ON THE SYMPLECTIC BORDISM GROUPS OF THE SPACES
Sp(n), HP(n), AND BSp(n)

Peter S. Landweber
1. INTRODUCTION

(o]
Although the symplectic bordism ring Q5P = Ekzo Qﬁp is largely undetermined,
one may nonetheless investigate the symplectic bordism groups QEP(X) of spaces of

importance in the study of symplectic bundles, manifolds, and so forth. In this
paper, we carry out such a program for the symplectic groups Sp(n), their classify-
ing spaces BSp(n), and the quaternionic projective spaces HP(n). We hope that the
methods and results will lead to some measure of understanding of the symplectic
bordism ring.

By a symplectic manifold we mean a compact smooth manifold together with a
reduction of the structure group of its stable tangent bundle to the symplectic group.
The symplectic bovdism group QEP(X) of a space X consists of the bordism classes
of pairs (MK, f), where MX is a closed symplectic k-manifold and f: M- X isa
map; the bordism class of (MK, f) is denoted by [MX, ] (see [2], [3]).

o0
QSP(X) = Ek:O le(p(X) is a graded left module over the symplectic bordism ring
Q5P = @5P (point); put [VI}[MX, £] = [VI x MX, F] with F(v, m) = f(m).

There is a “fundamental class” homomorphism
p: QRP(X) — Hy(X)

from symplectic bordism to integral homology; u[MX, f] = f, (0 ), where
op € Hk(Mk) is the orientation class of the manifold. As in [2, p. 49] one may
establish the following lemma.

1.1. LEMMA. Let X be a CW-complex such that H,(X) is free abelian and
©: Q5P(X) — H,(X) is an epimorphism. Then Q5SP(X) is a free module over Q5P
Moreover, if {c;} is a homogeneous basis for H,(X) and {yi} are homogeneous
elements of QSP(X) with p(y;) = c;, then {y;} is a basis for QSP(X) as a free Q5P-
module.

If X is an H-space with multiplication m: X X X — X, then Q5SP(X) has a
Pontrjagin ring structure. Namely, if we put

[M, £][M", £] = [M XM, mo(f x £'],

then p: Q5P(X) — H,(X) is a homomorphism of Pontrjagin rings. In case X is
homotopy-commutative, QSP(X) has an anticommutative product
b.-a = (_l)dima-dimb a-b.

For the spaces mentioned in the title, we shall show that p is onto, so that the
symplectic bordism modules are free over 5P, Since Sp(n) and BSp(«) are
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H-spaces, their symplectic bordism modules have Pontrjagin ring structures.
Q5P(Sp(n)) is anticommutative and has generators a,, of dimension 4m - 1

(1 < m < n), on which it is almost an exterior algebra over Q5P. QSP(BSp(=)) is a
polynomial algebra over Q5P on generators in positive dimensions divisible by 4.

In Section 2, we treat the symplectic groups Sp(n), relying on the description of
their homology given by Steenrod in [6, Chapter 4]. Then, in Section 3, we construct
symplectic manifolds V4™ carrying Sp(1)-bundles ¢ with <p1(§)m, °V> =1, and
thus we determine the symplectic bordism of the quaternionic projective spaces
HP(n) (p; (€) is the first symplectic Pontrjagin class); V4™ may be regarded as a
substitute for HP(m), which is not a symplectic manifold if m > 1. The classifying
spaces BSp(n) are discussed in Section 4, and in the final section we examine the
“Smith homomorphism?” A: QEP(HP(w)) — QISJ_’ 4(HP(OO)).

2. THE SYMPLECTIC GROUPS Sp(n)

We shall begin by introducing symplectic manifolds N4m-1 (; > 0) and maps
h.: N4m-1 _, §p(m) € Sp(n) for m < n, thereby obtaining bordism classes

dm-l p ol € @581 (Spm))

a, =[N
for m < n. According to Steenrod [6, p. 46], the homology classes u(a,,) generate
the Pontrjagin ring H,(Sp(n)) as an exterior algebra, hence by (1.1) the Pontrjagin
ring is generated by the bordism classes a,, (m <n). We go on to show that
QSP(Sp(n)) is anticommutative and is almost an exterior algebra over 5P on these
classes.

Let S4m-1 « H™ denote the unit sphere in the standard right quaternionic vector

space, with inner product given by < X, y> =23 X;y; . The unit quaternions

Sp(1) = 83 act freely to the right on S4™m-! py scalar multiplication, and the corre-
sponding orbit space is the quaternionic projective space HP(m - 1); this gives rise
to the canonical Sp(1)-bundle n — HP(m - 1). The symplectic group Sp(m) is the
group of linear transformations of H™ that preserve the inner product. We shall
identify principal Sp(m)-bundles with the corresponding right quaternionic m-plane
bundles.

It is well-known (see for example Hsiang and Szczarba [5]) that the tangent bun-
dle 7 of HP(m - 1) satisfies the equation

T@(W®H"I*)=m"7R,

where n* denotes the conjugate left quaternionic bundle and nr the underlying real
bundle. Let N4m-1 denote the sphere bundle of the real 4-plane bundle

71 &y n* — HP(m - 1),

with projection 7: N4m-1 — HP(m - 1). It follows from [7, Theorem 1.2] that N4m-1
has as stable tangent bundle m -7 '(n g); thus N4m-1 jg a symplectic manifold.

The real 4-plane bundle n Qg n* — HP(m - 1) is obtained from 7 — HP(m - 1)
by applying the representation A — AvA-! of Sp(1) on R4=H. Thus N4™-1 ariges
from S4m-1 x §3 py identification of (xA, v) with (x, Ava-1) for A € Sp(1). Follow-
ing Steenrod [6, p. 38], we define a map ¢: S4™-1 x 83 — Sp(m) by letting ¢(x, v) fix
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the hyperplane in H™ orthogonal to the unit vector x € H™ and send x+— xv. Itis
easily verified that ¢ induces maps

h_: N*™-1 _ sp(m) c Sp(n)

m

for m < n. Thus we obtain bordism classes
am = [N*™1 h Je Q3P _i(Sp(m)) (m=1,2, -, n).

It follows from [6, p. 46] that the Pontrjagin ring H,(Sp(n)) is the exterior alge-
bra over the integers on generators pu(a,,) (m =1, ?3 -«- . n). Hence, by (1.1) and
the succeeding remarks, ©25P(Sp(n)) is a free left 2°5P-module on the classes

(1) a,, a2 1<m; <m, <+ <m_ <n).

m; "“my " “m,

Thus the Pontrjagin ring Q5P(Sp(n)) is generated by the classes a (1<m<n)as
an algebra over 5P,

2.1. THEOREM. For 1 <n < =, Q5P(Sp(n)) is an anticommutative algebra .over
Q5P | generated over Q5P by the classes a,, (1 <m <n). These classes salisfy the
relations

a,a,++ta,.a_ =0 2a_ -a =0,

m

Moveover, Q5P(Sp(n)) is a free left QSP-module on the classes (1) above.

It remains to show that 5P(Sp(n)) is anticommutative, since the relations on the
generating classes then follow. It may easily be shown that a;-a; =0, and I conjec-
ture that a ,-a,, =0 for all m > 1, but am unable to prove this. In any event,
5P(Sp(n)) is almost an exterior algebra over Q5P .

Since for n < n' <« the inclusion map Q5P(Sp(n)) — £5P(Sp(n')) is a monomor-
phism of Pontrjagin rings according to what has already been established, it suffices
to show that QSP(Sp(«)) is anticommutative. According to the remarks following
(1.1), it is enough to prove that Sp(w) is homotopy-commutative.

2.2. LEMMA. For 1< n <, the mappings

A 0 B 0
(, B) H( ) A, B) ._,( )
0 B 0 A

of Sp(n) X Sp(n) into Sp(2n) are homotopic.
2.3. COROLLARY. For 1< n <, the mappings

AB O A 0
0 I 0 B

of Sp(n) X Sp(n) into Sp(2n) are homotopic.

The corollary follows from the lemma if we note that

(0 DG G GGG )
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Combining (2.2) and (2.3), we see that for 1 < n < the mappings

AB 0 BA 0
(A, B) H( ) (A, B) H( )
0 I 0 I

of Sp(n) X Sp(n) into Sp(2n) are homotopic, from which it follows that Sp(«) is ho-
motopy-commutative. This proves the theorem.

Proof of (2.2). It suffices to observe that the product of the block matrices
cost -sint A 0 cost sint
( sint cos t)(O B)(—sin t cost )
lies in Sp(2n) for 0 <t < 7 /2, and that it yields (A 0

0 B
for t=m/2.

Remark., With somewhat less difficulty, one may show by the same methods that
the complex bordism £Y(U(n)) of the unitary group U(n) maps onto the homology of
U(n) and that it is an exterior algebra over QU on classes a,, (1 < m <n) of di-
mension 2m - 1. Here a_, = [CP(m - 1) XxS1, h ], and the map

BO)

) for t =0 and (0 A

h,_: CP(m - 1) xS! - U(m) c U)

is analogous to the map described above; see [6, Chapter 4].

3. THE QUATERNIONIC PROJECTIVE SPACES HP(n)

In this section we exhibit symplectic manifolds V4™ that carry Sp(1)-bundles
¢ — V4™ gych that <p1(C)m, °V> = 1, We shall at the same time describe maps

gm: VA — HP(m) C HP(n) (m <n)

such that € = g}(n), where n — HP(n) continues to denote the canonical Sp(1)-
bundle. Thus we obtain bordism classes

[V, g_le @i @PM) (0<m <n)

whose images generate H,,  (HP(n)). Hence, by (1.1), QSP(HP(n)) is free over
Q5P on the classes [V*™, g,] (0 <m < n).

Let N4™mt4 denote the sphere bundle of the real 5-plane bundle (n Qg n*) @ R
over HP(m), with projection 7: N4m+4 — HP(m). As in the previous section, N4m+4
has tangent bundle (m + 1)7'(ng), and it is thus a symplectic manifold.

The group Sp(l) acts to the left by scalar multiplication on S7 C HZ; since this
action commutes with the right action of Sp(1) on S7, Sp(1) also acts to the left on
HP(1). Thus there is a diagram of fibrations
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p
S4m+3 XSp(l) S7 —_— S4rn+3 XSp(l) HP(I),

N

HP(m)
and p is evidently the projection of an Sp(1)-bundle £ over S4m+3 Xsp(1) HP(1), a
“fibrewise Hopf bundle.” )
3.1. LEMMA. There exists a diffeomorphism ¢ such that the diagram

4m+4 _P q4mi+3
N — §Fm XSp(l)HP(l)

ﬂ\ / 1,.

HP(m)

is commutative.

Once the lemma is proved, we shall regard ¢ as an identification, and we shall
let i: V4m c N4mt4 pe'the inclusion of a symplectic manifold dual to the Sp(1)-
bundle £ — N4m+4

Note that N4m+4 = g4m+3 XSp(1) S%, if we regard S* as the suspension of the
unit sphere S3 C H and let Sp(1) act on S% by suspending the inner automorphism
action (A, v) +— AvA-1 of Sp(1) on S3. To obtain ¢, it will therefore suffice to de-
scribe a diffeomorphism f: S4 — HP(1) that is equivariant relative to the left actions
of Sp(1). We regard S*=D; U D,, where the D; are copies of the unit disk in H,
and where Sp(1) acts by inner automorphism on the D;. Interms of homogeneous
coordinates for HP(1), define f by

<1, v> (v € D),
<z7, 1) (v eD,).
Clearly, f is a diffeomorphism, and for v € D; and A € Sp(1), we have the relations

fonl) = (g, a0ty = () = a-{1, 0) = af();

f(v) =

similarly, noting that X = A-1 | we see that f is equivariant on D, ; thus f is an
equivariant diffeomorphism, and the lemma is established.

Henceforth, we shall identify N*™+% yign s¥™43 o 1) HP(1) via ¢. Thus

N4m+4 carries Sp(1)-bundles 7'(y) and £. In order to descrlbe the cohomology
ring of N4m+4 put

= p;(n) € H¥HP(m)) and a = p;(£) - 7*p,(n) e HA@WI™H?);

p,( - ) is the first symplectic Ponirjagin class (see [1, p. 488]).
3.2. LEMMA. H¥(N4mt4) is genevated by ™ h and a, modulo the relations

(r*h)™*l =0, a%=0.
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Observe that for m' < m there is an inclusion N¥™m't4 - N 4m+4; it is easily
seen that the Sp(1)-bundle { — N4™+4 restricts to & — N*m'+t4 Iy particular,
HP(1) = N* ¢ N4m*4 g a fibre of the map 7: N4™*4 _, HP(m), and £ — HP(1) is by
construction the Hopf bundle. It then follows from Dold’s theorem [4, (7.4)] that
m*: H¥*(HP(m)) —» H*(N4™*4) js 2 monomorphism and that H*(N4™"4) ig free over
H*(HP(m)) with basis {1, a}. Thus H¥*(N*™*4) jg free abelian with basis

(2) (mh)l, a-(@*h)! (0<i<m).

Since h™*1 = 0, we see that also (m*h)™*! = 0; thus, in order to complete the de-
scription of the cohomology ring, we must show that a2 = 0.

 To this end, consider the reduced symplectic bundle @ = £ - 7'y in
K Sp(N4m+4)  Ag in the proof of (3.1), we have the relation

Moreover, the restrictions of £ and 7! i to each $*™%3 xg,(1) D; are isomorphic
bundles; hence

@ @y oa* =0 in KONImt4)

W. C. Hsiang and R. H. Szczarba [5] gave formulas for the Pontrjagin classes of a
quaternionic tensor product; a computation based on their Lemma 4.1 (the first line
of which should be corrected to read “p; (£ Ry £*) = 2(p)(£) + p,(£))”) shows that
pl(cu)2 = 0. Since p;(a) = a, the lemma is established.

We shall now describe a classifying map f: N¥™*4 _, Hp(2m + 1) for the Sp(1)-
bundle, that is, a map such that f'(n) = £. We first let £"; S4m*3 x 87 _, §8m+7 pe
the map

(Xg, *=+y X)) X (2, 2)) — (Xg2Zg, ***y X, 20, XgZ1s ***s Xy Z1) -
Notice that if 27 %;x; = 1 and Zy2q + Z; z; = 1, then also

2I%;Z0%; 20 + L% 7 X2, = 1.

In fact, f" passes through a map f': S#mM*3Xg,(1)87 — §8m+7 that commutes with
the right actions of Sp(1), thus giving rise to the desired classifying map for ¢ by
passage to the orbit spaces.

Let now i: V4™ c N4™m+4 e the inclusion of a submanifold dual to £. In terms
of homogeneous coordinates (wo s 0, W2m> for HP(2m + 1), the classifying map f
is transverse regular to the hyperplane defined by wg + w42 = 0; thus we may take
for V4m the inverse image of this hyperplane, so that in the notation of the preced-
ing paragraph the submanifold V4™ js ultimately defined by the condition
XoZg + X1 2 = 0. The normal bundle of V4™ in N4m*4 j5 j!(£); hence the tangent

bundle of V4™ gatisfies the condition
T @i'€) = (m+1)(@oi)i(n),

and V4™ js a symplectic manifold.
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Let g, v4™ _, HP(m) c HP(n) be the compos1t1on 7 oi followed by the inclusion
in HP(n), for m< n; then we have bordism classes [V4™ g ] in QSP (HP(n))

Also, let € — V™ denote the induced bundle g! (n).

3.3. THEOREM For1<n< o, QSP(HP(n)) is a free module over QSP on the
classes [V*™ g..] (0<m<n). Moreoveaf the Sp(1)-bundles € — V™ satisfy the

equation <p1(§) , °V> =1,

Taking account of (1.1), one sees that we need only verify the last assertion. In
the notation of (3.2), we have the relation p;({§)=a+7*h e H 4(N4mt4y. pence

(p (&)™, 0y) = (@™, 0y ) = {@+r*h) @ h)™, o)

(a(m* )™, °N> =1,

as was asserted.

Remark. The symplectic manifolds N¥™+3 ang N4™+4 are by definition sphere
bundles over HP(m), and in fact they bound the corresponding disk bundles as sym-
plectic manifolds. Calculations show that all integral characteristic numbers of
V4m yanish; thus [V4™] is a torsion element of the symplectic bordism ring.

4, THE CLASSIFYING SPACES BSp(n)

Since BSp(n) classifies Sp(n)-bundles over compact spaces, the symplectlc bord-
ism groups QkP(BSp(n)) may be viewed as bordism groups of pairs (MX, a), where

MX is a closed symplectic k-manifold and & — MX is an Sp(n)-bundle; the resulting
bordism class is denoted by [MX, a]. The Whitney sum maps

@®: BSp(n) x BSp(n') — BSp(n +n')

make BSp(«) a homotopy-commutative H-space; hence QSP(BSp(»)) is an anticom-
mutative algebra over QSP, I fact, the Pontrjagin product is given by

[M, o] [M', '] = [MXM', a @ a']

in the present notation, for reduced bundles ¢« — M and a' — M',
4.1. THEOREM. For n <, QSP(BSp(n)) is free over Q5P on the basis

4m1 4m,,
[v X e XV , @ DE® (n-r)H]
as (m; <m, < -+ <m.) runs through all r-tuples of positive integers (0 <r < n);

the Sp(n)-bundle is the Whitney sum of the bundles £ — V i over the factors and a
trivial bundle. Moveover, Q5P(BSp(x)) is a polynomial algebra over Q5P on gener-
ators [V4™ ¢ - H] (m > 0).

Omitting details of the proof, we simply observe that BSp(1) = HP(~) and that the
iterated Whitney sum map

BSp(1) X -+« X BSp(1) — BSp(n)

induces a monomorphism in cohomology and so induces an epimorphism of homology
groups. An application of (3.3) and (1.1) completes the proof.
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5. THE SMITH HOMOMORPHISM
In this section we shall describe an £5P-module homomorphism
A: @°P(HP()) — 5P (HP())

of degree -4, whose real and complex analogues have been treated in [2, Section 26]
and [3, Section 5]. In addition, we shall construct an ©5P-module homomorphism

x: Q5P(HP(w)) — Q5P(HP(x))

of degree +4 such that Ao x = identity. ‘

|

For [Mk, f] € ©SP(HP(~)), we may assume that {(MX) c HP(n) with n < «, and J
that f is transverse regular to the hyperplane HP(n - 1). Then Wk-4=1- l(HP(n 1))
is a submanifold of codimension 4 in MK; if we put g =1 | Wk-4 the normal bundle of
the inclusion i: Wk-4 — Mk is g!(9)g. Hence the tangent bundles of W and M :

satisfy the condition
Tw + g!(n)R = j! LEVE

thus Wk-4 inherits a symplectic structure. We therefore put A[MEK, f] = [Wk-%4 g]
which may be shown to be well-defined and a homomorphism of £SP-modules.

The right inverse x of A has the following description. Given [MX, £] in
QSP(HP(~)), assume that f is differentiable, so that « = £'(5) is a differentiable
Sp(1)-bundle over MK. The total space of the quaternionic projective-space bundle
7: P(a ® H) — Mk carries a canonical Sp(1)-bundle 8. We shall show that
P(a P H) is a symplectic manifold, and we shall put x[MX, f] =[P(e ® H), gl,
where g is a classifying map for 8.

5.1. LEMMA. The tangent bundle Ty along the fibve of w is stably isomorphic
tow !(a)R .

According to Hsiang and Szczarba (see [5, Theorems 1.3, 2.1] and [7]), 7 satis-
fies the equation

e @ B ®y %) = (1'(2) @ H) @y £*,
hence

Tp = B + (@ a - B) @ B
stably. According to [4, Sections 7 and 9], there is a relation
[(H-B) ®H H - B)*] - [»! pp () ®H (H - By¥]+ ' pp(a) =

in KO(P(a @ H)), where pj(a) = H - o and pz(a) are the KO*-theory Pontrjagin
classes of the Sp(1)-bundle «. This relation simplifies to

(@ a-8) @y p*=@'a-p)y,

from which the lemma follows directly.

5.2. THEOREM. The Q5P-module homomovphism X %S a vight inverse of the
Smith homomorphism A. Thus A is an epimovphism,
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Remark, The second statement also follows from (3.3), since one may show that
Afvém g |=[v4m-4 g ] for m > 0.

It follows from (5.1) that the tangent bundles 7p and 73y of P(a P H) and Mk
satisfy

(3) p=ni(ry + ar);
hence the (k + 4)-manifold P(¢ () H) carries a symplectic structure. As with A,

one may show that x is a well-defined homomorphism of Q5P-modules. K remains
to show that A ox = identity.

Let i: Mk — P(e (D H) be the section of 7 with i(MX) = P(a) C P(a @ H). The
induced bundle i'(8) of the canonical Sp(1)-bundle g — P{a (® H) is then ¢, and in
view of (3), @y is the normal bundle of Mk in P(a (@ H). Thus we can choose a
classifying map g of 8 such that the diagram

Ple @ H) & HP(n)

ti 1

Mk HP(n - 1)

is commutative (n < ) and g is transverse regular to HP(n - 1) with
i(MKk) = g-1(HP(n - 1)). The theorem follows at once.
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