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1. Introduction

The problem of the similarity of the operators on Hilbert spaces to isometric
operators has been considered by Sz.-Nagy [4]. He proved that an operator
A on a Hilbert space JC is similar to an isometric operator if and only if
there exist @ and b > 0 such that b|h|<|A"h| < a|h| for each he IC, ne N.
In particular, an operator A is similar to a unitary operator if and only
if A is invertible and
sup{|A"|;ne Z} <.

Other necessary and sufficient conditions for the similarity to a unitary oper-
ator have been obtained [5; 7; 2; 9]. Let us recall from [9] one such condi-
tion that will be used in this paper: A power bounded operator A on JC is
similar to a unitary operator if and only if A is surjective and if there exists
¢>0 such that |[(A—N)A|=c(1—]|\|)|A]|, for each NeD={zeC:|z|]<1]
and each he 3C.

Concerning the similarity of a contraction 7 to an isometric operator,
necessary and sufficient conditions have been obtained [6; 10] in terms of the
characteristic function of 7. Recently, Uchiyama [8] has also obtained new
criteria for contractions to be similar to isometries.

In [1], Fadeev gives some (necessary or sufficient) conditions for the simi-
larity of the contractions to isometric operators in terms of their resolvents.
Also, an example illustrating the precision of his conditions is given. The
aim of this paper is to give some necessary and sufficient conditions under
which an operator 4 on a Hilbert space JC is similar to an isometric operator
or to a unilateral shift, in terms of the resolvent of the operator.

In Sections 3, 4, and 5, we shall provide some new necessary and sufficient
conditions for a contraction 7" to be similar to an isometry. It is also shown
that if 7 is similar to an isometry then it is similar to a restriction of the
minimal unitary dilation of 7 to a certain invariant subspace.
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2. Preliminaries

In the following, all the operators are acting on complex Hilbert spaces. Let
JC be a Hilbert space and let B(JC) be the algebra of all bounded operators
on JC. We shall need a few definitions. An operator A € B(3C) is said to be
power bounded if sup{| A"|: N € N} < . Recall that two operators A € B(3()
and A € B(X) are said to be similar if there exists a bounded invertible oper-
ator X from 3C onto X such that A=X"14X.

Let T be a contraction on JC; that is, | 7| < 1. We denote as usual by D=
(1—7*T)/2 and D= (D5 3C)” the defect operator and the defect space of
T, respectively. Let 3C be a Hilbert space with the inner product (-,-), and
let (-, -), be another inner product on JC. The norms | | and | |, are equiva-
lent, and we denote this by | | ~| |,, if there exist two constants a, b > 0 such
that a|h| <|h|, < b|h| for each h e 3C.

In this case, the identity mapping o from (JC; (-, -)) to JC,:=(3C;; (v, *),)
is an invertible bounded operator. Throughout this paper we shall denote
A, =wAw™!, for every A€ B(3C). It is well known that such a norm | |, is
given by a positive invertible operator P € B(3C) by the relation

|k|%2=(Ph,h) foreach heJC.

3. Similarity to Isometries. I

In this section we give necessary and sufficient conditions in terms of the
resolvent of the operator for an operator in B(3C) to be similar to an iso-
metric operator. For our purpose we need the following lemma.

LEMMA 3.1. If Vis an isometric operator on IC, then
[(V=NA? = A= N |AP+ N AP | Pag) A1)

Joreach \e D and he 3C, where Pgy, stands for the orthogonal projection
of 3C onto R(V):={Vh; he IC}.

Proof. Writing the Wold decomposition for V, we get the orthogonal sum
3 =3, D IC; in which JC, and IC; reduce V; the part of ¥V on JC, is unitary
and the part of ¥ on 3C, is a unilateral shift. This decomposition is uniquely
determined and we have 3C, = N, =¢ V"3Cand 3¢, =D -, V"L, where £=
HOR(W).

For h,€ 3C, and A€ D we have

"(V—— >‘)hu"2 = "thﬂz""lMZ"huﬂz‘“ZRe X(th! hy)
2 | |> A+ NP =2\ [ A )P = A= N A, )12

For hye 3¢, and hy =32 o V",, where I, € £ and 32_,|/,|* < «©, we have
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(V=N AP = A+ M) As|* =2ReX T (s lys1)
n=0

z<1+mz)uhsuz—zmngnfnuﬂlnﬂu

> A+ NI =IN S Qa2+l

n=0
= (L= N2 A2+ INH LI = (L= IND2 DA P + N | P i+ s )
Now for each h= A, + h, € 3C, where h, € 3C, and A, € 3C,, we have

I(V=N)AP = (V=N A >+ (V= Nk |
= (1= N[ A2+ Q= IND? | B[ + N || Prer v+ Brs >
= (1= |\)2|]2+|\||Pgery+h|? forany AeD.

This completes the proof. O

For notational simplicity we will denote the restriction of an operator A4 to
a subspace X by A|X. For A € B(3C) and for any n € N, let us consider the
operator

A,: SC(-BEerA*@---@)KerAJ*ﬂJC

—
n—1 times

defined by the operator matrix
A, =[A", A, A272, ..., A,], where A¥= A*|Ker A*.

Note that the following two conditions are equivalent:
(i) supf{|A,]: ne N} <o0; and
(ii) |A* R +]Pgerar A" R+ -+ Pger 4 A*h|* < a| h]? for any h e 3C,
ne N, where a > 0.
Indeed, since

FA*H

PK *A*n—l
* __ erA
An=1.

*
B PKerA‘/1

and | A,]=|A}]|, the result follows.
The main result of this section is given in the following theorem.

THEOREM 3.2. An operator A€ B(3C) is similar to an isometry if and
only if there exists an inner product (-, -), on 3Csuch that the following con-
ditions hold:

@ 1~ 1o
(i) supf{|(A,),l,:ne N} <oo; and
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(iii) |(4, =Nl =cd—ND?|A5+IN (215~ P,y al3) for each NeD
and he JC, where ¢ >0 and Pg A,) Is the orthogonal projection of
JC, onto R(A,).

Proof. Assume that A=X"!1V.X, where X € B(3C) is a positive invertible
operator and Ve B(JC) is an isometry. Let 3C, be the Hilbert space obtained
from 3C by redefining the inner product by setting

(h, k), =(Xh,Xk) for hand ke3C.

Obviously| | ~| |, and 4, = wAw™! is an isometry on JC,. Hence it follows
that (ii) holds. Taking into account Lemma 3.1, we have

(Ao =NA[2= (1= |AR+ N (AR~ Paga,y b2 for cach e D, he 3.

Conversely, let us suppose that there exists an inner product (-,-), on &
such that conditions (i), (ii), and (iii) are fulfilled.
Let us consider the Hilbert space

K, =3, DKer A} DKerA;D:--
and the operator A, defined on X, by
A;(hl’ h2’ h3, '-') = (thl +h2’ h3: -'-)

for each (4, h,,...) e X,. Note that since (i) holds, the identity mapping w
from J3C to JC, is a bounded invertible operator and 4, = wAw™'e B(3C,).
Now, taking into account (iii), a simple computation shows that for each
AeDand k= (h],hz, ...)E:K:O,
[(A5 =Nk}
= (Ao —NAy|3— 2 Re[N(Ay, ha)o]

> <1+|>~|2>nhn||3—2Re[x » (h,,,hm)o]
n=2 n=2

= c(1= N2 5+ IN 13~ 1P,y AlE) — INU Prer a5+ 17213)
+ X A+ M 5—IN] Ez(llhnllﬁﬂlhnﬂllﬁ)
nx=

n=2

=c(1—\])?| A2+ (1—]\])? Ezllhnllﬁ-

Therefore, there exists &> 0 such that for each Ae D and k€ X, we have
(45 —NEK|3=b(1—|\))? k|3

Hence, we obtain for A =0 that |A7k|, = b|k]|, for each ke X,. Thus A;
has closed range. This fact, together with the definition of A7, implies that
Aj is surjective. On the other hand, condition (ii) shows that A5 is a power
bounded operator. Indeed, with respect to the orthogonal decomposition of
X,, the operator matrix of A;” for ne N is
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A7 A7 .. A,. I|KerA: 0 0 i
gm0 0 .0 0 I|Kerdx 0 ...
>0 0 .. 0 0 0 g

where A%, is the restriction of A% to Ker A%. Hence we deduce that | A; "[, <
1(A,)n, for each n e N. Now condition (ii) shows that A, is a power bounded
operator. According to the theorem stated in the introduction, it follows
that A5 is similar to a unitary operator. Since A, (3C,) C 3¢, and A, |3, =
A,, we deduce that A, is similar to an isometric operator. Hence it follows
that A is similar to an isometric operator. This completes the proof. ]

REMARK 3.3. If AeB(3C) is similar to an isometry, one take the inner
product (-,-), to be defined by

(h,k),=LIM(A"h, A"k) for hand ke I,

where LIM means Banach limit (see [4]).

With respect to this inner product, we have
(*) 14, =NAle = A= N |Al5+ M (215~ Paca, Al2)

for each Ae D and A€ JC. Indeed, with respect to this inner product the
operator A is an isometry (see [4]). According to Lemma 3.1, the result
follows.

In the particular case when A is a contraction, which is similar to an iso-
metry, one can take the inner product (4, k), =1im,,_, o(7T"h,T"h) for he 3C
so that the relation (*) holds. In the case when A is a surjective operator, we
get one of the theorems stated in the beginning of the paper. It consists of
the following remark.

REMARK 3.4. If Ais asurjective operator, then conditions (ii) and (iii) of
Theorem 3.2 are equivalent, respectively, to

(ii") sup{|A"}; ne N} < o0; and

(iii’) J(A—N)A|=B(1—|\|)|Ah| for each Ne D and A € 3C, where 3> 0.

It is easy to see that if |4,]|=<1 then condition (ii) in Theorem 3.2 is auto-
matically satisfied as is (ii’).

4. Similarity to Isometries. 11

In this section we give another characterization of those operators that are
similar to isometries. Also, we point out a consequence connected with the
previous section.

THEOREM 4.1. A one-to-one operator A € B(3C) with closed range is sim-
ilar to an isometry if and only if there exists an inner product (-,+), on JC
such that the following conditions hold:
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A 1~11e
(ii) there exist k in NU{0} such that the operator A*+14k+1 pejongs to

the convex hull of the operators I, A% A, ..., AXkAX.

Proof. 1If A is similar to an isometry, then there exists inner product (-, -),
on JC such that | |~| |, and A% A, =1 (see the proof of Theorem 3.2). Con-
versely, suppose that conditions (i) and (ii) are fulfilled. Then there exist
N\ =0 (i=0,1,..., k) with 3¥_, \; =1 such that

(4.1) § N AYAL = ARk TLALT,
i=0
Let us define a new inner product (-, +); on 3C by
(s 1) = Mol 1) o+ (Ng + Ny ) (AR, AR )y -+
+ Ao+ A+ o+ N )(A*R, AFR'),

and A, '€ JC. Taking into account that the operator A is one-to-one and
has a closed range, it follows that there exists @ > 0 such that

| Ak| = a|h| foreach he JC.

Since | |~ |,, it is easy to see that | |~ [;- A simple computation shows
that (Ah, Ah’);=(h, h’), for h and h’e JC. Hence we infer that A is similar
to an isometry on JC. The proof is completed. U

As a consequence of this theorem, we obtain a result which is well known.

COROLLARY 4.2. If A* for ke N is similar to an isometry, then A is also
similar to an isometry.

Indeed, if A* is similar to an isometry then there exists an inner product
(-, ), on JC such that A**A4% = I. Now the result follows from Theorem 4.1.

REMARK 4.3. Taking into account Corollary 4.2, one can state the theo-
rems from Section 3 by replacing (in the necessary and sufficient conditions
that occur there) the operator 4 by 4* for ke N.

5. A Model for Contractions Similar to Isometries

We recall from [7] a few facts from the theory of unitary dilations. Let
T e B(3C) be a contraction, and let Ue B(X) be its minimal unitary dila-
tion. This means that ICC K, 7" =P U" | I for n=0, and

K= \/ UK.

n=—x

The *-residual subspace R, of X is defined as

R, = ﬁ( y U*”JC),

k=0\n=k
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and the operator X = Pg_|JC is given by
(5.1) Xh=lim U*T"h for he JC.

n-—co

Then, in particular,
(5.2) (U|RH)X=XT.

The restriction of U to R, is a unitary operator on ®&,.
In the sequel we need the following lemma.

LEMMA 5.1. Let Ae B(3C) be such that there exists
(5.3) P=so— lim A*"A"

H— 0
(“so” means strong operator limit). Then A is similar to an isometry if and
only if P is an invertible operator.

Proof. Suppose A= X"VX, where Ve B(3C) is an isometry and X € B(JC)
is a positive invertible operator. Using (5.3), we have
(1X 1 X2 )A1> < (Ph, h) = lim | "R < (| X || XD [ AP
n— 0
for each h e 3C; whence it follows that P is a positive invertible operator
on JC. Conversely, suppose P is an invertible operator. It is obvious that
A*PA = P. Setting Q = P2 we have |QAQh|? = (A*PAQ'h, Q" 'h) =
(PQ~'h, Q7 'h) =|h|? for he3C; that is, QAQ~! is an isometry and A=
0~ 1(QAQ ™1, so that T is similar to an isometry. The proof is completed.
]

Let us point out the well-known fact that if A4 is a contraction then
so—lim,,_, , A*"A" exists.

The main result of this section is the following theorem, which gives a
model for the contractions similar to isometric operators.

THEOREM 5.2. Let T € B(3C) be a contraction with minimal unitary dila-
tion Ue B(X) and *-residual space R.. Then the following statements are
equivalent:

(i) T is similar to an isometric operator; and
(ii) Pg,|3C is one-to-one and has closed range.

Moreover, if this is the case then T is similar to U | Pg 3C.

Proof. Suppose (i) is fulfilled; then, by Lemma 5.1, the operator
P=so— lim T*"'T"

Hn— 0

is a positive invertible operator. Therefore there exists @ > 0 such that

lim |T"h|=a|h| foreach he .

n— o0
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Since, by (5.1), |Pg, A|=1im,_, .|T"h| for each ke 3C, we deduce that the
operator Pg_ |JC is one-to-one and has closed range.

Conversely, if (ii) holds then consider the operator Z: 3¢ — Pg 3C defined
by Zh= Pg_h (h e 3C). Obviously, Z is an invertible operator. The subspace
Pg,3C is invariant for the minimal unitary dilation U of 7, and U | Pg 3C is
an isometry. As

(U |P3,)Z=ZT,

it follows that T is similar to an isometry. This completes the proof. O

REMARK 5.3. The restriction of U to R, is the minimal unitary dilation
of U | Pg, 3C.

Indeed, let ®, denote the reducing subspace generated by Pg JC, and set
R'=R,OQR,. It is easy to check that U | KXO®’ is a unitary dilation of T
and, by minimality, we must have XO®’'= X, that is, ® = {0].

COROLLARY 5.4. A contraction T € B(3C) is similar to a unitary oper-
ator if and only if T is surjective and Pg_|3C is one-to-one and has closed
range. In this case T is similar to the restriction of U to R,.

Thus we find again the result obtained by Sz.-Nagy and Foias [7, §1X.1].

COROLLARY 35.5. A contraction T € B(3C) is similar to a unilateral shift
if and only if T*" = 0 as n — o and Pg 3C is one-to-one and has closed range.

In connection with Theorem 5.2, we mention that this statement follows also
from the more general results included in the first section of the paper [3].
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