SPECTRA OF OPERATOR EQUATIONS
Martha K. Smith

Halpern [2] and Akemann and Ostrand [1] have recently characterized the spec-
tra of operator equations on W*- and C*-algebras in terms of the spectra of ele-
ments in suitable homomorphic images of the algebra in question. The purpose of
this note is to show that in certain cases of special interest (e.g., derivations and
inner automorphisms), the spectrum of the operator equation on a W*-algebra can
be described in an “internal” fashion.

If a is an n Xn complex matrix and 6 denotes the inner derivation induced by
a on the algebra of all n X n complex matrices, it is well known that

spb6 = {a -B|a, Bespal.

(Indeed, the same proof applies if the matrix algebra is replaced by any prime alge-
bra over a field F and a is any algebraic element of the algebra such that the mini-
mum polynomial of a splits into linear factors in F.) In a more general setting,
this statement may not be true (e.g., [1, Example 2] or, more trivially, a commuta-
tive algebra). However, the same derivation may be induced by many different ele-
ments; in particular, if z is central, a and a + z induce the same derivation.
Corollary 1 says that on a W*-algebra, sp6 is the intersection over all a which
induce 6 of {a -8 | @, B € spa}.

Let A be a W*-algebra with center Z. Let a, b € A and let ¢;, ¥; be holo-
morphic functions on domains containing spa and spb, respectively. Define the
operator T in A by

Tx = 2 ¢;(a) xi;(b) .

The following lemma is easily extracted from [2, Proposition 6] and its proof.
LEMMA. Given vy ¢ spT, theve exists a finite set of mutually ovthogonal pro-

jections ey, *++, e, € Z with 20 ej = 1, such that y is not in

{Z}%(a) YiB) | a € SPAejaej, B € SDAe; bej}

1
Jorany j=1, -+, n.
THEOREM. (i) If Tx = ax + xb, then
spT = f {a+B | aesplatz),Bespb-27},

where the intersection is taken over all z € 7. \
(ii) If T x = axb, then
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spT = n{aB [ o € sp(az), B € splbz~1)},

wheve the intersection is taken over all invertible 7z € 7.
Proof. In each case, spT is contained in the indicated set, by [4, Theorem 5].

Suppose y ¢ spT. Choose er, ***, e, as in the lemma. For (i), choose complex
numbers p,, -+, U4, subject to the constraint

y—ui+uj¢spa+spb for i #j,

(e.g.,let p; =iv, where v > |y| + [la] + [[bl). Let z =27 pje;. If @ € sp(a+2)
and 8 € sp(b - z), then for some i and j, ¢ = @' +p; and B =4' - 1, where
a' € spy. ae; and B' € spAe_bej. Thus

1 J

a+p = +p +u; -y,
which by the choice of the u’s cannot equal vy if i # j. If i=j, @ +8 # ¥ by the
choice of the e’s.

For (ii), note that the lemma implies that if either 0 € spa or 0 € spb, then
0 € spT. Thus we may proceed as above, choosing p,, **-, L, to be nonzero and
such that

yuju{l ¢ (spa)(spb) for i#j.
COROLLARY 1. Let A be a W*-algebra with center Z, a € A.

(i) If 6 is the dervivation 60X = ax - Xa on A, then

sp6= (1 {a-8|a,pespla+n} = (1 {a-p]a,pespb},
z€Z beD
whereD={b€A!6x=bx—xb,VxeA}.

(ii) If a is invertible and if ¢ is the innev automovphism oX = axa
then

-1 on A,

spo = [1 {epl|e,pespan)} = 1 {ap!|e pespb},
z €U(Z) beS

where U(Z) (respectively, U(A)) denotes the group of invertible elements of Z (ve-
spectively, A), and S ={b € U(A) | ox=bxb-1, Vx € A}.

If in either case a = a*, then the corresponding intevsections may be vestvicted
to z (respectively, b) such that z = z* (vespectively, b = b*).

Proof. The last statement follows since the p’s in the proof of the theorem
may be chosen to be positive real numbers.

If B is a C*-algebra acting faithfully as operators on a Hilbert space and if A
is the W*-algebra generated by B, then any derivation 6 on B is of the form
0x = ax - xa for some a € A ([3], [6]).

COROLLARY 2. (Cf. [1, Theorem 1] and [2, Example 10].) If B, A, 6 and a
are as above and if a = a*, then sp 0 is given by the formula in Corollary 1(i).
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Proof. 1f &' denotes the extension of 6 to A determined by a, then by Corol-
lary 1,

spo' = N {a-B|a Be spplat+z)},
z=z%€ Z

which is a subset of the reals and hence fails to separate the plane. The result now
follows from [5, 1.6.13] as in the proof of [2, Corollary 9].

It would be of interest to know whether Corollary 2 is true without any restric-
tion on a.

Not every operator equation involving a single element a can be treated in the
manner of Corollary 1. For example, let A =C @ C, (where C denotes the complex

field), and let a=a @ a;, where a; = (ﬁ _g) and where a and 8 are nonzero

and a # +B3. If Tx = axa, then the only elements b € A with Tx =bxb, VX € A, are
a, ~a@a;,-a@®-a;,and o« @ -a;. For each such b, af € (spb)(spb), but
ap ¢ spT. .

It is doubtful that the methods of the theorem would be useful for operator equa-
tions not exhibiting a suitable form of homogeneity.
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