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1 Theory choicein settheory  Set theoristsinvestigate sets. They aso investigate
theories. Set theorists investigate certain formal theories because:

1. their study of those theories teaches them interesting things about their own
informal set theorizing; and

2. the metatheory of those theories is mathematically rich and interesting in its
own right.

They get (1), of course, because theorieslike ZFC are successful formalizations of in-
formal set theorizing. But they get (2) partly because certain features of informal set
theorizing are omitted from the formalizations. Set theorists speaking adialect of En-
glish can, for example, fully characterize the order type of the natural numbers. But
it isthe formalizations that cannot characterize w categorically that are most attrac-
tive metamathematically. Sothereisatradeoff: we get the most bountiful metatheory
only if we concentrate on theories too weak to capture every aspect of informal set
theorizing. First-order languages lack the full expressive capacity of informal math-
ematical discourse, but they have a metatheory that many mathematicians find stim-
ulating and suggestive and entertaining and useful and generally wonderful. So three
cheersfor first-order languages! Let usjust not forget their limitations.

The formal set theory of our dreams would have a great metatheory and would
fully capture every important aspect of informal set theorizing. Well (consarnit!)
there could be a perfect fit between the formal and the informal if the set theorists
would limit their informal discourse. If only they would steer clear of those pesky
informal locutions that are not firstorderizable! 1f only we could make them speak
“an austere sublanguage of English that corresponds to the limited resources of first-
order logic” (p. 212). Of course, we couldn’t do so even if we tried. And if we did
try, we ourselves would violate a fundamental principle of philosophical methodol-
ogy and we would be urging the set theorists to erase a fundamental principle of set
theoretic methodol ogy.

The philosophical principle is MODESTY: “ . . . philosophy is not in the busi-
ness of criticizing and recommending reform of good mathematics on extra-mathe-
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matical grounds’ (p. 171). More generally, “ . . . mathematics is not answerable to
any extra-mathematical tribunal” (p. 184). A modest philosopher will, of course, not
insist that informal mathematical discourse be emasculated.

The set theoretic principle is COMBINATORIALISM: “ . . . a each stage of the
cumulative hierarchy [of sets], weinclude*all possiblecollections' . . . of previously-
formed entities.” That is, “ . . . we rgject the requirement that all collections be de-
finable [and] we aso add a maximizing ideathat every collection that can be formed
at agiven stage, will be formed at that stage” (p. 208). A combinatorialist believes
that theiterative hierarchy isasthick as possible, that the power set operation delivers
all the subsets of agiven set. We might expressthisasfollows. Thingsforma set just
in casethereisaset whose members are exactly them. Bach, Beethoven, and Brahms
form aset just in case there is aset whose members are exactly Bach, Beethoven, and
Brahms (that is, all three of them are members and every member is one of them).
What, then, are the subsets of a set A? The combinatorialist says. any members of
a set form a set; so any members of A form a set; and any set formed by members
of Awill, of course, be asubset of A. A set theorist confined to “an austere sublan-
guage of English that corresponds to the limited resources of first-order logic” could
not say what | just said or anything equivalent to it and so could not even express a
full-blooded combinatorialism. Our philosophically immodest linguistic revolution
would prevent set theorists from expressing one of the key ideas behind a mathemat-
ically successful research program.

At therisk of sounding philosophically immodest, we might remark that thelin-
guistic revolution would be a bad move even if it was the set theorists' idea: “ . . .
contemporary pure mathematics is pursued on the assumption that mathematicians
should be free to investigate any and all objects, structures, and theories that capture
their mathematical interest . . . . If mathematicsisto be allowed to expand freely in
thisway, and if set theory is to play the hoped-for foundational role, then set theory
should not impose any limitations of its own” (p. 210). Set theorists should, by all
means, study the formal theories that have a nice metatheory. But we would hope
that this leads to no artificial limitations on their informal set theorizing. Informal
mathematical discourse“should be as powerful and fruitful aspossible.” (Cf. p. 211.)

This idea that mathematicians should be unfettered has implications for theory
choice. Suppose, for the moment, that our goal is to craft atheory that captures our
conception of the set theoretic universe (as opposed to a theory that maximizes the
fertility of our metatheorizing). Then some choices are clear-cut. Second-order Z
(Z?) is better than first-order Z because only the second-order version allows us to
say how thick we think the universeis. (The ability of set theorists to make formal
claims about the thickness of the universe should not be limited by their choice of for-
mal vocabulary.) Z? ispreferableto Z2+ ‘thereisexactly onelimit ordinal’ becauseit
isilliberal to place an artificial cap on the height of the universe. (In this context, cat-
egoricity isavice.) Z2 is preferable to Z%4- * some Borel sets are not determined’ be-
cause the latter theory’s inconsistency follows from the consistency of second-order
ZF (ZF?). (Here and below, “consistency,” “consequence,” “implication,” etc. are
to be understood semantically.) ZF? is preferable to Z2 because the former incorpo-
ratesan intuitive principle of set formation that yieldsan abundance of interesting and
stimulating structures. (p. 211: “ . . . given that set theory is out to provide models



BOOK REVIEW 295

for all mathematical objects and instantiations for all mathematical structures, one
way inwhich it should MAXIMIZE isin the range of available isomorphism types.”)
ZF? ispreferableto ZF?+ ‘thereisno regular limit cardinal’ because, once again, we
should let the universe be as tall as it can be (and, as far as we know, the universe
can betall enough to accommodate aregular limit cardina—indeed, ZF? plus a nat-
ural reflection principle implies that there are w inaccessibles). ZF? is preferable to
ZF?+ ~Con(ZFC) because the latter theory is known to be inconsistent.

Those choices are easy. Here is a harder one. Is there a measurable cardina ?
ZF?+ ‘thereis no measurable cardinal’ appearsto be limitative. (Let the universe be
astall asit can be!) But ZF? might actually imply that there is no measurable car-
dinal. Consider the claim that every set of natural numbers has a countable L-rank:
p(w) C L(wy). Cal this* ¥’ Either W or ~ W follows from ZF2. (ZFC proves. W
istrueif and only if H(w>) thinks W istrue. That is, to decide ¥ we need only look
at sets hereditarily smaller than w,. Since al those sets live inside V (w»), ZF? fully
determines their structure. So ZF? implies either W or ~ W). If ZF? implies W, then
ZF? dso implies that there is no measurable cardinal. In that case, the universe can-
not betall enough to accommodate ameasurable cardinal and ‘ thereis no measurable
cardina’ isnot redly limitative at all.

On the other hand, any argument for the consistency of ZF?+ ‘thereisameasur-
able cardina’ (ZF?+ MC) is an argument that ZF? implies ~ W. First-order deriva-
tionsin ZFC + MC can supply at least two sorts of evidence for second-order consis-
tency. Thefirstisinductive: “No absurditiesyet!” The second is conceptual: “We're
getting aclearer idea of what this universe lookslike and it seems coherent.” Though
such evidenceis far from decisive, it is still worth having. So it would be imprudent
to ban the exploration of ZFC + MC or to require that first-order set theorizing take
placein ZFC + ‘there is no measurable cardinal’ since thiswould limit our accessto
important evidence about second-order consistency and consequence. Although the
proposition ‘there is no measurable cardinal’ might place no real limit on the height
of the universe, an exclusive commitment to this proposition might limit significant
mathematical inquiry.

If ZF°+ V = L is consistent, then ZF? implies W. First-order derivations in
ZF + V = L could supply evidence of the second, conceptual, sort for this consis-
tency. (We do not need inductive evidence if we aready believe in the consistency
of ZFC.) First-order work inside L could help usto seewhether V = L isreally com-
patible with our combinatorial conception of power set. So, as before, it would be
imprudent to ban the exploration of ZF 4+ V = L or to require that first-order set the-
orizing take placein ZFC + V # L orin ZFC + ‘0 exists' since thiswould limit our
access to important evidence about second-order consistency and consequence. Al-
though V = L might place areal limit on the height and thickness of the universe, an
exclusive commitment to its negation might limit significant mathematical inquiry.

S0 ZFC + MC and ZF + V = L are both worth investigating even though ZF>+
MC and ZF2+ V = L cannot both be consistent. If we had to choose one or the other,
though, ZF + V = L seemsthe safer option. Evenif ZF>+ V = L isinconsistent, the
L (@)’s will still inhabit the universe of sets and theorems of ZF + V = L will till
characterize them. ZF? will imply W even if it also implies ~W. More generally,
every theorem of ZF + V = L becomes a consequence of ZF? if we relativize its
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quantifiersto L. So none of our work will be lost even if V = L bitesthe dust. ZFC
+ MCisriskier. It may itself beinconsistent. And if ZF>+ MC isinconsistent, then
thefirst-order theoremsderived from MC tell us only what the universe would belike
if it were inhabited by something impossible. Of course, we already know what that
universe looks like! ZFC + MC should certainly be explored. My point is only that
this seemsto involve a greater risk of wasting one’stime.

| am assuming here an unwavering commitment to COMBINATORIALISM. |f
ZFC + MC proved to be an extraordinarily attractive theory and if we somehow con-
vinced ourselves of its consistency, then we might cease to care whether ZF>4+ MC
is consistent. This would require that we be willing to abandon the combinatorial
conception of power set. (If ZF>4 MC turned out to be consistent, there would be no
conflict with combinatorialism. But aslong asthe consi stency question remainsopen,
we would have to be open to the other alternative.) One would prefer, of course, that
the combinatorial conception be replaced with one at least as well understood. Peo-
ple indifferent to the consistency of ZF?+ MC really ought to tell us what notion of
power set they have waiting in reserve.

2 Maddy’'smodel  Though the above account seemsanatural development of some
central themesfrom Naturalismin Mathematics, it isnot Professor Maddy’s account.
Maddy offers amodel in which atheoretical entity known as a* naturalistic set theo-
rist” attemptsto choose rationally between competing set theories. Certain behaviors
of the naturalistic set theorist (hereafter “NST”) areidentified as “the core of natural-
ized set theoretic activity” (p. 212). First: the NST asserts “ versions of the axioms of
Zermelo-Fraenkel . . . in an austere sublanguage of English that corresponds to the
limited resources of first-order logic.” Second: the NST usesinformal logic to derive
theorems from these axioms. Certain other behaviors are identified as “ penumbral”:
for example, the NST issaid to affirm COMBINATORIALISM and, allegedly, evaluates
axiom candidates from the combinatorial perspective. More generaly, when faced
with an axiom candidate, the NST will survey penumbral principlesin an effort to
justify the candidate’s inclusion in or exclusion from the core.

As an example of how the NST behaves, imagine its first encounter with Sep-
aration. If the NST were a genuine combinatorialist, it could easily supply areason
for affirming instances of Separation. When asked whether those members of aset A
that have property P form a set, the NST would respond, “Of course; any members
of Aformaset!” But thisis not quite the way the NST behaves. The NST will not
apply the combinatorialist principle until it has assured itself that the proposed sub-
set isdefinablein *an austere sublanguage of English that correspondsto the limited
resources of first-order [set theory].” So the NST would seem to behave as follows.
Question: “Dothesingletonsin Aformaset?’ Response: “Of course! Any members
of Aformaset and, furthermore, the property of being asingletonisfirst-order defin-
ablein the vocabulary of pure set theory.” Now thisisvery strange. If any members
of A form a set, then the P-ish members will form a set whether or not P is defin-
able in some special way. So the reference to the definability of singletonhood adds
nothing to the argument. (Well, to befair, it does reassure us that our reasoning about
singletons will not lead to any extra-mathematical paradoxes such as Richard’s. But
we can be confident of that as soon as we recognize that singletonhood is definablein
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the vocabulary of informal set theory. There is no need to insist on firstorderizabil -
ity.) Consider another example: a combinatorialist can say exactly why the standard
members of o form aset without having to reflect on whether standardness can be de-
fined in avocabulary less expressive than the language of informal set theory. (You
know theroutine: since any members of w form aset, the standard onesdo.) That the
NST behaves otherwise shows how hollow its commitment to COMBINATORIALISM
realy is.

We are stuck with a mystery. The NST claims to be a combinatorialist; yet it
does not behave like one. Why does it include in the core only those instances of
Separation that have passed a definabilist test? Indeed, why doesit not includein the
core the principle that any members of a set form a set? This combinatorialist the-
sisisnot just aregulative principle governing axiom choice; it is a substantive claim
about sets. We would like some reason for relegating this substantive claim to the
penumbra. At one point, the core is characterized as the domain of object-talk (dis-
course about sets) while the penumbra is characterized as the domain of meta-talk
(discourse about discourse about sets). But thisisnot helpful. When we say that “ev-
ery collection that can be formed at a given stage, will be formed at that stage” we
are talking about sets, not about set theoretic discourse. So the object-talk/meta-talk
distinction only makesit more obscure why the combinatorialist thesisis absent from
the core. We are elsewhere told that, “V [the universe of sets], in the penumbra, isas
described by our accepted theory of sets, the theory of core” (p. 215). This suggests
that the penumbra includes no substantive claims about sets not already included in
the core; and this would mean that the substantive, combinatorialist thesis can ap-
pear in the NST’sworld only if it appearsin the core—hardly areason for including
it in the penumbra while excluding it from the core. Perhaps the best way to make
sense of the most text here is to treat the NST as a very odd sort of combinatorial-
ist. The NST’s “combinatorialism” consists in its assertion of certain meta-claims
(claims about set theoretic discourse) none of which imply the characteristic combi-
natorialist thesis that any members of a set form a set. Instead, the meta-claims lead
the NST to apply adefinability test to the propertiesthat areto figurein coreinstances
of Separation and to the functionsthat are to figure in core instances of Replacement.
A relatively unimportant question hereis how it could possibly be helpful to use the
term ‘combinatorialism’ to describe this feature of the NST model. More crucial is
the question of why we should entertain amodel of set theoretic activity that excludes
the genuine combinatorialist’s substantive claims about sets. | would like to consider
three possible responses to this latter question.

(1) “Zermelo argued for a second-order account, but Skolem'’s [first-order] po-
sition carried the day.” (p. 50) This could mean: substantive claims about sets made
by real honest-to-gosh set theoristsare al (or nearly all or mostly) firstorderizable; so
modest philosophers should reflect this feature of real set theoretic practice in their
model of that practice.

WEell, if George Boolos was areal honest-to-gosh set theorist, then at least one
real honest-to-gosh set theorist (other than Zermelo himself!) went to some trouble
to formulate and endorse a version of Separation that is demonstrably nonfirstorder-
izable. Now it may be that the Boolos approach is eccentric (so that his style of set
theoretic discourse can be excluded from our model without much compromising our
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model’s fidelity to real life set theorizing). | can only report that | have yet to see
good evidence of its eccentricity or that of any other nonfirstorderizable version of
combinatorialism. It will not do simply to observe that first-order theories are the
preferred objects of set theoretic metatheorizing. For it does not follow that those
first-order theories best express the metatheorizers' conception of set. Furthermore,
even if we could survey every utterance of every set theorist, it does not seem likely
that we would come away with a clear case for afirst-order reconstruction of those
utterances. For example, could anyone really demonstrate that Bernays meant to ex-
press afirstorderizable claim when he remarked that acombinatorialist “ views aset of
integers asthe result of infinitely many independent acts of deciding for each number
whether it should beincluded or excluded”? Bethat asit may, response 1 failsfor lack
of evidence (whether or not we manage to show that such evidence is unobtainable).

(Historical note: Fraenkel had to invent a firstorderizable version of set the-
ory in order to prove the independence of Choice. A standard explanation for this
isthat Zermelo’'s notion of “definite property” was too vague to be metamathemat-
ically tractable. No doubt thisis correct. But if Zermelo had managed in 1908 to
express precisely the full combinatorial conception of set, then Fraenkel would till
have needed to concoct an aternative theory. He could hardly have proved the in-
dependence of Choice from second-order Z. So, even at birth, first-order set theories
were attractive, at least in part, because they allowed a gifted mathematician to show
off aclever, interesting, and suggestive metatheorem. It does not follow that they of -
fered the analysis or reconstruction of Zermelo’s original Aussonderung axiom that
best captures the combinatorial conception of set.)

(2) “A good tree cannot bring forth evil fruit, neither can a corrupt tree bring
forth good fruit.” The purpose of the NST model isto enhance our understanding of
theory choice in mathematics. If it does so, it requires no further justification.

Fair enough. But does it really do so? Once upon atime, Nagel and Newman
could observe with complete confidence how “clear” it is that “the proper business
of the pure mathematician isto derive theorems from postulated assumptions, . . . it
is not his concern as a mathematician to decide whether the axioms he assumes are
actually true.” That is, “the sole question confronting the pure mathematician . . .
is not whether the postulates he assumes or the conclusions he deduces from them
are true, but whether the alleged conclusions are in fact the necessary logical conse-
guences of theinitial assumptions.” Well, it can be agreat contribution to the species
for a philosopher to leave us less certain of the clarity of some “clear truths.” (How
fine it is that we humans have cut down a bit on our unreflective references to the
scientific method. Thank you Paul Feyerabend!) Professor Maddy’s work over the
last dozen years has helped us to see how implausible the Nagel and Newman model
of mathematical practice realy is. (That, in itself, is aworthy legacy for a philoso-
pher.) Mathematicians do choose axioms. They must choose axioms. It seems arbi-
trary to declare this activity extramathematical. (Indeed, it seems wrong given that
folkslike Zermelo, Skolem, and von Neumann owe part of their mathematical repu-
tation to their skill as axiomatizers.) Furthermore, it is, to say the least, immodest for
the philosophers (the philosophers mind you) to assume that these choices are nonra-
tional. We should at least take alook. We should at |east try to detect rational grounds
for theory choice in mathematics. The NST model is meant to advance this worthy
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project. The question, again, is whether it really does so.

Maddy’s test case is Godel’s axiom of constructibility. There is “deep and
widespread resistance to adding V = L asanew axiom” (p. 129). The NST model is
supposed to help us understand why this resistance isrational. Furthermore, set the-
orists advance reasons for their resistance: “V = L isrestrictive, limiting, minimal,
and . . . these things are antithetical to the general notion of set” (p. 84). Onewould
like the NST model to help us understand these reasons.

L is, of course, minimal in avery strong sense. Thereisatheorem 6 of ZF — P
(ZF minus Power Set) with the remarkable property that every transitive proper class
e-model of 6 contains L. So an e-model of a certain little bit of ZFC will leave out a
constructible set only if it leaves out amember of one of itsown membersor, if transi-
tive, leaves out most ordinals. So every plausible candidate for V will contain L. (So
L istheleast plausible candidate. Does that mean it is the least plausible?) If V can
be any thicker than L (if ZF>+ V # L is consistent), then, according to combinatori-
alist doctrine, V isthicker than L and, hence, every transitive proper class e-model of
6 distinct from L will approximate V better than L. If V cannot be any thicker than L
(if ZF?+ V # L isinconsistent), then every transitive proper class e-model of 6 will
approximate V exactly aswell asL (becauseit will beL). Inthislast case, L would be
both minimal and maximal and, hence, its minimality would not be amark against it.
WEell, the NST appears unwilling or unable even to entertain the question of whether
ZF?+V+ L isconsistent and so must argue that L’'s minimality is (at the very least)
unattractive without even considering whether L is, in fact, maximal.

The NST urges us to consider the following facts. We have good evidence that
there are consistent extensions of ZFC that prove V # L. Let T be any one of them.
(Inabit, we'll seewhat happenswhenwejust let T beZFC + V # L.) Then T proves
that ZF + V = L hasatransitive proper class e-model, but no consistent extension of
ZF 4+ V =L provesthat T hasatransitive proper class e-model. The NST concludes
that ZF + V = L isrestrictive in amathematically undesirable way. Why? We might
say: while peoplelivinginauniversethicker than L can still identify the constructible
sets, and so can still investigate what things would be likeif V were L, people living
in L cannot investigate what things would be like if there were nonconstructible sets.
So people living with nonconstructible sets can investigate a broader range of math-
ematical possibilities than people living in L. That may seem plausible, but, in fact,
the NST seems not to be in a position to make this argument stick.

Let us state more carefully what inhabitants of L can and cannot do. The L-ites
cannot investigate what it would be liketo interpret ‘¢’ ase, keep every ordinal, keep
every member of everything they keep, keep enough stuff to verify al of ZF, while
deleting everything that allowsthemtotell that V = L. Nonetheless, if the L -itescould
convince themselves that some set is atransitive e-model of ZF, they could develop
arich account of what life would be like if nonconstructibles roamed the universe.
Granted, they could imagine themselves in a nonconstructible's habitat only if they
imagined away most ordinals. But, then, people who live with a measurable cardinal
can imagine themselves inside L only if they imagine away most subsets of w. So
an L-model of V # L is not to be condemned simply because it omits lots of stuff.
Devoteesof ZFC + V = L could protest that, whereastheir model of V = L justisL,
the L-models of V # L are nothing more than countable sets, and so hardly faithful
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representations of their own ample universe. But why should we believe that it is
even possible for a transitive e-model of ZFC + V # L to be a proper class? Any
evidence for the consistency of ZF?+ V # L would be evidence for the possibility
of such amodel. But the NST declines to consider the consistency of second-order
theoriesand so seemspoorly situated to offer any argument for the desired conclusion.
It looks like a standoff. Supportersof V = L caninsist that all transitive e-models of
ZFC + V # L are sets. Supporters of V # L can always deny this. The NST seems
unable to choose rationally between these competitors.

To its credit, the NST admits as much: if the only competitor of ZF +V =L
were“anon-starter like ZFC + V £ L it would then appear that ZF + V = L “isnot
restricting set theory from developing in any direction we might be inclined to take”
(p. 230). Our comparison of ZF + V = L and ZFC + V # L does not supply us with
“clear grounds for claiming that ZFC + V = L isrestrictive” (p. 224). The NST ar-
guesinstead that the restrictiveness of ZF 4+ V = L emerges from a comparison with
ZFC + MC. The argument has two parts. First, while people living with measur-
able cardinals can still identify the constructible sets and so can still investigate what
things would be like if V were L, people living in L cannot investigate what things
would belikeif there were measurable cardinals. (Thisraisesaquestion: if thisisan
essential part of the argument, why was it reasonable for set theoriststo believe V #
L before Scott proved that ZF + V = L + MC isinconsistent?) Second, the assump-
tion that there are measurable cardinals is mathematically attractive. So if we were
all required to assume all thetimethat V = L, the range of mathematical possibilities
we are allowed to explore would be narrowed in a mathematically indefensible way.
An axiom isinappropriately restrictiveif it “restricts set theory from developing in a
direction that has identifiable attractions” (p. 230).

WEell, indeed, it would be A VERY BAD THING if amathematics czar prevented
us from deriving theorems incompatible with the axiom of constructibility. Our cur-
rent knowledge of sets suggests that this would be EVEN WORSE than if the czar re-
quired our theoremsto be compatible with MC. (Closet fans of constructibility could
always relativize their theoremsto L.) We can all agree that unreflective or involun-
tary alegiance to V = L would have a poisonous effect on mathematical inquiry. It
seems not to follow, though, that the axiom of constructibility is “antithetical to the
general notion of set” (p. 84). Sothe NST model has not hel ped usto understand why
it is reasonable to regard the axiom as antithetical. (The annihilation of the human
specieswould have an even more unfortunate effect on mathematical inquiry; but that
doesn’t mean that our extinction is antithetical to the general notion of set.) Further-
more, the NST seemsto employ an arbitrarily constricted standard when it argues for
the attractiveness of ZFC + MC. Granted, “we can entertain no reasonable hope of
giving aformal criterion for *attractiveness ” (p. 231). Yet one still craves an expla-
nation when relevant questionsareignored. A genuine combinatorialist would regard
evidence for the inconsistency of ZF?+ MC as evidence for the unattractiveness of
ZFC + MC. Why should we believethat acreature blind to thisissueisin afavorable
position to assess the attractiveness of ZFC + MC?Why should we accept the NST's
judgments about attractiveness when the NST has not even entertained the question
of second-order consistency? There might be a good argument for why we should,
but we really need to see that argument.
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Thereisone point at which theNST’snarrowness of vision clearly doesnot serve
it well: it is unable to express any convincing reservations about the odd theory ZFC
+ ~Con(ZFC). Hereisthe NST’s best effort.

From Godel’s incompleteness theorem, we know that a theory like ZFC +
~Con(ZFC) is consistent if ZFC itself is consistent, but given . . . our legiti-
mate preference for consistent theories . . . and given that a metamathematical
theorem like ~Con(T) provides good evidence for the inconsistency of T, it is
hard to see how ZFC + ~Con(ZFC) could ever present itself as a serious can-
didate for adoption. (pp. 229-30)

Unfortunately, one of the NST's premises is false. A key lesson of Godel’s sec-
ond incompleteness theorem is that, in afirst-order setting, an object language theo-
rem like ~Con(ZFC) does not provide good evidence for the inconsistency of ZFC.
The existence of a nonstandard ZFC “proof” of absurdity tells us nothing about the
consistency of ZFC. Yet this is one (and probably the only) way for a first-order
model to verify ~Con(ZFC). So the NST’s argument is flawed. Of course, the con-
clusion might still be correct. Indeed, it is “hard to see how ZFC + ~Con(ZFC)
could ever present itself as a serious candidate for adoption.” But that’s because
ZF2+ ~Con(ZFC) isinconsistent and, hence, ZFC + ~Con(ZFC) can have no mod-
elsthat agree with the full combinatorial concept of set. The NST seems unable even
to express the central combinatorialist doctrine. So this argument is unavailable to
the NST and, inits absence, the NST might indeed be tempted by ~Con(ZFC). Why
shouldn’t the NST some day be convinced that ~Con(ZFC) is a valuable postulate
in the theory of nonstandard ZFC proofs? We could recognize then that the NST's
natural numbers do not form a structure of order type w. But why should the NST
care about agreement with a structure that, from its perspective, cannot be character-
ized categorically? If the NST insists on exploring only one set theory at atime, then
its adoption of ~Con(ZFC) would prevent its exploration of ZFC + Con(ZFC). But
why should the NST consider thisaserious problem? Why would it want to explorea
worldinwhich aparticular sort of nonstandard “ proof” failsto exist? Theassumption
that such objects do exist seems more likely to be stimulating and fruitful.

To those who find this whole scenario fantastic and bizarre, | can only say: |
agree!! It would be fantastic and bizarre for a typical real-life set theorist to en-
dorse ZFC + ~Con(ZFC). But that is because rea -life set theorists typically employ
(implicitly or explicitly) the full combinatorial concept of set. If the NST is unable
to grasp this concept, then, asfar as | can tell, it has no compelling reason to shun
~Con(ZFC) and might be able to devise reasons for embracing it. So we should not
assume that the NST is well situated to determine which set theories are attractive.
And one has to question whether the NST model will really help us to understand
why it isreasonable for real-life set theorists to resist the axiom of constructibility.

(3) “ ... these notions go beyond the methodologically relevant into extra-
mathematical theorizing” (p. 215). If the consistency of ZF>4+ MC were some sort
of metaphysical pseudoproblem, then it would not be “methodologically relevant” to
the question of whether ZFC + MC is mathematically attractive.

WEell, I’'m sure of this much: we do not currently know that the consistency of
ZF?+ MC is ametaphysical pseudoproblem. So it would not be reasonable to dis-
missit as such. (A question: which sort of statement admits of the more convincing
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evidence; “ Such and such is a metaphysical pseudoproblem” or “So and so is a con-
sistent second-order theory”?) It's not as if questions of second-order consistency
were in general mathematically intractable. We have excellent evidence, for exam-
ple, that Z? is consistent: Z2 would be truein V(o + w), if there were such a thing
as V(w + w); furthermore, the experience of the hundreds of massively intelligent
people who have fiddled with the relevant concepts suggests strongly that our notion
of V (w 4+ w) isnot fundamentally incoherent; so we have good reason to believe that
V(w + w) islogically possible; so we have good reason to believe that Z? is consis-
tent. But how might we show that ZF>+ M C isconsistent? | have nothing too hel pful
to offer on that front. The best | can do isto indicate why | do not claim to know that
the project isincoherent or unintelligible.

3 How do we know what'’s possible?  If, necessarily, objective empirical knowl-
edgeispossible only if every event has a cause and if, furthermore, objective empir-
ical knowledge is possible, then it is a necessary truth that every event has a cause.
This may appear to be a promising technique for deriving the necessity of determin-
ismfromthe bare possibility of objective empirical knowledge: we need not convince
the sceptic that we do possess objective empirical knowledge; we need only show that
we could possessit. But how do we show that we could without first showing that we
do? How do we show that something is possible without showing that it is actual ?

WEell, even though I’'m naot able to manage a transcendental argument for deter-
minism, the general sort of inference that’s required is perfectly common. Hereisan
example. Thetee gameisplayed on aboard with 15 holesarranged inrowsof 1, 2, 3,
4, and 5 to form an equilateral triangle. The game begins with all but one hole filled
with aplaying piece (typically agolf tee). The player removes pieces by jumping (as
in checkers). The goal isto jump until just one pieceisleft. (It's easy to get caught
with more than one piece and no possiblejumps.) Label the holesasfollows. Call the
three vertices of the triangle the ‘A’ holes. Call the six holes adjacent to the A holes
on the outer edge the ‘B’ holes. Call the three holes in the middle of an outer edge
‘C’ and call the three interior holes ‘D’. We can now characterize a game in terms
of itsinitial and final positions. For example, an AC game would begin with an A
hole empty and end with the one remaining piecein aC hole. Itisnow natural to ask
which of the 16 types of game are possible. How might we show that, say, aCD game
ispossible? Well, we could play a CD game by moving pieces around the board; but
that’s not required. Here's one reason why.

Every sequence of tee game moveshasadual sequence formed by interchanging
full and empty holes and running the sequence backward. So, for example, a game
that begins with an empty D and ends with afilled C has adua game that ends with
afilled D and begins with an empty C. So we could show that a CD gameis possible
by actually playingaDC game. Infact, | did infer the possibility of a CD game from
my friend Bob Graber’s having played a DC. At that point, | knew that it would not
be fundamentally incoherent for someone to claim to have played a CD game; and
when Bob returned from vacation to announce triumphantly that he had managed to
do so, | didn’t doubt him for an instant.

How should we understand this? There seems no mathematically significant dif-
ference between agiven teegameand itsdual. So the characteristically mathematical
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movewould beto regard the physical performance of aDC game and the physical per-
formance of a CD game as instantiations of the same abstract structure (abstract, at
least in part, because in contemplating the structure we abstract from those features
that allow usto distinguish between agame and its dual). The physical performance
of a DC game shows a CD game to be logically possible because it itself possesses
all the mathematically significant features of a CD game: the DC game instantiates
the DC/CD structure. The physical performance of a DC game does not in itself es-
tablish the physical possibility of aCD game. (I mean the physical possibility of the
physical performance of atee gameinwhichtheinitial empty holeisa C and thefinal
occupied holeisaD—where ‘occupied’, ‘empty’, ‘initial’, and ‘final’ are understood
in the natural way.) We have no mathematical guarantee that a CD gameis permitted
by physical law. Our confidence that it is permitted is a product of physical, not just
mathematical, insight. Maybe Graber lied and strange physical forces do prevent the
completion of aCD game! The gameisstill logically possible and we still know it to
be logicaly possible.

The point is that we possess a notion of logical possibility distinct from physi-
cal possibility and we really do manage to acquire knowledge about what islogically
possible; furthermore, one technique for doing so isto show that superficially distinct
structures are, from some mathematically legitimate perspective, indistinguishable.
Perhaps, a thousand years from now, someone will notice that, viewed in the right
way, amodel of ZF?+ MC isindistinguishable from a structure whose logical possi-
bility iswell established. Or perhaps such an ideais fanciful. | can only report that |
am not nearly sophisticated enough to be confident that such athing will not happen.
A more general question: could amodel of ZF?+ MC result from some possibility-
preserving transformation of a structure reasonably thought to be possible? We have
examplesof such arguments: the consistency of second-order arithmetic followsfrom
the possibility of amodel for Robinson arithmetic, sinceamodel of the former can be
extracted from amodel of thelatter. Thetrick isto use the second-order machinery to
expel alienintruders. | have no ideawhether amodel of ZF2+ MC could be extracted
from astructure that is both richer and more easily seen to be coherent. Again, | only
report that | 1ack the sophistication to establish that this will never happen.

There is something else worth noting about the tee game example. One way of
establishing that a situation is logically possible is to describe a set theoretic model
of aformal theory that expresses the mathematically significant features of that situa-
tion. Evidently, though, thisis not the only way to establish logical possibility, since
this is not how we established the possibility of a CD game. | have no doubt that
we could produce amodel theoretic argument. But our duality argument isnot just a
way of convincing ourselves that a model theoretic argument can be concocted. It's
not as if the only genuine possibility arguments are model theoretic, whereas other
techniques serve only to confirm that those arguments are available. The duality ar-
gument convinces us that a model theoretic argument is avail able because we know
model theory to be a successful regimentation of preexisting techniquesfor establish-
inglogical possibility. It would beastounding if the duality argument involved atech-
nique unanticipated by the model theorists (especially since the duality reasoning is
entirely finitistic). If, contrary to expectation, amodel theoretic reconstruction eluded
us, we would want to look more closely at the duality argument—~but we would also
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have to consider augmenting model theory! Model theory does not legislate the no-
tion of logical possibility. Itismodel theory that is expected to accommodate the full
range of unregimented, but nonetheless legitimate, conceptions of logical possibility.
It isthese preexisting conceptions that supply the standard by which model theory is
to be judged.

Themoral is: though our concept of logical possibility may not live up to popul ar
notions of mathematical precision, it is not extra-mathematical or methodologically
irrelevant. Now | admit, it does not follow that this notion is sufficiently determinate
to fix atruth value for every claim about second-order consistency. But it might be
sufficiently determinate to fix atruth value for the claim that ZF>4- MC is consistent.
Andevenif it doesnot do that inits current form, there might be some mathematically
natural precisification of the notion that allowsit tofix atruth value. Wewill not know
one way or the other unless we do agood it of fiddling with second-order theories.

4 How do we know what’s impossible?  Possibility is to consistency as impossi-
bility is to consequence. Let us consider an informal impossibility argument. The
six types of tee game move are listed in the table below along with the effect of each
move on the number of pieces occupying thefour types of holes. Thetablealso tracks
the sum of the A and C pieces.

AA AB AC AD AA+ AC
ABC -1 -1 +1 0 0
BCB 0 0 -1 0 -1
BDD 0 -1 0 0 0
CBA +1 -1 -1 0 0
CDC 0 0 0 -1 0
DDB 0 +1 0 -2 0

An example may help to make clear how the table is to be understood. Consider line
6: DDB. A DDB moveisonein which apiece occupying aD hole jumps an adjacent
piece occupying a D hole and moves into an empty B hole. The jumped pieceisre-
moved, while the jJumping piece shiftsfrom aD to a B. The effect is that thereis one
more occupied B hole (+1 in column 2) and there are two fewer occupied D holes
(—2in column 4).

The table makes three important facts evident: there is no way to increase the
number of occupied D holes; thereis only oneway (DDB) to increase the number of
occupied B holes; there is only one way (BCB) to decrease the sum of occupied As
and Cs.

Now consider the DD game (initial empty position = D; final occupied position
= D). We are to begin with two occupied Ds and end with one. Since Ds cannot be
restored, we can lose only onein the course of the game. This means we are allowed
exactly one CDC and no DDBs. (A DDB would wipeout al our Ds.) Sincewe begin
with three As and three Cs, we require six BCBs to eradicate them. With no DDBS,
thereisnoway to increase the number of Bs—either overall or on agiven edge. Focus
on just one edge and suppose we have just performed a BCB there. We now have
exactly one B and no Cs. We need to restore the C if we are to perform another BCB.
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If werestore the C with an ABC, we will have permanently lost our Bsand no further
BCBswill be possible. Sowe must use up our one CDC to restore the C. At most one
BCB will then be possible on each of the two remaining edges. So we can perform
at most four BCBs. So the DD game isimpossible. (There are, in fact, five types of
impossible game: AD, BD, DA, DB, and DD.)

I am confident that we could construct a first-order theory of the tee game one
of whose theorems is that no DD game is possible. But our informal impossibility
argument is not just away of convincing ourselves that we can manufacture a first-
order derivation. We are confident that afirst-order characterization of the tee game
isavailable because we know first-order |anguagesto be successful regimentations of
preexisting forms of finitistic expression. Our informal argument convinces us that
a first-order derivation is obtainable because we know first-order logic to be a suc-
cessful regimentation of preexisting techniques for establishing logical impossibility
(in particular, the logical impossibility of certain premises being true while a certain
conclusionisfalse). Our notion of logical impossibility suppliesastandard by which
formal logics are to be judged. So this notion is not extra-mathematical or method-
ologicaly irrelevant. It does not follow that our conception of logical impossibility
or fundamental incoherence is sufficiently determinate to fix atruth value for every
claim about second-order consequence. But we will have no hope of discovering the
limitations of the concept if we refuse to think about it.

5 Overall assessment  Professor Maddy has crafted an important and promising
research program. Mathematicians must choose axioms. We philosophers should not
assume that they behave nonrationally when they do so. Instead, we should try “to
explicate this practicein such away asto lay bareitsunderlying rationality” (p. 233).
Maddy has positioned herself well to carry through this program. She doesnot claim,
though, to have progressed far.

My hope isthat the beginnings sketched here are compelling enough to inspire
those cleverer and more knowledgeabl e than myself—to correct my errors, to
fill in what's been passed over in the case against V = L, and to extend natu-
ralistic methods to the evaluation of higher and more controversial hypotheses.
(p. 234)

While | must agreethat the main contribution of the present book isto set the stage for
future progress, | am not persuaded by Professor Maddy’s explanation for the prelim-
inary character of her work. Even clever and knowledgeable people can be hobbled
by philosophical prejudice—and it is philosophical prejudice, not insufficient brain
power, that seems to impede Professor Maddy. Maddy may not be positively con-
vinced that the consistency of , say, ZF?+ MC is ametaphysical pseudoproblem, but,
evidently, sheleansfar enoughinthat directionto feel comfortable about passing over
theissue in silence. Thiswill not do. It turns out that the antics of a firstorderized
homunculus do little to illuminate axiom choice in set theory. So we must face the
question of which nonfirstorderizable locutions should be introduced to the NST and
what it should do with them. A mastery of plain old plural quantifiers would allow
the NST to become a genuine combinatorialist. (And, like every real mathematician,
the NST could then understand what « looks like!) If this enhancement of the NST
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is offensive to philosophical principles, then mathematics itself must offend them.
Modesty requires that such principles be jettisoned.

Philosophy will never be as much fun as mathematics; but it might help us to
think about the mathematics more clearly. If it does the opposite, good riddance!
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