s lemma.

n, we let I(u) be such

.....

LEMMA 3.6. Let (A, m) be an Artinian_local ring with refidueﬁeld k, and let a
be an element in A such that a € K*. If b" = a for some b € k, then c" = a for
somece A, c¢m.

PrOPOSITION 3.7.  Let 1(u) be as before and assume that the residue field k =
R/n verifies k'/? C k. Then there exists a system of generators yi,...,y, of n
such that

I(w) = ({yivih<i<j<n {yj2}2§j§7:7 {)’12 - Yf}r+15isl1)o
Proof. Since k'/? C k, by Lemma 3.1 we can find, for every i = 7 +1,..., A,
elements v; € R such that vi2 = 1/u; modulo I(u). Hence v; ¢ n and so
vix? —x = Afu)x? —x§ = Afu)(x}F —uixi) =0.
This proves that if
X; fori=1,...,1,
Yi =

vix; fori=t+1,...,h,
then
({yiy_j}lsi<jfha{y]‘z}Zijr»{yl‘Z — X} Yeqi<i<n) € I(w).

Since the two ideals have the same Hilbert function, they must coincide. O

4. Almost Stretched Gorenstein Local Rings

In this section we consider Artinian local rings (A, m) such that the square of the
maximal ideal is minimally generated by two elements. Recall that in Section 1
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such aring A was called almost stretched. If A is almost stretched and Gorenstein,
then the Hilbert function of A is given by
lof 2] |e|r+1].. |s]s+1]
[tfn|2]. 2] 1t ]...[t] o |
withh >2ands >r+1> 3.
The structure result for almost stretched Gorenstein local rings will be a conse-
quence of the following theorem.

THEOREM 4.1. Let (A, m) be an Artinian local ring that is Gorenstein with em-
bedding dimension h. If A is almost stretched, then we can find integerss > t+1 >

3 and a minimal basis x1, ..., x, of m such that
x1xj =0 for j=3,...,h,
xixj =0 for 2 <i<j<h,
szzujxi“ for j=3,...,h,
x? = ax;xy +wx;~,
x{x, =0
with suitable w,us, ..., uy ¢ manda € A.
Proof. By Proposition 2.3 we may assume that m = (x, ..., x;) with
mi = { (x{:,xljflxz) for j =2,...,1,
(x{ for j=t4+1,...,s.
We claim that we may also assume (x3,...,x;) € (0) : x;. Thatis, for j > 3 we

can write x1x; = bjx{ + ¢;x1x2, s0 x1(x; — b;x; — ¢jx2) = 0. We establish this
claim by replacing x; with x; — b;x; — c¢; x, for every j > 3. This means that

x1x3=x1x4=~~~=x1xh=0. (9)
Furthermore, since m'*! = (x{*"), for some ¢ € A we have
t t+1
X[ Xy =cx; . (10)

Let y; := x5 — cxy; then

t _ .t ot t+1
xX1y2 = x(x2 —cx1) = x1x2 —cx; =0.

Since x; is not involved in (9), we may replace x, with y, in the generating set of
m. Hence we may assume that

x{xy=0. (11)

Observe that x| ~!x, ¢ m*, for otherwise x - Ix, € m'*! a contradiction to xq 1, x|

being a minimal basis of m’. This implies that x| ~!x, cannot be in the socle of A.
Since by (11) and (9) we have

X €(0) : (1, x5, xp),
it follows that
x{Tx? £ 0. (12)
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We want to prove now the existence of an a € A and a w ¢ m such that

X3 = axxy + wx; '

In order to show this, we need the following easy remarks.

Claim 1. If for some r, p € A and n > 2 we have x22 = rx1xp + pxy, thenn <
s—t+ 1. Ifalsop¢m,thenn =5 —t + 1.

Proof of Claim 1. We have

t—1.2 _ _t—1 ny __ n+t—1
X, xy =x, (rxix2 + px{) = px;

because, by (11), x{xz = 0. Since by (12) we have xl’_lxz2 # 0, this implies that

n+t—1<s. Wealso have px{ = x2(x2 — rx;), and thus if p ¢ m then x{ =
vx; for some v € A. As a consequence, x;" = vx{x, = 0. Since x{ # 0, we

have n +t > s + 1 and so the conclusion follows.

Claim 2. Letn > 2 and leta € A and b € m. If x3 = ax;x, + bx{ then for

some ¢,d € A we have x7 = cx;xy +dx] .

Proof of Claim 2. This is easy because, by (9), x;x; = 0 for every j > 3.

Claim 3. If for some a,b € A we have x22 =axix; + bxf"“, then b ¢ m.

Proof of Claim 3. If (by way of contradiction) b € m, then Claims 1 and 2 yield
s—t4+2<s—t+1.

Since m? = (xlz,xlxz), it follows that x22 =ax|x»+ bx12 for some a,b € A. Thus
we obtain, as a trivial consequence of these three claims, that

x3 = ax;xy + wx; ! (13)
for some a € A and w ¢ m. Now we recall that for every j > 3, by (9) we have
xjm2 = xj(xlz,xlxz) =0;
hence, using the Gorenstein assumption yields
xmC (0) :m=(x7). (14)

Let us consider the ideal J := (x3,...,x;). By (14),forevery3 <i < j <h
we have x;x; = u;;x] with u;; € A. We remark that if also x;x; = w;;x{ then
(I/l,'j — wij)xf = 0, which 1mphes Ujj — w;j €m.

Hence we may define an inner product in the k = A/m-vector space V :=
J/Jm by letting

(. 5)) = it € Afm
and extending this definition by bilinearity to V x V.

Because the characteristic of k is not 2, the inner product can be diagonalized.
This means that we can find minimal generators ys3, ..., y, of J such that y;y; =
0 for i # j. If we replace x3,...,x, with y3,...,y, in the generating set of m,
it is clear that equations (9), (11), (13), and (14) are still valid. Hence, generators
X1, ..., Xy of m can be chosen so that
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XiXj = 0 (15)
for every i and j suchthat3 <i < j < h.
By (14), for every j > 3 we have

2 .S
X =ujx

with u; € A. We claim that u; ¢ m for every j > 3.
In order to prove this claim, recall that, again by (14), we have

XoXj = ajx|
for every j > 3 and suitable a; € A. Fix j > 3 and let

0= wx; —ajxi x,.

Since w ¢ m, it is clear that p ¢ m? and so p ¢ m* C m? This implies that p
cannot be in the socle of A. We will use the following equalities:

x1x; =0 for j >3 (see (9)),
x{xp=0 (see (11)),
X3 =axixy+wx; ! (see (13)),
xixp =0 for3<j<k<h (see (15)).

Then
t
px1 = wxix; —a;jx;x3 =0,

—1

—r+1
pX2 = WX2Xj — ajX| AR

2 8 11 y
Xy =wa;jx; —ajx; (ax;xy + wx

— Ly S v —
=wa;jx; —wa;x; =0,

PXf = WXj X — ajxlt_lxzxk =0 if k>3, k#],

_ 2 i1 L 45
PXj = WX; — ajX| X2Xj = WU;jXj.

Since p cannot be in the socle, we must have u; ¢ m. This completes the proof of
Claim 3.

We may therefore assume that, for every j > 3 and suitable u; ¢ m,
X7 =ujx]. (16)

We come now to the last manipulation of our elements. As a consequence of
Claim 3, we may consider the element

h
Yo =Xy — Zui_laixi.
i=3
For every j = 3,...,h, by (15) we have

1 2 S =1 s
ajxj = a;xy —u; aju;xi =0.

h
-1 s —
YaXj = X2 Xj — E :ui A X Xj =dajX; —U;
i=3

Furthermore,
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h
t .t -1 .t
XX = x| Y2+ U; aixi) = x;y2.

i=3

Finally letd := x, — y, = 2?13 u;laixi. Thend € J := (x3,...,x,) and so
xld = O, yzd =0.

Since Jm C (x;') by (14), we have

for some p € A. It follows that

x22 —ax;x; — wxf_H1

=2 +d)? —axi(y2+d) —wx} " = y3 +d* —ax;y; — wx; !

2 —t+1 I 2 —1y . s—t+1
=Y, —axyyz — wxf "y P)ClY =y;—ax;y2 — (w— Pxf )xls a
where w — px!~' ¢ m.
Thus we may replace x, with y, and thereby obtain a basis xi,...,x, for m
such that )
x1x; =0 for j =3,...,h,
xix; =0 for 2<i<j<h,
xj2=ujxf for j =3,...,h,
x? =axixy + wx;
x{x, =0
with suitable w, us,...,u; ¢ manda € A. O

As a result of Theorem 4.1 we obtain a structure theorem for almost stretched
Artinian and Gorenstein local rings.

COROLLARY 4.2. Let (R, n) be a regular local ring of dimension h and let [
n? be an ideal such that (A = R/I, m = n/I) is almost stretched Artinian and
Gorenstein. Then there is a minimal basis x1, ..., x, of nsuch that I is minimally
generated by the elements

2 s 2 s—i+1 ¢
{x1x;} =3, AXixhocicjzn {7 —ujxy}j=s, p, X3 —axixy —wxy ™7, xyx2,
where w,us,...,u, ¢nanda € R.
Proof. By Theorem 4.1 we can find a basis xi, ..., x; of n such that the ideal J

generated by the elements just listed is contained in /. We need to show that [/ is
indeed equal to J. We first remark that modulo J we have

2 _
il ~ X2 T ANxX2

X2 —axy
= x{xi =X =X X =
w

0

N
X

and so x; ™ e J.
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Passing to the ideals of initial forms in the polynomial ring
S =gra(R) = P /™) = (R/m)[X),..., X1,
j=0
we have
I*2J* 2K
Here K is the ideal in S generated by the elements

{(X1Xj}j=3,...m AXiXj}o<icj<hs {ij}j=3 ..... e X{Xo, X

.....

and the quadric Q := X3 —aX; X, fors >t +2or Q := X3 —aX; X, — wX}
fors =1+ 1.
In both cases we have X;S; C K for every j > 3, so that

(K + (X3a ) Xh))n =K,
for every n # 1. This implies that, for every n # 1,
HS/K(”) = HS/(K+(X3,...,X;,))(”) = Hk[X],Xz]/(Q,X]'XZ,XIS“)(n)'

Now we compute the Hilbert function of k[ X;, X21/(Q, X{ X2, X;™!). Let B :=
k[X;, X,]. If QO = X% —aX X, = X2(X, —aX)) then we have an exact sequence
of graded algebras,

0 — B/(X,—aXi.X{)(=1) =% B/(Q.X{X)) —> B/(Xs) —> 0,
which enables us to compute the Hilbert series of B/(Q, X{X»):

Pp0,x1x2)(2) = 2Ppjx,—ax;, x1)(2) + Pp/(x,)(2)
21— —-z)4+0-2) 14z-z"
(1—12)? 11—z

This yields the Hilbert function
loft]2]...|e]ett]. |s|s+1]s+2]...]
f2f2f 2] o [ o ]

Since X' ¢ (Q, X/ X,), the Hilbert function of K[ X, X21/(Q, X! X, X; ™) is
lo|1|2]... [ ¢ ]e+1]r+2] . |s|s+1]
)2]2]. 2] v | 1t [...]t] o |

and so the Hilbert function of S/K is
lofu]2]...|e|rst]et2] .. |s|s+1]
[tfnl2]. 2] v | 1 [ f1] o
the same as that of S/I*.
In the case s = ¢ + 1 we have Q = X3 — aX;X, — wX? with w # 0. Hence
{0, X{Xg} is a regular sequence and k[ Xy, X»]/(Q, X{Xz) has Hilbert function
lof1]2]...|r]e+1=5]r+2]
[1]2]2]...]2] 1 | o |
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‘We remark that in this case X12 € (0, X>), so
X = X[ = X[ X} € (Q, X[ X>).

In any case we have proven that S//* and S/K have the same Hilbert function.
This implies that /* = J* = K, so the Hilbert functions of R/l and R/J are
the same. Hence R/I and R/J have the same finite length, which means that the
canonical epimorphism R/J — R/I is an isomorphism and / = J as claimed.

O
REMARK 4.3. In the proof of Corollary 4.2 we describe the ideal 7*; it is gener-

ated by 2 ¢ 541
{XiXj}j=s,.n AXiXjbocicjon {X;}j=s,. 00 X{ X2, X]

and the quadric
[ X3 —aXiX, when s > 1+ 2,
Q= { X22—5X1X2—1Z)X12 when s =1 +1,
where w # 0 and a e k.

We now wish to prove the converse of Corollary 4.2. Observe that the following
lemma does not require a ring to be regular or local.

LEMMA 4.4. Let B be aring, andlett > 2, h > 2,ands >t + 1. Let n =
(x1,...,xp) be an ideal in B and let J be the ideal generated by
{x1xj}j=3,.. s {XiXj}2<icj<hs {sz —uix{ =3 X3 —axix; — wxf_tH, x{x2.
If w is a unit in B, then

ns-H cJ.
Proof. For every i # j except for (i, j) = (1,2), we have

XiX;j € J.
For every 3 < j < h we have

sz eJ+(x7)
and, sinces —t +1> 2,
x22 eJ + (xlz,xlxz).
We claim that, for every r > 2,
ncJ+ (xf,xlr_lxz).

If r =2thenn®> C J + (xlz, X1x7) by the three previous inclusions. Now proceed
by induction on r. We have

n=nn" CJ ] x )
i ! 12
=J + (xp,x2) (x], %] " x2) = J 4 (x] 7 x{x2, x] 7 x3).
The claim follows because x7 € J + (x2, x;x2), SO

r—1,2 r+1 _r
X xyed + (x[7 L x[x2).
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From the claim we have n*+! € J4-(x*!, x#x,). Since s > 7, we obtain x{x, €

(xfxz) C J; on the other hand, since w is a unit,

T = (el fw)wx i T = (xfw) (xF — axixy) =0

modulo J. The conclusion follows. U
We come now to a crucial step.

LEMMA4.5. Let R bearegularlocal ring of dimensionh > 2,letn = (x1,...,xp)
be the maximal ideal of R, and lets > t +1 > 3 and a,us,...,up,w € R. Let I
be the ideal generated by

2
{xix}j=s, s AxiXjtocicj<ns A% —ujx{}jzs . ns

2 t+1

q:=x; —axix, —wx; ', x{xa.

Ifus,...,up, wé¢n, then
() @, % e ! + 1)/ 4 1) are (R/w)-linearly independent elements
and

(i) x7 ¢ 1.

Proof. In order to prove (i) we must show that if Ax! + pux!~'x; € I + n'*! then
A, wen. Clearly, if Ax! + pux!~"x; € I +n'*! then

Axl Fuxl o e I+ 0" 4 (xs, .0, x)

= (X35, %) + (1, x2) T (x5, x1x0, )

= (x3,..,%) + (1, x2)" T + ().
Let’s interpret this condition in terms of the two-dimensional regular local ring
T := R/(x3,...,x5), whose maximal ideal is generated by the residue class of x;
and x, modulo (x3,...,x;,). By abuse of notation, we again denote these elements
by x1, x> and the maximal ideal of T by n. Then

Axl +uxi T =eq + z,

where z € n'*!. This implies that eq € n'. If eq € n'*!, the conclusion fol-
lows by the analytic independence of x| and x,. If eq ¢ n'*! then, since ¢ =
x3 —ax;xy —wx; " en? we have e e n'~2 and e ¢ n'~. Passing to the associ-

ated graded ring (7/n)[X;, X»] of T yields
X{7\OXy + 1Xp) = e*q”.
Since X; is not a factor of g*, X{*1 must be a factor of e*. This is a contradiction

because ¢* is an homogeneous element of degree t — 2. The conclusion follows.
We now prove (ii). By way of contradiction, let

h h
X = Z Ajxix; + Z pj(sz —ujxy) + Z WijXiXj + ox{x2 + aq.
j=3 j=3

2<i<j<h

Because s > t 4+ 1 > 3, this implies
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h h
2 2 —1+1 3
E Ajx1x; + E pjx; + E WijXiXj + o (xy —axix, — wxy Hhen.
j=3 j=3 2<i<j<h

By the analytic independence of xi,...,xy, all the coefficients of the degree-2
monomials in xi, ..., x, must be in n. In particular p; e n forevery j =1,...,h.
This implies that
3 +1
X7 € (X300 xp) + (X]x2,q) + 05T
As before, we pass to the two-dimensional regular local ring T := R/(x3,...,Xxp),
whose maximal ideal is still denoted by n and generated by x;, x,. We can write
x{ =ox{x2+aq + B, an
where B € n**L. This implies that x; + ozwxf'_“’l € (xz,xf+1), SO we can write
x§ 4 oawx™" = xya + x{ b for some a, b € T. This gives
T T 4 aw — bx)) = xpa.
Since x """, x, is a regular sequence in 7, it follows that x/ ™' + aw — bx! = x;¢

for some ¢ € T. Hence cw = xl’*l (bx; — 1)+ x,c and, since w is a unit, we finally
get
o =vxl " 4 dx,

for some v,d € T, v ¢ n. Using this formula in equation (17) yields

x{ = ox{xs+ (vx{ "' +dx2)q + B, (18)

s+1

where B en®™ and v ¢ n.

Claim. If for some r > 2 and j > 2 we have
xlj —ox{X2 — (vxlr_] +dx;)q € n/tl

as in (18) with j = s and r = ¢, then for suitable ¢ € T we also have

j—1 r—1 r—2 j
X —ox] xy—(vx{ " +exy)gen’

Because ¢ = x7 — ax;x; — wx; '™, the assumption of our claim implies

dx} € (x) + 0/t = (x) + (4.

. . . . i—2
Now, since j + 1 > 3 and since x],x23 is a regular sequence, d = ex; + fxé

for some e, f € T and so xlj — ox[xy — (x| + exyx2)g € n/* Since
w1 (x)) = x 0/, it follows that
xlj*l — ler_lxz - (vxf_2 +exy)gen’
and the claim is proved.
Starting from (18) with j = s and r = ¢, we apply the claim 7 — I times to obtain

—t+41
x| —ox1xy —(V+gxz)gen

s—t+2
for some g € T. This implies

(U + gxz)x22 (S (x]) + nS—H—Z — (X[,Xé_t+2);
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as a result, since s — # +2 > 3, we get vx? € (x1,x3), which is a contradiction
because v ¢ n. UJ

COROLLARY 4.6. Let R be a regular local ring of dimension h > 2, let n =
(x1,...,xp) be the maximal ideal of R,and lets > t+1 > 3anda,us,...,up, w €
R. Let I be the ideal generated by

{x1x;}j=3,.. s {XiXj}2<i<j<ns {sz — UjX{}j=3,.. ks
q :=x3 —ax;xy —wx; " xlx,.
Ifus,...,up, w ¢n, then the Hilbert function of R/I is
|0|1|2|...|t|t~|—1|t+2| |s|s+1|
[tal2 2] v ] [t o |

Proof. In the proof of Lemma 4.4 we saw that n” € J + (x7, xl’_lxz) for every
r > 2. This proves that all the powers of n/I can be generated by two elements.
By Lemma 4.5(i) we get Hg;(t) = 2, which implies (by Macaulay’s characteri-
zation of Hilbert functions) that Hg/;(j) = 2 for every 2 < j < t. Since x{x; €
I, we also have Hg/;(t + 1) < 1, which implies that Hg,(j) < 1 for every j >
t + 1. The conclusion follows because x; ¢ I and ntlcr. O

We are now ready to prove the converse of Corollary 4.2.

THEOREM 4.7. Let R be a regular local ring of dimension h > 2, let n =
(x1,...,x5) be the maximal ideal of R, and lets > t+1 > 3anda,us,...,uy, w €
R. Let I be the ideal generated by

(X1} j=3, oo AXi X 2micjmns X7 — 55} =3, s X5 — axixa —wxi™ ™, x{x,.
If us,...;up,w ¢ n, then R/I is an almost stretched Gorenstein local ring with
Hilbert function
lo]1]2].. |t|t+1|t+2| s |s+1]
DOEIBNE N

Proof. Given Corollary 4.6, we need only prove that R/I is Gorenstein.

Let m :=mn/l and y; := Xx; € A = R/I. By Lemma 4.5 we have m/ =
(yl,y1 yz) forevery j =2,...,tandm/ = (y{) for j =t +1,...,s. We prove
the theorem in three steps.

Claim 1. Ifforsome j # 1,t,s and some r € m/ we have ry; = 0,thenr € m/*1,
Proof of Claim 1. Let2 < j <t —1; thenr = Ay{ + uylj_lyz. We have
0=ryr =2y + my{y.

Since y{“, yljyz is a minimal basis of m/*!, it follows that A, © € m and r € mJ/*1,
The caset +1 < j < s — 1 is even easier.

Claim 2. If for some r € m' we have ry, = ry, = 0, then r e m'*!



Structure Theorems for Certain Gorenstein Ildeals 287

Proof of Claim 2. Letr = Ay! +uy'~'y,. Since y!y, = 0, we have 0 = ry; =
Ay{“. This implies A € m. On the other hand,

t—1.2 s—t+1

0=ry, = uy|™'y3 = pyl N@yiys + wy;~" = pwy;.

Because w is a unit in A, this implies that 0 = pyy and so e m. Thus r € mit

Together, Claims 1 and 2 prove that if » € m? and ry; = ry, = 0 then r € m*.
Claim 3. If r € (0) : m then r € m?, so that r € m® and A is Gorenstein.

Proof of Claim 3. Letr € (0) : m; then r € m and we can write r = fo:l AiYi.
Since y;y; = 0 for every j > 3, we have

0=ry; = Ayi +Aayiyo.

This implies A, A, € m so that r = Y"_. A;y; + b with b € m2.

Since y,y; = O forevery j > 3, we obtain 0 = ry; = by; and 0 = ry, = by,;
by Claim 2, this implies that b € m®. Since y;y; = 0 forevery3 <i < j < hand
since m*t! = 0, it follows that

0=ry; =y, = Ajit;y}.

Since i; is a unitin A, this implies A;y{ = 0sothatA; emandr m2. This com-
pletes the proof of Claim 3 and hence of the theorem. O

Theorem 4.7, a structure theorem of almost stretched Gorenstein local rings, can
be refined under a mild assumption on the residue field of R. This will be crucial
for the study of the moduli problem, and it is a consequence of Theorem 4.1 and
Lemma 3.6.

PrROPOSITION 4.8.  Let (R,n, k) be a regular local ring of dimension h > 2, and
let I be an ideal in R such that R /I is almost stretched Artinian and Gorenstein. If
k2 C Kk, then we can find integers s > t +1 > 3, a minimal system of generators
X1,...,Xp of n, and an element a € R such that I is generated by

s—t+1

2 2 ;
{1x}j=3, s (Xixbasicjons 167 = XY=, 0 X5 —axixg — x7 77, x{xa.

Proof. We know that integers s > ¢ 41 > 3 can be found and a minimal system of
generators yi, ..., y; of n can be constructed in such a way that I is generated by

yiti=s,...n iYida<i<j<h {yjz —ujiyiYizs, s Y3 — byiya —wy; T yiya,

where w,us,...,u, ¢ nand b € R. Given Lemma 3.6, we can find elements
v,r3,...,r, € R such that, modulo I, we have

2 ~ 2 ~ 2 ~
vo=1/w),  ry = uz), ..., ry = A/up).
From this is clear that v, r3, ..., r; are units in R and so we can make the following
change of minimal generators for n:
X1 = Y1, X2 = VY2, X3 =7F3Y3, ..., Xp = FpYh-
Then
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2 —1+1 2.2 —+l 7.
Yy —byya —wyp T = (x5 /v7) = bxi(x2/v) —wx) T €L
hence x} — bux;x; — v2wx """ e I. Since v2w = 1 4+ d withd € I, for a := bv
we have
X3 —axixy — xf_"H el.

Furthermore, for every j = 3,...,h,

2 2 .
yi —uiyy = (xj/rj)” —ujxi €I

2 2

hence sz — rfujx} € I. Since rlu; = 1+ e with e € I, for every j = 3,...,h

J
we have
2

N
xi—xy el

Therefore, I contains the ideal generated by

s—t+1

2 2 ‘
{xixg}j=s, o AxiXihocicj<n {X7 — X7} =3, 0y X3 — axix2 — Xy , X{x2.

Since by Corollary 4.6 these two ideals have the same Hilbert function, they must
coincide. U

5. Classification of Gorenstein Local Algebras
with Hilbert Function (1,2,2,2,1,1,1)

We saw in Section 3 that the Cohen—Macaulay type determines the moduli class of
stretched Artinian local rings. In the case of almost stretched Artinian local rings,
the problem is not so easy, even in the Gorenstein case. For example, in [1] it was
proved that if A is Gorenstein with Hilbert function 1,2,2,1 then we have only
two models: the ideals / = (x2,y3) and I = (xy,x> — y3). But already in the
next case, with symmetric Hilbert function 1, 2,2, 2, 1 we have at least three differ-
ent models: two ideals / = (x2, y*) and [ = (xy,x* — y*) that are homogeneous
and one ideal 1 = (x* + 2x3y, y? — x?3) that is not homogeneous.

Things soon become even more complicated in the complete intersection case
of h = 2. Here we study the moduli problem for complete intersection local rings
with Hilbert function 1,2,2,2,1,1,1; we will see that, in this case, we have a
one-dimensional family.

In what follows, (R, n) is a two-dimensional regular local ring such that k =
R /n has the property k'/?2 C k, and [ is an ideal in R such that A = R/I is Goren-
stein with Hilbert function 1,2,2,2,1,1, 1. Rather than going into all the details,
we simply give a sketch of what is going on.

By the main structure theorem we know that there exists a system of generators
¥1, y2 of n and an element a € R such that, by Proposition 4.8,

I=(yiy2.y3 = ayy2 = y}).
Case 1: a ¢ n. Let us change the generators as follows:

Z1=ayy—ya, 22=y13+ayz.
Then
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2
a
d::det< yl) —a’+y ¢n,
1 a
so that 71, z, is a minimal system of generators of n. We have

2122 = (ay1 — y2) (] +ay2) = —a(y3 —ayiys — y}) — yiya el

Since I contains the product of two minimal generators of n, there exists a system
of generators x, y of n such that

1 = (xy,y4 — x6).

Case 2: a e n. Inthis case, we write a = by + cy, and choose v € R such that
1 — cy; = v? modulo I (see Lemma 3.6). Observe that v ¢ 1, so we can change
the generators as follows:

X1 =Y, X2 = Vy2.
Hence we can prove that
1 = ()c13)cz,)c22 — dx12x2 — xﬁ)
withd = bv~' e R.

Case 2a: d € n. In this case we write d = fx; 4+ ex, and choose v € R such
that v? = 1— exl2 modulo /. Itis clear that v ¢ n, so we can change the generators
of n by letting

X =X, y = vxj.

Then it is easy to prove that
I=(x%,y" —x".

Let us now consider the case d ¢ n. We distinguish two subcases, d> + 4 € n
and d” + 4 ¢n.

Case 2bl: d* + 4 e n. Here we have, modulo 7,
(x2 — (d/2)xD)* = x} + (@H4)x! = x} (1 + (dH4) = ex?
with e € R. It follows that, letting
l:=xy — (d/2)x} + (e/d)x; + (e*/d™)x},
we have /2 € I. Then, modulo 7,
Xl = x} (xa — (d/2)x} + (e/d)xi + (€*/d®)x}) = —(d/2)x} + (e/d)x}
=x7(=d/2 + (e/d)x)) = vx]

with v ¢ n. It follows that J = (I, x}1 — vx}) C I. Next we prove J = I.
Notice that x and / form a minimal system of generators of n. We denote by L

the initial form of / in the associated graded ring gr,(R). In order to prove that

I = J, we need to show that the Hilbert function of R/J is 1,2,2,2,1,1, 1. Given

(XL, L*) CJ*C I,

we must prove that
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Z7eJ.
Notice that, modulo J,
vl =X = v (X3P =

Hence x7 € J, so (1%, x1 — vx?) = I.
Now

(%31 —vxd) = (12, (x1/v) — x7) = ((Yv)% 53 (1fv) — x7)
Ifweletx :=1[/vand y = x;, thenn = (x,y) and
I=(x%xy’—y°).

Case 2b2: d* + 4 ¢ n. We can find ¢, e € R \ n such that (modulo /) we have
c?=d?+4and e? = —(2/c) (see Lemma 3.6). We let p := d/c and change the
generators of n by letting

x = (x1/e), y=x+ p(xl/e)z.
Then
X = xe, x2:y—px2

and so, modulo /, we have
0= xjx; =x’e’(y — px*) = e’ (x’y — px°);
this implies x3y — px> € I. Furthermore,

0= x2 dxlxz xf = (y — px2)? —dx?e?®(y — px?) — xte?

= y — X y(2p —I—dez) —I—x4(p2 —i—dezp — e4) = y2 —x*

because

2p +de* = 2(d/c) + de* = 2(d/c) — 2(d/c) =0
and
p2+de’p —e* = (d?*/c?) + (dfc)d(=2)c) — (4)c?) = —(d[c)? — (2)¢)* = —1.
This proves J := (x3y — px>, y> — x*) C I. We remark that

p>—1=(dfc)’ —1=(d*—cP))* = —(2/c)’,
and this implies

pr—1¢n.

In order to prove that I = J, we need to show that the Hilbert function of R/J
is1,2,2,2,1,1,1. We have

(XYY cJrCIr
moreover,
y(x?y — px®) =Py —xH) = —pyx’ +x' e,
which implies x>y — (1/p)x’ € J. Therefore,
x*(xPy = px’) = (£%y — (A/p)x") = (1 — pP)/p)x” € 1.
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From this it follows that x” € J and hence
(X3, YL xhycuyrcrx

These ideals have the same Hilbert function, so we finally get
I =% —px®y? —x¥)

with
p¢n,  pi—l¢n

We have thus found three models (Case 1, Case 2a, Case 2bl) and a one-
dimensional family (Case 2b2). We summarize the models as follows.

Case 1: I = (xy,y* = x%).

Case2a: [ = (x%y,y? —x%).

Case 2bl: T = (x2,xy> —y).

Case 2b2: [ = (x°y — px°,y> —x*); p¢nand p> —1¢n.

At this point a natural question is whether we can pass from one model to an-
other by changing the generators of n. For example, the model I = (xy, y* — x%)
of Case 1 cannot be reached by any of the other models because, however we
choose the element a € n, the ideal (x3y, y> — axy — x*) clearly does not contain
the product of two minimal generators of the maximal ideal n.

We are able to prove that all the models we have found are indeed nonisomor-
phic. Here we give a proof for the ideals in the family of Case 2b2.

PROPOSITION 5.1.  Let p,q € R be such that p,q,p* —1,q> — 1 ¢ n. If n =
(x, ) = (z,v) and (y—px>, y> —x*) = (Fv—qz’,v*—z"), then p* — ¢ en.

Proof. Let I = (x3y — px>,y% — x*). We will use the equalities (rt/I)3 =
(x3,x%9), m/D)* = (%), and (n/1)° = (X°).

We first use the generators v — z* to derive that v2 € n* + I C (y,x*). This
implies v € (y,x2) and so v = ex? + by with b ¢ n. Since (modulo /) we have

v = e*x* 4+ 2ebx?y + b*y? = e®x* + 2ebx’y + b*x 4,
it follows that 2ebx2y € n* + I; this gives e € n and, finally,
v =ax’+by

with a € R and b ¢ n. We also have z = cx + dy with
det<ax2 C) =adx?>—bcén
b d ’
which implies ¢ ¢ n.
Now, modulo 7, we have 0 & v2 — z* = b%x* — ¢*x* 4+ ¢ with ¢ € n°, which
implies 5> — ¢* € n. We also have

0= 3v—g=22(v—qz) Z S3bpx® —qcx° + f
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with f € nS. This implies ¢>bp — gc> € n and so bp — gc? e n. Since b> — c* €
n, we easily obtain the conclusion p? — ¢? en. O

With the methods explained before we can manage also the case with Hilbert func-
tion 1, 3,2, 1. Because this was the sole remaining unresolved case, we can now
classify, up to isomorphism, all Artinian Gorenstein k-algebras of degree 7. Thus
we can solve Question 4.4. of [1]. We prove that if R/I is Gorenstein with Hilbert
function 1, 3, 2, 1 then, after a possible change of generators of n, either

I = (xy,xz,y2,x> =522 = %) or I =(x%y%yz,xz,2% — x2y).

References

[1] G. Casnati and R. Notari, On some Gorenstein loci in Hilbs(P}), J. Algebra 308
(2007), 493-523.

[2] J. Elias, L. Robbiano, and G. Valla, Number of generators of ideals, Nagoya Math. J.
123 (1991), 39-76.

[3] A.Iarrobino, Hilbert scheme of points: Overview of last ten years, Algebraic geometry,
Bowdoin, 1985 (Brunswick, ME, 1985), Proc. Sympos. Pure Math., 46, pp. 297-320,
Amer. Math. Soc., Providence, RI, 1987.

[4] J. C. Rosales, On numerical semigroups, Semigroup Forum 52 (1996), 307-318.

[5] , On symmetric numerical semigroups, J. Algebra 182 (1996), 422-432.

[6] J. C. Rosales and P. A. Garcia-Sanchez, On numerical semigroups with high
embedding dimension, J. Algebra 203 (1998), 567-578.

[7] M. E. Rossi and G. Valla, Stretched m-primary ideals, Beitrige Algebra Geom. 42
(2001), 103-122.

[8] J. D. Sally, Stretched Gorenstein rings, J. London Math. Soc. (2) 20 (1979), 19-26.

J. Elias G. Valla

Departament d’Algebra i Geometria Departimento di Matematica
Universitat de Barcelona Universita di Genova

Gran Via 585 Via Dodecaneso 35

08007 Barcelona 16146 Genova

Spain Italy

elias@ub.edu valla@dima.unige.it



