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STANDING WAVES
FOR NONLINEAR SCHRODINGER-POISSON EQUATION
WITH HIGH FREQUENCY

JIANQING CHEN — ZHENGPING WANG — XIAOJU ZHANG

ABSTRACT. We study the existence of ground state and bound state for the
following Schrédinger—Poisson equation

—Au+ V(z)u+ Ap(x)u = pu + |[uP"tu, 2 € R3,

(P) “Ap=u2,  lim ¢(z) =0,
|z|—+oo
where p € (3,5), A >0, V € C(R3,RT) and lim V(z) = co. By using

|x|—+oo

variational method, we prove that for any A > 0, there exists d1(A) > 0
such that for g1 < p < p1 + 61(A), problem (P) has a nonnegative ground
state with negative energy, which bifurcates from zero solution; problem
(P) has a nonnegative bound state with positive energy, which can not
bifurcate from zero solution. Here p; is the first eigenvalue of —A 4 V.
Infinitely many nontrivial bound states are also obtained with the help of
a generalized version of symmetric mountain pass theorem.
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1. Introduction

In this paper, we consider the nonlinear Schrodinger-Poisson equation

%Y AU+ V(@) + A = [, (he) €R xRS,

—A¢ =y, lim () =0,
|| —+o00
where ¢: R x R?> — C denotes the wave function, A is a positive parameter,
p € (3,5), and V, ¢ are real valued functions and represent the effective potential
and the electric potential, respectively. Problem (1.1) arises from semiconductor
theory, see [9], [13] for more physical background.

Recently, there are many papers devoted to looking for standing wave solu-
tions to problem (1.1), that is, ¥(t,7) = e~ *tu(x), where u(z) is a real valued
function and g € R denotes the frequency. Then u(z) satisfies the following
stationary equation

—Au+V(z)u+ Ap(2)u = pu + |ulP~lu, z€R3,

(1.2)
—A¢ =u?, im0 ¢(x) = 0.

See [2], [6], [7], [10]-[12], [17], [19] and the references therein for all kinds of V/
and more general nonlinearities.

Throughout this paper, we assume that V(x) satisfies the following condition

(V1) V€ C(R3RT) and lim V(x)= cc.

|z|—+o00

Define

H= {u e WH3(R3) : V(z)u? de < oo},

R3

with the norm
Hu||2 = / (|Vu|2 + V(:L’)UQ) dx.
R3

It is known that, under the condition (V1), the embedding H < LI(R3) (2 <
q < 6) is compact. Moreover, there is a sequence of eigenvalues (u,,) of —A+V
in H such that 0 < p; < po < pg < ... < 400 and H = span{e; : j > 1}, where
e; is the corresponding eigenfunction to p; with |le;|| = 1.

For u € H, we denote the unique solution of —A¢ = u? in DV2(R3) by ¢,
and

(13 6= = [ W

T dr s | — Y '

Then equation (1.2) can be rewritten as

(1.4) —Au+ V(2)u + Aoy (2)u = pu + [uP"ru, R
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Define the energy functional I,,: H — R by

(15) 1w = [ (Val* + (V@) = ) da

A 9 1
- WU dr — —— P+l gy,
—|—4 RS(/bu T erl/]RS|u| T

Then, I, € C*(H,R) and for any ¢ € H we have that
(16) (Lo = [ (TuTp+ (V@) ~ pug)da

R3
+)\/ (buwpdx—/ lu[P~ up d.
R3 R3

If we H\ {0} and (I}, (u),p) = 0 for all ¢ € H, we say that u is a bound state
of (1.4). Furthermore, a function ug is called a ground state of (1.4) if wg is
a bound state of (1.4) and I,,(up) < I,(u) for any bound state u of (1.4).

If 4 < pq in (1.4), we may define the following equivalent norm on H by

Jully = [ (90 + (Vi) = ) o

Then for any A > 0, p € (3,5), and under condition (V1), we can easily prove
that (1.4) has a ground state by Nehari manifold method, see [20].

In this paper, we mainly study the existence of bound state, especially ground
state, to equation (1.4) for p > p1, which is the so called high frequency case in
the title. First, we show that (1.4) has a nonnegative bound state with positive
energy.

THEOREM 1.1. Let p € (3,5), A > 0 and (V1) holds. Then there ewists
§(X) > 0 such that for any p € [p1, p1 + 06(N)), problem (1.4) has a nonnegative
bound state uy,, with I,(u1,) > 0. Moreover, for any sequence ™ |y, there
evists uy, € H with I}, (u,,) = 0 and Iy, (uy,) > 0, such that uy o — wy,
strongly in H.

On basis of Theorem 1.1, we may define the set of all bound states to (1.4):
N ={uec H\{0}: I (u) =0} #0.

To get the existence of ground state to (1.4), we consider the following mini-
mization problem

(1.7) co = inf{I,(u) : u € N'}.

If we can prove that ¢y > —oo and ¢y # 0, then by the compactness lemma
(see Lemma 2.1) and solving the above minimization problem, the ground state
to (1.4) can be obtained. But, it seems not obvious that ¢g > —oo and ¢y # 0.
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Here, let us recall that if A = 0 in (1.4), by the method of Szulkin and
Weth [18] we can prove that ¢g > 0. Motivated by Pankov [14], see also [18], we
introduce the set

M ={ue H\ H, :I,(u) =0},
where H; = span{e; }. We first see that ' = N, that is, A contains all bound
states of (1.4). Otherwise, if there exists u € H; \ {0} such that I}, (u) = 0, then
noting that A = 0 and p > p;, we get the following contradiction
0= (I},(u),u) :(ulfu)/ u? dx — Ju[PT dx < 0.
R3 R3
Then we consider the following minimization problem

c1 = inf{I,(u) : ue M}

It follows from N = N; that ¢y = ¢;. Next, we want to show ¢; > 0. For
any fixed u € N1, let u = uy + uo, u; € Hy, uy € Hy, where Ho denotes the
orthogonal complement of H; in H. By the definition of N7, we have uy # 0.
Similar to the proof of Proposition 2.3 in [18], we deduce that for A =0,

(1.8) I(u+w)<I,(u), forallwe{su+v:s>—-1, ve H}\ {0}
Hence, we get
(1.9) I,(u) = max{I,(v) : v € H; ® Rt uy}.

Since ug # 0, there exists s > 0 such that ||sus| = p1, where p; > 0 is given by
Lemma 2.4. Then by (1.9) and Lemma 2.4 we get

I, (uw) > I, (suz) > ag > 0.

Thus, we have ¢; > 0, and then ¢y > 0 by ¢ = ¢1.

In case A > 0 in (1.4), at least for A > 0 small enough, it can be seen as
a small perturbation at A = 0. So, it seems natural to look for a ground state of
(1.4) with positive energy, that is, to get ¢y > 0. Following the argument of [18],
we find that (1.8) does not hold for A > 0. This motivates us to doubt that the
ground state of (1.4) with positive energy does not exist. In other words, co > 0
may do not hold any more. Another main result of the present paper is to prove
that (1.4) has a nonnegative ground state with negative energy.

THEOREM 1.2. Letp € (3,5), A > 0 and (V1) hold. Then there is a 61(\) > 0
and 01(A) < 6(N) such that for any p € (p1,p1 + 01(N)), problem (1.4) has
a nonnegative ground state ug , with I,(ug,) < 0. Moreover, for any sequence
u(”) I, ug, ) — 0 strongly in H.

To prove Theorem 1.1 and Theorem 1.2, by delicate analysis of the nonlocal
term in (1.5) we first observe that the energy functional I, satisfies mountain
pass geometry for g > p1 and near pq. Then using Ekeland’s variational principle
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we show that (1.4) has a bound state with negative energy, which also means
that ¢op < 0. Finally we show that ¢y > —oo by the condition (V1).

Next, as a comparison, we recall some known results of (1.4) in the case of
A=0,i.e.

(1.10) ~Au+V(2)u=pu+ |[uftu, weH.

Using the positivity of e;, we know that problem (1.10) can not possess any
nonnegative bound states for y > p;. Furthermore, by the method of Szulkin
and Weth [18] we can prove that problem (1.10) has a ground state with positive
energy and the ground state must be sign-changing for p > py. Theorem 1.1
and Theorem 1.2 show a quite different phenomenon for the problem (1.4) in
the case of A > 0 and g > py. On the other hand, by using the symmetric
property of (1.10) and the condition (V1), problem (1.10) may have infinitely
many nontrivial bound states for any 4 € R and 1 < p < 5. Our next theorem
shows that problem (1.4) with A > 0 also possesses infinitely many nontrivial
bound states for any 1 € R and p € (3,5).

THEOREM 1.3. Let p € (3,5), A > 0 and (V1) hold. Then for any p € R,
problem (1.4) has infinitely many nontrivial bound states.

REMARK 1.4. We remark here that the condition (V1) was first introduced by
Rabinowitz [15], which guarantees the compact embedding of H — LI(R?) (2 <
q < 6). A weaker version has been given by Bartsch and Wang [8]. We emphasize
here that all theorems in the present paper will be still true if the condition (V1)
is replaced by the weaker condition given by Bartsch and Wang [8].

This paper is organized as follows. In Section 2, we will prove Theorem 1.1.
A key step is to prove that the functional I, satisfies mountain pass geometry
for v in a small right neighborhood of p;1. In Section 3, we will study a suitable
minimization problem and then use Ekeland variational principle to prove The-
orem 1.2. In Section 4, we will use a generalized version of symmetric mountain
pass theorem of Rabinowitz [16] to prove Theorem 1.3.

2. Nonnegative bound state with positive energy

This section is devoted to the proof of Theorem 1.1. First, we prove a com-
pactness lemma to the functional /,, on H.

LEMMA 2.1. Let p € (3,5), A\, > 0 and (V1) hold. Assume that a sequence
(un) C H satisfies |1, (un)| < M < +oo for alln € N and I},(uy) 50, then
(up) has a strongly convergent subsequence in H.

REMARK 2.2. In view of Lemma 2.1, we say that I, satisfies Palais—Smale
((PS) in short) condition.
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PROOF. By compactness of the embedding H < LI(R3)(2 < ¢ < 6), it is
sufficient to show that (u,) is bounded in H. Choosing g € (1/(p+1),1/4),
then for n large enough we have

(2.1) M+ flun|l > 1(un) — B<IL<UH)7UH>

1 2 1 2 1 1
> (2—5>||un|| —(2—ﬁ>u/ﬂ§3undx+<ﬁ—p+1> /Rs|un|17+ dx.

For p > 0, by (V1) there exists R(u) > 0 such that V(x) > 2u for all |x| > R(u).
Then

1
(2.2) / u? dx < / Viz) u? dr < — |lunl?.
1> R(u) jel>R(u) 2K 2p
On the other hand, by Young’s inequality we get for any € > 0,
2/(p+1)
(2.3) / u? de < C(p) (/ |, [P d:c)
|| <R(p) || <R(p)

SE/ [u, [P do + Cle, ).
R3

Takinge = (8 —1/(p+1))/((1/2 = B)p) in (2.3) and combining (2.1)—(2.3) we
deduce that

1 (1
(24 M+l 2 5 (5 8) ualP - (810,
Thus, (u,) is bounded in H. O

REMARK 2.3. The proof of (2.4) will play a crucial role to show that ¢y >
—00, where ¢ is defined by (1.7), see the proof of Theorem 1.2, step 2, in Sec-
tion 3.

In order to prove Theorem 1.1, we use the following classical mountain pass
Lemma due to Ambrosetti and Rabinowitz [3].

LEMMA 2.4. Let E be a real Banach space and the functional I € C*(E,R).
Suppose that I(0) =0 and

(a) there are constants p,a > 0 such that I|op, > «; and
(b) there isu € E\ B, such that I(w) < 0.

Let ¢ be defined by

c¢=1inf max I(u) withT ={ge€ C([0,1],E):g(0) =0, g(1) =1u}.
g€l ueglo,1]

If I satisfies the (PS) condition, then I possesses a critical value ¢ > «.
In view of Lemma 2.1, a key step of applying Lemma 2.4 is to verify that the

functional I, satisfy mountain pass geometry, i.e. (a) and (b) in Lemma 2.4. In
the case of 0 < u < pq, it is easy to prove that the functional I, defined on H
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satisfies mountain pass geometry. However, for u > pq, it is a difficult issue
to prove that the mountain pass geometry holds for I,. We have to analyze
the structure of the functional I, delicately and find that the competing of
the Poisson term [, ¢, u® dz and the nonlinear term [5, [u[P*! dz may produce
a new phenomenon to the geometric structure of the functional I,,. And we
manage to get the mountain pass geometry of the functional I,, for p in a small
right neighbourhood of ;. The more precise statement is the following lemma.

LEMMA 2.5. Letp € (3,5), A > 0 and (V1) hold. Then we have the following
conclusions:

(a) If 0 < p < pa, then 0 is a local minimum of 1,,.

(b) There are positive constants §(N), p(A) and «(N) such that, for any p €
[Ml,ﬂl +6(N)), IH|BBP()\) > a(A).

(c) Thereisu € H'(R3) with ||ul| > p(\) such that I,(a) < 0 for any p > 0.

PRrOOF. (a) For any u € H\ {0}, from p € (3,5), A > 0, 0 < px < p1 and the
continuity of the Sobolev embedding of H in LPT1(R3), we deduce that

1
I,(u) = 5||u|\2 / pyu® dx — 71 . Ju[P™! dx — g/w u? dx
1 1 "
> = 2_0 p+1_7 2: 27_7_0 p—l.
= [l oy Nl” = Mlell™{ 5 = 5,7 = Cllel

Choosing po = ||ul| small enough such that Cpt~' < (1 — p/u1)/4, we obtain

that
1 N)z
I,(w>=-1—-+— .
u()_4< " Po

Therefore the conclusion (a) follows.
(b) Our goal is to prove that for any A > 0, there exist p(\), a(A),d(A\) >0
such that for any p1 < p < py + 0(A),

(2.5) I,(u) > a(X), forall ue H with ||ul| = p()).
We first show that for any A > 0, there exist constants p(\), a(A) > 0 such that
(2.6) I, (u) > a(N), forallue H with ||ul| = p(X).

Define

F(u) = puu®dr  for u € H.
R3
Then for any v € H, there exists t = t(u) € R and v € Hy such that u = te; +v
and [|ul|® = £* + [jv]|*.
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By the mean value theorem we have
(2.7) |F(u) — F(te1)| <|(F'(tey + 0v),v)|, for 6 €[0,1]

:4‘/ Oter+0v(ter + Ov)vda
R3

<A bresoullLellter + Ovl| s [[vll L2
< Cllter + 0v|P[[oll < C(Poll + [[o]I)-

Therefore,
1 2 M1 2
28) L =gl - [ o
2 2 Jus
+5(F(u)—F(te )+ F(te ))—L |ulP™ dx
4 ! ! p + 1 R3

1 1 1
§(t2 + lloll?) - 2(t2 + —[lol*) = CrA(tP]loll + o] *)
125
3t [ dactde =0 [ Qrealtt 4 op ) de
4 R3 R3

L H1 2 3 4
——(1-£ — CL (It
3 (1 )l = CoxeP ol +

+ 02)\t4 — Cg|t‘p+1 — C4||U||p+1.

Setting g1 = (1 — ,UJ1/,U,2)/(401)\)7 then

(2.9) (—-)uw CNtP o]
>

1 1
5 (1= ) 10lP - oo (=1 lof? + 2 o)
Iz €1
1
. (1 - ’“) [ 0|2 = CsA2t.
4 M2

Noting that 3 < p < 5, for

) 02/\ 1/(p—3) a
< L ——"—F— =

. (1— i /p2) /8N 2\ s
< — pu—
lv]] < min {1, < Tt O n,

and

we have

(2.10)  —Cs5A%t% 4+ O At* — C3|t|PT! > CoAtt — (O3 + CsA?)[tPH > 02

7
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and

(2.11)

1=

( )WW CiA[[v]|* = Cylo][P*?
>

1
(1 ) u)“vQ — CuAllell* - Callol*

4
B 1 B
> 5 (1= 2l 2 (1 )
2

Combining (2.8)—(2.11) we get

oo\)—*

1

C’2>\
8

(212) L (w) > 2t ¢ (1 - Z) [l = CONE + [[o]2)? = CON

Let p(A) = min{&,n}. Then by (2.12) we see that (2.6) holds.
For p > py, we have

T0) = T ) = =) [ 0o > ) = (= )l

This and (2.6) imply that there is 6(A) > 0 such that (2.5) holds.
(c) Let eg € H\ {0} and s > 0. Then we have that

52 As?
putseo) =5 (leolP = [ o) 425 / Gen?

S
S R

Since [leo||?, [gs ¢eo€d dr and [ps |eo\p+1 dr are fixed and positive, the fact of
p € (3,5) implies that there exists sop > 0 such that

dx

llsoeol| > p(A) and I,(soeo) < O.
The conclusion (c) follows from choosing @ = sgep. O
Proor or THEOREM 1.1. We denote

c1,, = inf max I,(y(t)) with'={y e C([0,1],H) : v(0) =0, (1) = soeo}.
Y€l t€0,1]
By Lemmas 2.1 and 2.5, the mountain pass Lemma 2.4 implies that c;, is
a critical value of I, and c¢;,, > 0. The proof of nonnegativity for at least one
of the corresponding critical point is inspired by the idea of [1]. In fact, since
I,(u) = I,(|u]) in H, for every n € N, there exists v,, € " with 7,,(¢) > 0 (almost
everywhere in R?) for all ¢ € [0, 1] such that

1
(2.13) 1 < treﬂ[g% () <cipu+ n
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Consequently, by means of Ekeland’s principle (see for instance [5]), there exists
v € I with the following properties:

1
< Li(vn (1) < I t =;
crp < g0 Tu(7n (1) < masc Lu(yn (1)) < e+

* 1
(2.14) e [ (8) = 1) <

there exists ¢,, € [0, 1] such that z, = 7, (t,) satisfies:
1

T(en) = e L (0), and 1) < =
By Lemma 2.1 we get a convergent subsequence (still denoted by (2, )nen). We
may assume that z, — z in H'(R3) as n — oo. On the other hand, by (2.14),
we also arrive at v, (t,) — 2 in H}(R3) as n — oo. Since 7, (t) > 0, we conclude
that z > 0, z # 0 in R® with I,,(z) > 0 and it is a nonnegative bound state of
problem (1.4).

Let u1,, be the nonnegative bound state given by the above proof, that is,

I;/L(ULM) =0 and I,(u1,,)=ci,.

We claim that for any sequence p(™) | 1, there exists u,,, € H with I, (u,,) =0
and I, (uy, ) > 0, such that uy ,,m) — uy, strongly in H. In fact, by the definition
of ¢1,, and the proof of Lemma 2.5(c), we deduce that for n large enough,

0<a(\) <cpum < rglzaéc I, (seo)

< max{ S eol? + 25 [ pechite = L [ feopa
max << —||€ —_— eo €0 AL — € X .
— s>0 2 0 4 g3 0~0 p+1 Jps 0

Thus, the critical value sequence {c; , } is bounded from above and below.
Then by the proof of Lemma 2.1 we see that the claim holds. O

3. Nonnegative ground state with negative energy

In this section, we prove another main result of this paper, that is, problem
(1.4) has a nonnegative ground state with negative energy.

PROOF OF THEOREM 1.2. We divide the proof into three steps.

Step 1. We claim that there exists w € H such that
I(w)=0 and I,(w)<0.
For p(A) > 0 given in the proof of Lemma 2.5, we set
(3.1) Co,u = f{L,(u) : lull < p(N)}.

It is clear that c;, > —oo.
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We will show that ¢y, < 0. In fact, since p > pq we have for ¢ > 0 small
enough,

tQ
62 nte) =gl -u [ da)
R3

Ay 5 1
~t d ——t”“/ rtlq
—|—4 /de)elel i P . le1] x

t? H 4 +1
=—|1—— ) 4+CMx =CtP"™ <.
2 M1
This implies that ¢z, < 0. Note that if (u,,) is a minimizing sequence of ¢z ;,, then
(|un|) is also a minimizing of ¢y ,,. Therefore by (3.1) and Ekeland’s variational

principle there exists a sequence (u,) in H and u, > 0 such that

I,(up) = ca,  and I, (un) -5 0.

It follows from Lemma 2.1 that there exists w € H and w > 0 such that I} (w) = 0
and I, (w) < 0.
Step 2. We claim that there exists ug , € H such that

IL(UOM) =0 and I,(uo,)=cou <0,
where
cop =inf{l,(u) :ue N}, N={uecH\{0}:I(u)=0}

By Step 1 we know that N # ) and ¢, < 0. We will show that ¢y, > —oc.
For any u € N, similar to the proof of (2.4), we have that
1/1
) = 1) = BT 0.0) = 5 (5 = ) Iul? - €3

where 8 € (1/(p+1),1/4). Thus ¢y, > —oo. Choosing u, € N such that
I,(uy) = o, and I, (un) —5 0, then by Lemma 2.1 there exists ug, € H
such that I}, (uo,,) = 0 and I, (uo ) = co,, which means that problem (1.4) has
a ground state ug , with I,,(ug,,) < 0.

Step 3. We claim that the solutions given by Steps 1 and 2 coincide. The
proof is divided into two steps. In the first place, for any u # 0 and w is a solution
of (1.4) with g = py1, we have that

||u||2—u1/ \ulzdx+/ </>uu2dx:/ P+ da,
R3 R3 R3
and hence

1 1 1 1
I _(z__* 2 2 Lo 4L 2 de.
w0 = (5 ) (h = [ wPae) + (3= ) [ ot as

Since [[ul|* > p1 [gs [ul? dz for any u € H,

1 1
I, (u) > ( — ) byu* dx > 0.
4 s

p+1
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In the second place, let ug,, be the ground state given by the above Step 2. For
any sequence (™ | p11, by the proof of Lemma 2.1 we deduce that U, (n) MUSH
converge to a critical point of I,,, with non-positive energy, that is, 0. Hence there
is 91(A) > 0 and 01(A\) < §(A) such that for p € (p1, p1 + 91(N)), [luo,ull < p(A),
which implies that ¢y, = c2,. Hence we can conclude that w = ug,,, which
is a nonnegative ground state of (1.4) for u € (u1, 1 + 61(A)). The proof of
Theorem 1.2 is complete. O

REMARK 3.1. (a) Combining Theorems 1.1 and 1.2, we know that (1.4) has
at least two nonnegative bound states ug, and ui, for p € (p1,p1 + 51(N)).
Theorem 1.2 implies that the ground state ug , bifurcates from zero solution.
But Theorem 1.1 implies that the bound state u; , can not bifurcate from zero
solution.

(b) In the proof of Step 2 of Theorem 1.2, we do not use the Nehari manifold
method, that is, we do not consider the following minimization problem

co = inf{l,(u) :ue M}, M={uec H\{0}: ([ (u),u) =0}

This is because for p > p1, we cannot deduce that 0 & OM.

4. Infinitely many nontrivial bound states

In this section, we will prove Theorem 1.3 by using the condition (V1) and
the fact that the problem (1.4) is symmetric with respect to u € H. We start
with the following Theorem 4.1 from Rabinowitz [16].

THEOREM 4.1. Let E be an infinite dimensional Banach space and let I €
CL(E,R) be even and I satisfies (PS) conditions. Suppose that I(0) = 0 and
E =Y ® X, whereY is finite dimensional and I satisfies:

(a) there are constants p,a > 0 such that I|ap,nx > a and

(b) for each finite dimensional subspace E C E, there is an R = R(E) such
that I <0 on E\BR(E)'

Then I possesses an unbounded sequence of critical values.

We are now in a position to use this theorem to prove that the problem (1.4)
has infinitely many nontrivial bound states.

PrOOF OF THEOREM 1.3. If p < py, then we may use standard symmetric
mountain pass theorem [3], [16] to get the conclusion. In the following, we may
assume without loss of generality that pr < p < pgy1, where py is the k-th
eigenvalue of —A +V in H. From Lemma 2.1, we know that I, satisfies (PS)
condition. Clearly I,,(0) = 0. Choosing E = H, Y = span{es,...,e;} and
X =Y+, we are in a position to verify (a) and (b) of Theorem 4.1.
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(a’) For any u € X, since pr < pu < pg+1, we have that

/ (|Vul* + V(z)u?) dz > Hk+1/ u? de.
R3 R3
Therefore

1 14
Lu(w) = (I‘MH)IW 3 [ ou o = st

1 H 2016+1Cp11 _
22(1—)||u2(1— 1 PP ).
[ok41 (p+ 1) (pr+1 — 1)

Hence there is a p > 0 such that for ||ul| = p,

1 M >2
L(u)>-(1——— .
u()_4( Lkt P

(b') For each finite dimensional E C H and for any v € E,

1 A 1
I,(v) :7||v||2— B/Ude—i-f/(bvadm—ﬁ/wwH dx
1
<ol =4 [+ 2ot = — [t

Since E is finite dimensional and p € (3,5), we see that there is R := R(E)
such that for all v € E\BR(E I,(v) <0.
Now using Theorem 4.1 we know that I,, possesses an unbounded sequence of

[\)

critical values and hence the problem (1.4) has infinitely many nontrivial bound
states. O
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