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COEXISTENCE STATES
OF DIFFUSIVE PREDATOR-PREY SYSTEMS
WITH PREYS COMPETITION AND PREDATOR SATURATION

JUN ZHOU

ABSTRACT. In this paper, we study the existence, stability, permanence,
and global attractor of coexistence states (i.e. the densities of all the species
are positive in ) to the following diffusive two-competing-prey and one-
predator systems with preys competition and predator saturation:

clw .
—Au=ula; —u—biov — in €,
( ' ” (1+a1u)(1+ﬁ1w))
cow .
—-Av=vlaz—brju—v— —m———————— in Q,
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k10yu+u =koOpv+v=Ek30,w+w=0 on 99,

where k; > 0 (¢ = 1,2,3) and all the other parameters are positive, v is the
outward unit rector on 9f2, u and v are densities of the competing preys,
w is the density of the predator.
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1. Introduction and main results

Continuous models, usually in the form of differential equations, have formed
a large part of the traditional mathematical ecology literature. In these models,
the key terms specifying the outcome of predator-prey interactions are the func-
tional and numerical response, which reflect the relationship between predators
and their prey. In general, a predator-prey system has the following form

uy = u(a — bu) — g(u)v,

vy = —dv + eg(u)v,

where a, b, d, € are positive constants and g(u) is the so-called prey-dependent
functional response. And ones usually consider the following two cases.

(I) For the case of monotonic response, the functional response g(u) is taken
as follows (see [10], [12], [38] and the references therein).

(i) g(u) = .

e+ eu+u?’

mu2

(iil) g(u) = P
where m, e and ¢ are positive constants, m denotes the maximal growth rate
of the species and e is the half-saturation constant. The model (i) is called the
Michaelis—-Menten or Holling type-II function, (ii) is called the sigmoidal response
function, and (iii) is called the Holling type-III function.

(IT) For the case of non-monotonic response, the functional response g(u) is
taken as follows (see [4] and the references therein).

mu

1.1 -
(1) o) = s,

which is called the Monod-Haldane function. Collings [20] utilized (1.1) to study
the effects of functional response on the bifurcation behavior of a mite predator-
prey interaction model, and called it a Holling type-IV function. The experi-
ments of Edwards [33] supported the use of the function (1.1) to describe the
dependence of the growth rate on an inhibitory substrate. In experiments on the
uptake of phenol by pure culture of pseudomonas putida, Sokol and Howell [72]
suggested a simplified version of (1.1), namely,

(1.2) g(u) =

For details of the background of the response functions (1.1) and (1.2), we refer
to Ruan and Xiao [68].
When predators have to search, share and compete for food, a more suitable

mu
e+ u?’

general predator-prey model should be based on the so-called ratio-dependent
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theory, which asserts that the per capita predator growth rate should be a func-
tion of the ratio of prey to predator abundance (see [5]—[8], [20], [36], [37] and
the references therein). The following models was proposed

ur = ula — bu) — v f(u,v),

1.3
( ) vV = —dv + G'Uf(uvv))’

with functional response

mu

u,v) =
Fluw) = 2
where a, b, d, €, m, e are positive constants.

In order to study the destabilizing force of predator saturation and the stabi-
lizing force of competition for prey, Bazykin [9] proposed the following functional
response in model (1.3):

(1+ au)(1+ Bv)’

(1.4) flu,v) =

where a, b, d, €, m, a, [ are positive constants.

The qualitative properties about the above ODE models have been studied
extensively in recent years (see [1], [2], [11], [39]—[41], [48], [73], [83] and the
references therein).

The role of diffusion in the modelling of many physical, chemical and bio-
logical processes has been extensively studied. Starting with Turing’s seminal
1952 paper [74], diffusion and cross-diffusion have been observed as causes of
the spontaneous emergence of ordered structures, called patterns, in a vari-
ety of non-equilibrium situations. These include the Gierer—Meinhardt model
[35], [43], [75], [80], [82], the Sel’kov model [28], [76], the Noyes—Field model
for Belousov—Zhabotinskii reaction [66], the chemotactic diffusion model [54],
[79], the competition model [19], [27], [56], [57], [58], the predator-prey model
with the above cited functional response [31], [32], [42], [44], [45], [63], [64],
[77], as well as models of semiconductors, plasmas, chemical waves, combus-
tion systems, embryogenesis, etc. see e.g. [15], [18], [22] and references therein.
Diffusion-driven instability, also called Turing instability, has also been verified
empirically [17], [60].

In this paper we are interested in a diffusive two-competing-prey and one-
predator system in spatially inhomogeneous environment, where competing prey
species are in Lotka—Volterra interaction but predator’s functional response is
the type of (1.4). Let w and v be the population densities of two competing
preys, and w be the density of the predator, then the mathematical model is
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given by
clw .
— Au = — oy — — Q
Ut u u(a1 U — biov TN +ﬂ1w)> in Q x (0, 00),
Cow .
— Av = — —v—= Q
. Vg v v(ag boru — v (1+a2v)(1+ﬁgw)> in Q x (0, 00),
1.5
e1u eV
—Aw= —d
s w<<1+alu><1+ﬂlw> T (T az0) (14 B2w) )
in 2 x (0,00),
ki0,u+u=ked,v+v =k3zd,w+w=20 on 99 x (0,00),

where  is a bounded domain in RY with smooth boundary 0%, the given
coefficients a;, ¢;, €;, a;, B; (i = 1,2), d, bia and by are all positive constants,
k; (i =1,2,3) is nonnegative constant, v is the outward unit rector on 9.

In order to study the dynamics of (1.5), we are mainly interested in the
steady-state system, that is, we investigate the existence, uniqueness and asymp-
totic stability of positive steady-state solutions of the following elliptic system
corresponding to (1.5):

clw .
—Au = —u — b1V — Q
¢ “( ST T U (T Blw)) e
CoWw .
—Av=wv|as —boju—v— in Q,
(1.6) ( L (14 az0)(1+ ﬂzw)>
e1u €2V .
—Aw = + —d Q,
v “’((1 +orw)(I+ frw) | (L+ az0)(1+ fow) ) "
kio,u+u=ked,v+v=k30,w+w=0 on 0.

The study of positive solutions of elliptic system corresponding to prey-
predator models has attracted many people in recent years, and many good
works have been done (see [16], [29], [30], [46], [50], [52], [55], [61], [66], [67], [70]
and references therein).

Recently, Wang and Wu [78] considered the existence, multiplicity, bifurca-
tion and stability of positive solution to the following prey-predator model with
functional response of type (1.4):

v
—A f— — —_ 1 Q
U u<a U b(l—l—au (1+ﬁv)> in €,
U
—Av = — in Q
v v(c U+d(1+au (1+ﬁv)) in €,
u=0v=0 on 0,

where the parameters are all positive constant, and v and v are the densities of
the prey and predator, respectively.

However, the dynamics to three species interaction systems are more com-
plicate than those of two species (see [26], [34], [47], [49], [51], [53], [55]). For
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this reason, the reaction-diffusion systems among three species have not been
well understood. In [26] and [55], using their own developed degree theory, the
existences of positive steady-state solutions of Lotka—Volterra type systems were
investigated.

Motivated by above papers, in the present paper, we study the existence of
the positive solution of (1.6). In order to state our results, let us introduce some
notations. For each ¢ € C*(Q2) (0 < a < 1) and k > 0, denote the principle
eigenvalue of

—Au+g(x)u = u in
kd,u+u=0 on 01},

by A1 x(¢q) and simply denote Ay x(0) by Ay .
It is well known that A; 1 (¢(x)) is strictly increasing in the sense that g1 (z) <
¢2(z) and g1 (x) # g2(z) implies

Ak(qi(z)) < A k(ge(z))

(see Proposition 1.1 of [81]).
If A\ x(—p(z)) <0 and p(z) € C*(Q) (0 < a < 1) is a positive function, let
O[p(x)] be the unique positive solution of the following equation

—A¢ = ¢(p(x) —¢) inQ,
kO,o+ ¢ =0 on 01,

and it is easy to see O[p(z)] < max p(z). The existence of O [p(x)] follows from
z€eQ
Theorem 2.3 in Section 2 below.

Throughout this paper, a solution (u,v,w) of (1.6) is called a coexistence
state if u(x) > 0, v(z) > 0, w(z) > 0 for all z € .
Now, we state firstly a result on a priori bound for coexistence states of (1.6).

THEOREM 1.1. Any coezistence state (u,v,w) of (1.6) has an a priori bounds
u(z) < Q1, v(z) <Q2, and w(z) < Qs,
where Q1 = a1, Q2 = as and Q3 is the positive root of the following equation

with respect to w

€101 €202

0+ a1+ Brw) T (T asa)(1 1 Bow) 0~ "

Secondly, by using the fixed point index theory (see [26], [55], [81]), we will
get some sufficient conditions for coexistence state of (1.6). To this, we first
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introduce the following notations:

D — €10y, [a1] r® _ €20y, [as]
1 = 37 A 11 1 = 7 A 11
14+ al@kl [al] 14+ a26k2 [ag]

F(1) _ €10y, [al — 0120y, [az]] F(2) _ €20y, [a2 — b210y, [al]]

2 1+ 1Oy, [a1 — b12Oy, [as]]’ 2 1 + 2Oy, [ag — b21Oy, [a1]]’

(1) (2)

F(l) — 1O _ Ci C1Wx F(2) — 510 _ ﬂ CoWx

e N T L el N IS e
o _ €10y, [ar—c1/b1] r® _ €20y, [az — c2/Po]

4 == 4 =

1+051@k1 [alfcl/ﬂl]’ 1 +OL2@k2 [ag 702/ﬂ2]’

where w&l), wf) are the unique positive solution of the following two problem

respectively,
€20y, [az — ca2/fa] ) .
—Aw = —d Q,
(L.7) v “’((1 T 0204, [az — ¢2/8)) (1 + Baw) "
ksO,w—+w=20 on 0,
619k1 [al - 61/51] > .
—Aw=w —d n €,
(1.8) <(1+a1@k1 l[a1 —c1/B1])(1 + Brw) '
k3O, w+w =20 on 0N.

REMARK 1.2. From (c) of Theorem 2.3 in Section 2 below, we see that
it —d > A g, (F512))7 then there exists a unique positive solution w(" of (1.7).
Similarly, if —d > Ay k, (Ffll)), then there exists a unique positive solution w§<2)

of (1.8).

THEOREM 1.3. Assume that a; > A\ i, for i =1,2. If one of the following
conditions holds, then (1.6) has least one coexistence state

C C
— 5> A (01205, [a2), a2 — 25 > Ay (021Opy [a1]),
B1 B2

—d > max { A1 (T8), A (0P), Ay (T8 + T8N )5

ay

(a)

ar > A g, (b120g,[a2]), a2 — % > Ak, (021Ok, [a1]),

Ay (D) > —d > max { Ay, (D), A, (TS +T8) Y,

ag > A1 jy (b21O9y, [a1]),

A (D) > —d > max { A 4, (D), A, (TS +T8) Y,

ar > A g, (0120, [az]), a2 > A g, 0210k, [a1]),
min { Ay g, (D), Ak (TP} > —d > A, (T8 + T8);

{a1 _a ALk, (D129, [az]),
b1
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Ay (DY) > ar > max { Ay g, (b12O4, [a2]), Ak, +c1/B1},
Al ks (F§2)) > ag > max {1k, (b21Ok, [a1]), A1k, + c2/B2},
—d > max {>\1,k3 (Fz(ll))v )‘1,163 (F4(12))7 )‘1,163 (Fél) + ng))};

min {)\1,](51 (Fgl)), )\17;@1 (b129k2 [ag])} > a1 > )\17]@1 + Cl/ﬁl;
Al ks (Féz)) > az > max {1k, (b21Ok, [a1]), A1k, + c2/B2},
—d > max {)\1,;93 (Ffll)), AL ks (FSLQ)L Al ks (Fé2)>}?

min {)\l,kz (F§2)), Mk (02104, [a1]) } > a2 > ik, + c2/ B2,

ALk, (Fél)) > ay > max {1k, (120, [az]), Ak, +c1/B1},
—d > max {1, (T8), A (0, Ak (T8)) )

)\Lkl(Fél)) > ay > max { Ay g, (01204, [a2]), Ak, +c1/B1},
min {/\1,k2 (F;(32)), A ks (021Ok, [a1 — D120y, [@H)}

> ag > Mk, + Ca/Bo,
—d > max {1 g, (FS)), Al ks (FA(LQ))};

Mk (T87) > az > max {1 g, (02104, [a1]), A, +c2/Ba}.
min { Ay g, (TY), Aty (01205, [a2 — ba1 O, [a1]]) }

>a; > Mg, +c1/B,
—d > max {Ap gy (), Ay (D))

Thirdly, by using comparison principle, we obtain some sufficient conditions

for non-existence of coexistence states of (1.6).

THEOREM 1.4. If any one of the following conditions holds, then (1.6) has
no coexistence states:

(a)
(b)

()
(d)

a; <Ay, fori=1or2;

a; > A, fori=1,2 and

O fa] €20y, [ar] )
1+ a1®k1 [al] 1+ Oég@kz [ag] '

as > )\17k-2, a; — Cl/,Bl > /\17]@1 (b12@k2 [az]) and

ag < A1k, (6219, [a1 — 12O, [az] — c1/B1]);

a1 > A gy, a2 — C2/B2 > A1 g, (b21Ok, [a1]) and

a1 < Ak, (01204, (a2 — b21Ok, [a1] — c2/Ba)).

—d < A gy (

Next, the results for the uniqueness and stability of coexistence states of (1.6)

are stated as follows.
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THEOREM 1.5.
(a) If one of the conditions (a)—(d) in Theorem 1.3 and the following condi-

tion hold:
(19) (b§1 + b%Q)é + 2b12ba < 47
where
{ = max {max O, a2 max O [a1] }
2€Q O, [a1 — 0120y, [a2]]” zeq Ok,[as — b21Ok, [a1]] |’

then there exists a positive constant C = 5(a1,0¢2,ﬁ1,ﬂ2) such that
for c1,c0 < C, (1.6) has ezactly one coexistence state which is non-
degenerate and linearly stable.

(b) Assume that a1 — c1/51 > A1k, (b120k, [az2]),

B 10y, [a1 — b12Oy, [as] — 1 /4]
d > max {/\1’]% ( 1+ 10k, [a1 — b12Og,[as] —c1/B1] )’

A __ €20p,[a]
Lks 1+ 042®k2 [ag}

and ag — c2/B2 > A1k, (b21Ok, [a1]). In addition, if (1.9) holds, then
there exists a positive constant C = C(cq, a1, g, f1,e2) such that for

1/B2,¢1 < 5’, (1.6) has exactly one coexistence state which is non-
degenerate and linearly stable.
(¢) Assume that ag — ca/B2 > A1k, (0219, [a1]),

€204, (a2 — b21Oy, [a1] — c2/ o]
_ d A _ 2 1
g max{ ks ( 1 4 2Oy, [ag — ba1O, [a1] — c2/Ba] )’

(- e )}
ks 1+ a10y, [a4]
and a1 — c1/B1 > Mgy (D12Ok,[az]). In addition, if (1.9) holds, then

there exists a positive constant C = C(c1, 1, aq, B2,€e1) such that for
1/B1,ca < C, (1.6) has exactly one coexistence state which is non-

degenerate and linearly stable.

Finally, we give some sufficient conditions on the global asymptotic stability
of the trivial and semi-trivial solutions and on global attractor of coexistence
states of time-dependent system (1.5).

THEOREM 1.6. Let (u,v,w) be a positive solution of (1.5), then we have
(a) If a; < A g, fori=1,2, then (u,v,w) — (0,0,0) as t — oo.

(b) If a; > )‘Lku as < >\1,k2 and —d < )\1,k3(*61@k1 [al]/(l +a1®k1[a1])),
then (u,v,w) — (O, [a1],0,0) as t — co.
(C) If as > AMkgr @1 < Ak, and —d < )\17]@3(—62@;@2 [az]/(l + 90y, [ag])),

then (u,v,w) — (0, Ok, [az],0) as t — oo.
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REMARK 1.7. Please see Theorem 5.2 in Section 5 for the dynamics of other
semi-trivial solutions of (1.5), i.e. the solutions with the density of one specie is
zero and the densities of other two species are positive in 2.

THEOREM 1.8. If

C
a; — ﬁ;l > Ak, (01291, [a2]),
C
(1.10) az = 5 > Moia (b1 O, [aa)),
eju* eqv*
—d > >\1,k3<— 1+ g - 1—1—0421)*)’

where u* = Oy, [a1 — b12Oy, [az] — ¢1/P1] and vx = O, [az — b21 Ok, [a1] — c2/fF2].
Then there exists a pair of functions (u,v,w) and (4,0, ) in C*(2) N CH(Q)
such that

~ ~ ~ ~ 011/11\ .
—AY = — U — b0 — Q
! “(‘“ TR a1+ /3@)) e
~ o~ ~ ~ 01@ .
A — U —bio¥ — — Q,
“(‘“ R CE R s /M)) "
~ ~ —~ ~ 02’1/1}\ .
—A7D = — byl — U — — — Q,
v v<a2 21U v (1 T 0[21])(1 T 62w)) m
~ o~ ~ o~ CoW .
—AD = — b1t — 0 — — Q,
v v<a2 21U v (1 T 042@\)(1 T Bg’w)) m
~ ~ elﬂ 62’17 .
—Aw = — — + — — —d Q,
v w<(1+a1u)(1+,81w) (1 + az0) (1 + B0 ) -
~ ~ e 22X .

—AW = — — + — — —d Q,
v w((l—i—oqu)(l—i—ﬁlw) (14 a20)(1 + Bow) ) m
kLoag+u=0=Ko,a+1u on 09,
ko0, 0 +0=0=ky0,0+7 on 09,
k30, w +w =0 = k30, + @ on 012,

and satisfying the following estimates
ut<u<u<Opfar], 0" <U<U< O ag],
W(y*,v*) < w < w < w(le [a1],O, [a2])s

where w, . s the unique positive solution of the equation

. e1u €20 . .
—Aw = w<(1 + aqu)(1l 4+ frw) + (14 azv)(1 + Bow) d) in £,

k30, w+w =0 on 0.

Furthermore, [u,u] x [0,0] X [, @] is a positive global attractor of (1.5).

REMARK 1.9. (a) We point out such functions (@,v,w) and (u,v,w) are
called quasi-solutions of (1.6) in this paper.
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(b) Since
eju* eav™*
—d >\ — -
1’k3( 1+ajux 1 —|—agv*)
€10y, [a1] 20y, [as]
> /\1,k3 — —
14+ a1e10k,[a1] 1+ aze90y,[as]

by comparison property of principle eigenvalue, the existence of w,» ,~) and
W(6, [a1],04, [a2)) follows by (c) of Theorem 2.3 in Section 2.

(¢) For more results about the positive global attractor of (1.5), please see
Theorem 5.2 in Section 5.

This paper is organized as follows: In Section 2, we give some fundamental
theorems, which play an important role in this paper. In Section 3, the necessary
and sufficient conditions for coexistence states of (1.6) are investigated, and
Theorems 1.1, 1.3, 1.4 are proved. In Section 4, we show that the stability and
uniqueness of coexistence states of (1.6) depend on some parameters, and prove
Theorem 1.5. Finally, the proofs of Theorems 1.6 and 1.8 are given in Section 5.

2. Preliminaries

In this section, we give some fundamental theorems, especially some degree
theorems, which play an important role in this paper. The following theorem fol-
lows from Proposition 1.4 of [81]) (see also Proposition 1 of [23] and Lemmas 2.1
and 2.3 of [52]).

THEOREM 2.1. For ¢ € C*(Q) (0 < a < 1) and P be a sufficiently large
number such that P > q(x) for all x € Q, define an positive compact operator
L:=(—A+P) Y (P—q(z)): CL(Q) — CLHQ) = {u e C*Q) : kd,u+u=0 on ON}
for k>0 a constant. Denote the spectral radius of L by ri.(L). Then we have:

(a) Al’k(q) >0& Tk(ﬁ) <1

(b) Mx(q) <0 rp(L) >1;

() Mi(g) =0 r(L) =1.

From Theorem 2.1, we see that it is crucial to determine the eigenvalue
M1,%(g). The following theorem is stated in Theorem 2.4 of [3] and Theorem 11.10
of [71] (see also [13], [14], [23], [24], [61]):

THEOREM 2.2. Let q(x) € L*(Q) and ¢ >0, ¢ £ 0 in Q with k0, + d =0
on 0 for k > 0 a constant. Then we have:

(a) If 0 £ —Ap + q(z)p <0, then x(q) < 0;
(b) If 0 £ —A¢ + q(x)p > 0, then A1 (q) > 0;
(¢) If —Ap+q(z)p =0, then A\ 1(q) = 0.
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Consider the following single equation:

—Au=uf(x,u) inQ,

(2.1)
kOyu+u=0 on 0,

where € is a bounded domain in RY with smooth boundary 99, k is nonne-
gative constant, v is the outward unit rector on 92. Assume that the function
flz,u):
(H1) f(z,u) is C*-function in x, where 0 < a < 1.

(H2) f(z,u) is Ct-function in u with f,(x,u) < 0 for all (x,u) € Q x [0, 00).
(H3) f

Q x [0,00) — R satisfies the following hypotheses:

(z,u) <0in Q x [C, 00) for some positive constant C.

THEOREM 2.3 (see [13], [61]).

(a) The nonnegative solution u(z) of (2.1) satisfies u(x) < C for all x € Q.

(b) If M x(—f(z,0)) >0, then (2.1) has no positive solutions. Moreover, the
trivial solution u(x) = 0 is globally asymptotically stable.

(¢) If M k(—f(z,0)) <0, then (2.1) has a unique positive solution which is
globally asymptotically stable. In this case, the trivial solution u(z) =0
is unstable.

Now, we state the fixed point index theory, which is a fundamental tool in
our proofs.

Let E be a Banach space and W C F is a closed convex set. W is called
a total wedge if YV C W for all ¥ > 0 and W — W = E. For y € W, define

W, ={x € E:y+~yx €W for some v > 0},
Sy ={zeW,:—zeW,}.

Then W, is a wedge containing W, y, —y, while S, is a closed subset of E
containing y. Let T be a compact linear operator on E which satisfies T(W,)) C
W,. We say that T has property o on W, if thereisat € (0,1) and aw € W, \S,
such that (I —tT)w € Sy. Let A: W — W is a compact operator with a fixed
point y € W and A is Fréchet differentiable at y. Let £ = A’(y) be the Fréchet
derivative of A at y. Then £ maps W, into itself. We denote by degy, (I — A4, D)
the degree of I — A in D relative to W, indexyy (A4, y) the fixed point index of A

at y relative to W and
degyy (I — A, @) = Z indexw (4, y),
yed

where indexyy(A4,y) the fixed point index of A at y relative to W and & only
contains discrete point.

THEOREM 2.4 (see [25], [52], [69]). Assume that I — L is invertible on W,.
Then, we have:
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(a) If £ has property o on W, then indexyy(A,y) = 0.

(b) If £ does not have property o on W, then indexw (A,y) = (—1)7, where
o is the sum of multiplicities of all eigenvalues of L which is greater
than 1.

3. Existence and no-existence of coexistence states

3.1. Existence of coexistence states. To give some sufficient conditions
for the existence of positive steady-state solutions of (1.6) by using fixed point
index theory, we need an a priori estimates for coexistence states of (1.6). So,
we first give the proof of Theorem 1.1.

PROOF OF THEOREM 1.1. Since u satisfies
c1w .
<wulay —u) in €,
e ) S
kio,u+u=0 on 0,

—Auzu(al —u— bav —

we get u(z) < a; by maximum principle. Similarly, we get v(z) < as. Since
eru/((1+ aju)(1 + Srw)) is increasing in u and eov/((1 + agv)(1 + Sow)) is in-
creasing in v, then w satisfies

_ c1u (X0 _
—Aw=w ( It a)(1+fiw) T (1 + as0)(1 + Baw) d)

€i1a1 €202 .
<w + —d|] in €,
((1+041a1)(1+ﬁ1w) (1 + aza2)(1 + Baw) )
k3O, w+w=20 on 012,

we get w(z) < Q3 by maximum principle. O

We introduce the following notations:
e B=C} (@) x CL (@) x O, (@),
where C’%(ﬁ) ={peCYQ): kid,p+¢=0, on 90}, i=1,2,3,
e W=K; x Ky x K3,
where K; = {¢ € Cé(ﬁ) :¢p>0o0nQ},i=1,2,3,
e D={(u,v,w) eW:u<Q@Q1+1, v<Q2+1, w<Qs+1},
where @1, (Q2, Q3 are defined in Theorem 1.1.
From Theorem 1.1, we see that the nonnegative solutions of (1.6) must be

in D. Take P sufficiently large positive constant with
P > max{aj + bigaz + ¢1/P1, a2 + barar + c2/B2, d}

such that
cGlw
—u — biav — P
1(“ toe u+mmu+mm)+ v
Cow
vl as —boju —v — + P,
(2 . O+awﬂl+&wJ
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and

el €2V
w((l o)L+ Bw) | (1t az0)(1 + Baw) _d> Hhw

are respectively monotone increasing with respect to u, v and w for all (u, v, w) €

[0, Q1] x [0, Q2] x [0,Q3].
Define a positive compact operator A: D — W by

Alu, v, w)
= (-A+P)7! ’U(az —bou—v — (1+a25)251{+52w)) + Pov
w<(1+alj)l(q+ﬁ1w) i (1+a2ve)2(11+,6’2w) d) +Puw

REMARK 3.1. Note that (1.6) is equivalent to (u,v,w) = A(u,v,w), and
therefore it is sufficient to prove A has a positive fixed point in D to show that
(1.6) has a positive solution.

The following lemma give the degree of I — A in D relative to W and the
fixed point index of A at the trivial solution (0,0,0) of (1.6) relative to W.

LEMMA 3.2. Assume that a; > A\, fori= 1,2, then we have:

(a) degy,(I —A,D) =1,
(b) indexw (A4, (0,0,0)) = 0.

PROOF. (a) It is easy to see that A has no fixed point on 9D, so the degyy, (I —
A, D) is well defined. For 6 € [0,1], we define a positive and compact operator
Ag: E—FE by

Ae(u7v7w)
1w
= bigv — P
Ou (a1 u — biov Ot oo+ ﬁw))) + Pu
— (“A+P)! ~ boyu— v — 2w P
(—A+P) 91}(@2 boru — v (0T ar0)(1 1 Bow) + Pv ;
9w<( aru + 2y ] —d) + Pw

1+a1u)(1+[31w) (14’0&21))(14‘62’[0

then A; = A.
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For each 6, a fixed point of Ay is a solution of the following problem:

cilw .
—Au=20 —u — biav — Q
u u(a1 u 12V (1 n al’u,)(l T ﬁlw)> m s
CoWw .
—Av =0v|ay —bau—v— in Q,
(3.1) ( S (1+ a20)(1+ ﬁ2w>)
e1u eV .
—Aw =20 + —d Q,
v w<(1+a1u)(1+61w) (1+a0) (1+ Baw) > -
k10y,u+u = ko0, +v = k30w +w =10 on 0f2.

As in Theorem 1.1, we see that the fixed point of Ay satisfies u(z) < @1,
v(z) < Q2, w(x) < Q3 for each § € [0,1]. So Ay has no fixed point on 9D,
the degw (I — Ag, D) is well defined and degy, (I — Ag, D) is independent of 6.
Therefore

degy (I — A, D) = degy (I — A1, D) = degy, (I — Ao, D).

Note that (3.1) has only the trivial solution (0,0,0) when 6 = 0. Set

P 0 0
L=A,0,0,00=(-A+P)'[ 0o P o0
0 0 P

Assume that £(&1, &2, &3) = (&1, &2, &3) for some (€1, &2, E3) € Wio,0,0) = K1 X
Ky x K3. Tt is easy to see (£1,&2,&3) = (0,0,0). Thus I — L is invertible on

W(0,0,0)- Since Ay, > 0, we see that ry, (—A+ P)"'(P)) <1fori=1,2,3by
Theorem 2.1. This implies that £ does not have property a. So, by Theorem 2.4,
we get

deg, (I — A, D) = degy,(I — Ag, D) = indexy(4y, (0,0,0)) = 1.
(b) Observe that A(0,0,0) = (0,0,0). Let £ = A’(0,0,0), then

a1 + P 0 0
L£=A(0,00)=(-A+P)! 0 as + P 0
0 0 —d+ P
Assume that £(&1, &, &3) = (&1, &2, &3) for some (€1, &2,&3) € W(0,0,0), then
—A& = a1& in , A&y = a2 in Q,
k10,61 +& =0 on 09, k20,62 + & =0 on 09,

—Af =—d{;  in

k30,&3+ & =0 on 0N.
Since d > 0, we see {3 = 0. If & >0, & # 0, then a; = Ay g, for ¢ = 1,2, which
is contradicts to A1, < a;. So (&1,&2,&3) = (0,0,0). Thus I — £ is invertible
on W0,0,0)-
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Since aj > A1k, , by Theorem 2.1, we see that r = ry, ((—A+P) (a1 +P)) > 1
and r is the principle eigenvalue of (—A + P)~!(a; + P) with a corresponding
eigenfunction ¢ > 0.

Since S(9,0,0) = {(0,0,0)}, we see that (4,0,0) € W(o,o,o) \ S(0,0,0)- Set
t=1/r € (0,1), then (I —tL)(¢,0,0) = (0,0,0) € S(g,0,0)- This shows that £
has property a. Thus indexyy (4, (0,0,0)) = 0 by Theorem 2.4. O

Next two lemmas give the index of the semi-trivial solutions (O, [a1],0,0)
and (0, ©,[az],0) of (1.6), respectively.

LEMMA 3.3. Let a; > )\1,k1; a 7& )\1’,1€2 (le@kl [al]) and

61@k [Cll]
—d# A\ - .
7 ALk ( 1+ 010y, [a1]>

Then we have:
(a) If az > Mk, (b21Ok, [a1]) or
61@k1[a1] )
—d> )\ — = 1 7 |
ks < 1+ 010, [ad]

then, indexy (A, (O, [a1],0,0)) = 0.
(b) If ag < A1 g, (21O, [a1]) and

_ €10, [aq] )
1—‘,—0[1@;91[(11] ’

then, indexyy (A, (O, [a1],0,0)) = 1.

PROOF. Observe A(O,[a1],0,0) = (O, [a1],0,0). Let L = A'(O,[a1],0,0),
then

—d < Al,ka <

L=A"(0y,[a1],0,0)

10k, [a1]
P2 b Gkl
a,+ Oy, [a1] 1204, [a1] 1T 01Ox, [a1]
:(—A+P)71 0 a2+P—b21@]€1 [Cl,l] 0
€10y, [a1]
0 0 —d+P+——--"—""—
14 10y, [al]

Let (&1,&2,63) = L(&1,&2,&3) for some (£1,&2,&3) € W(ekl[al],o,o) =Cp, () x
Kg X Kg, Then

—A& + (20, [a1] — a1)&
__ __aOula]
= —b120y, [a1]&2 T+ 010y, [a1] 3 in 0,
(3.2) —A& + (0210, [a1] —a2)é2 =0 in Q,
€10y, [a1] _ .
A&z + <d 1+a1®k1[a1])§30 in Q,
k10,61 + &1 = k20,8 + &2 = k30,63 + &3 =0 on 0.
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Since &3 € Ko, &3 € K3, as# A1k, (b210y, [a1]) and

€10y, [a1] )’

—d # )\1,k3< BRI @105 [a1]

we see &5 = & = 0. So, we get from the first equation of (3.2) that

—A& + (205, [a1] —a1)§1 =0 in Q,
k10,61 +6 =0 on ON.

If £ # 0, then Ay, (204, [a1] — a1) = 0, by Theorem 2.2. On the other hand,
Ak (204, [a1] —a1) > A1k, (O, [@1] —a1) = 0, we get a contradiction. Therefore,
(&1,&2,&) = (0,0,0), i.e. I — L is invertible on W(@kl[al]7070)' Let us first
prove (a).

Case 1. az > Ak, (0219, [a1]). Since az > Ay k, (02104, [a1]), by Theo-
rem 2.1, we have 7 = 75, ((—=A + P)7}(P + ag — b2104, [a1])) > 1 is an eigen-
value of (—A + P)"Y(P + as — ba10y, [a1]) with a corresponding eigenfunction
¢ > 0. SinceS(@kl[a1]7070) = Cél () x {0} x {0}, we see (0,¢,0) € W(®k1[al]7070) \
S(@k1 [a1],0,0)- Set t =1/r € (0,1), then

0 0 —b120y, [a1]¢
I—tL)y| ¢ | = ¢ | —t(=A+P)"" | (P+az—bn0Op,[a1])¢
0 0 0
(—A + P)iltblggkl [al](b
= 0 € S(@kl[al],O,O)'
0

So, L has property « on W(le [a1],0,0)- Therefore, indexyy (A, (O, [a1],0,0)) =0
according to Theorem 2.4.

Case 2. —d > A, (—€10k, [a1]/(1 + 01Ok, [a1])).
Similar to the proof of Case 1, we can see £ has property a on W(@kl [@1],0,0)
since —d > A1k, (—e10k, [a1]/(1 + a1Ok, [a1])). Therefore,

indexyy (A4, (O, [a1],0,0)) =0

according to Theorem 2.4.
Next, we prove (b). First, we prove that £ does not have property « on

W6y, [a11,0,0)- Since az < A1 g, (02104, [a1]), from Theorem 2.1, we have
Ty (A 4+ P) (P + ag — by1Oy, [a1])) < 1.

On the contrary, we suppose that £ has property « on W(le [a1],0,0)- Then there
exist t € (0,1) and (¢1, P2, P3) € W(@kl[m],o,o) \S(@kl[tn],o’o) such that

(I —tL)(d1, b2, 83) € Sy, [a1],0,0)-
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So,
(-84 P) P+ a2 — 11O far]) 2 = §

Since ¢o € Ko\ {0}, it follows that 1/t > 1 is an eigenvalue of the operator
(—A+ P)~Y(P+ag —b21 Ok, [a1]), which is contradiction to ry,((—A+P)~1(P+

ag — b210y, [a1])) < 1. So, £ does not have property « on Wier, [a11,0,0)- BY
Theorem 2.4, we have

indeXW(A’ (®k1 [a1]7 0, O)) = (_1)05

where o is the sum of the multiplicities of all real eigenvalues of £ which are
greater that 1.

Next we will prove 0 = 0. Suppose 1/p > 1 is an eigenvalue of £ with
corresponding eigenvalue function (&1, &2, £3), then

10y, [a1]
P-2 - "1t a0 [a1]
a1+P—20y, [a1] 0120, [a1] 14 104, [a1]
(—A-'—P)_l 0 CL2+P_b21®k1[a’1] 0
61@k1 [al]
0 0 —d+P+—F7r———
T 1Oy, [a4]
e
2 | =~ 2>
£3 g &3
equivalently,
~A& + PE = p((m + P =20 [m])é
10y, [a1] ;
B __aOua] Q
612@]61 [01]52 1+ a1®k1 [al] 63) m 3z,
(3.3) —A&y + P& = p(az + P — ba1Oy, [a1])&a in £,
€10y, [a1] i
B _(_ APk Q
Al + Pés p( d+P+1—|—041@k1[a1]>£3 e
k10,61 + &1 = k20,62 + &2 = k30,83 +§3 =0 ond.

If & £ 0, it follows from the second equation of (3.3) and Theorem 2.2 that
0= A1k, (P(1 = p) — plaz — b21O, [a1]))
> A1y (0210, [a1] — a2) = A1k, (0210, [a1]) — az,
which is contradict to az < A1k, (b2109k, [a1]), and so & = 0. Similarly, we can
prove &3 = 0 since —d < A g, (—e10k, [a1]/(1 + 1Ok, [a1])). If & # 0, it follows
from the first equation of (3.3) that
0 =M1k, (P(1 = p) = plar — 26y, [a1]))
> Ay (20, [a1] — a1) > ALk, (O, [a1] —a1) = 0.
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This contradiction shows that & = 0. So, (£1,&2,&3) = (0,0,0), which implies
that £ has no eigenvalues being greater than 1. Consequently, ¢ = 0. Hence,
indexyy (4, (O, [a1],0,0)) = 1. O

Similar to the proof of the above lemma, we have the following lemma about
the index of the semi-trivial solution (0, Oy, [az],0) of (1.6):

LEMMA 3.4. Let ay > )\17]@, ay # Al,kl (b12@k2 [ag]) and

€20y, [as]
—d# A\ -
7 1’k3< 1+0¢29k2[a2]>
Then we have:
(a) If a1 > Ak, (b12O4,]az]) or
62@k [GQ]
—d >\ -
bk ( 14 200y, [a2]>

then, indexyy (A, (0, O, [az],0)) = 0.
(b) If a1 < A1k, (b12Ok,[a2]) and

d < Al,ks ( 1+ a29k‘2 [(]'2]>7

then indexyy (A, (0, O, [az2],0)) = 1.

In order to study the other semi-trivial solutions of (1.6), let us consider the
following three sub-systems:

CoWw .
_Av = —v—= Q
° < Tt +Bzw)> e
3.4
(34) —Aw = w( c2v — d> in Q,
(1 + agv)(l + ﬁgw)
koO,v+v = k3d,w+w =0 on 0,
o . _ clw .
—Au = u<a1 U I ﬂlw)) in Q,
(3.5) —Aw = i —d in 0
YT\ 0T a1 + Brw) s
kid,u+u=k30,w+w=0 on 012,
—Au = u(a; — u — b1av) in Q,
(3.6) —Av =wv(ag — bayu — v) in Q,

kiO,u+u=keO,v+v=0 on 9.
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THEOREM 3.5.

(a) (3.4) has a coexistence state (v, wM) with vV < O, [as] if and only
if

€200, [as] )

A d —d>\ Tl LA
az > Ak, an > 1’k3( 1 4 20y, [az]

Furthermore, if

€20, [az — ca/Ba)
— A d —d>XMp| — 2
as —ca/f2 > Mg, an > 1,1«3( 15 02O, [as — ca/f] )’
then the coezistence state (vV), w(M)) satisfies
Orslas — ca/Ba] < v and wl? <w®),

where w'" is defined in Theorem 1.3.
Denote ®1 = {(v,w) : (v,w) is the coexistence state of (3.4)}, then if
ag > M gy and —d > Ap g, (—e2Op, [a]/(1 + 2Oy, laz])), we have
degre, iy (I = Al Ky s, P1) = 1.
(b) (3.5) has a coexistence state (u?,w®) with u® < Oy, [a1] if and only if

€10y, [a1] >

ay > )\17k1 and —d > )\1,k3 < - T@k[al]
1

Furthermore, if

€10y, [a1 — c1/61]
)

a1—01/51>)\1’k1 and _d>>\1’k3<_1+a1@k [a1_61/51

then the coezistence state (u(?,w®) satisfies

O, la1 —a1/P1] < u®  and wf) < w(2),
where w,(f) is defined in Theorem 1.3.
Denote ®5 = {(u,w) : (u,w) is the coexistence state of (3.5)}, then if
ar > A g, and—d > A g, (—e10k, [a1]/(1 + a10k, [a1])), we have
degleKg(I - A|K1><K35 (I)Q) =1

(¢) If a1 > A1, (b12Og,[az]) and az > A i, (b21Ok, [a1]), then (3.6) has a
coexistence state (u®,v®)).  Furthermore, we have the following esti-

mates:
Ok, [a1 — D126y, [az]] <u'® < Oy, [a1],
O, [az — 12104, [a1]] <v®) < Oy, ).

Denote ®3 = {(u,v) : (u,v) is the coexistence state of (3.6)}, then if
a; > )‘1J€1 (blg(‘)kQ [CLQ]) and ag > )‘1J€2 (b21@k1 [al]), we have

degr, i, (I — Alk, xK,, 3) = 1.



528 J. ZHOU

PrOOF. We only give the proof of (a) since the proofs of (b) and (c) are
similar. We first prove the sufficient condition:

€204, [as]

a2 > Ay, and d>Aw«3(1+a2@k[a21
2

)é@l;éﬁ).

Similarly to the proof of Theorem 1.1, we see any solution (v, w) of (3.4) satisfying
v < @2 and w < @3, where 2 and @3 are defined in Theorem 1.1.
Denote
° E23 = CI; (ﬁ) X Cé3 (ﬁ),
where C,%i Q) ={peCLQ) : kO, 0+ ¢ =0, on IN}, i =2,3,
o Wss = Ky X K3, where K; = {¢ € C’,%l(ﬁ) :¢p>00n 0}, i=23,
o Doz ={(v,w) EWag:v<Q2+1, w<Qsz+1}.

Define a positive compact operator Assz: Dog — Whs by

CoWw
—v- P
Ags(v,w) = (A + P)~! v(a2 ’ <1+a2v>(1+ﬁzw)>+ °

€2V
w((l Foan)(1 + fow) d)“)w

= A‘Kg XK3'

Note that (3.4) is equivalent to (v, w) = Aa3(v,w), and therefore it suffices
to prove Az has a positive fixed point in Dss to show that (3.4) has a positive
solution.

It is easy to see that (3.4) has a trivial solution (0,0) and a semi-trivial
solution (O, (az),0), similar to the proof of Lemma 3.2 and (a) of Lemma 3.4
(see also [23], [24], [25], [78]), we have

degW23 (I — A23, DQd) = ]., indexW23 (A23, (0, 0)) = 0,
indexW23 (Agg, (®k2 (CLQ), 0)) =0
under the condition as > A1, and —d > A1 g, (—€20k,[a2]/(1 + 2Ok, [ag])).

So, it follows from the theory of Leray—Schauder degree [59] that

dengxKS(I - A|K2><K37 (I)l) = degng (I - A23, q)l)
= degw23 (I - ‘4237 D23) - indexW% (Agg, (07 0)) - indexw23 (Agg, (0, 0)) =1.

So ®; # 0, i.e. there exist coexistence state (v, w(M)) of (3.4).

We next prove the necessary condition:

©
Oy £0=ay>Ay, and —d> Al,k3<— %)
2
Suppose the result does not hold, i.e. ag < Ay, or
€20y, [as2]
—d <A - .
b < 1+ a0y, [a2]>
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Without loss of generality, we assume as < A j,, then from the first equation
of (3.4), we get

cow .
—Av = —v— < - 9)

v v(ag v AT o)1 T ﬂzw)) <w(ag —wv) in
koO,v +v =0 on 01,

then we get v(z) = 0 from (b) of Theorem 2.3 since ag < A1 x,, which is contradict
to ®; # 0. So, (3.4) has a coexistence state (v, wM)) with v(1) < Oy, [as] if and
only if ag > Ak, and —d > Ay, (—e20p,[az]/(1 + @20k, [az])). The rest proof
is similar to the proof Theorem 1.1 by comparison principle [61], so we omit it.

The proof is complete. D
Denote
={(0,v" where(v™, w®) € ®
{( ) ( ) 15,
={(u® @) where(u®, w®) € 4},
:{(u(3 3)0) : where(u®,v®) € ®3}.

It is easy to see that (1.6) has semi-trivial solutions
0,00, 0wy e ¥y, (W?,0,w?) e Ty and (u®,0®,0) € U4

from Theorem 3.5. Next, we give the degree of I — A in Uy, Uy, U3 relative
to W, respectively.

LEMMA 3.6.

(a) If &1 £ 0 and

clw(l)

1+ Brw®

then degy, (I — A, ¥1) = 0.
(b) If ®1 # () and

a1 > Ak, (bmv(l) + > for any (0,01, wM) € ¥y,

cyw®
1+ Brw®
then degyy (I — A, V1) = degy, .y, (I — Alx,x K, P1) =1
(c) If @2 # 0 and

a1 < Ak, (blz’l)(l) + > for any (O,v(l),w(l)) c vy,

ng(2)
1+ Bow®@
then degy, (I — A, ¥s) = 0.
(d) If 3 # 0 and

az > Ak, (bglu@) + ) for any (u(2), 0, w(z)) € Vs,

CQ’U}(2)
1+ Bow®
then degyy (I — A, Vo) = degy i, (I — Al xK;5, P2) = 1

az < A, <b21U(2) + > for any (u(2), 0, w(2)) € Wy,



530 J. ZHOU

(e) If @3 # 0 and

€1U(3) 62’1)(3)
1+aqul® 14 av®

—d > /\1,k3 (

then degy, (I — A, ¥3) = 0.
(f) If ay > )\Lkl (b126k2 [(IQD, as > >\1,k2 (bgl@kl[al]) and

) for any (u®, 03 0) € U,

elu(g) 627](3)
I+ au® 14+ anv®

—d < )\17;63( ) for any (u(3),v(3),0) € U3,

then degyy, (I — A, V3) = degy, « k., (I — Al xK,, P3) = 1.

REMARK 3.7. (a) If ®; =0 (i = 1,2,3), it is easy to see degy, (I — A, ¥;) =0
from Leray—Schauder degree theory [59].
(b) From Theorem 3.5, we know that

&)
Oy £ 0 ay> Ay, and —d>A1,k3<—%).
2

So, we have ®; # () = degy, « x, (I — Alk,x K5, P1) = 1 in case (b) of Lemma 3.6
by (a) of Theorem 3.5. The same argument holds for case (d) of Lemma 3.6.
However, this is not true for (f) of Lemma 3.6 since

L2 7’5 @ i a; > )\1,;.31 (b12@k2 [ag]) and a9 > )\17162 (b219k1 [al])
by (c) of Theorem 3.5. In fact, similar to [23], [24], [52], we have

deg e, xre, (I = Al x5, ©3)
=1 ifar < Aig, (0120k,]a2]), and as < Aq g, (b21Ok, [a1]),
= 1 if a1 > Ak, (b12O9k,[az2]), and as > Ay g, (21O, [a1]),
0 if (a1 — A1k, (0120k,[a2])) (a2 — A1k, (b21Ok, [a1])) < 0.
PRrOOF. We only prove (a) and (b) since the proofs of (c¢) and (e) are similar

to (a) and the proof of (d) and (d) are similar to (b).
(a) For # > 0, we define a homotopy Ay by

A@(uvvvw)
clw
u<9+a1 —u —bigv — (1+ aqu)(1 +ﬂ1w)) o
o B B o CoW
— (—A+P) ”<a2 ba =V = T »6’2“0) o
elu €20
w((l Tara) 1+ Brw) | (1 +az0)(1+ Baw) d> o

Next, we prove the following two claims:
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CrLAmM 1. For any 6 > 0, there is a sufficiently small open neighbourhood
N5s(0,0M wM) for any (0,01, w™) € ¥, such that Ay has no fixed point on
ONs (0,0 wl)) ie. degyy, (I — Ag, Ns(0,01) w1)) is well defined.

CLAIM 2. Ay has no fixed point in N3(0,vM),wM) for @ sufficiently large,
i.e. degyy (I — Ag, N5(0,v™M, w))) = 0 for § sufficiently large.

PrROOF OF CLAIM 1. Suppose the result does not hold, then there exist
6n — 0, 0, > 0 and (up,vn, w,) € ONs, (0,00 wM) with Ag(uy, vn,w,) =
(tp, U, wy). Since &, — 0, we see that u,, — 0, v, = vV, w, = w. If u, =
0, then N5, (0,0 wM®) > (0,v,,w,) = (0,00, WD) & IAN;_ (0,01 wH)),
a contradiction. Therefore, u,, # 0 in § for all n. Since (uy, v,, wy,) is a positive

fixed point of Ay, we have

C1Wn
O + a1 = Mg, | Un + b12v, +
n 1 1,k ( n 12Un (1+a1un)(1+ﬁlwn)>

by Theorem 2.2. Thus,

<A + biavn + 0
a un UTL
1< Ay 12 (1 + arun)(1+ Brw,)

clw(l)

w, _aw?
= Mk <b12v 1T Brw®

> (as 6, — 0)
<ap,

a contradiction. So we get Claim 1.

PrOOF OF CLAIM 2. A contradiction argument will be used again by
assuming there exist 6, — oo and (un,vn,w,) € Ns(0,0M), w®) such that
Ag(tp, U, wy) = (Up, Uy, wy,). Then, by Theorem 2.2,

C1Wn
On + a1 = At gy | un + b12vp, + .
n 1 1,k ( n 12Un (1+a1u”)(1+ﬁ1wn))

Moreover, since (ty,, vn, w,) € Ns(0,v™), w®), we have
max u, (z) <8, maxu,(z) <+ maxv®(z),
e e e

and thus

0n —+ a1 S )\Lkl (5 —+ b125 + b12 Hlal(l)(l)(fﬂ) + Cl/ﬂl)
e

by the comparison property of principle eigenvalues. This derives a contradiction
since #,, — oo. From Claims 1, 2 and the Leray—Schauder degree theory [59], we
have
degy(I — A, Wy) = > indexyy(4, (0,0, wV))
(0,0 wM))eW,

= Z degw(I - A97N5(07U(1)7w(1))) =0.
(0,0 wM))eW,
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(b) For 6 € [0, 1], we define a homotopy Ay by

Ag(u,v,w)

ciw
9<u(a1 —u — bigv — Ot ou)d+ ﬁlw)) + Pu>

1 CoW
= (- — by — v — P
(ZA+P) ! <a2 b= (14 agv)(1+ 52“1)) o

( av + 2y d) + Pw
w pa—

(1 + alu)(l + Blu)) (1 + agv)(l + Bg’u))

Next, we prove the following claim:

Cram 3. For any 6 € [0, 1], there is a sufficiently small open neighbourhood
Ns(0, v, M) for any (0,0, w™) € ¥ such that Ag has no fixed point on
ON5 (0,0 wM) ie. degyy, (I — Ag, N5(0,0™M),wM)) is well defined.

PrOOF OF THE CLAIM 3. Suppose by contradiction that there is §, — 0,
0, € [0,1] and (tn,vn,w,) € ONs, (0,00 wM)) such that Ag, (U, v, w,) =
(tn, U, wy). As the proof of (a), we can easily see that u, — 0, v, — v,
wy, — wh as n — oo with u,, # 0. Since (Un, Vn, wy) is & positive fixed point
of Ay, , we have

C1Wnp
(1 + arun) (1 + frwy

—Au, = 0,u, (al — Uy — b2V, — ) +P> —Pu, in Q,

k‘lauun + up = 0 on 94
Therefore,
C1Wnp
Onar = Mk, | On | un + b12vy, —F)tP
ar = Ak, ( (u + b12tn + (14 arun) (1 + Brwy) ) " )

by Theorem 2.2. Since

C1Wp
(1 + alun)(l + 61wn

Hu(al—u—buv— )+P>>O

for all (u,v,w) € D and 6 € [0,1] from the definition of P, we can derive the
following contradiction as §,, — 0:

C1 Wy,
>0ha1 = A On | wn + b2y, - P P
o1 = (0 (0 4 b (S <) )
C1Wnp
>\ n + bi2vy,
Z ALk, (U 12V (1 —i—alun)(l—i—ﬁlwn))
)
1w
— Ak (buv T ,Blw(l)) > aj.
Since degyy (I — Ag, N5(0,v™") w®))) is independent, of @ [59], we see that

degyy, (I — A, ¥y) = degyy (I — Ao, ¥q)
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= ) degy (I — Ag, Ns(0,0M,wM))
(0,0, wM))ew,

= ) degg, s, (I— Aol kyx i, Ns(v™, w)) - degye, (I—Ao|,, N5(0))
(v, w)ed,

= Z dengxKg(I_AlKQXKz’N(S(v(l)aw(l)))
(6 M) D,

=degy,wre,(I — Alkyxr;, ®1) =1
by theory of Leray—Schauder degree [59] and (a) of Theorem 3.5. O

Now, we are ready to discuss the existence of positive steady-state solution
of (1.5), that is, give the proof of Theorem 1.3.

PROOF OF THEOREM 1.3. We prove (a) in detail only since the other cases
can be obtained by using a similar argument. Since a; > Ak, for i = 1,2, we
obtain degy, (I — A, D) =1 and indexyy (A4, (0,0,0)) = 0 from Lemma 3.2. Thus,
it suffices to prove that

3
indexyy (A, (O, [a1],0,0) 4 indexyy (A4, (0, O, [az], 0)) + Z degyy, (I — A, W;) # 1.

i=1

(a) Since ag > A1 k, (02104, [a1]) and a1 > A1 g, (01204, [az]), we have
indexy (A, (O, [a1],0,0) = indexyy (A4, (0, O, [az],0)) =0

from (a) of Lemma 3.3 and (a) of Lemma 3.4, respectively.

Moreover, Theorem 3.5 implies ¥; # () for all i = 1,2, 3. Let (0,0, w®) €
Uy, (u®,0,w?) € Uy and (u®,v3) 0) € U3. Then, since vV < Oy, [az],
u® < Oy, [a1], u® > O, [a1 — b12Ok,[as]], v > Oy, [as — by Oy, [a1]], we have

(1)
¢ clw
> A (O] + £1) 2 v (a® 2,

1+/@1w(1)
Ao (0210 ) 5 a4 20
02 > Ay { b21Opifaa] + 57 ) 2 Mgy | b1w™ + =7 )
(3) (3
B (1) | p@ __aur v
d>)‘1’k3<F2 +T >>)\1’k3( 1+ aqu® 1+a2v(3))

by the comparison property of principle eigenvalues, thus degy, (I — A4,¥;) =0
for ¢+ = 1,2,3 by Lemma 3.6. Synthetically, we have
3
indexyy(A, (O, [a1],0,0) + indexyy (4, (0, Ok, [az], 0) + > _ degyy, (I — A, ¥;) = 0.
i=1
(b) ¥; = @ from (a) of Theorem 3.5 since —d < Ay k, (I‘SQ)), and therefore
degyy, (I — A, ¥4) = 0. The remaining proofs are similar to (a).
(¢) The proof is similar to (b).
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(d) Since —d < min{ Ay g, (T, Ay gy (T2}, ¥y = Wy = 0 by (a) and (b) of
Theorem 3.5, and thus one can similarly show that

3
indexyy (A, (O, [a1],0,0) + indexw (A, (0, Ok, [az2],0)) + Z degyy, (I — A, ¥;) = 0.

i=1

(e) We have
indexyy (4, (O, [a1],0,0) = indexyy (4, (0, Ok, [az],0)) = degy, (I — A, ¥3) =0,
but degy, (I — A, ¥1) = degy, (I — A, ¥s) = 1. Therefore,

3
indexyy (4, (O, [a1],0,0) 4+ indexy (4, (0, Ok, [as],0)) + Z degyy(I—A,7;) =2.
i=1
(f) Observe that a; < >\1,k1 (blgekz [ag]) and as > )\17k-2 (b21@k1 [al]) do not
imply W3 = () or U3 # 0. If U3 = (), then clearly degy, (I — A, ¥3) = 0 holds.
Even if U3 # () are assumed, we have degy, (I — A, U3) = 0 by (e) of Lemma 3.6

since

elu(?)) 621)(3)
14+ au® 14+ a9vd )’

The other degrees re the same as (e), and thus

—d > Ay, (D)) > Al,k3<

3
indexyy(A, (O, [a1],0,0) + indexyy (4, (0, O, [az], 0) + > _ degyy, (I — A, ¥;) = 2.
i=1
(g) The proof is similar to (f).
(h) Since ag < A1, (b21Ok, [a1 — b12O,[az]]), Y5 = 0. More precisely, if
there is (u(®,v®),0) € U3, then we have

ag = M gy (bo1u® + @) > Xy 4, (521 O, [a1 — b12Og, [a2]]) > ao

by Theorem 2.2 and the comparison property of principle eigenvalues, a contra-
diction. Then as in (f), we have

3
indexyy (4, (O, [a1],0,0) 4+ indexy (A, (0, Ok, [as],0)) + Z degyy(I—A,7;) =2.

i=1

(i) The proof is similar to (h). O
We discuss the biology meaning of Theorem 1.3 (b)—(d), (h) and (i).

REMARK 3.8. (a) Theorem 1.3(b)—(c) imply that, even if the subsystem
(3.4) or (3.5) does not have a coexistence state (U1 = @ or U5 = @), we may
expect that (1.6) has at leat one coexistence state by introducing another prey
species or by putting them in the same circumstance with weak competition
interaction between two prey species u and v (i.e. a1 > Ap g, (0120k,]az]) and
as > >‘1>k2 (b21@k1 [al}))
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(b) In Theorem 1.3(h), the assumption
a1 > A1k, (0120, [az])  and  Aq g, (02109, [a1 — b12Ok, [a2]])

can be observed that the first species v dominates the other species v in the
competing subsystem (3.6), and therefore u may wipe out v. In this situation,
if some predator species w is introduced properly in the system, then we may
expect that they coexist.

(c¢) The remark on Theorem 1.3(i) is similar to remark (b).

3.2. No-existence of coexistence states. Before closing this section, we
consider the non-existence of coexistence states of (1.6) and give the proof of
Theorem 1.4.

PROOF OF THEOREM 1.4. Assume (1.6) has a coexistence state (u,v,w),
then u, v, w satisfy the following three equations respectively,

ciw .
—Au=ula; —u—biav — in Q,
(3.7) < ' P 0+ aqu) (1 + mm)
kid,u+u=0 on 012,
Cow .
—Av =v(as —byyu—v— in Q,
(3.8) ( o (I+azu)(1+ 62w))
k20,v +v =0 on 09,
e1u €2V .
—Aw=w + — d) in €,
(3.9) ((1 +oqu)(1+ frw) (14 az0)(1+ faw)
k30, w+w =0 on 0f.

(a) Without loss of generality, we only consider the case a; < Aq,. Since
u > 0 in Q, we get from (3.7) that
clw
(1 aru)(1+ ﬂm) 7 A
by Theorem 2.2 and comparison property of principle eigenvalue, this is contra-
dict to a1 < Aq g, -
(b) Since w > 0 in , u < O, [a1] and v < Oy, [az], we get from (3.9) that

a1 = Ak, (u + biov +

—d =)\ ( _ e _ eav >
TR T O a1+ fiw) (14 az0)(1 + Bow)

- _aOga]  eaOp,fas]
Lks 1+ 10, [a1] 14 @Oy, [as]

by Theorem 2.2 and comparison property of principle eigenvalue, this is contra-
dict to

61®k1 [al] 62@’“2 [CLQ]
—d< A — '
= < 1+a10p[a1] 140204, az]
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(c) Since v < O, az] and c;w/((1 + a1u)(1 + frw)) < ¢1/51, we get from
(3.7) that
—Au > u(ay —u — b12Oy,[az] —¢1/B1) in Q,
kiO,u+u=0 on 0,
then, we have u > Oy, [a1 — 120k, [az] — ¢1/51] by comparison principle. Since
v > 01in Q, we get from (3.8) that
Cow
(I+av) (14 Baw)
by Theorem 2.2 and comparison property of principle eigenvalue, this is contra-
dict to as < A1 g, (0210, [a1 — b12Ok, [a2] — c1/51]).
(d) The proof is similar to (c). O

a2 =M1k, <b21u+v+ ) > A1k, (021094, [a1 — 0120, [as] —c1/51])

4. Uniqueness and stability of coexistence states

In this section, in order to investigate the stability and uniqueness of co-
existence states of (1.6), we first present a lemma that mainly show the non-
degenerateness and linear stability of coexistence states for (1.6) under some
restricted assumptions.

LEMMA 4.1. Assume that a1 > A1 g, (01209, [a2]), a2 > A1 g, (b21Ok, [a1]) and
(1.9) holds. Then we have:

(a) (3.6) has a unique coexistence state (u(®),v®)).

(b) Let w®) be the unique positive solution of the following equation

elu(g) 621](3)

—A = — d i Q
v w((l + aqu®)(1 + Bw) + (1 + av®)(1 + Baw) ) s
k3O, w+w =0 on 0f)

for

d A\ elu(?’) 621}(3)
Oz Ak | T 1+ au® 1+ au®

and w3 = 0 for the other cases. Then the coexistence states of (1.6) (if

they exist) converge to (u®, v w®)) as ¢; = 0 fori=1,2.

(¢) There exists a positive constant C = C(ay,as, b1, B2) such that for
c1,c2 < 5, any coezistence state of (1.6) is non-degenerate and linearly
stable.

(d) ]f a] — 01/61 > )‘1,761 (b12@k2 [ag]) and

Cd > A (_ €104, [a1 — b12Oy,[as] — c1/b1] )
1ks 1+ al@kl [a1 - b12@k2 [a2] - C1/51] 7

then there exists a positive constant C = 5(62,al,a2,ﬂ1,62) such that
for 1/Ba,c1 < C any coexistence state of (1.6) (if it exists) is non-
degenerate and linearly stable.
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(e) If az — ca/B2 > M ky (b21Ok, [a1]) and

_ €20p,[a2 — 01Oy, [a1] — 2/ o] )
1+ 2Oy, [az — b21Oy, [a1] — c2/B2] )’

—d > )\1,k3 <

then there exists a positive constant C = é(cl,al,ag,ﬁg,el) such that
for 1/B1,¢0 < C any coexistence state of (1.6) (if it ewists) is non-

degenerate and linearly stable.

PRrROOF. (a) The existence of a coexistence state of (3.6) follows from (c)
of Theorem 3.5. Using the Rayleigh’s formula as in [46] or [49] for principle
eigenvalue, the unique can be shown similarly. So that its proof is omitted.

(b) It is easy to see that the compact operator A(u, v, w) defined in Section 3
converges to the operator

A(u,v,w) = (~A+ P)~*
u(ar —u — byav) + Pu
v(az — bayu —v) + Pv
€1u el
+ —d|+P
w((l—i—alu)(l—i—ﬁlw) (1 4+ asv)(1 + Bow) ) v

as ¢; — 0 for i = 1,2, and coexistence state of (1.6) converge to the fixed points

)

of g(u,v,w) as ¢; — 0 for i = 1,2 since the only fixed point of g(u,v,w) is
(u®, 03 w®),

(¢) In view of Theorem 11.20 of [71], it suffices to show that the corresponding
linearized problem of (1.6) has no eigenvalue p with Re(u) < 0. To do this,
a contradiction argument will be used by assuming that (1.6) has a coexistence
state (u;, v;, w;) which is either degenerate or linearly unstable for sequence {c; ;}
and {cz,;} with ¢14, ca; — 0 where ¢ > 1. Thus there exist p; with Re(p;) <0
and (&,m:,¢i) # (0,0,0) such that

C1,;W;
—Ag — — 2u; — bigv; — ’ i
& (‘“ ui = bzt = T e Blwi)>€

C1,il;
(1 + aru;)(1 + frw;)?

C2 ;W5
7A 1+b Vici— | a 7b ’U,z'72’l)if : i
n 21V: < 2—021 (1+a2vi)2(1+62wi)>77

B G = Wi in Q,

eLw; C2Wi
AL~ (14 aru;)?(1 + Brw;) G- (14 aguy)?(1 + Baw)

€1U; €275 .
_ —d| ¢ = i Q,
((1+041Ui)(1+ﬁ1wi)2 * (1+agv;) (14 Baw;)? >< pids I

k10,8 + & = kaOumi + 15 = k30,G + (=0 on 99.

+ biouin; + Gi = pi& in Q,

(4‘1) + C2,4V;
(1 + agvy) (1 + Baw;

i
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There are two cases for our considerations.

CASE 1.

equ® eav® >

—d > )\1,k3 < - 1+ 01111,(3) B 1+ 042’1)3

Assume that

€072 + lImellZe = 1Gill7- =1
and observe that

(i, vi, wi) = (u® 03 w®)

with w® > 0in Q as ¢;4, ca; — 0 by the previous result (a). Then from (4.1),
we have

= /Q |V€i|2 - /Q <a1 A v (1+ Oélucil)’;q(uliJr ﬂlwi)> ‘§i|2
* -/Q bratini€; + /Q 1+ Oélucza(ﬂ;:‘ Brw;)? Gt m /asz &
" /Q vl - /Q (aQ ~ o= 20— e ﬂ2w¢)> I
+ /Q ba1v;€:7; +/Q T agvjj)(if; B2 Gim; + T2 /89 mi|?
+lé|vgp__4;ﬂ*ﬂhu3$i+ﬁﬂm)&@

7/ E2W; Z
o (14 a2vi)?(1 + Bawy;) S

e1U; €205 2 2

— + —d) i|c T il%,
ey a4 S 6

where &;, 7, and (; are the respective complex conjugates of &;, n; and (; and

0 ifk =0,
l if k; >0
g

%

T; —

fori=1,2,3.

From the above the above identity, we can see that {Im(u;)} and {Re(u;)}
are bounded. Therefore, {y;} is bounded.

Without loss of generality, we assume that p; — p, then Re(p) < 0 follows
from Re(u;) < 0.

We also assume that & — &, n; — n and ; — ¢ since {&;}, {n:} and {(;} are
bounded.
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Taking the limit in (4.1), we obtain
—A¢ — (a3 —2u®) — bv®)E + biou®n = pé in Q,

— AN+ b€ — (ag — boyyu® — 203y = pun  in Q,
eqw®
(1+ a1u®)2(1 + Brw®) ¢
eow(®
(4.2) T+ av®)2(1 + Bru®)

~AC —

_ elu(3)
(14 a1u®) (1 + frw)?

62’0(3) d in Q
T+ anv®)(1 + Bw®)? )C‘“C e

From the first and the second equations of (4.2), we obtain

/ (€17 + Inl*) / Ve — / a1 — 2u® — b1o®)|¢ +/Qb12’u(3)775

k10, + & =koOn+n=k30,(+(=0 on ON).

539

- / €2+ / VP + / oo / (a2 — bz u® —20®) 47 / 2,
oN Q Q Q oN

then we have

0> Re(y) /Q (€2 + [nf?)

= (§] 2— al—u(?’)— 121}(3) (§] 2 T1 e 2
/Q\VR ©)| /Q< bi2v®) (Re(£))? + / (Re(€))

[2}9)

‘*‘/QWIm(f)\Q - /Q(al —u® — b1ov®) (Im(€))? +Tl/ (Im(¢))?

o0

+ /Q [VRe(n)|* — /Q(az — b1t — ™) (Re())? +Tz/ (Re(n))?

[5}9]

[ 19 = [ (@2 = b = o) i)+ 7 [ ()

o0

4 /Q [P ((Re(€))” + (Im(£))*)

+ (02101 +012u®) (Re(€)Re(n) +Im(§)Im(n)) +0*) (Re(€))? + (Im(17))?)]

2 / [ (Re(€))? + (b210™ + bizu®)Re(€)Re(n) + v (Re(n))’]
Q

(Rq)

[ [ @m(©)? + 00+ biau ) an( ) + o (m(m)?] %)
Q

>0.

The last inequality follows from the fact that the integrand in (X;) and
(Nq) are positive defined since (b210(3) + blzu(?’))2 — 4u®yB) < 0 under the
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assumption (1.9) (Note that O, [a; — b12Ok, [az]] < u® < O, [a1] and O, [az —
ba1Ok, [a1]] < v < Oy, [as] follows from (c) of Theorem 3.5). This implies that
Re(§) = Im(§) = Re(n) = Im(n) = 0, i.e. &€ =n = 0. Thus, ¢ must not be
identical zero to avoid a contradiction. Since £ = 1 = 0, the third equation of
(4.2) becomes

_AC _ €1u(3)
(14 aru®) (1 + Brw®)?
(3
(4.3) ey N
+(1 + @) (1 + Bow)2 d)¢=p¢ inf,
Fa0,C+C=0 on 01,

and p must be a non-positive real number. Furthermore, since ¢ # 0, 1 can be
consider as an eigenvalue of the problem (4.3), and therefore we have

eru® eqv(®
n= A1 ks |\ — - +d
’ (1+ a1uB®) (1 + BrwB)2 (1 + av®))(1 + Law®))?2
(3 (3)
e1u €20
> Al kg < T T a® 14 age® + d) >0

by the comparison property of principle eigenvalue and Theorem 2.2, which is
contradict to pu < 0.

CASE 2. 3) @
—d S /\1 - e1u _ (HX .
’ 1+ alu(S) 1+ 0521}3
Even if w®) = 0 in this case, a contradiction can be derived similarly as the

previous case.
(d) From Theorem 2.3, we see the assumptions a; —c¢1 /81 > A1k, (01204, [a2])
and

€10k, [a1 — b12Oy, [az] — c1/f1]
—d > )\1,k3 — )
1+ 104, [a1 — b12Oy, [az] — c1/61]
guarantee the existence of O, [a1 — b12Oy,[az] — ¢1/61] and wy, respectively,
where w, is the unique positive solution of the following equation

elekl [al - 512@k2 [GQ] - 61/51] > .
Aw = —d Q,
v “’((1 + 1Oy, [a1 — b12Op, [az] — 1 /B (L + Brw) .
k30, w+w =0 on 0.

Furthermore, O, [a1 — 120, [az] —c1/61] < wand w, < w follows by comparison
principle for any positive solution (u,v,w) of (1.6). Since w, is a lower solution
of w which does not dependent on (B2, we see that Sow — oo as S — oo,
equivalently as 1/82 — 0. Therefore, replacing the role of the sequence {cz;} by
{B2,i} in the previous proof, the desired result can be obtained similarly.

(e) The proof is similar to (d). O

By using of Lemma 4.1, we can give the proof of Theorem 1.5.
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PROOF OF THEOREM 1.5. We only prove (b) since the proofs for others are
similar. It suffices to show the uniqueness. By a compact argument, A has at
most finitely many positive fixed points in the region D defined in Section 3.
Denote them by (u;, v;, w;) for i = 1,..., k. For sufficiently small 1/8s, c1, it is
easy to show that I — A’(u;,v;, w;) is invertible under the condition (1.9) and
A’(u;,v;,w;) does not have property « on W(uqz,m,wi) by (d) of Lemma 4.1. In
addition, A’(u;,v;, w;) does not have a real eigenvalue which is greater than or
equal to one. Then we get indexyy (4, (us, vi,w;)) = (=1)° =1fori=1,...,k
by (b) of Theorem 2.4. Using the additivity property of degree [59] and

d > Mk, ( 1+ 2Oy, [(12]>7

we have

k
k= Zindexw(z‘l7 (ui,vi, w;))
i=1

=degy, (I — A, D) — indexy (A4, (0,0,0)) — indexy (A, (O, [a1],0,0))
— indexwy (A4, (0, O, [az],0)) — degy, (I — A, ¥y)
—degyy (I — A, Ty) — degy, (I — A, ¥3)
=1-0-0-0-0-0-0=1.

So, the uniqueness holds, the proof is complete. O

5. Asymptotic behavior

In this section, the asymptotic behavior of the time-dependent solutions of
(1.5) is considered, that is, sufficient conditions for the extinction and perma-
nence to the time-dependent system (1.5) are investigated. We first give the
proof of Theorem 1.6.

PROOF OF THEOREM 1.6. (a) First, consider any time-dependent positive
solution (u,v,w) of (1.5) satisfies

ut—Au=u<a1—u—blgv— aw )
1+ aqu)(1+ frw)
<ula; —u) in Q x (0, 00),
CoWw
~Ap = _ _u—

Vg v v<a2 boru — v 0+ aa0) (1 —l—ﬂgw))

< wv(ag — ) in Q x (0, 00),
kio,u+u=ked,v+v=0 on 09 x (0,00).

Thus, from (b) of Theorem 2.3, we see that u(x,t), v(x,t) — 0 uniformly as
t — oo by using comparison argument for elliptic problems.
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Let ¢ be a positive constant with e < d/(e; + e2), then there exists a T. > 0
such that u(z,t), v(x,t) <e for all t > T.. Therefore, we have

wy — Aw < w((eg +e2)e —d) <0 in Q x (T, 00),
k3O, w+w =0 on 90 x (T, ),

that concludes w(z,t) — 0 uniformly as t — oo by (b) of Theorem 2.3.
(b) Similar to (a), we see that v(x,t) — 0 uniformly as ¢ — co. Let €’ be
a positive constant with

<l (i)
< —(d+ | - ——BEL ),
€ €9 1ks 1 + a1@k1 [al]

then there exists a T > 0 such that v(x,t) < &’ for all ¢ > T.,. Therefore, we
have

€10k, [a1]
14+ a7 @kl [al]
k3sd,w+w =0 on 90 x (Tor,0),

wy — Aw < ( + ege’ d) in Q x (Ter,00),

that concludes w(z,t) — 0 uniformly as ¢ — oo by (b) of Theorem 2.3.
Let £ be a positive constant with e < (a3 — A1k, )/(b12+c¢1), then there exists
a T. > 0 such that u(z,t), v(z,t) < e for all ¢ > T.. Therefore, we have

ug — Au > ulag —u —bee — c1e)  in Q x (Tz, 00),
ki10,u+u=0 on 90 x (T¢, 00),
SO

hglnf u(x, t) Z @k1 [a1 — b12€ — Clé‘] — €.

On other hand,

ur — Au < wula; —u) in Q x (0,00),

k10,u+u=0 on 99 x (0, 00),
S0,
limsup u(x,t) < O, [a1] + &.
t—o0
Therefore

O, [a1 — b12e — c1e] — e < liminfu(z,t) < limsupu(z,t) < O, [a1] + &,

t—o0 t—00
letting e — 0, we see that u(z,t) — Oy, [a1] as t — oo.
(¢) The proof is similar to (b), we complete the proof. O

In order to prove of Theorem 1.6, we first give a definition of upper and lower
solutions of (1.6).
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A pair of functions (u,7,w) and (u,v,w) in

C?(Q) N C1(Q) are called ordered upper and lower solutions of (1.6) if they

satisfy the relations:

u > u, U 2> v, w > w
and the following inequalities

= _ caw .

—Au > — U — bygv — Q
u = u<a1 u 12U (1+a1u 1—|—ﬁ1w > m dZ,

_ cLw .

—Au < —u — b1oU — Q
u_u<a1 u 12V (1—|—a1u 1+ﬁ1w > m 3z,
_ - _ W .

—AT > —b —T — Q
U= U(a2 L= (1+ asv)(1 + Baw) ) R

— Cow

—Av < —b —v— Q
(RS U(az 21U — U (1 —l—agy)(l +52w)) m iz,
o eiu €U

—Aw > + —d Q,
Y= “’((1 tonm)(1+ 5rm) (L + az0)(1 + fa) ) "

e1u €20

w_w<(l+a1U)(1+ﬂ1w) (1 + aw) (1 + fow) ) o

kiobu+u>0>kou+u on 9f),

ko0, +17 > 02> koO,v+ v on 0,

k30, w +w > 0 > k3d,w +w on ON.

ProOOF OoF THEOREM 1.8. It is easy to see that

(ekl [(11}7@]@ [a2]7w(@k1[a1],®k2[a2])) and (U*av*aw(u*m*))

are a pair of ordered positive upper and lower solutions of (1.6) under assumption
(1.10). Using the monotone iteration scheme technique in [61], the existence of
a pair of functions (@, v, w) and (4, v, @) can be show easily.

Next, we show that [u, 4] x [0, 7] X [@, W] is a positive global attractor of (1.5).
Since u, v, w > 0, the positivity follows easily. So it is sufficient to show that
[a,u] x [0,7] x [@,w] is a global attractor.

Let € be a sufficiently small constant such that

s ( B 61@k1 [al} . 62@k2 [G’Q] ) —d
(i) e < PP\ T a1, [a1] T+ g6, [as]
e; + es ’

C1
(ll) Il’la)({blg7 b21}€ < min {al - — /\1 k1 (b12@]€2 [0,2])

P
)\1,k2(521@k1 [al])}a

*

2
B2
egv*
1+ aju* B 1+a2v*) B
61+62

C:
az — — —
e1u
(-

(iii) € <
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Since
c1lw
ug — Au=wula; —u—bv—
t < b <1+a1u><1+6lw>>
<wu(ay —u) in Q x (0, 00),
CoWw
_Ap = bt — v —
Vt v (% (ag 21U (% (1 T 0421))(1 n 52’11}))
< w(ag —v) in Q x (0,00),
kio,u+u=ked,v+v=0 on 99N x (0, 00),
then by Theorem 2.3 and comparison principle, it is obvious that
(5.1) limsup u(z,t) < Ok, [a1] and limsupv(x,t) < O, |as].
t—o0 t—o0

This implies that there exists a T, > 0 such that

(5.2) u(z,t) < O, [ar1] +e and wv(x,t) < O,laz] +e forall t > T..
Thus,

w Aw—w( au + c2v d)
¢ N I+ a1u)(1+ frw) (14 azv)(1 + faw)
< w( €1(Ok, a1] +¢)
=\ + o1 (O, [aa] + €)1 + Brw)
e2(Ok, laz] +¢) B d)
1+ az(Og, [az] + &) (1 + fow)
€10y, [a1]
<w
- ((1 + 1Ok, [a1])(1 + frw)
€20y, [112] ) .
+eler+e)—d) in Q x (T:, ),
(1 + 20y, [as]) (1 + Bow) (e1+e2) (T, 00)
k3O, w+w =0 on 90 x (T, ).
Since ¢ satisfies assumption (i), we get from Theorem 2.3 that
(5.3) lim sup w(z,t) < wey, [a1]O0n,az))-
—00

On the other hand, it follows from (5.2) that

— Au=— —u—b . clw
Ut u=ul|ay u 12V (1 T alu)(l T ﬁl’w)
Zu(al—gl—blg(@k,z[aQ]—i—e)—u) in Q x (Te, ),
1
o B o CoWw
vy — Av = v(a2 boru — v AT o)+ 5211)))
Zv<a2;2b21(®kl[a1]+s)v) in Q x (Tz, ),
2

kiO,u+u=ked,v+v=0 on 00 x (T, 00).
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Since ¢ satisfies assumption (ii), we get from Theorem 2.3 that

(5.4) liminf u(z,t) > «* and liminfo(x,t) > v*.
t—o0 t—o00

This implies that there exists a T, > 0 such that

(5.5) u(x,t) >u* —e and wv(z,t) >v"—¢e forall t >TL.

Thus,

e1(u* —¢)
(14 ar(u* —€))(1 + frw)
ea(v* —¢) 3
et oy %)

> w

RS
- 1+a1u +51w) (14 azv)(1 4 Bow)

S w( el
-\ +aw)(1+ fiw)
n eav™ 7
(1 4+ asv*)(1 + Baw)

k3O,w+w =0 on 00 x (T, ).

eler +e2) —d) in Qx (T7,00),

Since ¢ satisfies assumption (iii), we get from Theorem 2.3 that

(5.6) lim sup w(x,t) > w(ye pey-

t—o0

Finally, using (5.1) and (5.3)-(5.6), it is concluded that there exist

T = max{T.,T.}
such that for any nontrivial initial condition (u(z,0),v(x,0),w(z,0)), the time-
dependent solution (u,v,w) of (1.5) satisfies
(u,v,w) € [u*, O, [ar]] X [v*, Ok, [az]] X [Wur vy WOy, [a1],04k, [a2))]  for t > T
Then, our result follows by Corollary 2.1 and Theorem 2.1 in [62]. O

Similar to the proof of above theorem, we obtain the following theorem.

THEOREM 5.2.
(a) If a1 < Mgy, ag — c2/P2 > A1, and

€20y, [as] >7

—d> A - =
Lk ( 1+ 2Oy, [as]

then there exists a pair of quasi-solution (v, w) and (U, W) of (3.4) with
v >0 and w > w. Moreover, {0} x [v,7] X [W,w] is a global attractor

of (1.5).
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3]
4]
5]
6]
7
8]
9]

[10]

[11]

[12]

(13]

14]

J. ZHOU

(b) IfCLl — Cl/ﬂl > )\1,k1; as < )\17]62 and

then there exist a pair of quasi-solution (u,w) and (u, W) of (3.5) with
u>u and w > W. Moreover, [u,u] x {0} x [w,w] is a global attractor
of (1.5).

(¢) If a1 > A1k, (b12Ok,[ag]), a2 > A1k, (0219, [a1]) and

—d< )\1,1@.( €10k, (1] €20k, [as] ])’

S 1+ a0k, [a1] 1+ a26y,[a
then there exist a pair of quasi-solutions (u,v) and (u,v) of (3.6) with

w>uand v > 0. Moreover, [u,u] X [0,v] x {0} is a global attractor

of (1.5).
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