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An Axiomatization of Predicate

Functor Logic

STEVEN T. KUHN

1 Introduction Predicate Functor Logic is a formal system devised by
Quine to provide a natural variable-free equivalent of elementary logic. It is
described, in its most recent form, in [9]; but the ideas go back to [8] and
[7]. In [9] Quine discusses the problem of exhibiting a simple and complete
“proof procedure” for predicate functor logic, i.e., a procedure for recursively
enumerating the formulas of predicate functor logic whose elementary logic
counterparts are valid. This paper describes one such procedure.! We provide
an interpretation for predicate functor logic which is consonant with Quine’s
remarks. The class of formulas valid with respect to this interpretation is
axiomatized by a recursive set of axioms and rules. The proof that this
axiomatization is complete is an adaptation of the Henkin completeness proof
for elementary logic. It does not require translations between predicate functor
and elementary logic. The axiomatization is not as simple as might be desired:
nonprimitive symbols are needed to display the axioms conveniently. But a
closely related system is shown to have a simple and perspicuous axiomatiza-
tion.

2 Predicate functor logic The language of predicate functor logic con-
tains symbols of two varieties. First, for each n = 0 there is a countable collec-
tion of n-ary atomic predicates. For convenience we take these to be just the
n-ary predicates of elementary logic. Second, there are the predicate functors,
T,0,p, P, [,]1,and 1.

For n > 0 the set of n-ary predicates satisfies the following conditions:

1. All n-ary atomic predicates are n-ary predicates.
2.1f P* and Q™ are m-ary and me-ary predicates, respectively, then
(P" N Q™) is a max(m,n)-ary predicate.
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3.If P" is an n-ary predicate, then 71P" and PP" are n-ary predicates,
[P" is an n+l-ary predicate, ] P" is an n—1-ary predicate (unless n = 0,
in which case it is an n-ary predicate), and pP" is an n-ary predicate
(unless n < 1, in which case it is a 2-ary predicate).

4.1 is a 2-ary predicate.

A predicate is a string of symbols which, for some #, can be shown to be an
n-ary predicate on the basis of 1-4. (We make the usual assumptions that the
initial collection of symbols is pairwise disjoint, and that juxtaposition in
the metalanguage represents concatenation in the object language.) Z pr is the
set of all predicates. A sentence of Z pr is a O-ary predicate. Henceforth we
use P, @, R and P"*, Q" R", as metamathematical variables ranging over predi-
cates in Z pp and n-ary predicates in .Z pr, respectively. ¢ and  are used
similarly as variables over formulas of elementary logic.

A model is a pair M = (&,d) where & is a nonempty set (the domain
of M) and J is a function from n-ary atomic predicates of .Z pr to subsets of
" The members of &% are called arrays of individuals, or simply arrays.
Suppose M = (. ,)is a model and a = a<d1" d,, . . . is an individual array on M.
Then P is true of a in M (written ‘M F P’ or simply ‘@ =P’ when confusion is
unlikely) if one of the following holds:

1. Pis an atomic n-ary predicate and (d,, . . ., dp,) €L (P)
2.P="1Q and nota EQ

3.P=QNRanda FQanda FR

4. P=pQ"and (dy, dy, day dy, . ..) EQ"
5.P=PQ"and{d,,dy, . . ., dps, dpss, - ..} EQ"
6.P=[Qand(dy, ds,...) EQ

7.P=1Q and (d,, d;, . ..) EQ for some dy e &
8.P=Iand d, =d,

P is true in M (written ‘M EP) if M lé P for all individual arraysa on M. P is
valid (* F P) if it is true in all models. If I' C .Z pp then T is true of a in M
(‘M ET)if,forallPeI’, M EP.

3 Abbreviations Superscripts on functors or on bracketed groups of
functors are used to indicate iterations. For example, ‘]3P’ means ]1]P,
‘(Pp)2Q’ means PpPpQ, and ‘P°Q’ means Q. The following abbreviations will
be useful (n,k = 0):

1.(@DR)="1(Q NIR)
2.(Q#R)=((@DOR)NRDQ)
3.1=UnNnD)
P+ K(pp)k-1gn if k <n

n—
4. 0xQ 0x(Q™ N [¥7271 1) otherwise
5.0¢'Q =05 'Q
6. %Q = Jog (I N UlzilQ)
Ty k)@ = Ty Thy_y+1 - + - Tky+n-1€
8.IfT CZpp thenT*=1{7(2,4,...,2n)P". P"e T}

Notice that if Q is an n-ary predicate o, Q is a max(n,k)-ary predicate, 7, Q is
a max(n - 1,k)-ary predicate and 7(,,... k,Q is an m-ary predicate where
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m=max(k; +n—-1,k,+n-2,..., k). Outermost parentheses in the name of
a predicate are often dropped.

Lemma 1 For all models M =0 ,dyand all a={d,, d,, .. .) in O,

a.a EQDRiffaEQora ER

b.a EQ#R iffeithera EQanda ER ora FQand a R
cakll

d..a ':UkQ iff(dk, dl,. . '9dk—17dk+l,- ) |:Q

€. a 'ZUEIQ iffd,, ..., dg, dyy diesr, - . .Y EQ

f a l:Tinff<dk,d1,.. ) l:Q

g. a I:T(kl,...,kn)Q iff(dkl, . "dkn’ dl, dz, o) '::Q

4 Elementary logic The models and “arrays” defined in Section 2 are
easily recognized as ordinary models and assignments of elementary logic.
If vy, vy, . . . is an enumeration of the variables of elementary logic then we can
regard a formula of elementary logic as true in M under a if it is true in M
when the ’th coordinate of a.is assigned to v;. So it makes sense to ask whether
there is a predicate in Z pr which is true under the same conditions as a given
formula of elementary logic. For example, the sentence 711 1(P! N 11QY) of
Z pp is true in a model M if and only if the sentence Vx(P'x n ~Q'x) of ele-
mentary logic is true in M. To find equivalents of other sentences requires
some ingenuity. Predicate functor logic contains no variables, so the effect
of permuting, repeating, and deleting variables must be obtained by appropriate
use of functors. But, as Quine remarked, it can be done: whatever is expressible
in elementary logic is expressible in .Z pr and vice versa.

To show this it is convenient to use a fact noted by Tarski: every formula
of elementary logic with identity is equivalent to one in which each k-ary
predicate (except ‘=’) is followed by vy, .. ., v;. Let .2 be the set of formulas
of elementary logic which have this property and let .Z be the set of all
formulas of elementary logic. We define a translation #; from .Z 7 into Z pr by
induction:

tiPvy...vp)=P
oo ifi<k

10y = v {o]kojl i£5>k

t(¢) ="t4(¢)

ti(o A ) = 14(9) N £ (Y)

1((Fv))¢) = 10741 L7 ' 11(9).

Similarly, we define a translation ¢, from Z p into Z|:

tl)=vi=v,

t,(PY=Pv,...v,

1,(MQ) =~1,(Q)

1(Q NR) =15(Q) A £(R)

t(PQ) = t:(Q) vy, v2/vy,v,4]

H(PO™M = 1,(O)vy, . . ., vplvp, vy, . . .y Vg

1(1Q") = tAQD)vy, . . ., VufVy, -+ ., Vpad]

£,(10") = v, (L(Dlvys - -, Un+1/Vne15 V15 - - -5 Unl).



236 STEVEN T. KUHN

Lemma2  (a) IfM =6, then M 2 1,(8). (b) IFM B P, then M & t,(P).

Corollary If ¢ and P are sentences of Zrand Z pp, then F ¢ implies E t,(¢),
F P implies E t,(P) and & ¢ <> t,(¢t,(¢)). In other words, predicate functor
logic and elementary logic are equivalent in the sense of Kotas and Pieczkowski

[1].

5 Axiomatization To state the axioms and rules properly we need to know.
conditions under which the k’th coordinate in the array a is relevant to P’s
being true of a.?

Definition P depends on coordinate k if k = 1, P #+ L and one of the
following hold:

. Pis an n-ary atomic predicate and k <n

. P=71Q and Q depends on coordinate k

. P=(Q N R) and either Q or R depends on coordinate k

d.P = PQ" and either k = 1 and Q" depends on coordinate n or 2 < k <n
and Q" depends on coordinate n — 1

e. P = pQ" and either £k = 1 and Q" depends on coordinate 2 or k = 2 and

Q" depends on coordinate 1 or 3 < k < n and Q depends on coordinate &

P=[Q and Q depends on coordinate k — 1 '

g. P=]Q and Q depends on coordinate k + 1.

o o e

el

Lemma 3 (a) If P does not depend on coordinate k, then{d,, .. .,dg,...)
EPiff dy,...,ds,...) EP.(b)If T(kl,_“’km_p)Pn depends on coordinate j,
thenj e tky, . . ., kn}.

Let PF be the smallest subset of .Zpr which contains all instances of the
following axiom schemes and is closed under the following rules.

Al Any predicate schema which can be obtained from a tautology by a
uniform substitution of predicate variables for sentence letters, 71 for ~ and N
for A (for example PO (Q D P), Q # Q)

A2 Xy,...,mP" # P"

A3 Tk k) 2" # Ty, kg B

A4 Thgyoo) VEHF Ty )P _

AS Thy, .. k) BTN Q) # (k. iy P O Ty, ., Ky Q7), where n = max (i)
A6 T(k’k)l

A7 T(j,k)f D T(k’j)l

A8 (T(,',j>1 N T(j,k)[) D1l

A9 Ty, ik Ty P O Ty i) D) D Thy, iy k)P

n

A10 7 k)PP H Tk, k0P
All Ty k)PP # Ty by ks, )P
A12 Ty e PP T, P
A13 Ty kP D Ty, 1P

R1 If Pand P D Q are in PF, then so is Q.
R2 If (P N 7(r,,..., k@) 2 R is in PF and neither P N 7k, . 1 Q nor R
depends on coordinate ko, then (P N 7, ... k,y]1Q) O R isin PF.

n
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It is easy to check that each instance of A1-A13 is valid and that R1 and R2
preserve validity. Hence every member of PF is valid. To prove the converse
we need a few definitions and lemmas.

Definitions Suppose I' € PF. T is consistent if it does not contain Gy, . . .,
G, such that (G, N...N G,) D 1 is in PF. T is maximal consistent if it is
consistent and it has no proper extension which is consistent. I' is saturated
if it is maximal consistent and in addition it contains ke, ..., kp)P fOr some
ko whenever it contains 7k, ... k)P

Lemma 4 For all T, if T'* is consistent it can be extended to a saturated
set T C Z pp.

Proof: Let Py, P,, . .. be an enumeration of .Z pr such that if P; = 7¢¢ ... 1,10
then Piyy = T(ky,... k,)@ for some k, such that k, is odd, k, is distinct from
ki, .. ., ky, and none of the P;’s which appeared previously in the list depend
on k,. (Such a kg will always be available because each P; depends on at most
finitely many coordinates.) We define a sequence of subsets of .Z pr by induc-
tion: [y = I'*. T4y = I' U {Py,,} if this is consistent and Ty, = T' U {14}
otherwise. Let I'* = U I';. It is easy to check that I'* is a maximal consistent
i<w

extension of I'*. To see that I'* is saturated, suppose 7(x,,...,x»]1Q € r+.
Tky,. .., kyy] @ must appear in the enumeration of Z pr, say it is P;. It is sufficient
to show Pj,; € I'j4;. But this can fail only if Iy U {P;,} is inconsistent. Since
I'" is consistent I'; must contain P;. Hence, if Py, ¢ I'j4; then (G; N...N
Gn N T, ... k@) D L is in PF for some Gy, . . ., Gy in I;. But k&, is odd, so
nothing in I'* depends on it. Furthermore k, was chosen so that P,..., F;
and 7, ... k] @ do not depend on it. By Rule 2, therefore, (G; N ... NG, N
T(ky, ..., kpy) @) 2 Lis in PF which violates the consistency of I.

Len}ma 5 If T'* is consistent there is a model M and an array a such that
M ET*,

Proof: Let I'* be a saturated extension of I'*. Let ~ be the binary relation
on positive integers defined:

i~j iff 7'(;,,-)16 r+
By Axioms A6, A7, and A8 it follows that ~ is an equivalence relation. Let
[i] be the equivalence class of i under ~. Let 0 = {[i]: i < w}; let a = ([1],
[2],...); and for atomic P", let (P") = K[k, ..., [kn]): 7y, ..., ) P" € T8
Then M = (.0',J) is a model and «a is an array on M. It can be proved by induc-

tion on the length of P that {[k,], [k,],...) E P"iff T(kl,...,kn>P” e I'. We
do three cases and leave the others to the reader.

Casei. P"=1([k,], [k,],...) EP"iff [k,] = [k,] iff Ty, kep) | € r.

Caseii. P* = PQ" and n > 2. ([k,], [ky),...) E PQ™ iff ([kyl, [K,l, .. .,
(kn-1)y [Knagds o) B QM AfE 700,k .. k@ € TV Aff 71k, PQ" € T*
(by A10).

Case iii. P" = 1Q"™1. If ([k,], [k,),...) E 1Q™1, then (ko, &y, ...) = Q"
for some k,. By induction hypothesis, 7(x,, ... x,» = Q""" € I'* for some k. By
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Al3 T<k1,-..,kn)]Q"“ e T'*. Conversely, if T(kl,-..,kn)]Q"” ¢ T* then since
I* is saturated 7, .. 1)Q™! € T* for some ko By induction hypothesis
(ko kyy - 222 |=Qn+1 Hence (k,, k,, . ..) = 1Qm+.

To complete the proof of Lemma 5 gbserve that M & P iff T(,.. .nyP" e T*
iff P"e I'* (by A2). Since T’* CT'*, M Er*

Lemma 6 If T is consistent so is T'*.

Proof: Ifnot, then (G, N...N Gy) D Lisin PF for G of the form 7(5 .. 26 F;
where P; € I'. By A3 and AS, it followsthat ¢, 4 .. 2m)(P1 N ... N P)D Lis
in PF where m = maxtk;: 1 <i < n}. By m applications of R2, I"(P; N...N
P,) O Lis in PF. But by m applications of Al13, 7y, . my(Py V... N Py) D
Py N...N0 Py isin PF. Hence (P, N...N P;) D Lis in PF which violates
the consistency of I'.

Theaorem 1 If T is consistent there is a model M and an array a such that
M ET.

Proof: If I' is consistent, then by Lemma 6, so is I'*. So by Lemma 5 there
is a model M and an, array a = (dy,d,,...) such that M € r* Butifa’ =
(dy,ds4, . ..)then M l= I.

Corollary EPiff Pe PF.

6 Logic without identity The version of predicate functor logic described
here is that of [9]. In [8] the O-ary functor 7 is not present. In its stead is a
unary functor S called “reflection” with the truth condition:

@y, ... a,) ESAIff (ay,ay,a,,...,a,) EA.

The resulting system is equivalent to predicate logic without identity.

Our axiomatization and completeness proof can easily be adapted to this
system. First, for all numbers m and n, we can define a complex functor i,,
such that @y, ..., am, . . ., @) EimaAdiff (ay, .. ., @p_y, Gn, Gy, - - ., 3p) FA.
A6-A9 are replaced by:

B6  imninmP #ipnP
BT imnipmP # imnipnP
B8 Tkyy o kimy oK) o # Ty, o oy B K R

The remaining axioms are kept intact. The completeness proof is unchanged
except that the definition of the relation ~ of Lemma 5 becomes:

m ~niff A #i,, ,A is a member of I'* for all A.

7 Restoring free variables In the first section of [8] Quine points out that
the introduction of variable binding operators in mathematics coincides with
the failure of some attractive rules of substitution. Since all variable binding
can be reduced to variable binding by quantifiers, the replacement of quan-
tifiers by functors can be regarded as the reduction of a convenient, but con-
ceptually complicated, idea to a simpler (though less convenient) one. It should
provide, as Quine says, ... an analysis of the idea of the bound variable: an
explanation with all the clarity of the discrete and blocklike terms and simple
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substitutions characteristic of algebra” ([9], p. 215). But predicate functor
logic is a more radical departure from elementary logic than is needed for this
reduction. The language of predicate functor logic dispenses not only with
variable binding operators, but with the variables themselves—both bound
and free. In this section we consider a variant of .Z pr in which the free variables
are restored. We call the new language .Z pry.

A basic formula of £ ppy is an n-ary predicate (not necessarily atomic)
followed by » individual variables of .Z. A formula of Z pry is something built
up from the basic formulas in the usual way using the connectives A and 71. A
sentence of Zppy is a formula containing no individual variables. For example
PO A 1P 1(Q* N RY) is a sentence of £ ppy. £ pry is identified with the set of
its formulas. «, 8, v are used as metamathematical variables ranging over Z pgy.
Truth for formulas of .Z pry can be defined succinctly by using the notion of
truth for predicates of .Z pp defined previously: If M is a model and a is an array
on M then

l.a lanUkl- .+ Uk, iff(dkl,. . ~>dknsd1’- .Y Ep"
2.4 Faiff nota Fa
3.aFarBiffa Faanda E8.

M E o iff for alla, (M,a) E .
PFV is the smallest subset of .Z pry containing all instances of the follow-
ing schemas and closed under the following rules.

B1 All tautologous formulas

B2 P OOMXy . Xppaxmn) < P7xy oo Xy A Py LX)
B3 APxy...x, <> ~Px;...x,

B4 Ixx

BS Ixy = Iyx

B6 Uxy n Iyz) —> Ixz

B7 Pxy...xpgANxy) > Pyix,. .. Xn

B8 PPxy...Xp <> Pxyx;...%Xp

B9 PPxy... Xy <> Pxyx;... X%y

B10 [Pxy...xp<>Px,y...x,
B11 Pxy...xp~> 1Pxy...xp

S1 If o and oo > 8 are in PFV then so is §.
S2 If (@ A Pxy...x,) > B is in PFV and x, does not occur in 8 or
on]Pxy...x, thenan ]Px;...x,—~> Bisin PFV.

Lemma 7 PFV contains all instances of the following schemas:

(@ 00"y .. %< Q"XpXy .. XpaXprr - - - Xy if K <n

@) 0 QM. .. x> QMpx,. .. Xpr, ifk=n

() 0™y ... X <> Q"XgXy . . . Xp_y, Wwhere m = max(k,n)

©) T(kl,...,k,,+p)Q"x1 coe X <> Qg . Xp, Where mo = max(ky, . . ., knip,
n + p).

Proof: Lemmas 7a and 7a’ can be proved easily using B5 and B6. 7¢c follows

from 7b. We prove 7b for the case k < n. First, notice that each conditional
in the following list is in PFV:



240 STEVEN T. KUHN

Q™XkX1 + + « Xpog = Opt1Q™XEXEXY « « « Xfomp - -+ + Xnet (by 7a,a")
QMxpXy .+« « Xpog = DXgXp A Ofpy Q"XkXEX ]+ + o Xko1 Xka1 « « - Xnoi (by B4)
Q"xgXxy ... Xpy >IN Uk—+11Q”)xkxkx1 oo o Xg=1Xk+1 - -+ - Xpn-1 (by B2)
Q"xgXy .+« Xp-y = O (I N ol;‘l,Q")xkxl oo Xp-y (by 7a,a’)
Q"xxy . o Xpoy > 10k @ O 055 Q™xy . . Xpey (by B11)
O"xpXq oo Xpoy > Q"% . . Xy
Next, let y be any variable distinct from x,, . .., x,—;. Then the following are
also in PFV:
Ok N 01 QMYx1 . Xpe > (O 0g1 QMxkYXy . . Xk-1Xk+1 + - Xn-1
(by 7a)
O N Uk_+11Qn)J/x1 o Xpmy > (XY A 0k-+11ankyx1 oo Xgo1XEe - - - Xn-1)
(by B2)
e N 05 @YXy . o Xy =~ Uyx A Q"yxy ... xp—y)  (by BS and 7a)
0L N Gk_-len)yxl e Xpmg > QXX L Xpy (by B7)
logs (I N lelQn)xl A i T (by S2)

Tanxl o« . x,,_l - ankxl “ e xn_l.

Hence, 7:Q™; . . . Xp— <> Q"x3xq . . . Xp-y isin PFV.
We now define translations between £ pr and Z pgy:

Lets;(PMv; ... vy,
Let s,(P"vg, - - - Uk,) = T(ky, .. ) "
s2(a A B) = s5(0) N 55(B)

55(~a) = TIs5(0).
Lemma 8

(a)y M l—:P iffM l=s1(P)
)M = iffM & so(@)
(c) if Pe PF. s,(P) € PFV
(d) 515,(c) <> o e PFV.

Proof: Lemma 8a follows from the definitions. 8b can be proved by a
routine formula induction. To prove 8c, notice first that by Lemma 7c,
$1(Tiwey, ..., kyP) <> Pug, .. . g, is in PFV. Using this fact it is easy to check
that the translations of Al, ..., A12 are in PFV and that PFV is closed under
the translations of R1 and R2. 8d can also be easily proved by using Lemma 7c.

Theorem 2 Faiffae PF.

Soundness is routine. To prove the other direction, suppose & . By Lemma 8b,
F s,(a). By the corollary to Theorem 1, s,(«) € PF. By Lemma 8c, 5,(s,(®)) €
PFV, and by Lemma 8d, a € PFV.

NOTES

1. Axiomatizations of similar systems have been given by Bernays [1], Nolin [6], Howard
[31, and Craig [2]. Craig’s axioms are particularly simple. Only Nolin’s system, however,
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is “autonomous” in the sense Quine requests, and his completeness proof rests on transla-
tions with a previously axiomatized version of predicate logic.

2. The definition and lemma which follow are needed only to establish strong completeness.
Every valid formula of .Zpp can be derived in the axiom system obtained by replacing
R2, which follows axiom schema Al13, by R2w: If (P N 7 .. x,yQP) D R® is in PF
and ko> max(m,n,p,s,ky, . . ., ky) then P™ N 7k, .. k)] @P) D R’ is in PF.
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