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Around Silver’s Theorem

Moti Gitik

Abstract  We state some results related to the Silver Theorem.

The following statement is a modern formulation of Silver’s Theorem.

Theorem 1 (Shelah [3], I, 2.4(1), p. 59)  Let « be a singular cardinal of uncount-
able cofinality. If pp(x) > k™ then the set {§ < «k | pp(8) > 8} contains a closed
unbounded subset.

What happens if we drop the assumption pp(«) > x+? Consider the following prin-
ciple:
(%),  There exists an increasing continuous sequence (k; | i < cf(x)) with limit «
such that for each limit i < cf(x) we have max(PCF({K;r |j<i})= /cl.+.

Note that once i has uncountable cofinality, then /cl.+ = max(PCF({/c;.r | j < i})
always holds by [3], Claim 2.1, p. 55.

Schindler showed ([1], 1.3) that if (), fails then Projective Determinancy holds.
The exact strength of —(x), is unknown but results below give a supercompact as an
upperbound.

Theorem 2 ([11) Let k be a singular cardinal of uncountable cofinality. Assume
(*%). Then either

1. {6 <« | pp(8) =81} D club, or

2. {8 <« | pp(8) > 8T} D club.

A similar result holds if we replace pp(8) by 2°.

Our aim is to give the consistency of a situation when the sets {§ < « | 20 = sy
and {8 < k | 2% = 811} are both stationary. It turns out that it is easier to deal first
with gaps bigger than 1.
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Thus fix an increasing continuous sequence (k; | i < cf(k)) with limit «. Set
Sy = {Ki+” | i < cf(k)} foreach n > 1. Consider the following principle:

(*).n  Thereis aclub C C cf(x) such that x N PCF({K;F” |i e C})CS,.

Clearly (%), is equivalent to (), 1.
Building on the ideas of Gitik and Mitchell [2], it is possible to show the follow-
ing.

Theorem 3 (—(3 inner model with a strong cardinal))  Suppose that for every
i < cf(x) we have Ki""‘) = (Kl.'m)K. Then for each n, 1 < n < w, the follow-
ing holds: if foralli < cf (k), 2% < KI.JF”, then ()., holds.

This means that in order to make (x), , false we need to get above (KZ.J““’)K . Thus
the first reasonable candidate is w + 1. The next result shows that (given reasonable
assumptions) @ + 1 cannot work.

Theorem 4 ([1]1)  Assume that for each i < cf(«), pp(k;) > Ki+“’+l and pp(k;*®) =

1TV I ()0 holds for all n < w, then (%) w41 also holds.

The next candidate is w + 2. The following shows that it is already a good one.

Theorem 5  Assume that there is a coherent sequence of (i, k **+t3)—extenders of

length w1. Then in a generic extension it is possible to have the following:

1. of(c) = 8y,
2. sets {8 <k |20 =81t} and {8 < « | 20 = 813} are both stationary.

The construction uses a combination of Magidor forcing on extenders with short
extender forcings.

Using supercompacts in the previous construction to collapse successors of §s, it
is possible to obtain the following.

Theorem 6  Assume that k is a supercompact cardinal. Then in a generic extension
it is possible to have the following:

1. cf(k) = Ry,

2. sets {8 < k|2% = 8T} and {8 < « | 2° = 811} are both stationary.
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