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Quiver Coefficients of Dynkin Type

ANDERS SKOVSTED BUCH

1. Introduction

Let QO = (Qo, Q1) be a quiver consisting of a finite set of vertices Q¢ and a fi-
nite set of arrows Q. Each arrow a € Q| has a head h(a) and a tail ¢(a) in Q.
For convenience we will assume that the vertex set is an integer interval, Q¢ =
{1,2,...,n}. Lete = (ey,...,e,) € N" be adimension vector, and fix vector spaces
E; =K fori € Qpoverafield K. The representations of Q on these vector spaces
form the affine space V = P, o, HOm(E (), En()), Which has a natural action
of the group G = GL(E;) x --- x GL(E,) given by (g1,...,81).(#a)aco, =
(gh(a) ¢ag;(a1))ae 0~

Define a quiver cycle to be any G-stable closed irreducible subvariety €2 in V.
A quiver cycle determines an equivariant (Chow) cohomology class [22] € HE(V)
and an equivariant Grothendieck class [Oq] € K¢ (V). These classes are well
understood when the quiver Q is equioriented of type A, that is, a sequence {l —
2 — ... — n} of arrows in the same direction. In this case, a formula for the co-
homology class [€2] was given in joint work with Fulton [11], and this formula was
generalized to K-theory in [8]. The K-theory formula states that the Grothendieck
class [Og] is given by

[Oal =) cu()Gu(Er — ENGuy(Es — E2) -Gy, [(Ey — Eqy) € Ka(V),

i

where the sum is over finitely many sequences u = (i, ..., L,—1) Of partitions
w;. Each factor G,,,(E; 1 — E;) is obtained by applying the stable Grothendieck
polynomial for u; to the standard representations of G on E;; and E;. This no-
tation will be explained in Section 3.

The coefficients ¢, (€2) are interesting geometric and combinatorial invariants
called (equioriented) quiver coefficients. They are integers and are nonzero only
when the sum Y _|u;| of the weights of the partitions is greater than or equal to
the codimension of 2. The coefficients for which this sum equals codim(£2) de-
scribe the cohomology class of €2 and are called cohomological quiver coefficients.
It was proved in [25] that cohomological quiver coefficients are nonnegative and
in [10; 29] that the more general K-theoretic quiver coefficients have alternating
signs in the sense that (—1)XItil=codime (Q) is a nonnegative integer. These
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properties had earlier been conjectured in [11; 8], and special cases had been
proved in [6; 13; 14]. The equioriented quiver coefficients can also be expressed
in terms of counting factor sequences [11; 6; 25; 10; 12]. They are known to gener-
alize Littlewood—Richardson coefficients [11], (K-theoretic) Stanley coefficients
[7; 8], and the monomial coefficients of Schubert and Grothendieck polynomials
[13; 14]. The equioriented quiver coefficients are themselves special cases of the
K-theoretic Schubert structure constants on flag manifolds [28; 10; 16].

The purpose of this paper is to introduce and study a more general notion of
quiver coefficients that can be defined for an arbitrary quiver Q without oriented
loops. For each vertex i € Qg, we define M; = @a:h(a):i E (4 to be the direct
sum of all vertex vector spaces at the tails of arrows pointing to i. (If there are
two or more arrows to i from a vertex j, then E; is included multiple times as a
summand of M;.) Given a quiver cycle 2 C V, we show that there are unique co-
efficients ¢, (€2) € Z, indexed by sequences u = (uy, ..., ) of partitions such
that the length £(u;) is at most ¢;, for which

(O] = Zcu(Q)Qm(El —M)Gu,(Ex —M3)--- G, (En — My). (1)
m

As in the equioriented case, a coefficient ¢, (2) can be nonzero only if ) |u;| >
codim(€2), and the lowest-degree coefficients describe the cohomology class [€2].
However, the defining linear combination (1) might possibly be infinite, which
makes sense modulo the gamma filtration on K¢ (V). We pose the following.

CONJECTURE 1.1.  Let Q be a quiver without oriented loops and let 2 C V be a
quiver cycle.

(a) Only finitely many of the quiver coefficients ¢, (S2) for Q are nonzero. In other
words, the sum (1) is finite.

(b) All cohomological quiver coefficients ¢, (2) with Y |;| = codim(2) are
nonnegative.

(©) If Q2 has rational singularities, then the quiver coefficients for Q2 have alter-
nating signs; that is, (—1)2=Hil=codime (@) > (.

Our main result is a formula for the quiver coefficients when the quiver Q is of
Dynkin type and €2 has rational singularities. A quiver is of Dynkin type if the
underlying (undirected) graph is a simply laced Dynkin diagram (i.e., a disjoint
union of Dynkin diagrams of types A, D, and E). In this case, every quiver cycle is
an orbit closure [22]. Bobiriski and Zwara have proved that all orbit closures have
rational singularities if Q is a quiver of type A and K is an algebraically closed
field [1] or if Q is of type D and K is algebraically closed of characteristic zero [2]
(see also [27] for the equioriented case). Our formula relies on an explicit desingu-
larization of an orbit closure given by Reineke [31] and on a list of geometric and
combinatorial properties of stable Grothendieck polynomials established in [9; 8],
and it proves the finiteness part (a) of Conjecture 1.1. Our new formula generalizes
the formula for equioriented quiver coefficients proved in [8] but requires more
operations on Grothendieck polynomials, including multiplication and Grothen-
dieck polynomials indexed by sequences of negative integers. For quivers of type
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A3, we prove the full statement of Conjecture 1.1 and provide positive combinato-
rial formulas for the quiver coefficients in terms of counting set-valued tableaux.

We remark that the positivity properties of quiver cycles suggested by Conjec-
ture 1.1 are analogous to positivity properties satisfied by a closed and irreducible
subvariety Y of a homogeneous space G/P. In fact, the cohomology class of Y can
be uniquely written as a positive linear combination of Schubert classes, where
the coefficients count the intersection points of ¥ with the dual Schubert varieties
placed in general position. Furthermore, Brion has proved that if ¥ has rational
singularities then the Grothendieck class of Y is an alternating linear combina-
tion of K-theoretic Schubert classes [5]. Aside from this analogy, our conjecture
is supported by computer experiments.

Some other formulas for quiver cycles of Dynkin type have been given that do
not involve quiver coefficients. First of all, Fehér and Riményi have proved that the
cohomology class of an orbit closure of Dynkin type is uniquely determined, up
to a constant, by the property that its restriction to any disjoint orbit vanishes [18].
Rimanyi and Buch have used this result to prove a positive combinatorial formula
for the cohomology class of any orbit closure for a (nonequioriented) quiver of
type A that expresses this class as a sum of products of Schubert polynomials [15].
Moreover, a conjectured K-theory version expresses the Grothendieck classes of
such orbit closures as alternating sums of products of Grothendieck polynomials.
These formulas generalize the (nonstable) component formulas for equioriented
quivers proved by Knutson, Miller, and Shimozono in cohomology [25] and by
Buch in K-theory [10]. Despite the positivity displayed by the generalized com-
ponent formulas, we have not been able to relate them to positivity properties of
quiver coefficients in the nonequioriented cases. Finally, a preprint of Knutson
and Shimozono [26] contains a formula for the Grothendieck class of any orbit
closure of Dynkin type that has rational singularities. This formula is stated in
terms of Demazure operators but does not, to our knowledge, suggest any positiv-
ity properties of quiver cycles.

This paper is organized as follows. In Section 2 we recall the definition and
required properties of stable Grothendieck polynomials. Section 3 describes the
equivariant Grothendieck class of a quiver cycle, defines the corresponding quiver
coefficients, and discusses the available evidence for Conjecture 1.1. We also give
an example of an orbit closure for which the associated quiver coefficients do not
have alternating signs. This orbit closure was earlier studied by Zwara [35], who
proved that it does not have rational singularities. In Section 4 we interpret quiver
coefficients in terms of formulas for degeneracy loci defined by a quiver of vector
bundles over a base variety. In Section 5 we describe Reineke’s desingularization
of orbit closures of Dynkin type. This desingularization is used in Section 6 to
prove a combinatorial formula for quiver coefficients of Dynkin type. Section 7
contains the proof of Conjecture 1.1 for quivers of type As.

Our formula for orbit closures of Dynkin type was proved at the time the preprint
[26] became available. We do, however, thank Allen Knutson for earlier suggest-
ing that the resolutions we used to compute quiver coefficients of types A and D
might be special cases of Reineke’s general construction. We have benefited from
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many discussions with Richard Rimdnyi on this general subject as well as from
answers to questions and useful references provided by Wilbert van der Kallen and
Michel Brion regarding group actions and equivariant K-theory. We also thank
Johan de Jong, Friedrich Knop, Chris Woodward, and Grzegorz Zwara for helpful
comments and answers to questions.

2. Grothendieck Polynomials

In this section we fix notation for stable Grothendieck polynomials and state the
required properties. We refer to [8; 9] for more details.

A partition is a weakly decreasing sequence of nonnegative integers A = (A; >
Ay > -+ > Ay > 0). The weight of X is the sum || = Y A, of its parts, and the
length £(A) is the number of nonzero parts. We will identify the partition A with
its Young diagram, which has A; boxes in the top row, A, boxes in the next row,
et cetera. A set-valued tableau of shape X is a filling T of the boxes of A with fi-
nite nonempty sets of positive integers such that the largest integer in any box is
(a) smaller than or equal to the smallest integer in the box to the right of it and
(b) strictly smaller than the smallest integer in the box below it. Given an infinite
set of commuting variables x = (x1,x2,...), we let xT denote the monomial in
which the exponent of x; is the number of boxes of 7 containing i, and we let |T'|
be the (total) degree of x”. For example, the set-valued tableau

1,2 2 12,58

T =

4 7.8

has shape A = (3,2) and gives x” = x1x§x4x5x7x§ and |T| = 9.
The single stable Grothendieck polynomial for the partition A is defined as the
formal power series

G =Gi(x) =) (=DM PT,
T

where the sum is over all set-valued tableaux T of shape A. This power series is
symmetric, and its term of lowest degree is the Schur function s;. It was proved
in [9] to be a special case of the stable Grothendieck polynomials indexed by per-
mutations of Fomin and Kirillov [19], which in turn were constructed as limits of
Lascoux and Schiitzenberger’s ordinary Grothendieck polynomials. By conven-
tion, a stable Grothendieck polynomial applied to a finite set of variables is defined
by Gi(x1,...,xp) = Ga(x1,...,%,,0,0,...).

Given a set-valued tableau T, define its word w(T') to be the sequence of integers
in its boxes when read one row at a time from left to right, with the rows ordered
from bottom to top. Integers in the same box are arranged in increasing order. For
example, the tableau displayed previously gives w(T) = (4,7,8,1,2,2,2,5,8). A
word of positive integers is called a reverse lattice word if every occurrence of an
integer i > 2 is followed by more occurrences of i — 1 than of i. The content of a
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word is the sequence v = (v1, v,,...), where v; is the number of occurrences of i in
the word. For any partition u© = (@1, ..., 1), letu(p) = (I*,...,2#2, 1) be the
word of the tableau of shape 1 in which all boxes in row i contain the single integer
i. We need the following generalization of the classical Littlewood—Richardson
rule from [9, Thm. 5.4] (an alternative proof can be found in [12, Sec. 3.5]).

THEOREM 2.1.  The product of two stable Grothendieck polynomials is given by
G Gu=>_clGu
v

where the sum is over all partitions v and where c;, is equal to (=D)IVI=H=lu]
times the number of set-valued tableaux T of shape A\ for which the composition
w(T)u(w) is a reverse lattice word with content v.

For example, the set-valued tableaux , , and , correspond to the terms
of the product G- G =G +6G q- g - If a coefficient ¢;, is nonzero, then

L] + || < |v| and (the Young diagrams of ) A and u can be contained in v.
Theorem 2.1 implies that the linear span I' = € Z G, of all stable Grothendieck

polynomials is a commutative ring. The stable Grothendieck polynomials are lin-

early independent because the term of lowest degree in G, is the Schur function s, .
If A, i, and v are partitions such that A and u fit inside a rectangular partition R,

we define
R % ,—‘

dy, = Ck,» Where p=(R+m>=}H

is the partition obtained by attaching A and p to the bottom and right sides of R.
This constant d;, is independent of the choice of rectangle R, and it is nonzero
only if |[v| < |A] + |u| and A, u C v [9, Thm. 6.6]. These constants define a co-
product A: T' — T' ® I" given by A(G,) = }; , d;,91 ® G, which gives I" a
structure of commutative and cocommutative bialgebra with unit and counit [9,
Cor. 6.7].

Given an additional set of commuting variables y = (yy,y2,...), define the
double stable Grothendieck polynomial for the partition v by

Go(x:y) =Y d},Gx(x) - Gu (),
Ay

where p is the conjugate partition of p obtained by interchanging the rows and
columns of w. These power series are separately symmetric in each set of vari-
ables x and y, and they satisfy the identities

Go(l—ax;1—a,y) =Gy(x;y) 2)

for any indeterminate a [19] and

Go(x, 2 y,w) = Y dy ,Gilx; ¥)Gpu(z; w) 3)
Al
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for arbitrary sets of variables x, y, z, and w [9, (6.1)]. Another useful identity is
the factorization formula [9, Cor. 6.3], which states that

Grep (X153 Xps Vineeas Vg)

=G0; y1, .., ¥g) - Gr(X1, o Xps Vis oo V) - Gu(X1, ., X)), (D)

where A and p are partitions with A; < ¢ and £(u) < p and where R = (¢”) is
the rectangular partition with p rows and g columns.

LEMMA 2.2. Let R be a commutative ring that is complete with respect to the

ideal m C R (R = lim R/m'), and let Vis--.»Yg € m. Any symmetric formal
power series f € R[x1,..., xp]]zp can be written uniquely as an (infinite) linear
combination
f:Zbkgk(xl’---’xp;yli--qu)’ bAeR, (5)
A

where the sum is over all partitions X with £(A) < p.

Proof. Write x = (x1,...,x,) and y = (y1,...,Y4). Set z = (z1,...,24) where

zi =1—(1—y)™ ==Y, ¥} € R, which is well-defined because y; € m. If
yi =--- =Yy, = 0, then the lemma follows because the term of lowest degree in
G;(x) is the Schur polynomial s;(x). Given an expression
f=)_bjGix), (6)
)

we can define coefficients b, € R by
() by =Y, bld’ Gu(2).

This infinite sum is well-defined in R because z; € m and d;, is nonzero only
when || > |v] — |A|. By (2) and (3) we furthermore have

f=) b,Gu(z,x:y) =Y b,d},Gu(2)Gx(x; y) = Y bGa(x: y).
v A

VA, 1L
Similarly, given coefficients b; € R such that (5) holds, we obtain coefficients
b; € R for which (6) holds by setting b} = _,  byd;, G (y). If f = 0 then all
these coefficients b; must be zero. On the other hand, the coefficients b, can be
recovered from the b by () since, for any fixed partition A,

Z(Zbﬂd;’,gﬂ(y»d:,kgxxz)= D bed,d},Gu(2)Gr(y)

v,u No,T o,V 1, T

= bod,Gu(z: y) = by.

o,V

The first equality holds because A is a coproduct. The third equality follows from
(2) because G, (z; y) is equal to one if v is the empty partition and equal to zero
otherwise. UJ
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The stable Grothendieck polynomials given by partitions can be generalized to
stable polynomials G; indexed by arbitrary finite sequences of integers. These can
be defined by the recursive identities

q q—1
Gipgi = Z Grgk g — Z Grg—1,k,7 (N
k=p+1 k=p+1

whenever [ and J are integer sequences and p < g are integers, as well as by
the identity G; , = G; for any integer sequence I and negative integer p. Thus,
any finite integer sequence / gives a well-defined element G; € I'. This notation is
required in our formula for quiver coefficients of Dynkin type given in Section 6.

3. Quiver Coefficients

In this section we define quiver coefficients and discuss their conjectured positiv-
ity properties. We start by giving an elementary construction of the Grothendieck
class of an invariant closed subvariety in a representation.

3.1. Grothendieck Classes

Let G be a linear algebraic group over the field K and let V be a rational repre-
sentation of G; that is, V is a K-vector space of finite dimension and the G-action
is given by a map of varieties G — GL(V). Then the coordinate ring K[V ] =
Sym* (V") of polynomial functions on V has a locally finite linear G-action, which
in set-theoretic notation is given by (g.f)(v) = f(g~'v) for g € G, f e K[V],
and v € V. Here “locally finite” means that K[V ] is a union of rational represen-
tations of G. Define a (K[V ], G)-module to be a module M over K[V ] together
with a locally finite linear G-action on M that satisfies g.(fm) = (g. f)(g.m) for
m € M. We will say that M is finitely generated (resp. free) if this is true as a
K[V ]-module. If M is finitely generated, then there exists a finite-dimensional
G-stable vector subspace U C M that contains a set of generators. Observe that
K[V] ®k U has a natural structure of a (K[V ], G)-module, where K[V ] acts on
the first factor and G acts on both factors. The map K[V] ® U — M given by
f ®u — fu is a surjective G-equivariant map. Since M has finite projective
dimension as a module over the polynomial ring K[V ] and since all projective
K[V ]-modules are free, it follows that M has a finite equivariant resolution by
finitely generated free (K[V ], G)-modules.

Let 2 C V be a G-stable closed subvariety. Then the coordinate ring Oq =
K[V]/1(€2) is a finitely generated (K[V ], G)-module, so it has an equivariant
resolution

0> F,—>F_1— = F—>0q—0, (8)

where F; is a finitely generated free (K[V ], G)-module. Notice that F;/mF; is a
rational representation of G for each i, where m = 1(0) C K[V ] is the maximal
ideal of functions vanishing at the origin of V.

Let R(G) be the ring of virtual representations of G—that is, formal linear
combinations of irreducible rational representations. Multiplication in this ring is
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defined by tensor products. We define the G-equivariant Grothendieck class of Q2
to be the virtual representation

[0l =) (~'[Fi/mF]eR(G).

i>0

It follows from results of Thomason [33] that this class can be identified with the
class of the structure sheaf of 2 in the equivariant K-theory of V (see Section 4).

3.2. Classes of Quiver Cycles

Let V = D, o, Hom(E, (@), En()) be the vector space of representations of the
quiver Q. Then V is a rational representation of the group G = []}_, GL(E;). It
follows that any quiver cycle 2 C V defines a Grothendieck class [Oq] € R(G).

Choose a decomposition of each vertex vector space as a sum of one-dimensional
vector spaces, E; = L‘i S---D Lii, and let T C G be the maximal torus that pre-
serves these decompositions. Then the virtual representations of T form the Lau-
rent polynomial ring R(T) = Z[[L;.]i']. It follows from [24, Cor. 11.2.7] that
the restriction map R(G) — R(T) is injective, and the image must consist of
Laurent polynomials that are simultaneously symmetric in each group of vari-
ables {[L'] [L‘ 1}. Since all such polynomials can be generated by the ex-
terior powers [ N E i] € R(G), it follows that R(G) C R(T) is the subring of
simultaneously symmetric Laurent polynomials.

Set x; =1- [L;]’1 forl <i<mnandl < j < ¢, and let Z[[x;]] be the ring
of formal power series in these variables. We will consider R (T) as a subring of
Z[[x ], with [L ] > p>0(x "y, In partlcular the Grothendieck class [Oq] can
be regarded as a power series in Z I[xj]] The T-equivariant cohomology of V can
be identified with the polynomial ring Hj (V) = Z[xj l,and HE(V) C Hf (V) is
the subring of simultaneously symmetric polynomials. The power series [OQ] €
Z[[x ]l has no nonzero terms of total degree smaller than d = codim(€2; V'), and
the term of degree d is the cohomology class [2] € H, d(V) (see Section 4.2).

If U is any rational representation of G, we can write it as a direct sum of one-
dimensional T-representations, U = L @ --- @ L,. Given a partition v, we then
define G,(U) = G,(1 — [L{]7",...,1 = [L,]™") € R(G) C R(T). For example,

Gu(E;) = Gy(xi,.. .,xéi). More generally, given two rational G-representations
U, and U,, we define
Gu(Uy = Up) = Y d}, G:(U) G (Uy) €R(G), ©)
2

where U2v is the dual representation of U,. The Schur function s, (U; — U>) is de-
fined as the term of total (and lowest) degree |v| in G, (U; — U,) when considered
as a power series in Z[[x]? 1.

From now on we assume that Q is a quiver without oriented loops. Our defi-
nition of quiver coefficients is based on the following proposition. Recall that we
set M; = EBa:h(a):[ E ) fori € Q.
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ProposITION 3.1.  Let Q be a quiver without oriented loops. Every element of
R(G) can be expressed uniquely as a (possibly infinite) Z-linear combination of
products

Gu(Ey — M) Gy,(Ex — M2) -+ Gy (Ey — My)

given by partitions (L1, ..., L, such that £(u;) < e; for eachi.

Proof. Letl € Qy be a vertex that is not the tail of any arrow in Q. Because
every element of R(G) C Z[[xji 1 is symmetric in the variables x{,...,x/, we
can use Lemma 2.2 to write it as an (infinite) linear combination of the elements
G,,(E; — M) given by partitions u; with at most e; rows and with coefficients in
the subring R = Zl[x; i # []. By induction on n applied to the quiver obtained
from Q by removing the vertex / and all arrows to it, it follows that each of the co-
efficients are unique Z-linear combinations of the products [ [, oy Gu,(Ei — M;).
O
DEFINITION 3.2. Let 2 C V be a quiver cycle for a quiver Q without oriented
loops. The quiver coefficients of €2 are the unique integers ¢, (£2) € Z, indexed by
sequences i = (W1,..., ) of partitions p; with £(u;) < e;, such that

[Oal =) cu(R)Gu,(Er — M)Gyp(Ez — Ma) -+ - Gy, (Ey — M) € R(G).
"

The cohomological quiver coefficients of Q are the coefficients ¢, (£2) for which
> ui| = codim(€2).

It follows from Corollary 4.3 (in the next section) that these coefficients gener-
alize the equioriented quiver coefficients from [11; 8]. The cohomological quiver
coefficients determine the cohomology class of €2 as

[©2] = Z () s, (Ey—=M1)s,,(E2—M3) - - -5, (E — M,,) € H (V).
> |pil=codim(2)

ExampLE 3.3. Let Q = {1 — 2} be a quiver of type A,. Then any quiver cy-
cle in V = Hom(E}, E,) has the form Q, = {¢ € V | rank(¢) < r}. It follows
from Corollary 4.3 and the Thom—Porteous formula of [8, Thm. 2.3] that [Og, ] =
Gr(E, — E)), where R = (e; —r)°*™" is the rectangular partition with e, — r rows
and e; — r columns. We have c(z)(€2,) = 1, and all other quiver coefficients of €2,
are zero.

3.3. Properties of Quiver Coefficients

We do not know a good reason why the quiver coefficients should satisfy the finite-
ness and positivity properties stated in Conjecture 1.1. In the case of equioriented
quivers, where this conjecture is known, these properties are consequences of ex-
plicit formulas for quiver coefficients that are proved by a combination of geo-
metric and combinatorial methods. This is also true for our proof of the finiteness
part (a) for quivers of Dynkin type in Section 6 as well as for our proof of the full
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conjecture for quivers of type A in Section 7. However, if the full conjecture is
true then it is natural to expect that some underlying geometric principle is in play.

One might try to express the classes of quiver cycles as linear combinations of
other products of Grothendieck polynomials than those used in Definition 3.2, but
most choices do not lead to finiteness or positivity properties of the coefficients
(or they lead to such properties that follow from Conjecture 1.1). The one interest-
ing alternative choice that we know of is to define dual quiver coefficients ¢, (£2)
of a quiver cycle Q2 by the identity

[Oal =Y 6 @G (N — EDGuy(N2 — Ez) -+ G, (N, — E,),
"

where the sum is over sequences u = (K, ..., iL,) of partitions such that u; has
at most ¢; columns for each i and N; = @a: Ha)=i Ejy- These dual coefficients
are nothing but the ordinary quiver coefficients for €2 when considered as a cycle
of quiver representations on the dual vector spaces E; for the quiver obtained
from Q by reversing all arrows. This follows from the identity G,(U; — U,) =
gk/(Uzv — Ulv), which holds for arbitrary rational representations U; and U, of
G [9, Lemma 3.4]. We remark that, for an equioriented quiver Q = {1l — 2 —

- — n}, the two notions of quiver coefficients coincide without modifying the
quiver. In fact, an equioriented coefficient ¢, ..., 4,)(€2) is nonzero only if 1, is
the empty partition, in which case ¢, 45, ..., 4,)(§2) = C(us, ..., 1., 9)(£2). On the other
hand, for quivers that are not equioriented, it is difficult to relate the properties of
quiver coefficients and dual quiver coefficients of the same quiver cycle. For the
simplest example, the reader is invited to compare the formulas for inbound and
outbound Aj-quivers proved in Section 7.

It is convenient to encode the quiver coefficients for €2 as a linear combination
of tensors:

Po=> cu( G, ®Gu, ® - ®Gy,. (10)
y2s

If Conjecture 1.1(a) is true, then Pg is an element of the tensor power I'®" of
the ring of stable Grothendieck polynomials I'; otherwise, Pg lives in a comple-
tion of this ring. We will use the following notation: for any linear combination
P= ZH G, ® - ®G,, and classes ay, ..., o, € R(G), set P(ay,...,0,) =
> u cuGu () - - - Gy, (@,). The definition of quiver coefficients then states that
[OQ] = Po(E;— M,,....E, — M, e R(G).

In addition to the evidence for Conjecture 1.1 mentioned previously, we have
used Macaulay 2 [23] and other software to compute the quiver coefficients of
many quiver cycles, including some that are not orbit closures (and not of Dynkin
type). In almost all cases where Macaulay 2 was able to produce a free resolu-
tion of the coordinate ring of a quiver cycle, we could convert the corresponding
expression for its Grothendieck class into a finite linear combination of products
of Grothendieck polynomials as in Definition 3.2. In a few cases we did not suc-
ceed, but we suspect this was due to insufficient computing power. We have never
encountered any negative cohomological quiver coefficients; and when the gen-
eral quiver coefficients failed to have alternating signs, we could often show that
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the corresponding quiver cycle did not have rational singularities—for example,
by using Brion’s theorem [5] described in the Introduction.

ExaMpLE 3.4. Let Q = {I = 2} be the Kronecker quiver and fix the dimension
vector e = (3,3). Let Q2 C V be the closure of the orbit through the point

([?88], [688]).
010 Loot
Zwara [35] showed that this orbit closure has ugly singularities; in particular, they
are not rational. With help from Macaulay 2 [23], we have determined the quiver
coefficients for Q2. There are finitely many of them, and they are encoded in the
following expression Pg satisfying that Po(E, E; — E1 @ Ey) = [Oql:
Po=3®G;1+4G10G:3+1®G22+2G1®G1+3G:0G,+G, @G
+2G30G1+G:s®1
—3®G32—8G1®G31—6G:0G3 —2G1®G22—5G2® G2
—4G;® G, —2G3®G11 — 2G4 ® Gy
—1®G42—-3®0411—6G1®0Gs1—3G: @04 —6G1® G4
+4G1®G32+7G:0G31+2G3@G3+G2®Gr2+4G3 ® G
+ G4 ®G+G4® G
+1®G43+5®0Gs21+10G @ Gap +10G; @ Ga 1.1+ 146G, @ Ga s
+15G11®Gs1 +4G3 G4 +12G2 1 ® G4 — G2 ® G32
—2G3®G31—G4® G2
—2®0G431—4G1®G43—1®G422—16G1®Ga21—16G> ® G4 2
— 12611 ® G4 — 126G ® G411 — 10611 ® G41,1 — 10G3 ® G4
—29G21®G41— G4 ®Gs —7G31 R Gs —3G22 QG4
+1®G432+6G1®Ga31+5G@Ga3+3G11®0Gs3+2G®Gs02
+18G2 ® Ga2,1 +14G11 ® Ga 2,1 +8G3 @ Gy 2 +22G2 1 ® G4 2
+6G3® G411+ 18021 ®Ga 1,1 + 2G4 ® Ga1 +16G3 1 @ Ga i
+6G22®G41+G41 ®Gs+3G32 G4
—2G1®G432—6G:®G431—4G11®Ga31—2G3 G043
—5G100G43—G:®G422—G1,1®G422—8G3® G421
—24G51®G121—G4®Gs2—11G31 ®Ga2 —3G22® G4
—G4®G41,1—9G31® G411 — 3622 ®Ga 1,1 —2G4,1 ® Ga,1
—6G32® 04,
+G:®G132+G110G432+2G3QGs31+6G21 0043,
+26G3100G43+G21®Ga22+G4s®Gs21+11G31®Gs 21
+3G22®G421+G41®Gs2+3G320Gs2+G41®0411
+3G32® G411
—G21®0G432—2G31®G431—G41®G421—3G32RG42,1
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Although this expression does not have alternating signs, the signs are still pe-
riodic in a curious way. In fact, the terms G, ® G, of Pg displayed here are sorted
according to the lexicographic order on the partitions, with v taking precedence
over A, which makes the periodicity readily visible. Furthermore, starting from
the degree-8 term, the signs of the quiver coefficients are the opposite of the ex-
pected. We have also observed this phenomenon for other quiver cycles without
rational singularities but have no explanation for it.

Our calculation also shows that € is the cone over a subvariety of P!” with
Grothendieck class equal to

51h* — 132h° + 700° + 14417 — 26118 +184K° — 661" + 12A" — B'2,

where £ is the class of a hyperplane. Using Brion’s result [5], this gives an alter-
native proof that €2 lacks rational singularities.

Finally, if the cohomology class of €2 is expressed in the basis of products
S, (E1)s,,(Ey — Ep), then

[2] = 3s531(E2 — E1) + s1(E1)s3(E2 — Ey) +522(E2 — EY)
—2s1(E1)s2,1(E2 — E1)
—2s1,1(ED)s2(Ey — Ep) + s1,1(E)s1,1(Ey — Ey)
+ 3s11,1(ED)si(Ey — Ey).

This illustrates that our choice of basis is essential to the positivity conjecture.
It is also essential to the finiteness conjecture, since in general it requires an in-
finite linear combination of products G,,,(E1)G,,(E, — E;) to express a class
G\(Ex — E1 ® Ev).

4. Degeneracy Loci

This section interprets quiver coefficients as formulas for degeneracy loci defined
by quivers of vector bundles over a base variety. We start by summarizing some
facts about equivariant K-theory of schemes based on Thomason’s paper [33].

4.1. K-Theory

Let G be an algebraic group over the field K and let X be an algebraic G-scheme
over K. A G-equivariant sheaf on X is a coherent Ox-module F together with
a given isomorphism /: a*F = p3F, where a: G x X — X is the action and
p2: G x X — X is the projection. This isomorphism must satisfy (m x idy)*I =
D331 o (idg x a)*I as morphisms of sheaves on G x G x X, where m is the group
operation on G and p,3 is the projection to the last two factors of G x G x X.
A G-equivariant vector bundle on X is a locally free G-equivariant sheaf of con-
stant rank.

The G-equivariant K-homology of X is the Grothendieck group K (X) gen-
erated by isomorphism classes of G-equivariant sheaves, modulo relations stat-
ing that [F] = [F’] + [F"] if there exists a G-equivariant short exact sequence
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0—>F — F—> F"” — 0. The G-equivariant K-cohomology of X is the Gro-
thendieck ring K °(X) of G-equivariant vector bundles. The group K¢ (X) is a
module over the ring K ¢(X); both the ring structure of K °(X) and its action on
K¢ (X) are defined by tensor products. If X is a nonsingular variety and G is a lin-
ear algebraic group, then the implicit map K ¢(X) — K¢ (X) that sends an equi-
variant vector bundle to its sheaf of sections is an isomorphism [38, Thm. 1.8]. The
equivariant K-theory of a point is the ring K %(point) = R (G) of virtual represen-
tations of G. Any G-equivariant map f: X — Y defines a ring homomorphism
f*: K6(Y) — KY(X) given by pullback of vector bundles. If f is flat then it also
defines a pullback map f*: K5(Y) — K¢ (X) on Grothendieck groups. The same
is true if f is aregular embedding, in which case the pullback is given by f*[F] =
> o o(=D[Tor/(Ox, F)]. A proper equivariant map f: X — Y defines a push-
forward map f,: Kg(X) — Kg(Y) givenby fu[F1= >, o(—D[Rf F]. This
pushforward map is a homomorphism of K (Y)-modules by the projection for-
mula. If 7: E — X is (the total space of) a G-equivariant vector bundle then
7*: Kg(X) = Kg(FE) is an isomorphism [33, Thm. 1.7], and we will identify
K (E) with K (X) using this map. The inverse map is pullback along any equi-
variant section X — E. When G = {e} is the trivial group, we will use the nota-
tion K°(X) = K'“)(X) and K,(X) = K.j(X) for the ordinary K-theory groups
of X.

Stable Grothendieck polynomials can be used to define K-theory classes as fol-
lows. Given a vector bundle over X that can be written as a direct sum of line
bundles, £ = L, ® - -- ® L,, and a partition v, we define

G,(&)=G,0-L7 .., 1-LTHeK(X). (11)

The symmetry of G, implies that this class is a polynomial in the exterior powers
of the dual bundle £V, so it is well-defined even when £ is not a direct sum of line
bundles. Furthermore, if X is a G-scheme and £ is a G-equivariant vector bundle,
then (11) defines a class G, () € K%(X). Given two G-vector bundles £ and &>,
we define

Gu(&1— &)= deugx(fl)gu/(EZ)eKG(X)- (12)

Al

This extends (9). Thelinearmap ' — K°(X) givenby G, — G,(£,—E&,)isaring
homomorphism. The identity (2) implies that G, (B E3—E2BE3) = G, (E1—E2)
for any third G-vector bundle £3. Equivalently, the stable Grothendieck polyno-
mial for v defines a linear operator G, : K¢(X) — K°(X). Equation (3) implies
that G, (a + B) = Zx,# dl{’ﬂg)\(a)gﬂ(ﬁ) for all classes o, B € KG(X).

4.2. Interpretations of Grothendieck Classes

Assume that G is a connected reductive linear algebraic group containing a K-split
maximal torus T C G; thatis, T = (G,,)" is defined over K. Let V be a ratio-
nal representation of G and let 2 C V be a G-stable closed subvariety. Then the
structure sheaf Ogq is a G-equivariant sheaf on V, so it defines a class [Ogq] €
K (V). If we use that V is an equivariant vector bundle over a point to identify
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K (V) with R(G), then this class agrees with the Grothendieck class of 2 de-
fined in Section 3.1.

Let X be an algebraic scheme equipped with a principal G-bundle P — X. In
other words, G acts freely on P and X equals P/G as a geometric quotient [30].
For a G-variety Y we write Y5 = P x¢Y = (P x Y)/G. We will use this notation
only when Y is equivariantly embedded as a closed subvariety of a nonsingular
variety, in which case it follows from [17, Prop. 23] that Y;; is defined as a scheme.
Given that the category of G-equivariant sheaves on P is equivalent to the cate-
gory of coherent Ox-modules [4, Thm. 6.1.4], it follows that V; is a vector bundle
over X with fibers isomorphic to V [17, Lemma 1] and that the closed subscheme
Qg C Vg is a translated degeneracy locus consisting of one copy of €2 in each
fiber; its structure sheaf defines a Grothendieck class [Oq;] € Ko (Vi) = Ko (X).

More generally, let H be a second algebraic group over K, and assume that P
and X are H-schemes such that the map P — X is equivariant and the H-action on
P commutes with the G-action. In this case, V;; is an H-vector bundle over X and
Q¢ defines an equivariant class [Og;] € Ku(Vg) = Ku(X). Let ¢ : R(G) —
KH(X) be the ring homomorphism defined by ¢ (U) = [Ug] for any rational G-
representation U. The following lemma interprets the Grothendieck class [Oq] €
R (G) as a formula for degeneracy loci.

PROPOSITION 4.1.  The H-equivariant Grothendieck class of Qg C Vi is given
by [Ogsl = ¢6([0el) € Ku(X).

Proof. A finitely generated free (K[V '], G)-module F corresponds to a G-equi-
variant vector bundle F = Spec(Sym F V) over V, which in turn defines the H-
equivariant vector bundle FG =P x5 Fon Vi [17, Lemma 1]. This construction
applied to (8) produces an exact sequence

0— (F)g = (F_1)g — - = (Fo)g = Oqz — 0

of H-equivariant goherent sheaves on V. Let s: X — V be the zero sgction.
Since the fiber of F; over the origin of V equals F;/mFj, it follows that s*(F;)g =
(F;/mF;)g. Therefore,

[Oal=Y (=Dis*[(F)gl = Y (=1 [(F/mF)¢] = ¢6([0a])

i>0 i>0

in Ky (X), as required. O

Write T = (G,,)" as a product of multiplicative groups, and define one-dimen-
sional T-representations Li,...,L, by L; = K and (¢#,...,t,).v = t;uv for v €
L;. Then R(T) = Z[L}',...,L¥"] C Z[x1,...,x,]l, where x; = 1 — L;". Since
R(G) C R(T) by [24, Cor. 11.2.7], we may regard the class [Ogq] as a power
series.

The variety Q2 C V also defines a class [€2] in the equivariant Chow cohomol-
ogy ring H7 (V). If we abuse notation and write x; also for the Chernroot ¢;(L;) €
H7(point) = H}(V ), then thisring is the polynomialring H; (V) = Z[xy, ..., x,]
by [34, Sec. 15], and the class [€2] coincides with the term of total degree d =
codim(€2; V) in the power series [Og]. To see this, we need Totaro’s algebraic
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approximation of the classifying space for T [34]. Set P = H?ZI(L?‘”I \ {0}
and X = P/T = [[,_,P% Then H.(V) = H'(Vr) = H(X) fori < d by [34,
Thm. 1.1] or [17, Prop. 4], where V7 = P x” V and x; € H..(V) corresponds to
a hyperplane class in the ith factor of X. The cohomology class of 2 is defined
by [Q2] := [Q27] € HVy). Letch: K°(Vy) — H*(Vy) ® Q be the Chern char-
acter—that is, the ring homomorphism defined formally by ch(£) = exp(c;(L))
for any line bundle £ on V7 [20, Ex. 3.2.3]. Then ch(pr(x;)) = 1 — exp(—x;),
so the lowest term of [Og] agrees with the lowest term of ch(¢7([Og])). Now
Proposition 4.1 and [20, Ex. 15.2.16] imply that ch(¢7([Oq])) = ch([Oq,]) =
[€27] + higher terms. This shows that [2] is the lowest term in [Oq ] and also that
[Oq] has no nonzero terms of degree smaller than codim(€2; V).

We finally prove that the Grothendieck class of €2 is uniquely determined by the
formula it provides in ordinary K-theory.

ProPOSITION 4.2.  The equivariant Grothendieck class of 2 is the unique virtual
representation [Oq] € R(G) for which [Oq.] = ¢c([0ql) € Ko(X) for every
nonsingular variety X and principal G-bundle P — X.

Proof. In view of Proposition 4.1, it is enough to show thatif ¢ # 0 € R(G) then,
for some principal G-bundle P — X with X nonsingular, ¢ () # 0 € Ko (X).
Let d be the degree of the lowest nonzero term of a € Z[[x1,...,x,]. As in
[17, Lemma 9], we embed G in GL(m) for some m and let P be the set of all
m x (m + d) matrices of full rank. Then G acts freely on P; the quotients X =
P/G and P/T are nonsingular varieties; and, since P has codimension d + 1 in
the vector space of all m x (m + d) matrices, it follows from [34, Thm. 1.1] or [17,
Prop. 4] that H(P/T) = H }(V) fori < d. Consider the commutative diagram

R(G) —— R(T)

K°(X) —— K°(P/T) - H*(P/T)®Q,

where the bottom left map is pullback along P/T — P/G = X. Since the im-
ageof o in HY(P/T)® Q = HY‘-[(V) ® Q is nonzero, we conclude that g (@) €
K°(X) = K,(X) is nonzero as well.

4.3. Degeneracy Loci Defined by Quiver Cycles

Let V and G be as in Section 3.2, and let 2 C V be a quiver cycle. We will use the
constructions given previously to interpret the quiver coefficients of €2 in terms of
formulas for degeneracy loci. Let X be an algebraic scheme over K equipped with
vector bundles &, ..., &, of ranks given by the dimension vector e = (e, ...,e,).
Define the bundle V = @, 0, Hom(E;a), En(y) over X. Because the fibers of V
are isomorphic to the representation space V, any quiver cycle Q2 C V defines a
translated degeneracy locus Q C V. Tobe precise, let 7: P — X be the princi-
pal G-bundle such that &; = (E;)g = P x©@ E; for each i. This bundle can be
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constructed as a multiframe bundle P C £7' @ --- @ £9¢ with fibers 7' (x)
consisting of lists of bases of the fibers £;(x). Then V = Vg and 2 = Qg C V.

COROLLARY 4.3.  The Grothendieck class of the translated degeneracy locus QcC
V is given by

[0g] =Y cu(@)G(E1 = M)+ G, (Ey — My) € Ko (V),
"

where M; = @a;h(a):i Eiwy =P x® M;. Furthermore, the quiver coefficients
for Q are uniquely determined by the truth of this identity for all nonsingular va-
rieties X and vector bundles &, ..., E,.

Proof. This follows from Proposition 4.2 and the definition of quiver coefficients,
since 9 (G, (Ei — M;)) = G, (€ — M,). o

Define a representation &, of Q on the vector bundles &, ..., &, over X to be a col-
lection of bundle maps &) — En) corresponding to the arrows a € Q. Such a
representation defines a section s: X — ). We define the degeneracy locus 2(€.)
as the scheme-theoretic inverse image 2 (&.) = s’l(ﬁ) C X. This degeneracy
locus consists of all points in X over which the bundle maps of £, degenerate to
representations in 2. For example, if &. denotes the tautological representation
of Q over V, defined by the universal maps between the pullbacks of the vector
bundles &; to V, then Q= Q(g.).

Assume that X has an action of an algebraic group H over K and that the rep-
resentation &, consists of H-equivariant vector bundles and bundle maps. Then P
has a commuting H-action (as in Section 4.2) and V is an H-vector bundle, so it
follows from Proposition 4.1 that the identity of Corollary 4.3 holds in Ky (V). It
also follows that s: X — ) is an equivariant section.

We can define a localized class 2(€,) in Ky ($2(£.)) by

Q&) =5'(105]) = Y (~)[Tor} (Ox. Og)].

Jj=0

This definition is compatible with (H-equivariant) flat or regular pullback and
proper pushforward [21], and the image of (€&.) in Ky (X) is given by

Q(E) =505 =D (G, (E1 = My) - G, (£ — M),
"

Furthermore, if X and 2 are Cohen—Macaulay and if the codimension of €2 (€,)
in X is equal to the codimension of 2 in V, then we have (&.) = [Oq,)] €
K (S2(£.)). This is true because a local regular sequence generating the ideal of
X in V restricts to a local regular sequence defining the ideal of 2(£,) in Q by [20,
Lemma A.7.1]. This implies that Tor}’ (Ox,0g) = 0forall j > 0, s0o R(¢&.) =
[Ox ®o, Ogl = [Ogq,)]. We note that if Q is a Dynkin quiver of type A or D
and if K is algebraically closed, then any orbit closure 2 C V is Cohen—Macaulay
[27; 1; 2]. The following corollary generalizes all the preceding formulas involv-
ing quiver coefficients, including Definition 3.2.
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COROLLARY 4.4. Let &, be a representation of Q consisting of H-equivariant
vector bundles and bundle maps over X. Assume that both X and Q are Cohen—
Macaulay and that the codimension of 2(E.) in X is equal to the codimension of
Qin V. Then

[Oaey]l = ZCM(Q)QM(& - My G (€ —M,) € Ky(X).
m

Let X be a nonsingular variety. Subject to mild conditions, Corollaries 4.3 and
4.4 have cohomological analogues. For a partition A = (Aq,...,A;) and vec-
tor bundles A and B over X, define 5;,(A — B) = det(h;,+j—i)ixi € H*(X),
where the classes h; are defined by ), h; = c¢(B")/c(A") and where c¢(A") =
1—c¢i(A) 4 ca(A) — - - - is the total Chern class of AY.

CoRrOLLARY 4.5.  If X admits an ample line bundle or if Q is a quiver of Dynkin
type, then the Chow class of the translated degeneracy locus Q C V is given by

Q1= Y @5 E — M) 5, (En — M) N[V Ho (V).
2 luil=codim(S2)
Without these conditions, this identity holds in H*(V) ® Q.

If X has an ample line bundle, then one can deduce this statement from the ex-
pression for [©2] € HZ (V) along the lines of [15, Sec. 2.5]; if Q is of Dynkin type,
then one can replace Grothendieck polynomials with Schur polynomials in the
proof of the formula for quiver coefficients given in Section 6. The formula with
rational coefficients follows from Corollary 4.3 by using the Chern character [20,
Ex. 15.2.16]. If H is a linear algebraic group, then a cohomological analogue of
Corollary 4.4 can be proved from Corollary 4.5 by first replacing X with the Borel
construction P x* X, where P/H is an algebraic approximation of the classify-
ing space of H [34; 17], and then applying [20, Prop. 7.1]. We leave the details to
the reader. We expect that Corollary 4.5 is true without the assumptions, but we
have not found a proof.

5. Resolution of Singularities

Our formula for quiver coefficients of Dynkin type is based on Reineke’s resolu-
tion of the singularities of orbit closures for Dynkin quivers [31]. It will be conve-
nient to formulate Reineke’s construction for an arbitrary quiver Q together with
a representation of Q on vector bundles over a base scheme X.

Let X be an algebraic scheme over K that is equipped with a representation &,
of QO on vector bundles over X with rank(€;) = ¢;. Leti € Q be a quiver ver-
tex and let » be an integer with 1 < r < ¢;. Let p: ¥ = Gr(e; — &) - X
be the Grassmann bundle of rank-r quotients of £; with universal exact sequence
0—->S8— & — Q— 0. (We will avoid explicit notation for pullback of vector
bundles.) We define the scheme X; , = X; ,(£,) to be the zero scheme

Xir=2Z(M; - Q) CY,

where M; = D, ()i €1t and the map M; — Q is obtained by composing the
projection £; — Q with the sum of the bundle maps £; — &; of the representation
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&.. This scheme has a natural projection p: X; , — X. Observe that, on X, ,, all
the maps £; — &; can be factored through the subbundle S C &;. Using the fac-
tored maps, we obtain an induced representation £/ over X; , on vector bundles
givenby &/ = &; for j #iand £/ = S.

More generally, leti = (iy,...,i,,) be a sequence of quiver vertices and r =
(r1,...,7y) a sequence of positive integers such that, for each i € Qg, we have
e >y i;—i Tj- We can iterate the foregoing construction and define

Xi,r = Xi,r(g-) = ( t ((Xil,rl)iz,rz) T )im,rm'
The variety (X, r,)i,,r, is constructed using the induced representation £ on X;, ,,,
and so forth. Let 7: X; , — X denote the projection. In general, this map may
have fibers of positive dimension.

Now let Q be a quiver of Dynkin type and let @ C N” be the set of positive
roots for the underlying Dynkin diagram. Here we identify the simple roots with
the unit vectors €; € N”, 1 < i < n. According to Gabriel’s classification [22],
there is a unique indecomposable representation of O with dimension vector o
for every positive root « € ®T, and all indecomposable representations have this
form. This implies that the G-orbits in V correspond to sequences (m,) € N®" for
which )~ mg« is equal to the dimension vector e. Furthermore, since the number
of orbits is finite, it follows that every quiver cycle in V is an orbit closure.

For dimension vectors o, B € N", let (o, 8) = Y i, a;Bi — Zate As(a) Bhia)
denote the Euler form for 0. Let &' C &% be any subset of the positive roots.
A partition &’ = Z; U --- U Z; of this set is called directed if («, 8) > 0 for all
a,pelj,1<j<sand{a,B)>0=>(B,a)foralla €Z; and B € Z; withi <
j. A directed partition always exists because the category of representations of Q
is representation directed [32].

Let (my) e N " bea sequence representing an orbit closure Q C V, let &’ C
®* be a subset containing {« : m, # 0}, and let ®' = Z; U - - - U Z; be a directed
partition. For each j € [1, s], write Zad mea = (pl,...,p,];) e N”. Then let
i/ = (i1,...,i;) be any sequence of the Vertlces i € Qy for which p # 0, with no
vertices repeated and ordered so that the tail of any arrow of Q comes before the
head. Setr/ = ( p,l, e pl ). Fmally, let i and r be the concatenated sequences
i=i'i>---i*andr =r'r?- .. r’. We will call any pair of sequences (i, r) arising
in this way a resolution pair for 2.

Let E. denote the representation of Q on the vector bundles E; =V X E;overV
defined by the tautological maps E;) — Enw), (¢,y) = (@, ¢4 (¥)), fora € Q.

THEOREM 5.1 (Reineke). Let Q be a quiver of Dynkin type, Q2 C 'V an orbit
closure, and (i,r) a resolution pair for Q2. Then the map w: Vi (E.) — V has
image $2 and is a birational isomorphism of Vi r(E.) with .

We remark that Reineke’s paper [31] states this theorem only in the case where
the resolution pair (i, r) is constructed from a directed partition of the set of all
positive roots @, but the proof covers the more general statement.

Our formula for quiver coefficients given in the next section uses a resolution
pair (i,r) and requires a number of steps proportional to the common length of i



Quiver Coefficients of Dynkin Type 111

and r. It is therefore desirable to make these sequences as short as possible. One
reasonable choice is to take the minimal set ®’ = {« : m, # 0} and use the fol-
lowing “greedy” algorithm to produce a shortest possible directed partition of ®’.

Define Z(®’) to be the (unique) largest subset of &’ for which every element
a in Z(d’) satisfies both («,8) > 0 for all B € ®" and (B,a) < 0 forall B €
@'\ Z(d’). This set can be constructed by starting with all roots « € &' for which
the first inequality holds and then discarding roots until the second inequality is sat-
isfied. Since at least one directed partition for @ exists, it follows that Z(®') # @.
We now obtain a shortest possible directed partition of @’ by setting Z; = Z(d'),
I =Z(P'\ 7)), L3 = (D' \ (Z1 U Lr)),....

ExaMmpLE 5.2. Let Q = {1 — 2 <« 3} be the quiver of type A3 in which both
arrows point toward the center. The set of positive roots is @+ = {a;; | 1 < i <
j <3}, where «;; = Z;:i &,. Given an arbitrary partition &~ =Z, U --- UZ,
we write n(a) = j for o € Z;. The partition is directed if and only if n(a) < n(B)
when the following graph has an arrow from « to 8 and n(«) < n(8) when the
graph has a solid arrow from « to 8:

ap —— @33

This graph is constructed by drawing a solid arrow from « to g if (8,«) < O or
a dashed arrow from « to g if (B,«) > 0 and (o, 8) > 0. The shortest directed
partition of the positive roots is ®* = {2, ap, @23} U {3, oy, @33}

Let 2 C V = Hom(E}, E;) @ Hom(E3, E;) be an orbit closure corresponding
to the integer sequence (m;;) € N®" with > myjo;j = e = (e1,ez,e3). Then Q is
defined set-theoretically by

Q = {(¢1,¢3) €V | rank(¢|) < myp + m3 and rank (¢3) < mo3 +my3
and rank (¢ + @3 : E1® E3 — E») <mp +mos +mp).

As preparation for Section 7, we will work out the desingularization of €2 ob-
tained from the directed partition ®* = {2} U {app, @23, @13} U {o1, 33}, The
corresponding resolution pair (i,r) is given by i = (2,1,3,2,1,3) and r =
(mop,mpp +myz, mo3 +mi3, e; — moy, myy, ms3). Form the product of Grassmann
varieties P = Gr(myy, E1) X Gr(ey — may, Ey) x Gr(mssz, E3). The desingular-
ization of €2 defined by (i, r) is the variety

Vi,r(E-)
= {(81, 52,83, ¢1,¢03) € P x V | ¢;(E;) C S, and ¢;(S;) =0 fori =1,3}.
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6. A Formula for Quiver Coefficients

Let Q be an arbitrary quiver, and let X be an algebraic scheme over K equipped
with vector bundles &1, ..., &, such that rank (£;) = e; for each i. Over the scheme
Y = @ate Hom(&(a), £na)) We have a tautological representation é~' of Q on
(the pullbacks of ) the bundles £;. Any pair of sequencesi = (iy,...,i,) € Qy and
r=(,...,ry) € N with Zij:i rj < e; foreach i, defines amap 7 : V“(g,) —
V. In this section we give a formula for coefficients c,(i,r) € Z, indexed by se-
quences of partitions & = (uy, ..., 1,) with £(u;) < e;, such that

ﬂ*[ovi,,] = Zcﬂ(i’ r)g,m(gl _Ml)guz(SZ _M2) e g,u,,(gn _Mn) € KO(V),

n

where 7w, : Ko(Vir) — K,(V) is the proper pushforward along . If Q is a quiver
of Dynkin type and (i,r) is a resolution pair for an orbit closure 2 C V with
rational singularities, then ¢, (2) = ¢, (i, r). Our formula is stated in terms of op-
erators on tensors of Grothendieck polynomials that we define as follows.

Let i € Qq be a quiver vertex. We use v, : I'®"*+! — ['®+l ¢ denote the lin-
ear operator that applies the coproduct A to the ith factor and multiplies one of the
components of this coproduct to the last factor. More precisely, ¥; is defined by

Wi(g;“ ®---® gun ® gk)
= Z(Zdar Il)gltl ® - ®Gu_ ®Ys ®glu+1 ® - ®Gu, ®G,

where the sum is over all partitions o, 7, and v and where the constants d*i and
c?, are as defined in Section 2.
For integers r, ¢ with r > 0, define the linear map A, ,.: I'®"*! — ['®" by

Ai,rxc(gu.l ®---® gu,, ® gv)
= gm @ ® gum ® g(t')"-kv,ui ® gum ®-® gun

if £(v) <randby A; (G, ®---®G,, ®G,) = 0otherwise. Here (¢)" + v, i1;
denotes the concatenation of the integer sequence (¢ + vy,...,c + v,) with the
partition u;. When this does not result in a partition, the Grothendieck polyno-
mial G(;)r 1., ,, is defined by equation (7). The operator A; . will be applied with
negative as well as positive integers c.

Let ay,...,a; € Q) be the arrows starting at i; that is, #(a;) = i for each j.

Define the linear map <I>l%’e: [®" — [®" py

q’,-?f@) =Ai V@) V(P @ 1),

where ¢ = rank(M;) —e; + 1.

Given sequences i = (iy,...,in) € Qf andr = (ry,...,r,) € N™ as before, we
define a tensor PQ ¢ eI'®" as follows. If m = O then we set PQ ‘=1®---®1.
Otherwise we may assume by induction that PQ 7 €I'®" has already been deﬁned
where i’ = (io,...,im), ¥ = (ro,...,7m), and ¢’ is the dimension vector defined
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by ej = ¢; for j # iy and e] = e; — ri. In this case we set PQ ¢ — 92 e(PQ e)

1,71
We define the coefficients ¢, (i, r) as the coefficients in the expansmn

Pi?r’e = Z C/l.(i’ r)gljvl ® g}/,z ® Tt ® gM’l.

n

It follows from this definition that ¢, (i, r) is zero unless £(u;) < e; for each i.

Given any element P = ) ¢,G,, ® ---®G,, €'® and ay,...,a, € K°(X),
we set P(ay,...,a,) = D ¢cuGu(@1)Guy(e2) - Gy, () € K°(X). The follow-
ing theorem gives the geometric interpretation of the coefficients c, (i, r).

THEOREM 6.1. Let m: Vi’r(g’.) — V be the map associated to sequences i,r.
Then 7, ([0, 1) = P25(E — My,....E0 — M) € K°(V).

COROLLARY 6.2. Let Q be a quiver of Dynkin type, Q2 C V an orbit closure,
and (i,1) a resolution pair for Q. If Q has rational singularities then P =
PlQr or, equivalently, the quiver coefficients of 2 are given by ¢, () = c,(i,r).
Furthermore, this identity is true for all cohomological quiver coefficients without

the assumption about rational singularities.

Proof. If X is a nonsingular variety, then it follows from Reineke’s theorem that
VY r(c‘f ) > Qisa desingularization of the translated degeneracy locus QcC
V. If Q has rational singularities, then 7, ([Oy; 1) = [Og] € K.(V) and so the
corollary follows by comparing Theorem 6.1 to Corollary 4.3. Without this as-
sumption, we still have m,[Vj ;] = [§~2] in the Chow ring of V, which suffices to
determine the cohomological quiver coefficients. O

REMARK 6.3. If 2 C V is an orbit closure of Dynkin type, then the quiver coef-
ficients for € are identical to the quiver coefficients for © = Q x Spec(K) SPEC (K),
where K is an algebraic closure of K. Corollary 6.2 therefore applies also if £ has
rational singularities, which has been proved for quivers of type A in any charac-
teristic and for quivers of type D in characteristic zero [27; 1; 2].

We have computed the coefficients ¢, (i, r) for lots of randomly chosen quivers Q
and sequences i and r, and in all cases they had alternating signs in the following
sense.

CONJECTURE 6.4. We have (—1)ZWIFEIle (i v)e,(i,r) > O for arbitrary
sequences of partitions u and p'.

In almost all examples that we computed, the coefficients ¢, (i, r) of lowest degree
were positive. However, we also found examples where the lowest-degree coeffi-
cients were negative, the next degree up were positive, and so forth. We speculate
that in many examples the class 7, ([Oy, .]) has been equal to the Grothendieck
class of the image of 7, which is always a quiver cycle in V. We therefore regard
our verification of Conjecture 6.4 as additional evidence for Conjecture 1.1. For
the proof of Theorem 6.1, we need the following Gysin formula from [8, Thm. 7.3].
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THEOREM 6.5. Let F and B be vector bundles on X. Write rank(F) = s + g
and let p: Gr(s,F) — X be the Grassmann bundle of s-planes in F with uni-
versal exact sequence 0 — S — p*F — Q — 0. Let I = (I1,...,1)) and J =
(J1, J2,...) be finite sequences of integers such that I; > rank(B) for all j. Then

P«(G1(Q — p*B) - G4(S — p*B)) = G1_(59),s(F — B) € Ko (X),
where I — (s9) and J = (11 —s,..., 1, — 5, J1,J2,...).
Consider a variety V; , = Z(M; — Q) C Y = Gr(e; — r,&;) as in the previous

section, where 0 - S — & — Q — 0 is the universal exact sequence on Y. Let
p: Vi, — V be the projection and let £ be the induced representation on V; .

LEMMA 6.6. Let P’ € T'®"*! and set P = v;(P’). Then P'(ay,..., 00, Q) =
P(ay,...,oi—1,0; — Q,Qjt1, ..., 0, Q) for any elements ay, ..., o, € K°(V; ).

Proof. For partitions w; and A we have
Gui(ei) - Gu(Q) = Gy (a; — 2+ Q) - Gi(Q)
=Y dliGo(ai — Q) - G:(Q) - G1(Q)

= Z dliGs(a; — Q) ZC&%(Q)- =

PROPOSITION 6.7.  Let P' € T'®" and set P = ®2:°(P) and M/ = D= Eiay-
Then p(P'(E] — M, ....EL — M) = P(E — My, ....En — M,) in Ko (V).

Proof. For each j € Qp we have [M;] = [Mj’»] + plQ] € K°(V; ,), where p is
the number of arrows from i to j. Lemma 6.6 therefore implies that

P& —M{,....E — M) =P'(E — My,....E, — My, Q),
where P" = Yy Yha)(P' @ D).

It follows from Example 3.3 that [Oy, ] = Gr(Q — M;) in K,(Y), where R =
(rank(M;)"). The pushforward of P'(§{ — M1,....E, — M) from V; , to Y is
therefore equal to P"(E] — My, ....E, — M,,, Q) - Gr(Q).

Let 1; and v be partitions. If £(v) > r then G,(Q) = 0. Otherwise it follows

from the factorization formula (4) that G, (Q)Gr(Q — M;) = Gr,(Q — M,),
and Theorem 6.5 implies that

Pu(Griv(Q — M) - G (S — M) = Gieyraw, i (Ei — M),
where p’: Y — V is the projection and ¢ = rank(M;) — ¢; + r. We conclude

that p(P'(€{ — M{,....E, = M})) = P(E — My, ....E, — M,,), where P =
Airxe(P") = ®25(P). O

Proof of Theorem 6.1. Let X' = Gr(e;, — r1,&;,) — X be the Grassmann bundle
of rank-r; quotients of &;. Then the bundles Sj/ are defined on X/, and ¥ =
V xx X' can be constructed as the bundle @ate Homo,, (£1(a), En)) over X'.
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It follows that V; ,, = Z(M; — &;/&]) C Y is isomorphic to the bundle
D.co, Homo,, (Eiw), £ y)» Which implies that V;, ,, is an affine bundle over V' =
@ate Homox,(é'l/(a), Sl;(a)). Moreover, we have the fiber square

Vie —— Vi (€D

b

Vil,rl > V.

By induction on m we know that B,(1) = Pi%,e/(é‘{ - M, LE - M) e
Ko(l{’); since the horizontal maps are flat, this implies that 8, ([Oy; 1) = B«(1) =
Pi,Q’,g & —Mi,....&, — M) e K,(Vy.r,). Proposition 6.7 finally shows that

. ([Oy; 1) = p*(Pi%-/e,(gl, — M. 8 = M)
= PLQr’e(gl —_ Ml? --~’€n - Mn) S KO(V)7

as required. O

REMARK 6.8.  For applications of our formula, it would be useful to know the re-
duced equations generating the ideal of an orbit closure 2 C V for a quiver Q of
Dynkin type. For example, such equations will result in a more explicit construc-
tion of the degeneracy loci 2 (£.) defined by .

Let ¢ € V be a representation of Q on the vector spaces Ej, ..., E,, and fix an-
other representation ¥y = (¥/,)4e o, On vector spaces Fi, ..., F,,. Ahomomorphism
from y to ¢ is a collection B of linear maps f;: F; — E; such that ¢, B, =
Br@¥a as a map from Fy, to Ej, for all a € Q. Let Hom(y, ¢) denote the
vector space of all such homomorphisms. Bongartz has proved in [3, Prop. 3.2]
that ¢’ belongs to the orbit closure 2 = G.¢ if and only if dim Hom(y, ¢’) >
dim Hom (v, ¢) for all (indecomposable) representations i of Q. Set

A= @ Hom(F;,E;) and B = @ Hom(Fy (), Ena)s

i€Qo ae Qi

andletyy, 4: A — B bethelinearmap givenby vy 4(8) = (Br@)¥a — PuaBi@))aco;-
Define rank, (¢) = rank(yy, 4). We then have

Q = {¢'€V | ranky(¢') < ranky (¢)

for all indecomposable representations ¢ of Q}. (13)

This description of the orbit closure €2 gives rise to set-theoretic equations for €2 in
terms of minors of the matrices yy, 4. Itisinteresting to ask if these equations in fact
generate the ideal 7(€2) C k[V']. This has been proved for equioriented quivers of
type A by Lakshmibai and Magyar [27], but reduced equations for orbit closures
appear to be unknown for quivers of other types. We have used Macaulay 2 [23]
to check that minors of the matrices yy 4 in fact generate the ideal of the inbound
Aj-orbit closure given by m;; = 1for1 <i < j < 3 (see Example 5.2).
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If £, is arepresentation of Q on vector bundles over X, then each fixed represen-
tation ¥ of Q defines a vector bundle map from A = @ ic0o Hom(F; ® Ox, &;)
toB = @ate Hom(Fj,) ® Ox, Eia)), and the degeneracy locus £2(E,) is the set
of points x € X where the rank of this bundle map is at most rank, (¢) for all .
Assuming that (13) gives the reduced equations of €2, this description of 2 (£.)
also captures its scheme structure.

7. Quiver Coefficients of Type A3

In this section we prove combinatorial formulas for the (nonequioriented) quiver
coefficients of type Az. These formulas are based on counting set-valued tableaux
and show that the coefficients have alternating signs.

7.1. Inbound As; Quiver

Let O = {l — 2 < 3} be the inbound quiver of type A3 from Example 5.2, and
let & C V be the orbit closure given by (m;;) € N®". For partitions A, u, and v,
define the coefficient

_ § (m33)™2 5 (m)™>
C)L,M,V - dk,a dr,v Cor’

0,7

where the sum is over all partitions o and t.

PROPOSITION 7.1.  The coefficient c;. .., is equal to (—1)*FIniFIvi=mssmp=mumas
times the number of pairs (o, T )—a partition o contained in the rectangle (m33)™?
with miy rows and ms3 columns, and a set-valued tableau T whose shape is a par-
tition contained in (my,)"3—that satisfy the following conditions.

(1) If o is placed in the upper left corner of the rectangle (m33)™?2 while the
180-degree rotation of A is placed in the lower right corner, then their union
is the whole rectangle and their overlap is a rook-strip; that is, the overlap
contains at most one box in any row or column.

(ii) If T is placed in the upper left corner of the rectangle (m)™® while the
180-degree rotation of v is placed in the lower right corner, then their union
is the whole rectangle and their overlap is a rook-strip.

(iii) The composition w(T)u(o) is a reverse lattice word with content p (in the
terminology of Theorem 2.1).

Proof. This follows from Theorem 2.1 because d ,{"[’f” " is nonzero exactly when
condition (i) is satisfied, in which case d}(\,";”) P = (=1)IHlel-msmn Notice also
that (i) and (ii) can be satisfied only if A C (m33)™2 and v C (m)">. O

THEOREM 7.2. The quiver coefficients of the inbound quiver of type Az are
given by

Po = § CovGr @ Gomytmiz+mazym2,u @ Go.
Ry
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LEmMMA 7.3.  In the situation of Theorem 6.5, let A be a partition such that Ay =
Ap = 5, where b = rank(B). Then p.(Gy(p*B —S)) = Ga LB =F).

g+l Ag+2, -

Proof. The Grassmann bundle Gr(s, F) of s-planes in F is identical to the bun-
dle Gr(g, F") of g-planes in F" with tautological exact sequence 0 — Q¥ —
p*FY — §Y — 0. The lemma follows from Theorem 6.5 in light of the identity
Gi(p*B = S8) = Gu (S — p*BY). o

Proof of Theorem 7.2. L~et X be a smooth variety with vector bundles &, £,, £3 of
ranks ey, es,e3, and let Q C V = Hom(&y, £,) @ Hom(&3, £>) be the translated
degeneracy locus. Form the product of Grassmann bundles

P = Gr(my, &) xy Gr(ey — my, ) xy Gr(maz, 3) = V

with tautological subbundles £/ C &;, 1 < i < 3. The desingularization of Q is
the iterated zero section Vi, = Z(E{ B & — &£5) C Z(E @ E3 — €2/E)) C P.
The Thom—Porteous formula (Example 3.3) implies that the Grothendieck class
of this locus in K,(P) is given by

[Ovi,r] = Gimyyer—ma (8; - 51/)g(m33)“2””22 (‘% - g;)g(eﬁez)’”“ (& /55 —& @ &)

The pushforward of this class along the projection P — Gr(e; —maa, £2) is equal
to g(m”)mzz ((‘:é — 51)g(m33)m|z (Sé — 83)Q(el+e3)nm (52/5& — & ®&;3) by Lemma 7.3.
The first two factors of this product can be rewritten as

Gy (€5 — EDGmagymn (€5 — €3)
= > " A G () Go(E5 — E1 @ E3)Ge(E5 — £1 B E3)Gu(E3)

A,O,T,V

Y e unGiEDGU(ES — E1 @ E3)Gu(E3).

Ay sV

Theorem 6.5 applied to the bundle Gr(e; — my,E,) — V therefore shows that
To([0v, 1) = Y 1w v GaED Gimutmy tmapym u(E2 — E1 B €3)Gy(E3)

A, L,V
in K,(V), as required. O

7.2. Outbound Az Quiver

Nowlet O = {1l «<— 2 — 3} bethe quiver of type A3 with both arrows pointing away
from the center, and let & C V be the orbit closure corresponding to the sequence
(mjj) € N®*, where d* = {ajj |1 =i < j <3} Let R = (m2)™" be the rectan-
gle with m 3 rows and m; columns. For partitions A, i, v, we let d 5 v denote the

2-fold coproduct coefficients defined by A?(Gg) = > df, 6. ®G,®G,.

; R
PROPOSITION 7.4.  The coefficient dy’ , ,

in R, in which case it is equal to (—1)MHHAPI=m2ms o0 the number of triples
(0,7,T), where o and t are partitions such that o C t C R and where T is a
set-valued tableau of skew shape t /o, that satisfy the following conditions.

is zero unless A, L, and v are contained
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(1) The Young diagram o is contained in A, and A/o is a rook-strip.

(ii) If t is placed in the upper left corner of R while the 180-degree rotation of
v is placed in the lower right corner, then their union is R and their overlap
is a rook-strip.

(iii) The word w(T) is a reverse lattice word with content [L.

Proof. Tt follows from [9, Lemma 6.1] that A%(Gg) = Y _(=1)*HIT/el+PI=IRIG, &
G:/c ® G,, where the sum is over all partitions A, 0, 7,0 C R satisfying (i) and
(ii). The coefficient of G, in G/, is equal to (—1)/*/=17/°! times the number of
set-valued tableaux 7" of shape t/o that satisfy (iii) by [9, Thm. 6.9]. U

THEOREM 7.5. The quiver coefficients of the outbound quiver of type As are
given by
Pq = Z d){e,u,ug(mzzﬂnﬂ)”’”,l ® gﬂ ® g(mzz+m12)”’33,v'

YNTRY

Proof. We use the directed partition @ = {ay} U {a33, @23, @13} U {a20, app}
and the resolution pair of i = (1,2,1,3,2,1) and r = (my,my3 + my3,my3,es,
myy + myp, myp). Given a nonsingular variety X with vector bundles &, &5, &3 of
ranks ey, e, e3, form the product

P =Fl(mp,mp +mp; £) xy Gr(mp +mp,E) — V

with universal subbundles £ C £/ C & and £} C &,. The desingularization of
€ C V corresponding to (i, r) is the iterated zero section

Vie=Z(E) — E[/E] ® E3) C Z(E, — &1/E]) C P.
The Grothendieck class of this locus in K,(P) is
[OVi,r] = g(ez)”’” (51/51/ - 52)g(mzz+m12)’”” (51//51// - 5£)g(m22+"112)83 (& — Sé),

and, by Theorem 6.5, the pushforward of this class along the projection P — P’ =
Gr(mpy +m3, 1) Xy Gr(may +mp2, £2) is equal to

Gieyymn (E1/E] = E2)GR(E] = €3) Gimay+mp)e: (€3 — E3)
in K,(P’). After using the 3-fold coproduct identity

Gr(&[ =€) = _df, ,GuE] — £2)Gu(E2)Gu(—E)),
as well as the factorization identity

gv(_gé)g(m22+m12)“’3 (53 - gé) - g(m22+m12)f3,u(83 - gé),
it follows from Theorem 6.5 and Lemma 7.3 that the pushforward of the class in
K.(P’") along P’ — V is equal to
T([Ov, D) = Y df ,  Gomnmaym aE1 = £2)Gu(E2) Gmapsmpynss v (€3 — E2),
A, L,V

as required. UJ
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