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Stability for Pairs of Equivalence Relations

CARLO TOFFALORI

Abstract We consider pairs of equivalence relations Ey, E; such that, for
some nonnegative integer A, every class of the join of E, and E; contains at
most A classes of either E, or E,. We classify these structures under categor-
icity (in some infinite power), nonmultidimensionality and finite cover
property.

1 Let T be a countable complete first-order theory with no finite models. As
usual, we assume that all models of T are elementary substructures of some big
model U (the universe of 7). Our aim is to study stability for theories 7 of two
equivalence relations Ej, E;, with particular attention to the problem of classify-
ing among them the ones that are categorical in &, or in X;.

Notice that in the simple case E, = E, hence when there is a unique equiva-
lence relation, the situation is quite clear. In fact T is w-stable and one can eas-
ily prove:

Theorem 1 Let T be the theory of an equivalence relation E. Then the fol-

lowing propositions are equivalent:

1. T is Ry-categorical

2. T does not satisfy the finite cover property (f.c.p.)

3. thereis k € w such that, for all a € U, E(U,a) has either <k or infinitely many
~ elements.

Since, for every theory T, T’s being &;-categorical implies 7’s being nmd and
w-stable (where ‘nmd’ signifies nonmultidimensionality), and this implies 7”s be-
ing w-stable and without the f.c.p., it follows that, in the case of a unique equiva-
lence relation,

T is &;-categorical = T is &,-categorical.
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Then one can easily see:

Theorem 2 Let T be the theory of an equivalence relation E. Then the fol-

lowing propositions are equivalent:

1. T is 8,-categorical

2. T is Rq-categorical, and either there are at most finitely many finite F-classes
and exactly one infinite E-class, or every E-class is finite and there is a unique
h < k such that there are infinitely many E-classes of power h.

More generally, one can prove:

Theorem 2’ Let T be as above. Then the following propositions are equiv-
alent:

1. Tis nmd

2. T is Ry-categorical, and there are at most finitely many infinite classes.

Finally, one can see that, if T is &,-categorical but not nmd, then Dp T = 2.

But, when we proceed to pairs of equivalence relations, the situation gets
much more complicated. In fact, even if usually only refining and crosscutting
equivalence relations are treated, there are many more intricate ways in which
two equivalence relations can interact, and it is worth recalling that the theory
of two equivalence relations is undecidable [8]. (See [6] for the troubles arising
when one studies categoricity in this context.)

We shall prove here that, assuming the more restrictive condition (+) (see Sec-
tion 2; essentially, (+) says that, if E is the equivalence relation generated by E|,
and E,, then every E-class in U contains at most /4 classes of either E, or E; for
a suitable 4 € w), then some results similar to Theorems 1, 2, and 2’ above can
be shown for theories of two equivalence relations. This will be obtained first
by reducing the study of arbitrary pairs of equivalence relations (satisfying (+))
to the study of pairs of permuting equivalence relations, and then by giving a
complete answer in this particular case.

We shall give a more general analysis of classification theory for theories of
pairs of equivalence relations in [10]. (Main references are: [2] for basic model
theory, [5] and [9] for stability theory.)

2 Let T be a theory of two equivalence relations Ey, E;. For all x,y € U and
e € {0,1}, we define

(x,y) € Ry if and only if EE,(x,y)
and, forh€ w, h >0,
(x,y) € R, if and only if F3az (E.(x,z) A R}™(z,7)).

Therefore, for all x,y € U, (x,y) € Rj,,, if and only if either 4 is even and
Fazi...3z2,(E. (%, 21) AE —(21,22) A...A E.(23,Y)) or his odd and F3z;...
A2 (E(X,21) NE1_(Z1,22) A...A E_.(Zs,))). Furthermore, for every 4 € w
and € € {0,1}, R < R},

Set now

(x,»¥) € Ry if and only if F Ey(x,y) A E;(x,Y)
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and, for every A € w, h > 0,

(x,y) €Ryifand only if F \/ “(x,y) € R}’.
e€{0,1}

Notice that, for all 2 € w, R}, € R;,;. Finally, put

(x,y) € E if and only if \/ “(x,y) € Ry”.
hE€w
Then E is an equivalence relation, and equals the join of Ej and E;. In the fol-
lowing we will call E the connection relation, and any E-class a connected com-
ponent.

In general, E is not O-definable (see example 2 below). In fact, E is 0-defin-
able if and only if there is # € w such that E = R;,. However, if E, and E; are
permuting (that is, if R = R}), then E = R, = RS = R,, and hence E is 0-
definable.

We can now state our assumption:

(#) Thereis & € w such that, for all a € U, there exists ¢ € {0,1} such that the
connected component of @ in U contains at most 4 elements pairwise in-
equivalent in E,.

Notice that, if E, € E;_, for some ¢ € {0,1}, then (+) holds. It is easy to see
that, if (+) holds, then E is O-definable (in fact, E = R,;). The following exam-
ple shows that the converse is false.

Example 1. Let T, = Th(Z X Z,E,, E,) where, for all e € {0,1}, x = (x9,X1),
y=Wor)€ZXZ,

FE,(x,y) if and only if x, = y,.
Then E is 0-definable in 7T} (as £ = R,), but (+) does not hold.

Example 2. Let T, = Th({x € Z X Z: either xo = x; or xo + 1 = x1},Eg, E})
where E, and E, are defined as above. Then E is not 0-definable in 75 as, for all
h € w, there are Xx, y satisfying

(x,¥) € Rpy1 — Ry
In particular 7, does not satisfy (+).

Owing to the results we want to show below, it is worth pointing out that:
(i) T, is R -categorical (hence 7, is nmd and does not satisfy the f.c.p.), but 7,
is not R,-categorical; and (ii) 7; is Ro-categorical but does not satisfy (+). Thus
it is not true for an arbitrary theory T of two equivalence relations that

T is ®-categorical = T is ®,-categorical = T satisfies (+).

For completeness’ sake, we notice that a simple Ryll-Nardzewski argument as-
sures us that

T is Ry-categorical = E is 0-definable in T
(see [6]).

Theorem 3 Let T be a theory of two equivalence relations satisfying (+).
Then T is superstable.
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Lemma 1 If M is a model of a theory of two equivalence relations, there is
a structure M* in a language L* = {Ey, E;, P} (with P a 1-ary relation symbol)
such that P(M*) = M, E, and E, are permuting equivalence relations in M'*,
if M satisfies (+) then M* satisfies (+), and ~P(M™) intersects each Ey N E;-
class in one element.

Proof: Build M* in the following way:

(i) The domain of M™* contains M and, moreover, an element x(X) for any
class X of Ey N E; in M, and an element x(X,,X;) for any pair of classes
Xy, X, of Ey,E, respectively in M such that X, N X; = & but, if ¢y € X, and
a; € X;, then M kE E(ay,a;).

@ii)) P(M™*) = M.

(iii) For every € € {0,1}, E.(M™*?) is an equivalence relation extending in the
natural way E, (M?) (for instance, we put, for every class X of E, N E,; in M,
and for every a € X, M* F Ey(x(X),a) A E;(x(X),a), and, for every pair of
classes Xy, X; of Ey, E| in M such that x(Xy,X;) is defined, and for all ¢, € X
and a; € X;, M™* F Eo(x(Xo,X1),a0) A Ey (x(Xo,X,),a1)).

Claim1 E(M*?) N M?=E(M?).

D is trivial.

C: Let x,y € M be such that (x,y) € E(M*?). Then there is kK € w such
that M™* F “(x,y) € R,”. We can assume k > 1, k odd. Hence there are z4,.. .,
Zk—1 € M* such that, for some ¢ € {0,1},

M* I=E‘e(x’zl) AEl—e(thZ) Ao A Ee(Zk—lyy)~

Put for simplicity x = z¢ and y = z;. If 24,...,2x—1 € M, then we are done.
Otherwise let i be the minimal index <k such that z; ¢ M. Clearly 0 < i< k. If
x; = x(X) for some class X of Ey N E; in M, then replace x; with an arbitrary
a € X. If x; = x(Xy, X;) for some pair X, X of classes of Ey, E; in M such that
XoN X, = I but, for all ¢y € Xy and a; € X;, M E E(ay,a,), then fix ay € X,
and a; € X;. Suppose for simplicity M* F E,(x;_;,X;), then in M and conse-
quently in M* it is true that FE, (x;_,,a.) and FE(a,,a,_.); furthermore M* E
E _.(a;_c,Xxi+1). Then we can replace x; with a finite sequence of elements of
M. By repeating this procedure, we get M F E(x,y).

Claim 2 In M*, E, and E, permute; in particular, E is 0-definable in M*.

It suffices to show that E € R9,R}. Let x,y € M* be such that (x,y) €
E(M*?). Fix x',y’ € M satisfying

M*EEy(x,x') NE (),)').

Then (x',y’) € E(M*?), and so M E E(x,y). It follows that Eq(M*,x") N
E,(M*,y') # @, hence Eg(M*,x) N E;(M*,y) + @. Then M* F “(x,y) €
RY”. Similarly for R3.

Notice that, for all x € M™*, there exists x’ € M such that E(M*,x) =
E(M*,x"). Moreover, for all x’ € M, E(M*,x’) = (E(M,x"))*.

Claim 3 If M satisfies (+), then M* satisfies (+).

In fact, forallx e M, i € w, € € {0,1}, E(M,x) contains i elements pairwise in-
equivalent in E, if and only if E(M™,x) does.
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Lemma 2 If T is a theory in L* such that the two equivalence relations per-
mute, (+) is satisfied and — P intersects each Ey N E|-class uniquely, then T is
superstable.

Proof: Let M E T; we have to calculate card (S;(M)). Then let p be a non-
algebraic type in S; (M).

Case I: For all m € M, v +# m € p, and there is a € M such that Ey(v,a) A
E|(v,a) € p. Clearly P(v) € p. If x, y satisfy the previous conditions, then there
exists an automorphism of U mapping x and y into each other, and fixing any
further element of U. In particular tp(x/M) = tp(y/M), so that p is uniquely
determined by these conditions. Then there are at most card M 1-types over M
satisfying Case 1.

Case 2: For all m € M, -E,;(v,m) € p, and there is ¢ € M such that
Ey(v,a) € p. Notice that (+) implies that £(M,a) contains only finitely many
E,-classes (say t Ey-classes, where ¢ < h). Fix ay (=a), a,,...,a,_; € M pair-
wise equivalent in E; and inequivalent in E,. For all j < ¢ and x F p, let

aj(p) = card(Eo(U,a;) N E (U, x));

then «;(p) is finite or equals card U. Let x,y in U satisfy the incomplete type in
v given by the following formulas:

—E;(v,m) for all m € M,

E()(U,a()),

P(v) or = P(v) provided that P(v) € p or = P(v) € p,
3la;j(p)w(Eo(w,a;) A Ey(w,v)) for all j < ¢ with o;(p) finite,

3> nw(Ey(w,a;) A E|(w,0))(n € w) for all j < ¢ with o;(p) = card U.

Then one can build an automorphism of U interchanging x and y, and mapping,
more generally, for all j < ¢, Eo(U,a;) N E;(U,x) and Eo(U, q;) N E (U, y) into
each other, and fixing any further element of U. Hence tp(x/M) = tp(y/M), and
p is uniquely determined by the previous list of formulas. Then there are at most
2-R%.card M = card M 1-types over M corresponding to this case.

Case 2': For all m € M, ~E,(v,m) € p, and there is ¢ € M such that
E (v,a) € p. This case can be handled exactly as Case 2.

Case 3: For all m € M, ~Ey(v,m) € p and ~E;(v,m) € p. Then permutabil-
ity and (+) yield that = E(v,m) € p for all m € M. Let x, y satisfy the previous
assumptions, and suppose tp(x/D) = tp(y/D) (in particular, FP(x) if and
only if EP(y)); then there is an automorphism f of U mapping x into y (hence
E(U,x) into E(U,y)), and we can assume that f induces an isomorphism of
E(U,y) onto E(U,x) and fixes any element of M. Then tp(x/M) = tp(y/M).
It follows that at most 20 1-types over M satisfy this case.

In general, card(S; (M)) < 2% + card M for each M F T. Hence T is super-
stable.
Theorem 3 follows immediately from the previous lemmas.

Corollary Let T be a theory of two equivalence relations satisfying (+). If
T is Ro-categorical, then T is w-stable.
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Proof: This follows from the theorem of Lachlan [4] stating that a superstable
Ko-categorical theory is w-stable.

Example 3. There exists a theory 7 of two equivalence relations E,, E; satisfy-
ing (+) which is not w-stable. In fact, consider the theory T; such that:

(i) EyS E, (in particular Tj satisfies (+))
(ii) forall k, n(1),...,n(k) € w — {0}, there is a € U such that, for every
i=1,...,k, E;(U,a) contains exactly n (i) Ey-classes of power i.

Let T be any completion of T,. Then T has at least 20 1-types over &. Hence
T is not w-stable.

Example 4. If we drop (+), then we can meet even unstable examples of theories
of pairs of permuting equivalence relations. For instance, let T'= Th(M, Ey, E;)
where

M = {(a,b,c) € w’:c=0when a=b, c € {0,1} otherwise}
and, for all (a,b,c), (a’,b’,c’) € M,
Ey((a,b,c), (a’,b’,c")) if and only if a = a’,
E{((a,b,c), (a’,b’,c’)) if and only if b = b".
Then E,, E,| are permuting (in fact crosscutting) equivalence relations, but (+)

does not hold. T is unstable, since the subset of M{a = (a,a,0) :a € w} is lin-
early ordered by

@ < b if and only if card(Eo(M,a) N E, (M, b)) = 2.

3 In this section, 7 will always denote a theory of two equivalence relations
satisfying (+). Our problem here is to find under which assumptions 7 in X,-cat-
egorical. Thus the following proposition arises in a natural way.

(P1) There exists N € w such that, for all a € U, (Ey N E;)(U, a) has either =N
or infinitely many elements.

In fact, we have

Lemma 3
(1) If T is Ry-categorical, then T satisfies (P1).
(2) If T does not admit the f.c.p., then T satisfies (P1).

Proof: (1) is a consequence of (2) and the fact that any stable R,-categorical the-
ory does not admit the f.c.p. (see [1]).

For (2), suppose that T does not satisfy (P1); then the formula v # w A
Ey(v,w) A E|(v,w) admits the f.c.p., so that also T satisfies the f.c.p.

Thus we can restrict our attention to theories T satisfying (P1). For every struc-
ture M = (M, E,, E,) such that Th(M) satisfies (+) and (P1), we build a new
structure M™* of the same language in the following way:

(i) The domain of M™* is composed by M and N + 1 elements x; (X,, X)
(i = N) for any pair Xy, X; of classes of E,, E; in M such that X, N
X, = O but, for any ap € X, and a; € X;, M kE E(ayp,a;).
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(i) E,,E, are equivalence relations in M* defined in the obvious way in or-
der to extend the relations of M.

One can easily see that:

(ii)) E(M*?) N M?* = E(M?);
(iv) E, and E; permute in M* (in particular, E is 0-definable in M*);
(v) M* satisfies (+) and (P1) (for N + 1).

As we shall see in Section 5, elementary equivalence, categoricity in any in-
finite power, —f.c.p. etc. are preserved under passing from M to M* and vice
versa. Thus there is no loss of generality for our purposes in replacing a theory
T satisfying (+) and (P1) with T* = Th(M™) where M is any model of T. Hence
we can assume that E, and E; permute in 7.

Furthermore, if M is any structure with two permuting equivalence relations
satisfying (+), then we can decompose M in the following way:

M= MU M}

i<h
where, for all i < A,

M? = {a € M: E(U,a) contains exactly i + 1 classes of E,},

M} = {a eEM- U M}):E(U,a) contains exactly i + 1 classes of El} .
j<h
Clearly M satisfies (P1) if and only if, for all i < h, M and M} satisfy (P1).
Furthermore this decomposition preserves elementary equivalence, categoricity,
—f.c.p., etc. in both senses (see Section 6 for the details). Hence there is no loss
of generality for our purposes in assuming that in M (and consequently in all
models of its theory) every E-class contains exactly 4 Ej-classes.

Thus we will suppose from now on in this section that T is a theory of two
permuting equivalence relations such that (+) holds and each E-class contains ex-
actly h Ey-classes.

Let T be such a theory. Another necessary condition for the Xy-categoricity
of Tis the following.

(P2) Forall ag,...,ap_1 €1{1,...,N, card U}, thereis N(ag,...,05_1) Ew
such that, for all ay, . . .,a,_; € U pairwise equivalent in E; and inequiva-
lent in E,, the power of the set of E;-classes X in U satisfying card (X N
Ey (U, aj)) = o for all j < h is either <N (ap,...,ap—;) or infinite (and
hence = card U).

Theorem 4 Let T satisfy the previous assumptions. Then the following propo-
sitions are equivalent:

1. T is Ry-categorical

2. T does not satisfy the f.c.p.

3. T satisfies (P1) and (P2).

Proof: 1. = 2. It suffices to recall that no stable 8,-categorical theory satisfies
the f.c.p. (see [1]).
2. = 3. We already saw that, if T does not have the f.c.p., then T satisfies



STABILITY 119

(P1). It remains to show that the same holds for (P2). Recall from Shelah [9] that
the —f.c.p. fails exactly when there is a formula ¢(v, v/, W) such that

(i) for all @ € U, ¢(v,v’,a@) defines an equivalence relation,
(i) for all n € w, there is a(n) € U such that ¢ (v, v’,@(n)) has finitely many
but >n equivalence classes.

Therefore it suffices to show that, if 7 does not satisfy (P2), then such a for-
mula ¢(v,v’,w) can be found. Let «y,...,a,_; be a counterexample to (P2),
and W denote (wy, ..., Ww,_;); put

(v, w): N\ (Er(wi, wj) A =Eo(wi, w)) A N\ 3ajz(Eg(W;,2) A E1(v,2))
i<j<h j<h

(where 3! card U means 3 > N),
e(v, v, W) : (§(v, W) A S (V, W) AE (v,0")) v (1 (v, W) A 2F(V, W)).

3. = 1. Assume that T satisfies (P1) and (P2). Let M be a denumerable model
of T, X be a class of E in M; we wish to characterize the isomorphism type of
X (considered as a structure with two equivalence relations £y, E;). Notice that
a similar analysis can be done even when M = U, provided we replace 8, with
card U. First, let us sketch informally our argument. X can be viewed as a ma-
trix with entries from {1,2,...,N, 8}, whose rows correspond to the E,-classes,
and whose columns correspond to the E;-classes; hence there are 2 rows and
countably many columns. Any entry gives the power of the intersection of the
corresponding E,-class and E;-class; so any column is described by a sequence
(ag,...,ap—1) from {1,2,...,N,R8q}, and X is given by a function telling how
many columns of each type there are. Now let us make our argument more pre-
cise. Let F be a bijection of 4 onto the set of Ej-classes of X, define a function
f=f(X,F)of (1,...,N,R,}" into w U {R,} by setting, for all g, ...,ap_1 €
{1,...,N,8},

flag,...,a_1) = power of the set of E;-classes Y S X such that, for all
J < h, card (Y N F())) is ;.

Notice that

(@ f#0;
(b) for all gy .- 50p—1 € {1, . ,N,x()}, eitherf(ao,. osap_1) < N(ap,
«,ap_1) OF flag,...,0p—1) =Ry

(in particular, there exist at most finitely many functions f(X,F)). Clearly,
f(X,F) depends not only on X but also on F. Hence let f = f(X,F), f' =
f(X,F’) where F, F’ are bijections of A4 onto the set of E,-classes of X. Then,
for all og,...,05—1 € {1,...,N,8}, we have

Sy o oyap—1) = (05« + - »Qg(h—1))

where o is the permutation on 4 defined by ¢ = F’~!F. In the set ® of all func-
tions of {1,...,N,Ro}" in w U {8} satisfying (a) and (b), consider the follow-
ing binary relation ~: if f,g € ®, then f ~ g if and only if there is ¢ € S, such
that Yog,...,op—1 € {1, “en ,N,XO},f(Oto, e ,Olh_l) = g(Oto(o), oo ,Otg(h_l)).

Clearly, ~ is an equivalence relation on ®; moreover, for every E-class X of
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a denumerable model of 7, and for every pair F, F’ of bijections of 4 onto the
set of Ey-classes of X, f(X,F) ~ f(X,F’).

We claim that, if M,M’ are denumerable models of 7, and X, X’ are E-
classes of M, M’ respectively, then

X = X' if and only if f ~ f’

where f = f(X,F), f' = f(X’,F’) and F, F’ are bijections of /4 onto the set of
Ej-classes of X, X’ respectively (owing to what we noticed above, the choice of
F, F’ is inessential).

First, assume f ~ f’; then there is 0 € S, such that, for all ag,...,a,_; €
{1,...,N,8q},

f(ao, e !ah—l) =fl(aa(0)a “ee ’aa(h—l))'

Put F” = F’¢~!, hence F” is a bijection of 4 onto the set of E,-classes of X”;
let f” =f(X"F”). Then, for all g, ...,05_1 € {1,...,N,Ro}, f"(gs...,05_1)
is the power of the set of E;-classes Y’ € X’ such that, for all j < A, card
(Y’ N F"(j)) = «, and hence is the power of the set of Ej-classes Y’ S X’ such
that, for all j < &, card (Y’ N F'(j)) = a,(jy- Then

S (g, .. sap—1) = f(g)s - - s Qoh—1y) = (g5 - .., Xp_1).

Consequently there is f” = f(X',F”) such that f = f”. Without loss of general-
ity, f=/f". For all g, ...,cp_1 € {1,...,N, 8]}, there is a bijection of the set
of Ej-classes Y of X such that, for all j < A, card (Y N F(j)) = «; onto the set
of E,-classes Y’ of X’ such that, for all j < &, card (Y’ N F’(j)) = «;. For ev-
ery Ej-class Y of X (with card (Y N F(j)) = «; for all j < k), let Y’ be the E;-
class of X’ corresponding to Y. Then there is a bijection of Y N F(j) onto
Y’ N F'(j) for all j < h; by combining these bijections, it is possible to build
an isomorphism of Y onto Y’. A similar union provides an isomorphism of X
onto X"

Conversely, let i be an isomorphism of X onto X". If F is a bijection of A
onto the set of Ey-classes of X, then iF is a bijection of 4 onto the set of E,-
classes of X'. Put f = f(X,F), f' = f(X',iF). Then, for all ag,...,a5,_1 €
{1, oo ,N,xo},f(ao, e ,Olh_l) =f'(0l0, oo ,Olh_l). It follows thatf:f’. (NO-
tice that we have also proved that, if f’ = f(X',F’), f€ ® and f ~ f’, then there
exists f” = f(X’,F”) such that f = f".)

Finally, let us show that, if M, M’ are denumerable models of 7, then M =
M’ Foralln € wU {R&}, put

_ n ifn € w,
n=
card U if n = R,.

Let f€e ®, W= (wy,...,W;,_1), and consider the following formulas:
(i) ¢f(w) is the conjunction of

N (Ei (Wi, w)j) A Eg(w;, w)))
i<j<h

and the formula assuring that, for all «y,...,a,_; € {1,...,N, card
U}, there exist exactly f(ay,. . .,o,_1) elements x € U pairwise inequiv-
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alent in E, such that, for any j < &, card (E,;(U,x) N Ex(U, w;)) = a; (it
is easy to see that this proposition really can be written by means of a
first-order formula).

(i) ¢r(v) is the formula 3w (¢f(W) A E(w,v)).

Claim 1 If f€ ®, M is a denumerable model of T and a € M, then M k
er(a) if and only if there is a bijection F of h onto the set of Ey-classes of
E(M,a) such that f = f(E(M,a),F).

The proof of this claim is straightforward.
Claim 2 Iff, f' €&, and f ~ f', then T F Vv (¢r(v) © @5 (V).

Let a € U be such that Fos(a), and let M be a denumerable model of 7 con-
taining a. Then there is F such that f = f(E(M,a),F) (Claim 1). As f’ ~ f, there
is F’ such that f* = f(E(M,a),F’). Then M F ¢; (a).

In particular, if £, f' € ®, f~ f" and TF = (3ves(v)), then TE = (vey (V).

Claim 3 Let f,f' € ® be such that T F 3vps(v) and T F Vv (¢s(V) ©
@5 (V)); then f ~ f".

Let M be a denumerable model of T, a € M, M k ¢s(a). Then M F ¢; (a), so
that there are F, F”’ satisfying f = f(E(M,a),F), f' = f(E(M,a),F’). It follows
that f ~ f".

Therefore 7 is able to recognize

(i) which isomorphism types of E-classes occur in its denumerable models
(in fact, these isomorphism types correspond to the functions f € & satis-
fying T F 3v ¢7(v); we point out that there are finitely many);

(ii) when two functions f, f’ € ® correspond to the same isomorphism type
(in fact this happens exactly when T F 3v ¢y (v) A YU (@7 (V) © ¢ (V)));
(iii) how many times an isomorphism type is represented (this is given by the
maximal number of elements pairwise inequivalent in E satisfying ¢ (v)
where f is any function of ¢ corresponding to the isomorphism type).

Then, if M, M’ are denumerable models of 7, it is easy to build an isomorphism
between M and M.

4 The aim of this section is to characterize X;-categorical theories and, more
generally, nmd theories of two equivalence relations satisfying (+). The next
lemma shows that all these theories are Ry-categorical.

Lemma 4 Let T be a theory of two equivalence relations satisfying (+). If
T is nmd, then T is Ry-categorical. In particular, if T is & ,-categorical, then T
is Ro-categorical.

Proof: 1t is well known that, for every theory 7,
T is R;-categorical = T is nmd and superstable = T satisfies —f.c.p.

But in our case T is superstable (Theorem 3), and 7 does not admit the f.c.p. if
and only if T is Ry-categorical (Theorem 4). Then Lemma 4 follows immedi-
ately.
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Thus we can assume that 7 satisfies the characterization of ®y-categorical
theories we gave in the last section. Moreover, as we already did in Section 3,
we can assume that Ey, E; permute and every E-class contains exactly 4 Ey-
classes (the justification of these further assumptions will be given in the next sec-
tions).

Notation: For every f € ®, let v(T, f) denote the power of the set of E-classes
of U whose isomorphism type correspond to f.

Notice that either » (T, f) < &, or »(T, f) = card U.
Let M be a model of T; it is easy to see that any nonalgebraic 1-type p over
M is fully determined by one of the following list of conditions:

@) v+mepforall me M; Ey(v,a) A E,(v,a) € p for some a € M with
(Ey N E;)(M,a) infinite.

(b) —E,(v,m) € p for all m € M; for some f € ®, ag,...,a,_1 €
{1, e ,N,xo} Withf(a(), .o ,O{h__l) = xo, and ag,...,ap_1 € M such
that Fo7(a),

Ey(v,a0) € p,
3lajw(Ey(w,a;) AE (v,w)) € p for all j < h.

(c) "Ey(v,m) € p for all m € M; for some f € ® with »(T,f) = card U,
og,..sap_ € {1,...,N,Rq} such that f(ay,...,0,—1) # 0, p contains
IW(v=wonef(W) A N\ 3ljz(Ep(w),2) A Ey(W),2)).

Jj<h

Lemma 5§ Let MET,A2M,p’' € S;(A),p=p’ | M.

1. If p satisfies (a), then p’ forks over M if and only if there is x € A such that
vV=X€Ep’;

2. if p satisfies (b), then p’ forks over M if and only if there is x € A such that
E\(v,x) € p";

3. if p satisfies (c), then p’ forks over M if and only if there is x € A such that
E(v,x) € p’

Proof: 1. (<) is obvious, since p’ represents v = w which is not represented by p.
(=) Let y,y’ realize p with y,y’ & A. The previous analysis of (a) provides

an automorphism of U mapping y into y’, and fixing in particular any element

of A. Then tp(y/A) = tp(y’/A). Hence there is a unique extension of p in

S1(A) containing v # x for all x € 4, and this extension must equal the heir p| A

of p. Consequently, when p’ # p|A, there exists x € A such that v = x € p".
2 and 3 can be shown in a similar way.

Lemma 6 Let M E T, p,q be nonalgebraic 1-types over M, p + q. Thenp L

q if and only if one of the following conditions holds:

1. mE,(v,m) € p N q for all m € M; there are ay,...,a,_, € M pairwise
equivalent in E| but not in Ey, and ay, . . .,ap_1 € {1,...,N, card U} such
that Ey(v,a0) € p, Eq(v,a;) € q and, for all j < h, “card (Eo(U,a;) N
E(Uv)=a €EpNag;

2. —E(v,m) € pN q forall m € M, and there is f € ® such that os(v) EpNgq.
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Proof: Let xFq, A =MU {x}, then p L q if and only if there is p’ € §;(A4)
such that p’ 2 p but p’ forks over M. First let us show that, if p L g, then 1 or
2 holds. We shall use Lemma 5, distinguishing three cases.

Ist case: p satisfies (a). If p’ € S;(A4), p’ 2 p and p’ forks over M, then there
is y € A such that v = y € p’ (hence y F p); as p is nonalgebraic, y = x; then
p=4q.

2nd case: p satisfies (b), in particular p is defined by the formulas Ey(v,a,),
—E;(v,m) for all m € M and

o;w(Ey(w,a)) AE(v,w))  (j<h)

for a suitable choice of a;,a;(j < h). Let p’ € S;(A) extend p and fork over M;
then there is y € M U {x} such that E,(v,y) € p’; furthermore, y = x as
—E;(v,m) € p for all m € M; hence —~E|(v,m) € q for all m € M, there is
i < h such that Ey(v,q;) € g, and for all j < k “card (Eo(U,a;) N Ey(U,v)) =
a;” € q; as p # ¢, we have i # 0; with no loss of generality, i = 1.

3rd case: p satisfies (c). Let p’ € S,(A) extend p and fork over M; then there
isy € MU {x} such that E(v,y) € p’; as above, y = x, hence ~E (v, m) € q for
all m € M and ¢;(v) € g where f is the function associated to p in (c).

Conversely, assume that 1 or 2 holds; we claim that there is p’ € S;(A) ex-
tending p and forking over M.

If 1 holds, then take y € Eq(U,a¢) N E{(U,x) and set p’ = tp(y/A). Then
p’ 2 p, but p’ forks over M as p satisfies (b) and E; (v,x) € p’.

If 2 holds, then let X, 3, € U be such that Fe(X%) A E(x,X), ¢ F p and
Fo7(7) A E(t,y0). With no loss of generality, we can assume x = xo, { = y;
for a suitable i < h. For all j < h, let B; € {1,...,N,Ro} be such that Bj =
card((Ep N E;) (U, ¥))); then f(Bo, . . .,B4—1) > 0 and there exists y € E(U,x)
such that, for all j < A,

card(Eo (U, x;) N Ey (U, »)) = B;.

We can assume y € Ey(U,x;); let p’ = tp(y/A). Then p’ 2 p, in fact, if ¢
denotes the permutation (i0) € S;, then p is fully determined by the formulas
—E(v,m) for all m € M and, furthermore, by the sequence

(Bo(0ys - - - sBacn-1)) € {1,...,N,Ro}*
together with the function g € & such that, for all «y,...,a,_; € {1,...,N, Ry},

g(ag, ... ap_1) = f(ag)s- -+ »Qe(n-1))-
Moreover p’ forks over M since E(v,x) € p’.

Theorem 5 Let T be a theory of two permuting equivalence relations satis-
Sfying (+) and such that every E-class contains exactly h Eq-classes. Then the fol-
lowing propositions are equivalent:
() Tis nmd
(ii) T is Ry-categorical; for all f € ® with v(T,f) > 0 and ayg,...,04_1 €
{1,...,N,8},
® if there is j < h such that o; = Ro or v(T,f) = card U, then f(ay,. ..,
ap—1) = N(ag, . .., 0p-1);
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if there is j < h such that aj = Ro and v(T, f) = card U, then f(ay, ...,
ap_1) =0.

Proof: (i) = (ii). We already saw that, if 7T is nmd, then T is &,-categorical. Let
M, denote the (unique) denumerable model of 7. Thus, for all M E T and for
all nonalgebraic p € S;(M), p L My. Let f€ ®, ap,...,ap_1 € {1,...,N,R0},
v(T,f) > 0.

Assume f(ay,...,ap—1) = 8o, a; = R, for some j < h. Let ap,...,a,_; €
M, satisfy Fos(a), and x € U satisfy the type g given by

v+ m € q for all m € M,,
Ey(v,a)) € g,
I a;z(Eg(z,a;) N E (2,0)) €E g foralli<h.

Let M be the model of T prime over M U {x} (T is 8,-categorical, hence w-sta-
ble), and consider the 1-type p over M defined by

veEmepforallme M,
Ey(v,x) A E{(v,x) €ED.

Then Lemma 6 implies p L M,—a contradiction. Hence, if o; = 8, for some
j < h, thenf(ao, .o $ah—1) < Ro.

Similar arguments show that, if » (7, f) = card U, then f(ag,. ..,a5_1) < K
and, if both «; = R, for some j < & and »(7,f) = card U, then f(ay,...,
ap_1) =0.

(ii) = (i). Let M, denote the denumerable model of 7. We have to show that,
if (ii) holds, then, for every M FT and for every nonalgebraicp € S;(M),p L
M,. This follows easily from Lemma 6.

Theorem 5’ Let T be as in Theorem 5. Then the following propositions are
equivalent:

(1) T is Ry-categorical,;

(ii) T is Ro-categorical and satisfies one of the following conditions:

1. There exists exactly one ~-class of functions f € ® satisfying v(T,f) =
card U, and, for all f € ® with v(T,f) >0and oy, ...,ap_1 € {1,...,
N,Ro}, f(ags--.r05_1) < N(ag,...,an_1) (and = 0 when there is j <
h such that aj = R);

2. forallfe ®, v(T,f) < Ry; there exist g € ® with v(T,g) > 0and @ =
(g, .. rap_y) € {1,...,N,Ro}" such that either

Jorall j < haj<Ryand g(a) =Ry
or
there is j < h such that o; = o and g(@) = 1

while, for all f € ® and_B = (Bo,---»Bn-1) € {1,. .., N,Ro}" with
v(T,f)>0and f+ gor B # @, f(B) < Ry and f(B) = 0 when there is
J < h such that 3; = R,.

Proof: Notice that Theorem 5 implies that, if 7 is unidimensional, then T is
w-stable. Hence T is 8;-categorical if and only if 7 is unidimensional, namely if
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and only if, for all M F T and for all nonalgebraic p,q € $; (M), p L q; 1 and
2 just provide a complete list of all cases in which this property holds.

In [10] it will be shown that, if T"is any theory of two equivalence relations
satisfying (+), then T is classifiable according to Shelah, and Dp T < 3. Theo-
rem 5 provides a complete characterization of all theories 7 satisfying Dp T =
1. It may be interesting to point out that also the remaining cases (Dp T = 2,
Dp T = 3) occur for Ky-categorical T.

Suppose that Dp T = 2; then it suffices to assume that E; € E,, and there
is a unique class of E,, containing infinitely many E;-classes, all infinite. Sup-
pose instead that Dp T = 3; then it suffices to assume that E; € E;, moreover
E, admits infinitely many classes, each class of E, contains infinitely many
classes of E;, and each class of E; is infinite.

5 In this section we will pay the first debt we contracted in Section 3, when
we associated to any structure M with two equivalence relations E, E; satisfy-
ing (+) and (P1) a new structure M* of the same language.

We said that there is no loss of generality for our purposes in replacing M
with M*. The aim of this section is to explain why. We tacitly assume from now
on that M, M’ denote structures with two equivalence relations satisfying (+) and
(P1). Notice that, if M is such a structure, then M is 0-definable in M™*, for in-
stance by the formula

(3N + 1 2(Ep(v,2) A Ey(v,2))).

Lemma 7
(1) Forall M, M', M = M’ if and only if M* = M"*.
Q) For all M, if M = M*, then there is M' = M such that M'* = M.

Proof: (Sketch) (1) (<) follows from the fact that M is 0-definable in M*.

(=) can be shown, for instance, by recalling that the first-order language for
our structures contains only finitely many extralogical symbols and hence = =
=, (see [3]). We leave to the reader the straightforward proof of the fact that,
if M =, M’, then M* =, M'*.

(2) Just set M’ = {x € M : card ((E; N E;)(M,x)) # N + 1} with the struc-
ture induced by M.

In particular, if T= Th(M) and T* = Th(M™), then the models of T* are
just the structures M’'* where M’ E T.

One can easily see also that, for all M, M,

(i) any elementary embedding of M* into M’* contains an elementary em-
bedding of M into M’;

(ii) conversely, any elementary embedding of M into M’ can be extended to
an embedding of M™ into M'*, and this embedding is elementary, too.

Lemma 8 For all M,

(1) M is Ry-categorical (X,-categorical) if and only if M* is

(2) M is w-stable if and only if M* is

(3) M is nmd if and only if M* is

(4) M does not have the f.c.p. if and only if M™* does not have the f.c.p.
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Proof: First notice that, if U is the universe of T = Th(M), then U* is the uni-
verse of T* = Th(M™).

(1) follows from the remark that M is infinite if and only if M* is and, in
this case, M and M* have the same power.

(2) («) is a consequence of the fact that M is 0-definable in M™*; (=) can be
shown by using a trivial counting types argument.

(3) It is simple to see that, for all x,y € U,

tp(x/M) = tp(y/M) (in T) iff tp(x/M*) = tp(y/M*) (in T*),
tp(x/M) L tp(y/M) (in T) iff tp(x/M*) L tp(y/M*) (in T*).

On the other hand, any nonalgebraic 1-type over M™* is [ to some type over M*
containing “v € U”. As this holds for all M’ F T, it follows that 7 is nmd if
and only if T is. ’

(4) (=) follows again from the fact that M is O-definable in M™*. (=) Assume
that M does not satisfy the f.c.p.; we have to show that neither does M*. We
will use the Poizat criterion [7] saying that, if T is a stable theory, and T; is the
theory of nice pairs of models of T, then 7 is complete, and 7 does not have
the f.c.p. if and only if any w,-saturated model of 7; is a nice pair. As above,
put T= Th(M), T* = Th(M™), and consider T; and (7*),: both of these the-
ories are complete, as T and T™ are superstable. We know that any w,-saturated
model of T is a nice pair of models of 7, and we claim that the same holds
for T*.

First notice that, if (M, M) is a pair of models of 7 such that M; < M,,
then (Mg, M) is a pair of models of T™* again satisfying M| < M{; moreover
(My, M,) is a substructure of (Mg, M7). Furthermore, if (My,M;), (Mj, M)
are such pairs of models of T, then (My, M,) = (M, M{) if and only if (Mg,
M) = (M§*,M{*), and any pair (M, M,) of models of T* with M; < M, is
isomorphic to (Mg,M7) for some pair (M, M;) of models of 7 such that
M, < M,.

In particular, all pairs (Mg,M{) with (My,M,;) F T, are elementarily
equivalent; let (77)* denote their theory.

Claim (T))* = (T*);.

As (T™*), is complete, it suffices to show that, if (M, M;) is a nice pair of mod-
els of 7, then (Mg, M7) is a nice pair of models of T* (for, in this case, every
model of (7;)* is elementarily equivalent to (Mg ,M{) for some nice pair
(My, M;) of models of T, and consequently is a model of (7T*),;; hence (7*); <
(Ty)* and, finally, (T™*), = (T;)*). We already saw that My > M;. Then we
have to show that:

(a) M is w;-saturated
(b) for all @ € Mg, every type over M{ U a (in T*) is realized in M.

Proof of (a). Let X ™ be a countable subset of M, p € S;(X*), y € U realize
p. Let X be the union between X™* N M, and the set one gets by choosing, for
any element x € X* — M,, two elements a,b € M, such that x € E,(M7,a) N
E,(M{,b) (and taking a,b in X* if possible). Then X is countable, and X <
M.
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If y € U, then there exists y, € M, satisfying tp(y/X) in T, hence there ex-
ists an automorphism of U mapping y into y, and fixing any element of X. One
can easily extend this automorphism to an automorphism of U™ fixing any el-
ement of X*. Then y, F p.

If y & U, let yo,y; € U be such that y € Eo(U*,y9) N E(U*,»);
to(¥o,y1/X) in T is realized in M, say by yg,¥{, hence there is an automor-
phism of U mapping y,,y; into yg,y; and fixing any element of X; extend it to
an automorphism of U™ fixing every element of X*; the image y’ of y in this
automorphism belongs to M7 and realizes p.

(b) can be shown in a similar way, and this concludes the proof of the claim.

Consider now any w;-saturated model of (T*); = (77)*; without loss of
generality, this model is of the form (Mg, M) where (M,,M,) F T,. More-
over (Mg, M;) is w;-saturated, as (My,M,) is O-definable in (Mg, M{). Then
(M,, M) is a nice pair of models of T, and hence (M, M) is a nice pair of
models of T*.

Therefore T* does not have the f.c.p.

6 We have to pay the second debt we ran into during the previous sections,
when we decomposed any structure M with two equivalence relations Ey, E,
satisfying (+) and permuting in the following way:

M= MU M})
i<h
where, for all i < h, M? = {a € M : E(U,a) contains exactly i + 1 classes of E,}
and M} = {a € M —U;<, M} : E(U,a) contains exactly i + 1 classes of E;}, and
we agreed to replace M with M} in our analysis.
In fact, as M?, M} are O-definable in M for all i < A, it is straightforward
to show:

Lemma 9 Let M be as above, then

(1) if M’ = M, then M{* = M} for alli < h and ¢ € {0,1};

Q) ifMi{*=M, foralli< handec (0,1} and M’ =U;  M/¢, then M’ = M,

(3) M is Ry-categorical if and only if, for all i < h and € € (0,1}, M} is Ko
categorical;

(4) M is Ri-categorical if and only if, for all i < h and € € {0,1}, M} is finite
or R,-categorical, and MjF is R ,-categorical for exactly one choice of i and ¢;

(5) M is w-stable if and only if, for all i < h and ¢ € {0,1}, M is w-stable;

(6) M is nmd if and only if, for all i < h and € € {0,1}, M} is nmd;

(7) M does not satisfy the f.c.p. if and only if, for all i < h and ¢ € {0,1}, M}
does not satisfy the f.c.p.

(As regards (<) of (7), use Theorem 4, which is satisfied by M} for all i < 4 and
e € {0,1}, and the fact that any Ry-categorical stable theory does not have the

f.c.p.)
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