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A FOURTH-ORDER EQUATION WITH CRITICAL GROWTH:
THE EFFECT OF THE DOMAIN TOPOLOGY

JEssycA LANGE FERREIRA MELO — EDERSON MOREIRA DOS SANTOS

ABSTRACT. In this paper we prove the existence of multiple classical solu-
tions for the fourth-order problem

A?u=pu+u?~1 inQ,

u, —Au>0 in Q,

u, Au=0 on 0%,
where Q is a smooth bounded domain in R, N > 8, 2, = 2N/(N —4) and
p1(Q) is the first eigenvalue of A2 in H2(Q) N HJ (). We prove that there

exists 0 < 1 < p1(Q2) such that, for each 0 < p < T, the problem has at
least catg (Q2) solutions.

1. Introduction

Brézis and Nirenberg [8] investigated the question about the existence of
a classical solution for the second-order problem

—Au=X u+u¥"', w>0 inQ,

(BN)
u=0 on 0F),
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where 2* = 2N/(N —2), N > 3 and Q C RY is a bounded smooth domain. Let
A1(2) be the first eigenvalue of (—A, H}(£2)). It was proved in [8] that:

(a) (BN) has no solution for A > A1(Q2). If Q is also starshaped, then the
Pohozaev identity [22] guarantees that (BN) has no solution for A < 0.

(b) For N > 4 the problem (BN) has a solution for every 0 < A < A1(€2).

(¢) In case N = 3, also called the critical dimensional case, the problem
is more complex. Indeed, in case € is starshaped, (BN) has no solution
when the parameter ) is positive and small enough and, in the particular
case when (2 is an open ball, (BN) has a solution if, and only if, A;(2)/4 <
A< A\ (Q)

In contrast to the case when (2 is starshaped, consider N > 3 and a ring 2 C
RY. We know that the embedding H&rad (Q) < L* (Q) is compact; see Ni [21,
Radial Lemma]. Hence, (BN) has a radial solution for every A € (—oo, A1(£2)).

The above description shows that the shape of 2 and the dimension N in-
terfere in the set of solutions for (BN). Rey [23], [25] observed that the number
of solutions of (BN) is strongly influenced by the topology of Q. Indeed, us-
ing arguments based on the Lusternik—Schnirelman category, it was proved by
Rey [23] for N > 5, after by Lazzo [17] for N > 4, that (BN) has at least catq(£2)
solutions if the parameter A > 0 is sufficiently small.

When using the Lusternik—Schnirelman theory to get the existence of mul-
tiple solutions for the problem (BN), the topological arguments applied require
that A be positive and close to zero. In particular, such procedure only works
for non-critical dimensions.

In this paper, also inspired by the just described results, we study the exis-
tence of multiple classical solutions for the fourth-order problem

A%y = pu+u~1 in Q,
(P) u, —Au>0 in Q,
u, Au=20 on 0f),

where 2 is a smooth bounded domain in RY, N > 8,0 < p < u1(Q), u1(Q) is
the first eigenvalue of (A%, E(Q)), E(Q) := H2(Q)NH(Q), and 2, = 2N/(N —4)
is the critical exponent for the embedding of E(Q) into L*(Q).

In [27], van der Vorst proved that if N > 5, u > p1(92) or, p < 0 and if the
domain € is starshaped, then (P) has no solution. In the same paper, assuming
that  is a general bounded regular domain in RY, N > 8 and u € (0, u1(Q)),
it was proved that (P) has a solution. Later, Gazzola et al. [13] proved that
N =5,6,7 are the critical dimensions for the problem (P) in the sense that (P)
has no solution if g > 0 is small enough and € is an open ball in R,

Our main contribution in this paper is to present a result on the existence of
multiple solutions for (P) for all non-critical dimensions, namely, for all N > 8.



FOURTH-ORDER EQUATION WITH CRITICAL GROWTH 553

THEOREM 1.1. If Q is a smooth bounded domain in RN, N > 8, then there
exists 0 < 1 < p1(Q) such that, for each 0 < p < i, the problem (P) has at least
catq () classical solutions.

We mention that El-Mehdi and Selmi [11], inspired by the procedures adopted
in [23]-[25] to deal with (BN), proved that for N > 8 the problem (P) has at
least catq(§2) solutions if the parameter p > 0 is sufficiently small.

More recently, Abdelhedi [1] used similar techniques to those in [11] to prove
the existence of multiple solutions for a similar problem.

We stress that the condition N > 8 seems essential in the arguments in [1]
and [11] as well as N > 5 was required by Rey in [23]. In particular, it has been
left as open problem the influence of the domain topology on the existence of
multiple solutions for problem (P) in case N = 8; see [11, Remark 1.4].

To prove our result we use a different approach from that in [1, 11], which
seems more direct and works for N > 8. We must also say that instead of pro-
jections we employ suitable extensions; for instance compare [11, p. 419] and
(4.3) in this paper. In addition, we believe that the extension and symmetriza-
tion techniques in this paper for functions in H?(Q) N H}(Q) will be useful to
treat other fourth-order problems. In particular, the proofs of Lemmas 4.4, 4.6
and equation (4.9) exemplify how our extension procedure replaces the standard
extension by zero used to deal with second-order problems.

This manuscript is organized as follows. In Section 2 we set the variational
framework. In Section 3 we prove some compactness results and then we prove
Theorem 1.1 in Section 4. We also include an appendix within we prove some
technical results from Sections 3 and 4.

2. Variational framework

We first fix some notations. We consider the space E(Q) := H?(Q) N H(Q)
endowed with the norm ||u|| := |Auls, induced by the inner product

(u,v) = / AuAvdz, u,v e E(Q).
Q

In this part we will consider the following general assumptions: Q c RY,
N > 5, is a bounded smooth domain and

0<pu<p(Q)= inf | Al = inf |Aul3.
weB(Q) |ul3 wEE(Q)
w0 [ulo=1

Consider the Sobolev constant for the embedding E(2) < L2+(£2), given by

2edy = 1}.

(2.1) S(Q):inf{/Q|Au|2dx:ueE(Q), /Q|u
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It is known that S(£2) does not depend on £ and S(€2) is not achieved except
when Q = RY [26]. Moreover, S(Q) = S, where
2o dr = 1},

(2.2) S = inf { / |Au?dx : uw € D*2(RY), / lu
RN RN
which is attained precisely by the functions S*=N)/ 80s.q, With

N —4)(N — 2)N(N + 2)|(N-4/85(N-4)/2
23) psala) = AT

CnoN—4)/2
(82 + |z — a|2)(N-0)/2

for varying @ € RY and § > 0 [13, Lemma 1]. We recall that the functions given
by (2.3) are precisely the positive regular solutions of

A%y =u*>~1 inRY,
Define, for p € (0, 11(£2)), the norm
(2.4) lully = (Auf} — puld)2, for all u € E(®),
and observe the equivalence
(2.5) [ull < Jull < c(@)]ull,  for all u e E(2),

where ¢(Q) = (1 — pu/(p1(2)))~2 > 0.
To study the existence of solutions for the problem (P), we will consider the

functional

1

—_— U+2*x u .
2*/9( 2 de, ue BQ)

1

(2.6) I(u):==
Q

|Au|? dz — B / (ut)? do —
2 Ja
DEFINITION 2.1. Let Q ¢ RN, N > 8, be a bounded smooth domain and
0 < p < p1(2). We say that u € E(f2) is a weak solution of (P) if u is a critical
point of I, that is, u € E(Q) satisfies

AuAvdr = ,u/

(uMvdr + / (uT)*> lodx, for all v e E(Q).
Q

Q Q

LEMMA 2.2. Let Q C RN, N > 8, be a bounded smooth domain and 0 < p <
w1(Q). Then the C*(Q)-classical solutions of (P) are precisely the nontrivial
critical points of the functional I defined by (2.6).

PROOF. The results in [26, Appendix B], [2, Theorem 12.7] and [14, Theo-
rems 2.19 and 2.20] guarantee that the nontrivial critical points of I are precisely
the classical solutions of (P). We mention that the arguments in [9, p. 375] can

be used to prove that every nontrivial critical point of I satisfies u, —Au > 0
in Q. O
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From now on we will turn our attention to study the functional I, or equi-
valently to study

(2.7) I,(u) ::/ |Au|? da — /L/ (u™)? de,
Q Q
restricted to the manifold

(2.8) Vi={ue E(Q):¢(u) =1} where ¢(u) := / (u™)?* da.

Q
We also define

(2.9) m(p, Q) == inf{I,(u);u €V}

and, if Q = B,(0), we denote m(u, p) := m(u, B,(0)).

We will prove that the functional I,,|y has at least as many critical points as
the Lusternik—Schnirelman category of 2, which up to suitable multiplicatives
constants are classical solutions for (P).

3. Compactness

The next lemma describes the lack of compactness of the embedding of
D22(RY) into L2 (RM). A similar result for the embedding of D*2(RY) into
L% (RY) is proved in [28, Lemma 1.40]; see also [4], [5], [18].

LEMMA 3.1 (Concentration and compactness). Let (u,,) C D*2(RN) be a se-
quence such that

(3.1) up —u in D*?(RY),
(3.2) |A(up —u)|> > X in the sense of measures on RY
(3.3) |y, —u|> = v in the sense of measures on RY
(3.4) Uy, —u a.e onRY.
Define
Aoo = B}im lim |Au,|? d, Voo = lim lim |t | dex.
oonTee Sz >R Rmroon=00 Jjz|>R

Then it follows that

(3.5) lw]1?/2 < STHIA,
(3.6) V2% < ST,
(3.7) Tim A5 = |Auf3 + A + A,
(3.8) i fun 5 = Jul3: + VI + veo.

Moreover, if u = 0 and ||v||>/?> = S7YA|, then \ and v are concentrated at
a common single point.

PRrROOF. See Appendix A. O
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LEMMA 3.2. Assume 0 < p < p1(R2). Any (PS)-sequence for I is bounded.

PROOF. It follows from standard arguments, since

full = ( [ 18uPas - [ <u+>2dx)1/2, we B(©)

is a norm in E(Q2) and 2, > 2. O
LEMMA 3.3. Assume 0 < p < p1(Q). Any sequence (u,) C E(Q) such that
I(u,) »d<c* = %SNM and I'(up) =0
contains a convergent subsequence.
ProOF. By Lemma 3.2 it follows that, up to a subsequence,
u, —u in B(Q), u,—u inL*Q) and wu, —u ae. on .

For every ¢ € E(Q) we have

(3.9) /QAunAwdx—,u/Q(u:[)godx: /Q(u:{)2*_1<pdx—|—on(l).

From the continuous embedding E(Q2) < L2?(Q), (u,}) is bounded in L?*:(Q)

n
and consequently ((u)2+~1) is bounded in L?+/+=1)(Q); we have also u;}}: — u*t

almost everywhere on 2. Hence, as a consequence of the Brézis—Lieb lemma, see
for instance [16, Lemma 4.8], (u;)>~! — (u*)?>~1 in L%/Z~1(Q), and we

obtain

(3.10) /Q(u,f)%*lcp dx — /Q(u+)2**1cp dz, for all p € L* (),

in particular, (3.10) holds for any ¢ € E(Q). From u,, — u in L*(Q) we get
(3.11) /Q(u;f)gpdx — /Q(ML)goalac7 for all ¢ € E(Q).

Now, since u,, — u in E()), we obtain

(3.12) /QAunAcpdx =: (Un, @) = (u, @) = /QAuAgodx, for all p € E(Q).
Thus, taking n — oo in (3.9) and using (3.10)—(3.12) we obtain

(3.13) /QAuAapdx — u/ﬁ(u*)gpdm = /Q(uﬂ?**lcpdx, for all p € E(Q),
that is, u is a weak solution for the problem

A%y = put) + (uh)>"1 in Q,
u, Au=20 on 012,



FOURTH-ORDER EQUATION WITH CRITICAL GROWTH 557

and u, —Au are nonnegative in 2. Indeed, since —A: E(Q) — L2?(Q) is an
isomorphism [15], it follows, from (3.13), that

[ Autwyde = [ (@Hl=a) ulde+ [ (i (=8) ] de,

Q

for all w € L?(Q), and, from the weak maximum principle,
(=A)'w >0, forallwe L*(Q) and w > 0,
and thus
/ Au(—w)dz >0, if w>0.
Q

Hence u € E(2) and —Au > 0 in Q. Consequently, by the weak maximum
principle, u > 0 in Q.
With ¢ = u in (3.13) we obtain

(3.14) A2 — B =
and
1 1 1 1
315) 1) = 380 - ) - 5l = (5 5 )t 20

Writing now v, = u,, — u, see [28, p. 33] the Brézis—Lieb lemma leads to

(3.16) b3 = a3 + v 57 + on(1).

From u,, — u in L?(Q), we also have
(3.17) b 13 = [ I3 + [vif 13 + 0n (D).
Using now (3.16) and (3.17) we have

1 I 1 9
I(un) = 5| Aunl3 = Sluf |3 — o lula:
2 2 2

1 W 1
= I(u) + 51 Aua = EJot B — ot B + 0aD),

because v, — 0 in E(Q). Assuming I(u,) — d < ¢*, we obtain
1 1

(3.18) T(w) + 5|Av, 3 = Elof 3 = 5[l = d.
2 2 2, *

Using again (3.16) and (3.17)

= A0 [ + 2o, u) + [Auf3 — plut (3 — plogf 3 — [ut5: —[of 5 + 0a(1)

and since I' (up)u, — 0, we conclude, now using (3.14), that

2. *
|Avnf3 = ploi 13 — ot l3: = [Aul3 — plu]3 — [tz = 0.

So, we may assume that [Av,|3 — plv;f |3 — b and v 37 — b.
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Since v, — 0 in L?(Q), in particular, v;7 — 0 in L?(2). Then it follows that
|Av,|3 — b. By the definition of S we have,
|Ava[3 > Slonl3, > Slv;i13,

which implies b > Sb%/2+ = Sb(N=4/N_ Thus, either b =0 or b > SN/4,
From (3.18),

I(u) + <1l>b—1(u)+;b—d

2 2,
and from (3.15), d > 2/Nb. If b > SN/ we obtain

¢ = %SN/‘* < %b§d<c*,
a contradiction. Hence, b = 0, and the proof is complete, because
|tn —ul|® = |vp||* = |Avn|3 — 0, thatis, wu, —u in E(Q). O
LEMMA 3.4. Assume 0 < p < p1(Q). Any sequence (u,) CV such that
(3.19) I(up) = ¢ < S, 17, (wn)][« — O,

contains a convergent subsequence, where ||-||.« denotes the norm of the derivative
of 1,|v, and is given by

1, (@)l = min |7, (u) = A" ()|, for all u € V.
PrOOF. If (u,) satisfies (3.19), then 0 < I,,(u,) — ¢ and
175 (un) [l = 11, (un) = Ant’ (ug) || = 0, for A, € R.

So, there exists (o,) C [0,+00), 0, — 0 such that

/ Au, Awdx — ,u/(uj)w dx — A\, / (uh)?twdz
Q Q Q
for all w € E(Q), Ay € R. The sequence (u,,) is bounded in E(€). Indeed,

< o lwl],

1 = lunll* = mluf 5 + pluf[3 = e+ o (1) + pluz |3,

and from the continuous embedding of L2+(Q) into L?(£2), it follows that (u,)
is bounded in E(2). Thus

80 = e -, [ o

that is, A\, = ¢ > 0.
If ¢ =0, then

— P V1 = (|12 2
05 (1 H Nl = el =

<unl? = plunl® < unll? = plui | = Lu(un) =0,

<opllunll = I(un) — Ay — 0,

and (u,) converges strongly to 0 in E(Q).
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If ¢ > 0 then \,, > 0 for n big enough. So, put v, = )\711/(2*_2)1%. Taking [
given by (2.6),
1 _ _
I0,) =5 [ A, )P = a2 do

o 21 /()\}/(2*72)1112)2* dx
* JQ

1 _ 1 _
=3 A2/ @D () — 5 A2+/(2:=2)

1 1 2
>3 2/(2=2), _ L 2./(2.-2) _ NCN/4

*

and

(o) = | A0 = B o

— / ()\%/(2*72)1@)2*7110 dx
Q

—AY/2-2)

/ [Aup, Aw — p(u)w — A (u)) >~ tw] da
Q

<A/ wl,

for all w € E(). Hence

2 2
I(v,) — NCN/4 <y SN/A = ¢ and TI'(v,) — 0.

From Lemma 3.3, (v,) contains a convergent subsequence, and then (u,) also

contains a convergent subsequence. O

4. Multiplicity of solutions

We first recall a classical result in the theory of the Lusternik—Schnirelman
category [19].

THEOREM 4.1 ([28, Theorem 5.20]). Let X be a Banach space, ¢ € C}(X,R),
P € CHX,R), V ={ve X :¢w) =1} and for allv € V, ¢'(v) # 0. If o|v
is bounded from below and satisfies the (PS).-condition for any c € [ir‘}f <p7d},

then ¢|v has a minimum and the set ¢ := {v € V : p(v) < d} contains at least
cat,a(p?) critical points of ¢|v .

In our context, X = E(Q), ¥(u) = [,(u")? dz and ¢ = I,.

LEMMA 4.2. Let N > 8 and 0 < p < p1(Q2). There exists v € E(Q)\{0},
with v > 0 in Q such that
ol 1Av[3 — plvl3
2 = 2
2, |U|2*

PROOF. See Appendix B. (]

(4.1) <S.

v
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LEMMA 4.3. If0 < pu < 1 () and N > 8, then m(u, Q) < S and there exists
u €V, such that u,—Au > 0 in Q and I,(u) = m(u, Q), with m(u, Q) as defined
by (2.9).

PrOOF. By Lemma 4.2, there exists v € E(Q2)\{0} nonnegative such that

|Av[3 — plvf3

< S.
I3,
Setting w = v/|v]s,, we have w € V and
|Av[3 — plvf
Buw) = 18wl - el = |8 - pfulf = SR
24

and therefore

m(u, Q) = irel‘f/I#(u) <I,(w)<S§.

By Lemma 3.4, I,|y satisfies the (PS).-condition, with ¢ = m(u,Q). By
Theorem 4.1, I,,|y has a minimum, that is, there exists v € V such that

I,(u) =m(p,Q) = umel‘r/llu(u).
Now we show that u, —Awu > 0 in €. Since u is such that
Wty =1, Lu(uw) = Aulf - plut ;= mu, Q) >0,

it follows from Lagrange multipliers theorem that u satisfies

/ AuAvdr = u/(u+)v dx +m(p, Q) / (uh)*> tude, forallve E(Q).
Q Q Q

So,
/Q Au(—w)de = p / () [(=A) " ] dz + mi(, Q) / (> [(~A) " w] da,

Q
for all w € L?(Q) and (—A)~ 1w > 0, for all w € L%(Q), w > 0. Thus,

/ Au(—w)dxz >0, for all w > 0,
Q

and therefore —Awu > 0 and consequently u > 0. Since u is nontrivial, it follows
by the strong maximum principle that v, —Au > 0 in Q. O

LEMMA 4.4. If Q; and Qs are regular bounded domains in RN, N > 8, such
that Q1 CC Qo and 0 < p < 1 (Q2), then m(u, Q1) > m(p, Q2).

PROOF. First we recall that Q3 CC Q9 implies that uq(Q2) < p1(€1). So,
let w € E(€Q1) be a function such that u, —Awu > 0 in Q; and

/ () de =1, / (Al — p(u*)?] dz = m(u, ),
Q1 Q1
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and take w as the solution for
~Aw=_"Au in Qo
w=0 on 9o,

where ~ denotes the zero extension outside ;. Note that w > 0 in Qo and
w > wuin Q. Set W = w/|wl|a, g,. Then [w

2.0, = 1 and

1
m(p, Q) < / lAw]* — p(w™)?] de = 27/ lAw? — p(w™)?] da
Qs |w 2., JQo

< /Q Al — pur ) de < /Q 1A = P = (i, ).

LEMMA 4.5. If = B,(0) CRY, N >8 and 0 < pu < u1(S2), then m(u, p) is
attained by a function u such that u,—Au > 0 in B,(0) and u, —Au are radially
symmetric. Moreover, such a solution u is unique.

PROOF. Let u be a function such that v, —Au > 0 in B,(0) and that realizes
m(p, p). Denote by u* and (—Awu)* the Schwarz symmetrization of u and —Au,
respectively. If v is the solution of

—Av = (—Au)* in B,(0),
v=0 on 0B,(0),

then v = v*. We just need to prove that u = v. By [3], see also [6, Lemma 2.8,
we have v > u* and

[v>u*]=0< —Au = (—Au)*.

If [v > u*| >0, set w="v/|v|2,. So |wT|y, =1 and

1
mipep) < [ (80P -t = [ (80P = p(?)do
B,(0) v 2, JB,(0)

1 . *
1 / (=) — ()] de
|U|2* B,(0)
1 * *
< 1 / (=) P — ()] da
|u 2, JB,(0)

=t 1 Al e = i),
which is a contradiction. Thus, —Au = (—Aw)* and since u and v are solutions
for the problem
—Aw = (—Au)* in B,(0),
w=0 on 0B,(0),
it follows that u = v.

Finally we mention that the uniqueness of u can be proved arguing as in [12,
Section 3] by means of comparison principle for radial function [20]. O
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Now define 3: V — RN by

/ |Au|?z dz
(4.2)

/ \Au|2dx

LEMMA 4.6. If (u,) C V is such that ||u,||® = |Au,|3 — S, then
dist(B(un,), ) — 0.

PROOF. Suppose, by contradiction, that dist(8(uy),€2) 4 0. So, there exists
r > 0 such that, up to a subsequence, dist(S(u,), Q) > r.

Set vy, = up/|Auyl2 € E(Q) and w, as the Newtonian potential of | — Avn\ €
L2(RY), where ~ denotes the zero extension outside 2. Then, by [15, Theo-
rem 9.9], we know that w,, € D?2(RY) and

(4.3) —Aw, = | — Av,| a.e. in RV,

In particular, (w,) is a bounded sequence in D>2(RY). Then, up to a subse-
quence,

wy, —w in D*?(RY),
|A(w, —w)[*> = X in the sense of measures on RY,

* .
2 X J  in the sense of measures on RY,

|wy, —w
W, — W a.e. on RY.

We have by Lemma 3.1, taking into account that Ao, = 0 and w,, > |v,| in RY,

(4.4) 1= \AW@ + Al
1
(4.5) 327/ “+ vl
and
1
(4.6) ][22 < ||>\|| |3, < §|AW|§~
It follows that the pair (|Aw|3, ||/\||) € {(1,0),(0,1)}. Indeed, from (4.6)
Il < =2 /2 wl3: = (Jwl3,)*/? < 2 /2
and so )
S2. /2 — |w|2 + ||V|| < 52 /2 [|Aw|2* ]
that is
(4.7) 2 A2 2 1.

From (4.4), (4.7) and since 2,/2 > 1, we get that the pair (|Aw|3,||A\|]) €
{(1,0),(0,1)}.
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Suppose now that |Aw|3 = 1 and ||A]| = 0. So, by (4.6), ||v|| = 0 which
implies, by (4.5),
2 1 2 1

and so |Awl|3/|w|3. = S. Then, up to a multiple, w is a non-negative non-trivial
solution of the equation

A2w =w?>"1 inRY,

and therefore, w, —Aw > 0 in RY. But, for all ¢ € C>°(RY) we have

/ |Aw, —Aw|2<pdx—>/ pd\ =0
RN RN
which implies, in particular,

/ |Aw,, — Aw|*¢ dz +/ |Aw|?pdr — 0, for all p € C°(RY \ Q),
Q RN\Q

and then —Aw = 0 in RY \ Q, which leads a contradiction.

Thus, |Aw|3 = 0 (and from (4.6), it follows that w = 0) and ||| = 1. From
(4.5) and (4.6), we get ||v]>/?* = S~!||\||. Therefore, by Lemma 3.1, it follows
that A concentrates at a single point y € RV.

We infer that y € Q. Indeed, by contradiction suppose y € RV \ Q. Take
Y € C°(RY) such that 1 = 1 in Bg(y), for some R > 0, and supp(y)) N Q = 0.
So,

1= A({y}) = / bdr= lim / | A, de = 0,

which is clearly a contradiction. Hence, y € Q and taking n € C°(RY), n =1
in Q, we have

| Ay, |22 da
Bluy,) = =2 :/ |Av, |22 da
|Auy,|? dz @
Q
— [ 18w Pan@)ds o [ an()dr = ynly) =y € 0
RN RN
which contradicts our initial hypothesis. O

Without loss of generality we can assume that 0 € 2. Let » > 0 be small
enough such that

QF = {ueRY :dist(u,Q) <7} and Q. :={uecQ:dist(u,dQ) >r}
are homotopically equivalent to Q and such that B, (0) CC . We also set
IL”(W") ={ueV:I,(u) <m(p,r)},

which is nonempty; see Lemma 4.4.
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LEMMA 4.7. There exists 0 < i < p1(Q) such that, for 0 < p < T,
we I = Bu) € Q.
PrOOF. If u € V, then by the Holder inequality,
(4.8) ut 3 < Jutf3, 10372 = N,
By Lemma 4.6, there exists € > 0 such that
weV, ||ul|?<S+e=Bu)cQf.
Set 71 := ¢/|Q*N | for £ > 0 sufficiently small such that 0 < 7z < u1(Q). Hence,
if0<p<panduce€ IZL(”’T), we obtain, from (4.8) and Lemma 4.3,

lull® = llul® = pla® 13 + plu™ |3 = Lu(w) + plu™ |3
9

<m(u,r) +alut3 < S+ |Q\4/N|Q|4/N =S+e,
so that S(u) € Q;f. O
Let @i as in Lemma 4.7. For each 0 < u < 7t we define v,: ;7 — I,T(“’T) by
wy(z
(4.9 W) QR @)@ = 4D
|wyl2.
where w, is the solution for the problem
—Aw, =z, inQ, with 2 (z) = —Av,(z—y) ifx e B (y),
wy =0 on 012, ! 0 if x € Q\ B-(y),

where, see Lemma 4.5, v, is radially symmetric with respect to zero, v,, —Av, >
0 in B,(0) and

[owpede=1 [ (80P - ()] do = miun)
B (0) B (0)

REMARK 4.8. Arguing as in the proof of Lemma 2.2, we get that v, €
C*(B,(0)).

LeEMMA 4.9. Let 0 < p < @, where i is given in Lemma 4.7. Then vy, : Q; —

I;T(“’T) is well defined, continuous and

(4.10) Bov)y) =y, foralyecQ,..

PROOF. First observe that [15, Theorem 9.15] guarantees that v, (y) € E(Q2)
and, by the strong maximum principle, we have wy(z) > v,(z — y), for all
x € By(y) and y € Q7. Then

/|Awy\2dz :/ |Av,,|? d,
Q B:(0)

[wfde> [P
Q B..(0)
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/|wy|2* dz >/ vy,
0 B, (0)
o) =1, (A ) = ([ 8w P [ g ?a
|wy|2. lwyl3, Jo Q
</|Awy|2dx—u/(w;)2dx
Q Q

< [ Jaufdo—u [ (@Pde=minn.
B;-(0) B;-(0)

2o de = 1.

So,

that is, v, (y) € II""™" for every y € Q7 and s0 7y, : Q7 — I is well defined.

The continuity of v, is a consequence of the regularity of v,. To prove
that v, is continuous, it is enough to prove that 7, : Q7 — E (), defined by
7. (y)(x) = wy(z), is continuous. If y,, — y in O, then

17, () = 7. WIP = 1AF,.(yn) =7, )3

= |Awyn - Awy@ = |Zyn - Zy@

- |Zyn|§ - 2/92%(55)%(@6130 + \zy|§
= 2[/ |A’Uu(2’)|2dz —/ 2y, () 2y () dx} —0,
B, (0) o

because Av,: B.(0) = R is continuous. Finally, for every y € Q"

Ll ()
Q |wy 2,

2
rdx / |Aw, |z da
_Ja

(Boyu)ly) = 3
[la( o s
Q |wyl2. Q
[ aue-pfeds [ (au @R+
_ JB.(y) _ /B (0)
/ |Av, (z — y)|? do / |Av,(2)|? dz
Br(y) Br(0)
/ |Av,,(2)]?2 dz y/ |Av,,(2)|? dz
_ JB.0) 4 B _y
[ oisn@pd [ AR
B.(0) B..(0)
because Av, is radially symmetric. O

LEMMA 4.10. If N > 8 and 0 < pu < [z, where i is given in Lemma 4.7, then

cat (IIT(“”')) > catq(Q).
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PROOF. If cat ;m(u.n (I;T(“’T)) = o0, then there is nothing to do.
w

If catlltnm,r) (If(”’T)) = n, then IZ[L(”’T) = A1 U...UA,, where A; is closed

and contractible in I,T(“’r), forall j=1,...,n.
Foreach j=1,...,n,let h;: [0,1] x A; — I,T(“’T) be a continuous map and
w; € I such that

(4.11) hj(0,u) =w, hj(l,u) =w;, forallueA,.

Consider Bj = v,,'(A;), where 7, is given by (4.9). The sets B; are closed and
Q. =By U...UDB,. Define, for 0 < p < 11, the deformation

9+ [0,1] x B = @, (t,y) = g;(t,y) = Blh;(t,1u(y)))-
By Lemma 4.7, the deformation g; is well defined, and from (4.10) and (4.11)

9;(0,9) = B(h;(0,7.(y))) = Buly)) =y, forallye Bj,
9;(Ly) = B(hi(1,7.(y)) = B(w;), for all y € B;.

Hence, the sets B; are contractible in Q;F, and so
cato(€2) = catg+(Q2,) <n = cat mu.n (IL”(”’T)). O
r ©

PROOF OF THEOREM 1.1 (completed). By Lemmas 3.4 and 4.3, for ¢ <
m(p, Q) < m(u,r) < S, I,|v satisfies the (PS).-condition. By Theorem 4.1,
with d = m(u,7), it follows that I"*") has at least cat () (1)) critical
points of I,,|yy. Then, by Lemma 4.10, for 0 < p < [, we ﬁave that I,|y has at
least n = catn(Q) different critical points, say vy,...,v, € V.

For each j =1,...,n, there exists A\; € R such that v; satisfies

A?v; = p(v) + )\j(v;’)Q**l, in Q,
Vj, A’Uj =0 on 0f).

Since v; € V' we have v; # 0, and

5= [P de = 1) = [ 180 = pef 2 do >0,

1/(2.-2)

Hence, for each j = 1,...,n, we have that u; := A v; is a nontrivial

solution of

A%y = put + (ut)>"1 in Q,

(4.12)
u, Au =10 on 01},

that is, u; is a critical point of I. Since v; # v; if j # 4, it follows that u; # w;
if j # 4. Then, we apply Lemma 2.2 to end this proof. O
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Appendix A. Proof of Lemma 3.1

PROOF. Particular case: Assume first u = 0.
For every h € C2°(RY), we infer from (2.2) that

2/2.
(A1) (/ |hun|2*dx> <S8~ / A(huy,)|? da.
RN

Using (3.2) and (3.3) we get

2/2. 2/2.
(A.2) (/ |R|* |ty |2 dx) — </ |n|?* dy>
RN RN
and
(A.3) / \h2|Auy|? dz — / |h|? dA.
RN RN
Note that
(A.4) A(huy) — hAu, = upAh + 2Vh.Vu,.
We have
|un Ah|3 = / |ARP [un|* de < C |, |2 de,
Br(0) Br(0)

where R > 0 is such that supp(h) C Br(0) and C = max |Ah|?. Then
Br(0)

(A.5) [unABJZ = 0,

because u, — 0 in L2 (RY). We also have

|Vh.Vu,|3 < / |Vh|? | Vu,|? de < é/ |Vu,|? d,
Br(0) Br(0)

where C' = max |Vh|?, and consequently
Br(0)

(A.6) |Vh.Vu,|3 — 0,
because Vu,, — 0 in [LE (RM)]N. From (A.4)-(A.6) follows that
[|A(huy)|2 — |hAUR |2 < |A(huy) — hAuy |2

567

= |upAh + 2Vh.Vu,|e < |u,Ahls + 2|VAVu,|s — 0,

that is,

lim |A(huy,)|? dz = lim |hAun\2da:=/ |h|%d\.
N RN

n—o0 JpN n—oo Jp

Hence, from (A.1)—(A.2) we get

(A.7) (/RN Ih

2/2.
2*dz/> <s! |h|? dA.
]RN
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Taking now the sequence (h,,) C C2°(RY) such that
h, =1 in B,(0), supp(hy) C Bp41(0), 0<h, <1,

it follows by dominated convergence theorem that

lim | A | dl/:/ ldv=|v|| and lim / \hn\Qd/\:/ LdA = ||\
oo JRN RN oo JRN RN
Then we obtain (3.5) using (hy) in (A.7) and taking n — oo.
Now we proceed to prove (3.6). Fix R > 0 and let ¢ € C*°(RY) be such
that ¢¥g(z) =1 for |[z| > R+ 1, r(x) =0 for |z| < Rand 0 < ¢g < 1 on RV.
By the Sobolev inequality, we have

2/2.
(A.8) lim </ [ R | dx) < S 'Tim |A(YRrun) | dz.
We have
0< / |un Atpg|? de < / | AR |?un|? de < C’R/ |t |? da,
RN |z|<R+1 |z|<R+1
where Cr = max |A¢g|?, and
Br+1(0)
0 g/ |Vr.Vu, | dr g/ IVr|? | Vu,|? dz < DR/ |Vu,|? d,
RN lz|<R+1 |o|<R+1
where Dr = max |Vig|?. Thus
Br+1(0)
AW RUR)|2 — [PRAU2| < [unPr|2 + [2VYR.Vun|s = 0,

because uy,, Vu, — 0 in L2 _(RN), [LZ_(RM)]Y| respectively. From (A.8) we

loc
conclude

- )
(A.9) Jlim. ( /R VR [un

On the another hand, we have

/]RN |Aun|2w§dx:/l>R|Aun|2w?{dx §/ |Au,|? da

|z|>R
/ |t |2 do = / [,
o> R+1 2> R+1

and from (A.9) follows that

2/2.,
V22« = lim Tim (/ |, |2 dx)
R—o00n—o00 lz|>R+1

<87 lim lim (/ Aun|2dx) =S\,

2/2,
2*,dx) <gt lim/ V& Au, | dr.
RN

n—oQ

and
Zeap2e dae

Q*w% dx S/ [,
RN

which proves (3.6).
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Assume moreover, that |v||?/2+ = S~=!(|u||. We will show that A and v are
concentrated at a common single point. Given h € C>°(RY) we have, from (A.7),

1/2. 1/2
(A.10) (/ |h|? du) < 5—1/2(/ |h|2d>\) :
RN RN

and from Holder inequality we get

(A.11) /]RN Ih

which implies

ody < 5*2*/2||A||4/<N*4>/ |h|%dX, for all h € C°(RY),
]RN

v(Q) < ST E=DN(Q),  for all @ € RY measurable.

We prove now that v(Q) = S=2/2||\|¥/ V=D \(Q), for all @ € RY measurable.
Assume that there exists Qg C RY such that v(Qg) < S~2/2|A||¥N=H\(Qp).
By hypothesis, ||v[|?/?+ = S~'||A||, which implies

(A.12) V(RN) = ST/ Y N =D \RN).
Note that
V(RY) = v(Q) + v(RVM\ Q)
< STHPIAYE DN ) + 572NN TONRN \ Qo)
= ST NYNTINQ0) + ARN \ Q)] = 5722 VN TONRY),

which contradicts (A.12). It follows from (A.10), v(2) = S=2+/2||\||¥/ (N =D \(Q)
and ||v||?/% = S~1||\|| that

1/2. 1/2
(/ |h|? du) v)>N < (/ |h|2dy> . for all h € C°(RM).
RN RN

Then, for each open set 2 C RV,
p(Q)Y2 RNV < ()12,
Since 1/2 —1/2, = 2/N, we have
v(Q)=0 or v(Q)>vRY), forany openset QC RY.

Hence, v is concentrated at a single point, which is the same point where A
concentrates, because v = S~ 2/2|| \||4/(N=4) \,

General case: u is not necessarily zero and we prove (3.5)—(3.8).
Write vy, := 1, — u. So, v, — 0 in D>2(RN), |Av,|> = X and |v,,

the sense of measures on RY, and v,, — 0 almost everywhere on R, and thus,

2. X yin

from the previous case, (3.5) holds.
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We have

/ |Auy, |2 da :/ |Av, + Aul? dz
|z|>R |z|>R

:/ |Avn|2das+2/ AvnAuder/ |Aul? dz
lz|>R lz|>R |lz|>R

which implies

lim |Auy,|? dzx
n—=0 J11|>R
= lim |Av, |* dz + 2 Tim AvnAudx+/ |Aul|? da
e Jlal 2R e Jlal 2R |z|>R
and, since v, — 0 in D?2(R"), we conclude that
(A.13) lim |Auy,|* dz = lim |Av,, |2 dac—i—/ |Aul|? d.
"0 Jiz[>R "o Sl >R |z|>R
So, (A.13) implies that
Moo = lim lim |Au,|?dez = lim lim |Av, |? d.

R—00 n—0o0 lz|>R R—00 n—0o0 |z|>R

By the Brézis—Lieb lemma [7],

/ |u|?* dz = lim (/ [, |?* da — / |vn
lz|>R oo N Jlz|>R lz|>R

and therefore

2 dm),

Voo = lim lim |tp|?* dz = lim Tim v, |?* da.
R— 00 n—00 lz|>R R—o00n—o0 |z|>R

From the previous particular case, it follows (3.6).
Now we proceed to prove (3.7). First we prove that

(A.14) A, |> 5\ + |Auf?.

Indeed, from the identity |Au,|? = |Av, + Aul? = |Av,|? + 2Av,Au + |Aul?,

we have
/ ©|Auy,|? dz :/ ©|Avy,|? dx+2/ AvnAucpder/ o|Aul? de,
RN RN RN RN
for all ¢ € Co(RN). Since v, — 0 in D>2(RY) and |Av,|?> = X we obtain
n—oo

lim @\Aun|2dx:/ apd)\—l—/ o|Aul? d,
RN RN RN

for all ¢ € Co(RY), which is precisely (A.14).
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Fix R > 0 and let ¥ € C*°(RY) be such that ¢p(z) = 1 for |z| > R+ 1,
Yr(z) =0 for || < Rand 0 < ¢ <1 on RY. From (A.14) we have

lim |Au,|? dzx
n—oo RN

:H/RN wR|Aun\2dx+/RN(1—wR)dAJr/RNQ—wR)|Au|2dx.

n—oo

Taking now R — oo, it follows from the dominated convergence theorem that

lim lim \Aun|2dx:)\oo+/ 1d)\+/ |Au|? dx
RN RN RN

R—00 n—00
and thus
T (A3 = [ Au3 + A + A,
which is precisely (3.7).
To prove (3.8), first observe that

(A.15) | |?

= Ny |u|2*.

Indeed, for any f € Co(R™) we have, from the Brézis-Lieb [7] lemma applied to

f*and f7,
2edx = lim </ flunl? dx—/ flvn|* dm),
n—oo RN RN

[ 1
RN
from where (A.15) follows since |v,[>* = v.
Fix R > 0 and let ¢ € C*°(RY) be such that ¢r(z) = 1 for |z| > R+ 1,
Yr(z) =0 for || < Rand 0 < <1 on RY. Then
lim b |** dz = Tlim / VYr|un|* dx—i—/ (1—1/}R)du+/ (1—2g)|ul?* d.
RN n—o0 JrN RN RN

n—oo
Taking R — o0, it follows from the dominated convergence theorem that

lim lim |un|2*dxzuoo+/ 1dy+/ lu
RN RN RN

R— oo n—o0

2 dx

and thus

lim |un|g =|u 3; + IV 4 Voo O
n—oo
Appendix B. Proof of Lemma 4.2

PROOF. Without loss of generality, suppose 0 € Q. Let £ € C°(RY) be a
function such that 0 < &(x) < 1, for all z € RY, ¢ = 1 in B(0,p/2), £ =0 in
B(0,p)¢, and B(0,p) CC Q, p > 0. Set

Us(z) = &(x)ys(x), = eRY, 0<d<p,
where 15 = SUN/8p5 and ps(z) = @s0(z) is given by (2.3). Then

/ |Avps|*> dr = S and / [s|* do =1,
RN RN
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and, see [10, (6.4) and (6.3)] respectively, we have
(B.1) |AUs[5.0 =5 +0("Y),
(B.2) Usls: o =1+ 0O(™).

In order to get (4.1), we will estimate |Us|3 o. We have

Uilia = [ s de = [ P des [ g

B(0, B(0,p)
Note that

/ 1€(2) 2 = 1||vs ()| dae
B(0,p)

€() 2 — 1[5 (2)|? da < / s ()| d

B(0,p)\B(0,0/2)
C(SN—4 C«§N—4

/ 52 syv—1 4% < / 2(N_4)
BO0.p\B(0,p/2) (02 + [[?) B(0,)\B(0,p/2) 17|

So, we obtain

~/B(07ﬂ)\B(07/1/2)

(B.3) /\Ug(x)|2d:v:/ (s (2)[2 da + O(6N ).
Q B(0,p)
Now,
®) [ ps@Pdi= [ p@Pder [ jusPde
B(0,p) B(0,5) s<|z|<p
Note that
C(sN—4
B.5 / s (x dez/ — _dx
(B:5) B(O,é)‘ @) B(0,5) (02 + [x|>)N—4
C(SN_4
> . _dx = O,
/3(0,5) (202)N—4
and
C(SN—4 C5N_4
Iwé(%‘)Qdﬂc=/ —,dJSZ/ g 4T
/5<z|<p P f ey G P, P
1 P 1
_ 5N—4/ b e 6N‘4//7d d
C les FEGES x=C o Js o Sdr,
which implies
log |4 if N =38,
I A T W
s<|z|<p - I N>8
N —8rN-8 s

Finally, combining (B.3)—(B.6), we conclude that

Cé*logd| +O(8*) if N =38,

B.7 Usl?2 ¢ >
(B.1) Uslza O+ 0(N1)  if N > 8.
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Then, from (B.1), (B.2) and (B.7), there exists a constant C' = C(N) > 0 such
that

|AUs | — plUs |3 [ S — nCo*[logd] +0(8%), N =38,
|Usl3. T\ S —pucst+0(N Y, N >3,

for N > 8 and 6 > 0 small. O
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