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1. Introduction and statement of the results

Origins of fractional calculus go back to a question posed by Leibniz to
L’Hoépital about the meaning of the derivative of order 1/2. Since then this
theory was developed and nowadays it has generated a considerable amount
of bibliography, see for example the monographs [11], [13], [14], [17] and the
references therein.

Naturally the interest in fractional differential equations was considerably
raised over the years; among engineers and scientists this is due to their vast
potential of applications in several applied problems, such as fluid flow, rheology,
diffusive transport akin to diffusion, electric networks, probability and statistical
distribution theory, see [4], [18]-[20], [25] among others.

From the mathematical point of view, we observe that fractional differential
equations is a rich and complex area and hence there exists a great interest in
developing the theoretical analysis and numerical methods for these equations,
see [7], [8], [10], [12], [15], [16], [21], [22].

Motivated by this, we consider the abstract fractional Cauchy problem

cDyu(t) = Au(t) + f(t,u(t)), t>0,

(L) w(0) = ug € X,

where X is a Banach space, a € (0,1), cDg* is Caputo’s fractional derivative and
A: D(A) C X — X is a sectorial operator, i.e. a closed operator with dense
domain for which there are ¢ € (7/2,7) and N > 1 such that

Soi= 1A € C: Jarg(\)| < 6, A0} C p(A),
N
(A= A)7Y < oy for all A € Sy.

In order to start our discussion, let us introduce some preliminaries. Consider
{Ea(t*A)}i>0 and {Eq,o(t*A)} >0 the Mittag-Leffler families associated to A
(see next section for details). By a global mild solution to (1.1) in [0,00) we
understand a continuous function u: [0,00) — X such that

(1.2) u(t) = Eo(t*A)ug + /0 (t —8)* LBy o((t — 5)*A) f(s,u(s))ds, t>0.

This concept is based upon the following (formal) construction. Suppose that
u: [0,00) — X verifies (1.1). Then, applying the fractional integral operator J
(see, e.g. [3], [12]-[14]) in both sides of the fractional differential equation (1.1),
we obtain, for t > 0,

u(t) = u(0) + JFAu(t) + J f(t, u(t))

=u i t —8)% L Au(s) ds i t —8)%7 (s, u(s)) ds
ot [ =9 A ds s [0 s ds
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Now, applying the Laplace transform £ in both sides of the above equality we

have

B = %2 4 AT + 5 () () = A = uoh™ + 4T + (7)),
where u(\) = L{u(t)}(A) and m)(A) = L{f(t,u(t))}(N). Taking now A* €
p(A4), it follows that

B = AT A = A) Mg+ (A — A) 7 (Fu)(V),

and using the inverse Laplace transform, and Lemma 2.1 below, we deduce that
t
u(t) = Eq(t*A)ug + / (t —8)* By o((t — s)*A) f(s,u(s))ds, t>0.
0

Motivated by this discussion and by the previous related literature, we adopt
the following concept for solution to the problem (1.1).

DEFINITION 1.1. Let 7 > 0.

(a) A function u: [0,7] — X is said to be a local mild solution to (1.1) in
[0,7] if uw € C([0,7]; X) and

u(t) = Bu(t A)ug + /0 (t— ) B (£ — 8)*A) f(s, u(s))ds, ¢ > 0.

(b) A function u: [0,7) — X is said to be a local mild solution to (1.1) in
[0,7) if for any 7" € [0,7), u is a local mild solution to (1.1) in [0, 7'].

Our main purpose in this work is to ensure sufficient conditions for existence
and uniqueness of mild solution to (1.1) and to establish some comparison re-
sults for this solution in ordered Banach spaces. As can be observed in (1.2),
the notion of mild solution to (1.1) is very close to generalized Mittag—LefHler
type functions. For this, in Section 2, among other things, we study some prop-
erties of these functions. In particular, we study the behavior of the families
{Ea(t*A)}i>0 and {Eq o (t*A) }1>0 on the fractional power spaces associated to
the linear operator A and we establish expressions for these families, similar to
the second fundamental limit for semigroups (see Lemma 2.2 and Proposition 2.4
below).

Section 3 is devoted to study existence, uniqueness and continuation re-
sults to (1.1) when the nonlinear term is a locally Lipschitz continuous function
f:]0,00) x X — X. In this direction we start with a proof of the following
existence result.

THEOREM 1.2. Let f: [0,00) X X — X be a continuous function, and locally
Lipschitz in the second variable, uniformly with respect to the first variable, that
is, for each fixed x € X, there exist an open ball B, and a constant L=L(B;)>0
such that

1f(t,2) = F& )l < Lz —yll
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for all z,y € B, and t € [0,00). Then, there exists to > 0 such that (1.1) has
a unique local mild solution in [0,1o].

In the remainder of Section 3 our goal is to ensure conditions for existence
of global solutions of (1.1). For this purpose, we prove the following result on

continuation of mild solutions.

THEOREM 1.3. Let f: [0,00)xX — X be as in Theorem 1.2. If u: [0,t] > X
is a local mild solution to (1.1) in [0,tg], then there exists a unique continuation
u* of u in some interval [0,to + 7] with T > 0.

We finish Section 3 with a result on global existence or non-continuation by
blow-up. Namely, we have the following

THEOREM 1.4. Let f:[0,00) x X — X be a continuous function, locally
Lipschitz in the second variable, uniformly with respect to the first variable, and
bounded (i.e. it maps bounded sets onto bounded sets). Then the problem (1.1) has
a global mild solution in [0, 00) or there exists w € (0,00) such that u: [0,w) — X
is a local mild solution in [0,w) and u does not have a continuation. Moreover,

if w is the local mild solution to (1.1) in [0,w), then limsup ||u(t)| = oco.
t—w™

We observe that the assumption on the nonlinear term f is rather general but
it does not allow to treat problems where the nonlinearity has critical growth. In
Section 4 we treat the critical case, proving existence of e-regular mild solution
to (1.1).

In order to state this result, let us introduce some notation. For 8 > 0, let
X? be the fractional power spaces associated to the operator A. In this work we
will use the following concepts.

DEFINITION 1.5. A continuous function u: [0,7] — X is called an e-regular
mild solution to (1.1) if u € C((0, 7]; X' 7<) and verifies (1.2).

DEFINITION 1.6. For £ > 0 we say that a map g is an e-reqular map relative
to the pair (X1, XY) if there exist p > 1, v(e) with pe < () < 1, and a positive
constant ¢, such that g : X7 — X7 and, for all z,y € X'+¢,

—1 -1
lg(x) = gl xro < (X + 2l 5ize + lyll5aia)lle — yllxie.

We recall from [2] the following classification for a map f which is e-regular,
for £ € I, relative to the pair (X1, X?).
e If I =[0,&4] for some €1 > 0 and (0) > 0, we say that f is a subcritical
map relative to (X1, XY).
o If I = [0,e1] for some e; > 0 with v(¢) = pe, € € I, and if f is not
subcritical, then we say that f is a critical map relative to (X!, X0).
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o If I = (0,e4] for some g1 > 0 with (¢) = pe, € € I, and f is not
subcritical or critical, then we say that f is a double-critical map relative
to (X1, X9).

o If T = [gg,e1] for some g1 > gy > 0 with y(gg) > pego and f is not
subcritical, critical or double critical, then we say that f is an wltra-
subcritical map relative to (X!, X0).

o If I = [g9,¢1] for some €1 > ¢ > 0 with y(e) = pe, e € I, and if f is not
subcritical, critical, double critical or ultra-subcritical, then we say that
f is an witra-critical map relative to (X1, XY).

Next theorem is the main result of Section 4 (the class F(e, p,v(g),¢,v(),&)
is specified).

THEOREM 1.7. Let f € F(e, p,v(e),c,v(+),€). If vg € X!, there exist posi-
tive values r and 19 such that for any ug € Bx1(vg,7) there exists a continuous
function u(-,up): [0,70] = X' with u(0) = ug, which is an e-regular mild solu-
tion to the problem

(1.3) eDgfu = Au+ f(t,u(t)), t>0, a€(0,1),
u(0) = up.

This solution satisfies

u € C((0,70); X119), 0 <8 <~(e),

lim 2% ||u(t, uo)||x140 =0, 0 <0 < (e).
t—0+t

Moreover, for each 6y < () + & — pe there exists a constant C > 0 such that if
ug, wo € Bx1(vo,T), then

to‘9||u(t,u0) —u(t,wp)||x1+e < Cllug — wollx1 for allt € [0,70], 0 <0 < 6.

In particular we obtain an existence theorem in X! without the nonlinearity
being defined on X*. The main motivation to consider situations as in Theo-
rem 1.7 is the fact that if the only requirement on the nonlinear term is that
f: X' — X° be locally Lipschitz, we cannot ensure that problem (1.1) is well-
posed in an e-regular sense. For example, taking f(u) = —2Aw, which satisfies
f: X' — X0 and is globally Lipschitz, we will have cD&u = — Au, which is not
locally well-posed, in general. Hence, some extra conditions should be imposed
on f to guarantee the existence of solutions of the above problem.

As application we consider our abstract result in the framework of fractional
heat equations.
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EXAMPLE 1.8. Let © C R be a bounded domain with smooth boundary.
We will treat the fractional equation (with « € (0,1))

Ofu = Au+ululP~! in Q,

1.4
14 u=0 on 0,

in the L? theory, 1 < ¢ < oo and ¢ = N(p — 1)/2. Observe that this equation
for the case a = 1 is well-known (e.g. cf. [2], [5], [23], [24]).

Let L = A with Dirichlet boundary conditions in Q2. Then, L can be seen as
an unbounded operator in EJ = L9(€2) with domain

D(A) := W29(Q) N Wy ().
It is well-known that the scale of fractional power spaces {E?}seR associated to
L verifies (see [1], [2])
« 2c
Ey — H(Q), a>0,1<qg< oo,

—a N q

B = (By), a0, 1<g<o0, ¢ =——7.
Therefore, we have
Nq N

Ef = L"(Q) forr< ——— 0<a<

g () orr < g 0Sas< o,

0 _

Eq _Lq(Q)v

[e3 T N

Ey « L"(Q) forr2m7_27q/§a§0

Let L, be the realization of L in E¢'. Then we have that L, is an isometry from
E¢*! into EY and

Lo: D(Lo) = E;t C B — EY
is a sectorial operator. Denote X' := Eg‘*l, a € R. The fractional power spaces
associated to L_1: X; - Xg — XS satisfy

Nq 2¢+ N
X* S L"(Q) K < — 1< -
a (@) Or?ﬂ_N—l—2q—2qa7 sas 2q
1 _
Xq_Lq(Q)v

N 2¢ — N
qu‘<—>Lr(Q) for r > g g <a<l.

~ N+2q—2qa" 2¢
Following [2, Lemma 8] and with the above constructions, we may classify
the nonlinear term of (1.4) in the following way.
o If p > N/(N —2), then f is an e-regular map relative to (X}, X?) for
0 <e < N/(N +2q) and 7(g) = pe. Therefore f is a critical map.
o If p = N/(N —2), then f is an e-regular map relative to (X, X7) for
0 < e < N/(N+2q) and v(¢) = pe. Therefore f is a double-critical
map.



SEMILINEAR FRACTIONAL DIFFERENTIAL EQUATIONS 445

o If (N+2)/N < p < N/(N —2), then f is an e-regular map relative to
(X,,X2) for 0 < eo(p) < e <1/p, with

=303 g)) o

and y(e) = pe. Therefore f is an ultra-critical map.
Applying Theorem 1.7, for each ug € L9(2) we ensure the existence of an e-regu-

lar solution to the above problem, starting at ug, for any ¢ € (g9(p), N/(N + 2q)).
Furthermore, for any 0 < 6 < v(N/(N 4+ 2)) = 1 this solution verifies

tu(t)|| x140 — 0 ast— 0T,

t"‘gHu(t,uo) — u(t7’l)())||X1+9 < CH’U,() — UOHL‘I; 0<t< T(Uo,?)o).

In Section 5 we consider the problem of comparison and positive solutions.
We start this with the linear version of (1.1); particularly, we establish the equiv-
alence between the positivity of the families {Eq, (1 A)}1>0 and {Eqa.o(t*A4) }i>0
with the positivity of the function A — (A% — A)~! (see Propositions 5.1 and 5.3
below). With respect to the semilinear problem (1.1), we establish the following
result on positive solutions.

THEOREM 1.9. Let (X, <x) be an ordered Banach space and suppose that the
families {E4(t*A)}i>0 and {Eq o (t*A) }i>0 are increasing. If 0 <x f(t,x) for
almost every t € [0,tg) and for all x € X with 0 <x z, then 0 <x wug implies that
the local mild solution wuy(t,ug) is positive, i.e. 0 <x uy(t,ug) for all t € [0, %o].

This allows us to conclude the following comparison result.

THEOREM 1.10. Let (X,<x) be an ordered Banach space and suppose that
the families {E,(t*A)}i>0 and {Eq o(t*A)}i>0 are increasing.

(a) Let ug, up € X be given, and assume that there exist to, t1 € [0,00) such
that {uys(t,u;)}i=0,1 are local mild solutions in [0,t;], i € {0,1}, to

cDYu(t) = Au(t) + f(t,u(t)), t>0,
u(0) =u; € X.
Then, if t* = min{to,t1}, f(t, - ) is increasing for almost every t € [0,t*),
and w1 <x uo, it holds that uy(t,u1) <x uy(t,up) for all t € [0,t*].
(b) Consider functions fy and f1, and ug € X, and assume that there exist

to,t1 € [0, 00) such that {uy, (t,uo) }i=o,1 are local mild solutions in [0, t;],
i€ {0,1}, to

eDfu(t) = Au(t) + fi(t, u(t), t>0,
u(O) =ug € X.



446 B. DE ANDRADE — A.N. CARVALHO — P.M. CARVALHO-NETO — P. MARIN-RUBIO

Then, if t* = min{tg,t1} and fo(t,z) <x fi(t,x) for almost every t €
[0,t*] and for all x € X, it holds that uy,(t,u0) <x wug (t,uo) for all
t € [0,t*].

(¢) Consider functions fo and f1, and ug, u; € X, and assume that there
exist to, t1 € [0,00) such that {uy, (t,u;)}i=0,1 are local mild solutions in
[0,4,], i € {0,1}, to

eDu(t) = Au(t) + fi(t,u(t)), t>0,
u(0) =u; € X.

Then, if t* = min{tg, t1}, and x <x y imply fo(t,x) <x fi1(t,y) for al-
most every t € [0,t*] and ug <x w1, it holds that uy, (t,uo) <x wy, (t,u1)
for all t € [0,t*].

Next result uses the comparison of solutions to establish the existence of
a unique mild solution in a certain interval. As a consequence, when the solutions
of the auxiliary problems are globally defined in time, from the continuation
results we obtained previously, we will conclude the existence of a unique global
mild solution (see Example 1.12 below).

COROLLARY 1.11. Let (X,<x) be an ordered Banach space and C > 0 such
that

r<xy<xz=|lyllx <Czllx +zllx) forallz,y,zecX.
Suppose that the families {Eo(t*A) }i>0 and {Eq,o(t*A)}i>0 are increasing. Let
ug € X and consider fi, fo and g: [0,00) x X — X as in Theorem 1.2, and that

g is bounded. Moreover, assume that fi(t,z) <x g(t,x) <x fa(t,x) for almost
every t > 0 and for all x € X. Suppose that the problems

eDpu(t) = Aut) + filt,u(t)), 10,
u(0) =ug € X
for i = {1,2} have unique local mild solutions in [0,t*] for some t* > 0. Then,
the problem
cDgu(t) = Au(t) + g(t, u(t)), t>0,
u(0) = up € X.

has a unique local mild solution in [0,1*].

Finally, as an application of this last result (and some of Section 3) we ensure
existence of global mild solution for the following fractional partial differential
equation coming from heat conduction theory:
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EXAMPLE 1.12. Let Q ¢ RY, N € N, be a bounded open subset with smooth
boundary 0f2. Consider the problem

cofu(t,z) = DAu(t,z) + F(u(t,z)), t>0, z€Q,

(1.5) ou/O (t, ) =0, t>0, z €09,
u(0, ) = ug(x), x € Q.
where c0f* is Caputo’s fractional derivative, u = (uq,. .. ,un)T, n>1,

a%“ = ((Vuy, ), ..., (Vu,, 7)) 7,

where U is the outward normal vector, and D is the diagonal matrix

d 0 0 ... 0
0 do 0 ... 0
D = 0 0 d3 0
0O 0 0 ... d,

nxn
with d; > 0, for all 4 € {0,1,...,n}. The nonlinearity
F=(F,...,F,):R" - R"
is assumed to be locally Lipschitz.
To treat this problem we set X = (L7(Q))", for 1 < ¢ < oo, with the usual

order <x and we consider Ap = diag(A4,...A,), where for each i € {0,...,n}
we define A4;: D(A;) C L4(2) — L1(Q) by

D(4;) = {(25 e W21Q) : 88% =0on 89} =: Wﬁ/q(Q);

Aip = —diAg

and suppose that inf{Re(c(Ap))} = d; < 0. In [6, Proposition 2.8] it was shown
that this operator is sectorial and has positive resolvent. Then, rewriting (1.5)
in the abstract form

cDfu(t) = —Apu(t) + F(u(t)), t>0,
u(0) = ug € (L9())",

we may ensure, by Theorem 1.2, existence and uniqueness of a local mild solu-
tion w. If there exist constants ¢g € [0, —d;) and ¢; > 0 such that

—colu;| — 1 < Fy(u) < colusl +¢1 forallie{l,...,n},
then problem (1.5) has a global mild solution. Indeed, we conclude that
—colllul| = C1 <x F(u) <x colllu|| + C1 for all u € (L1(2))",

where ||u| :== (Juil, ..., |un]) and C1 = (c1, ..., c1).
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Since the problems

eDu(t) = —Apu(t) — co||u@®)|| — C1, t >0,
u(0) = ug € (L1(Q2))",

and
eDu(t) = —Apu(t) + co||u@®)|| + C1, t >0,
u(0) = ug € (LI())",

have global mild solutions (by using Theorem 1.4), we conclude by Corollary 1.11
and Theorems 1.3 and 1.4 that (1.5) possesses a unique global mild solution.

2. Preliminary results

Let (X, || - ||) be a complex Banach space. As usual, for a linear operator A, we
denote by D(A) the domain of A, by o(A) its spectrum, while p(A) := C—o(A)
is the resolvent set of A. Moreover, we denote by L(Y,Z) the space of all
bounded linear operators between two normed spaces Y and Z with the operator
norm || - [|£(y,z). We abbreviate this notation to £(Y) when Y = Z. When no
confusion arise, we write ||T||z(yy as ||T|| for every T' € L(Y'). Finally, for 3 >0
we denote by X# the fractional power spaces associated to the operator A, being
X% = X and X' = D(A).

The aim of this section is to present the basic tools we will use in this man-
uscript. Our results include the classical theory of the Mittag-Lefler function
that is closely related to the solutions of the fractional differential equations.

2.1. Mittag—Lefller functions and sectorial operators. We start with
a generalization of the Cauchy representation for semigroups associated to sec-
torial operators. To this end we recall that given ¢ > 0 and 6 € (7/2,7), the
Hankel path Ha = Hal(e,0) is the path given by Ha = Ha; + Has — Hag, where
Ha,; are such that
Hay :={te’ . t € [¢,00)},
(2.1) Hay :={ee : t € [-0,0]},
Hagz :={te™" :t € [¢,00)}.
LEMMA 2.1. Consider o € (0,1) and suppose that A : D(A) C X — X s
a sectorial operator. Then, the functions

1
B, (t°A) ;:—,/ AT — A)laN, >0,
T Ha
tl—a
Eqo(t*A) := MY —A4)7! >
aalt®d) = /Hae (O~ A)Tar, t>0



SEMILINEAR FRACTIONAL DIFFERENTIAL EQUATIONS 449

(where Ha is given by (2.1)) are well defined. Furthermore, there exists a con-
stant M > 0 such that

|Ea(t*A)|| <M and ||Eao(t*A)]| <M forallt>0.

PRrROOF. Let ¢ € (n/2,7m), Sy be the sector associated with the sectorial
operator A and choose arbitrary values € > 0 and 0 € (7/2, ¢]. We will estimate
the function ||E,(t*A)|| on each Ha;, according to definition (2.1), for any ¢t > 0.
Just observe that for each fixed t # 0, if we assume that € = 1/¢, then

e On Hay, it holds that

1
‘ —/ eMArT(\e — A)_ld)\H
271 JHa,
1 e i ) . )
< — / etse g(seze)a—l((sezﬂ)a _ A)—leze ds
2| J.
and using that if A = se?” € Ha(e,0) C Sg, then A\* € Sy, we obtain by
the sectorial property that
1 N [ )
‘ 7/ eAt/\a—l()\oz _ A)_ld/\H < 7/ etscos(9)|(5619)|—1ds
271 JHa, 2m J.
e8] cos (0
Sﬁ 6tscos(@)ds _ Ne ® )
2we J, —27 cos(0)

e On Has, we have that
1
’/ eMATI(\ A)ld/\H
Ha2

2w
1 ? ' 1 1
_ tee® is\o— is\a — A Y isd
o [96 (ee®)* ™ ((ee") ) tiee*ds
0
< E etscos(s) ds < eNe
7 o - oom

e On Has we proceed in the same way as in Ha;.

Taking M as the maximum over all the bounds obtained above, we deduce
that || Eq (AtY)|| is well defined for each ¢ > 0.

Now we shall seek a uniform bound for the function ||E, (At*)| for all ¢ > 0.
For this, just observe that if ¢ < ¢’ and 7/2 < ' < 6 < ¢ and we take Ha =
Ha(e,0) and Ha' = Ha(e',0"), we obtain the equality
i, NN\ — A) Tl = i/ MATL(N — A)7La\  for all t > 0.
271 Jga T S
This is enough to justify that the estimate obtained before is uniform on ¢ > 0.
To verify the boundedness for ¢ = 0, we observe that making a change of variables

E,(t“A) = i/ EANTIAY — At*)"hdN, t >0,
Ha

Yy
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and therefore, using the dominated convergence theorem, we conclude that
E,(0%A) is the identity operator.
A similar procedure proves that |Ey o(At®)|| < M for all ¢ € [0, c0).

Next result give us information on the Mittag—LefHler families in the fractional
power spaces X7, 5> 0, associated to the sectorial operator A.

LeMMA 2.2. Consider o € (0,1), 0 < 8 < 1, and suppose that A: D(A) C
X9 = X0 is a sectorial operator. Then, there exists a constant M > 0 such that

| Ba (1 A)z]| xs < Mt=P||z]|xo
and
[t°7 Ba,a (8% Az xo < MU= ]| o
for allt > 0.

PRrROOF. We have that

| Ea(t Az s —\

/ e”AalAB(Aa—A)ldiH
21t Sy, X0

/ ANTLAB (A /1) — A) "tz d
Ha

_ag( C B
< (i [ 1 d el

Hence, it is sufficient to choose M > 0 such that

’XU

C
© / AP d]A| < M.
21 Ha
By a similar procedure one may prove the second estimate.

Our goal now is to establish an expression for Mittag—Leffler functions as-
sociated to sectorial operators similar to the second fundamental limit for semi-
groups. For this, we recall the Post—Widder inversion formula, which can be
found in [26]. This expression will be very useful to our following results.

LEMMA 2.3 (Post-Widder). Let u: [0,00) — X be a continuous function
such that u(t) = O(exp(wt)) as t — oo for some w € R and let u be the Laplace
transform of u. Then

= ) () (2)

uniformly on compact sets of (0,00).
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PROPOSITION 2.4. Consider A: D(A) C X — X a sectorial operator and
€ (0,1). Let {En(t*A)}i>0 and {Ey,o(t*A)}i>0 be the Mittag-Leffler families
associated to A. Then, for each x € X we have

on meme S (2) () -4) )

and

ak+1 a (k+1)
o— (6% n
(2.3) t* B, o (t*A)ug = nh_}rr;o o Z akbf ( ) ((t) - A) z,

uniformly on compact sets of (0, oo), where the positive real numbers by, are

defined by

b(ll,l =1,
b%,n =n-1- ak)b%mfl + a(k — l)bzil’nil, if1<k<n
(2.4) andn=2,3,...,
by, =0, ifk>n
andn=1,2,...

PRrROOF. By Lemma 2.1 there exists M > 1 such that |E,(t*A4)| < M and
|Ea,a(t*A)|| < M for all t > 0. By induction in n, we obtain for Re A > 0 that

n+1

A et — )1 = (-1 D S I

dan
Furthermore, for each x € X the function u(t) = E, (t*A)x is such that
AN = AT\ — A) e,

Hence, (2.2) follows by Lemma 2.3.
On the other hand, to prove (2.3), observe that

ar .. _ o -
I —A)~! Zakb AR = A)~kHD) oy =1 9
and for each z € X, the function v(t) = t* "1 E, (t*A)z verifies v(A\) = (A* —
A)~lz. Using again Lemma 2.3, the proof is finished. O

2.2. Ordered Banach spaces. We recall briefly the basic properties of an
order on a Banach space X, in order to develop our comparison results.

DEFINITION 2.5. An ordered Banach space is a couple (X, <x) where X is
a Banach space and <y is an order relation in X such that for every z, y, z € X
and for any scalar A > 0, it holds that

(a) = <x y implies x + z <x y + z;

(b) x <x y implies \x <x Ay;
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(c) the positive cone C = {x € X : 0 <x z} is closed in X.

REMARK 2.6. Observe that x <x y is equivalent to 0 <x y—=z. Furthermore,
x <x 0if and only if 0 <y —uz.

EXAMPLE 2.7. Consider 1 < p < co. The Banach spaces LP(Q) and C(Q)
with the order “f < g if and only if f(x) < g(x) almost everywhere” are ordered
Banach spaces.

DEFINITION 2.8. Suppose that (X,<x) and (Y,<y) are ordered Banach
spaces. A function T: D(T) C X — Y is called increasing if * <x y implies
Tz <y Ty. T is called positive if 0 <x x implies 0 <y Tz, for all z,y € D(T).

LEMMA 2.9. Let (X,<x) be an ordered Banach space and consider [ €

LY (to, t1; X) such that 0 <x f(t) for almost every t € (tg,t1). Then

ty
0<x f(s)ds.

to

3. Local well posedness

We start this section with a proof of our result on local existence and unique-
ness of mild solutions to (1.1).

PROOF OF THEOREM 1.2. Given ug € X, let B, (r) be the open ball with
center ug and radius » > 0 and L = L(B,,(r)) be the Lipschitz constant of f
associated to By, (r). Fix g € (0,r) and choose ty > 0 such that

(M/a)(LB+ Oty < B/2 and ||Eq(At%)ug —upll < B/2 for all ¢ € [0, o).
where M = sup || Eq,a(At?)| and C = sup || f(s,uo)||. Consider

t€[0,00) te[0,t0]
K :={ueC([0,t]; X) : u(0) =ug and |u(t) —upl| < B forallte[0,t]}
and define the operator T on K by
¢
T(ult) = Ea(t* Ao + [ (¢~ 9 Eaal(t - 9°4)(s,0(s)) ds.
0

If u € K, then T(u(0)) = ug and T(u(t)) € C([0,tp]; X). Furthermore, we have
that

1T (u(t)) = uol| <|[|Ea(At")uo — uol

+ / (t = )T M([Lf (s, u(s)) = f(s,u0)ll + IIf (s, o)) ds
0

<||Ea(At*)ug — uo|| + (M /) (LB + C)t§ < g + g =8,

that is, T(K) C K. Now, if u, v € K, we see that

IT(u(t) — ()] < / (t — 52" M| £ (5,u(s)) — (s, v(s))]| ds
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LMt&
< & osup Jlu(s) — o(s)|
Q@ se€f0,to]

<5 s fuls) —v(s)]|
s€[0,t0]
So, by the Banach contraction principle we have that T has a unique fixed point
in K. We will denote this fixed point by w.

Uniqueness of local mild solution to (1.1) follows from the Singular Gronwall
Inequality (see [9, Lemma 7.1.1, p. 188]). Therefore, we obtain that the solution
w is the unique continuous function that satisfies the integral equation and this
finishes the proof. O

DEFINITION 3.1. Let u: [0,%9] — X be a local mild solution in [0, to] to (1.1).
If t1 > to and v: [0,t1] — X is a local mild solution to (1.1) in [0, ¢;], then we
say that v is a continuation of u in [0, ¢1].

The remainder of this paragraph will be devoted to the problem of continu-
ation of local mild solutions and existence of global mild solutions of (1.1).

PrROOF OF THEOREM 1.3. Let u: [0,t9)] — X be the local mild solution
to (1.1) in [0,¢0]. Since f is locally Lipschitz, there exist » > 0, an open ball
B = B(u(to)) with center in u(to) and radius r, and L = Ly, the Lipschitz
constant of f associated to B. Fix § € (0,7) and choose 7 > 0 such that the
following conditions are satisfied:

o ||EL(At*)ug — Eq(Ato®)ug| < B/4,
o (M/a)(LB+C)r* < /4, (MD/a)[t™ — (t —t0)* — 5] < B/4,

. /0 (to = 57| Baa(Alt = 5)*) = Eua(Alts — 5))]f(s, u(s))l| ds <
for all t € [to,to + 7], where

C= sup ||f(s7u(t0))||,
s€[0,t0]

D= sup |f(s,u(s))],
SE[O,tU]

M:max{ sup || Ea,a(AtY)|, sup ||Ea(At")||}.
te(0,00) t€[0,00)

INTRSY

Consider

K :={we C([0,to + 7]; X) : w(t) = u(t) for all ¢t € [0, t,]
and |Jw(t) — u(to)]| < B for all t € [tg,to + 7|}

and T: K — C([0,to + 7]; X) given by

T(w(t)) = Eq(t“A)ug + /0 (t —8)* LBy o((t — 5)*A) f(s,u(s)) ds.
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We check that T(K) C K.
(a) If w € K, then w(t) = u(t) in [0,to] with u the local mild solution to
(1.1) in [0, %o]. So, if ¢ € [0, %],

T(w(t)) =Eq(t“A)ug + /o (t—8)* By o((t — 5)*A) f(s,w(s)) ds
=FE,(t*A)ug + /0 (t—8)* ' Enpu((t —s)*A) f(s,u(s)) ds = u(t).
(b) Ifte [to,to + T], then
1T (w(t)) —ulto)l| < [[Ea(t*A)uo — Ealto™ A)uol|

_|_

’ /ot(t = 8)" Baa((t — 5)*A)f(s,w(s)) ds

_/ (t — )% B ((to — ) A) f (s, w(s)) ds

0
<Thi+Zo+Is+ 71y < P,
where

Il = HEa(taA)UO — Ea(toaA)uOH S g,

T, = / (t — 5)* B o((t — s)*A) f(s,w(s)) ds|| < %

to

7, = / (= ) = (to — )71 Baa((t — )7 A) (5, w(s)) ds
0

i
.

<

I, = /0 O(to - 5)a71[Ea,a((t - S)QA) - Ea,a((to - s)O‘A)]f(s,w(s)) ds

By similar computations, we conclude that, for every t € [0, ¢ + 7],

T () - T < Z2 supfuls) ~ v(s)]
« s€[0,to+7]
<5 swfuls) —u(s)]

s€[0,to+7]

for all u,v € K. Therefore, by the Banach contraction principle, we conclude
that there exists a unique fixed point u* € K of the integral equation. As in the
proof of Theorem 1.2, it is not difficult to see that u* is the unique continuous

continuation of w in [0, ¢y + 7]. O
The following result will be useful in the proof of Theorem 1.4.

LeEMMA 3.2. Consider w € (0,00), u: [0,w) — X a bounded continuous
function, and f:[0,00) x X — X continuous and bounded. If {t,} C [0,w)
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satisfies lim,, t,, = w, then
tn
hfln/ (tn — T)a_lll[Ea’a(A(tn —7%) = Ea,a(A(w — 7)) f(r,u(r))| dr = 0.
0

PROOF. Let M = sup [[Eq,a(At?)] and K = sup ||f(s,u(s))||. Given
t€[0,00) s€0,w)
e >0, fix v € (0,w) such that

MMKS
«

| ™

Now, choose NV € N such that
e t, > foralln> N;
¥
o / (tn — r)a_ln[Ea,a(A(tn —7%)) = Ea,a(A(w — )] f(r,u(r))[| dr < %

0
for alln > N.

Hence, we conclude that for n > N,
tn
/0 (tn = 1) [Basa (Alty — 1)) = Eaa(A(w — )] f(r,u(r))] dr

<

N | ™

tn _ [e%
+/ (tn—r)a_lMKdrgg—i—uMKgg. |
o
¥

PRrROOF OF THEOREM 1.4. Consider H := {7 € [0,00) : there exists u,: [0, 7]

— X unique local mild solution to (1.1) in [0, 7]}. If sup H = w, we can consider

a continuous function u: [0,w) — X that is a local mild solution to (1.1) in

[0,w). If w = oo, then u is a global mild solution in [0, 00). Otherwise, if w < 0o

we will prove that lirtn sup |u(t)] = oco. By contradiction, suppose that there
—

w
exists K < oo such that |Ju(t)|| < K for all ¢ € [0,w). Therefore, it follows from
Lemma 3.2 that if {t,} C [0,w) is a sequence that converges to w, given & > 0,
there exists IV € N, such that, if m, n > N, we have

| B (12 A)ug — Eq(t2 A)uo|| < g,
MK €

tn — tm|¥ —— < =,

| | a ~ b

o o o MK ¢
5y = (n — )™ — 0] = < 2,

/0 ’ (tn — T)a_lmEa,a((tn —1)*A) = Eao((w—r)*A)]f(r,u(r))||dr < %a
| =) Bt =107 4) = Bl = 1 AN ) dr < 5,
where
K= swp [f(tu@®)l, M=max{ sup [|FaalAt?)],  sup [EalAe)]}

te(0,w) t€[0,00) t€[0,00)
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Hence, for n,m > N and assuming, without loss of generality, that ¢, > t,,, it
follows from the estimate

[u(tn) — u(tm)l| < [|Ea(ty A)uo — Ea(ty, A)uoll + 1o + o + Is,

where

I, = /f (o = 1) Baa(tn — 1) A) f(ry u()) | dr < [t — tm|a¥7

Lm

I, = /0 " (b - 1) [Baa((tn = 1)*A) = Eaa((tm —r)*A) f(r,u(r))| dr
< / ’ (tn — r)a_IH[Ea,oc((tn =1)%A4) = Eao((w —7)*A)f(r,u(r))| dr
0
+ / " (b - 1) [Eaa((tm = 1) A) = Eqa((w = 1) A f (r,u(r))|| dr
0
< / (b - ) M[Eaa((tn =) A) = Ea,a((w = r)* A)] f (r, u(r))|| dr
0

+ / " (tm - T)ailn[Ea,a((tm - T)QA) - Ea,a((w - T)QA)]JC(T’ U(T))” dr
0

and

t’NL
Iy = /O [(tn = 9)°7" = (tm = )7 | Basa(tm — $)*A) f(5,u(s))]| ds
MK
S — (b — )™ — O |
<185~ (1o — 1) — £33
that ||u(t,) — u(tm)|| < e. This computation shows that {u(t,)} is a Cauchy

sequence and therefore it has a limit, u; € X. Then, we may extend u over [0, w]
obtaining the equality

u(t) = Eu(t* Ayug + / (t— 8 Eaa((t — 5)2A)f (s, u(s)) ds

for all ¢ € [0, w]. With this, by Theorem 1.3, we can extend the solution to some
bigger interval, which is a contradiction with the definition of w. U

COROLLARY 3.3. Let f:[0,00) x X — X be as in Theorem 1.4 and suppose
that there exists a constant K > 0 such that if ||ugl| < K, then the solutions
o (1.1), while exists, are bounded by K. Then (1.1) possesses a unique global
mild solution.

4. Critical nonlinearities

Following the notation of [2], we consider the following class of nonlinearities:
let €, v(g), &, ¢, ¢, and 0 be positive constants, and a function v with values in
[0,0) and lim; ,o+ v(t) = 0. Define F(e,p,v(€),c,v(-),&,¢) as the family of
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functions f such that, for ¢ > 0, f(¢, -) is an e-regular map relative to the pair
(X1, X0), satisfying, for all x,y € X'+¢,
1F () = F(& )l xvo ezl + Iyl + v )l = yllxi,
£t 2) [l xvcer <5 elllzl|frse +v()E°).

Without loss of generality we may assume that the function v is non-decre-
asing. We will suppose that 0 < ¢ < a(y(e) —¢) and 0 < £ < avy(e), a € (0,1).
In most cases in the arguments below we will fix the parameters ¢, y(g), p, &, ¢
and ¢, and we will denote the class F defined above by F(v(-)).

As immediate consequence of Lemma 2.2 we have that if 0 < 6,5 < 1, then
(4.1) 10D B (12 A)a| xrvo < M| xs,

1Ot By o (8% Az x 100 < M2 x5

To prove Theorem 1.7 we need some previous results.

LEMMA 4.1. Consider a € (0,1), 8 € [0,1], and a sectorial operator A. The
operators {t*?E,(t*A): X' — X'*9},~¢ are bounded linear operators satisfying
[0 Ea(t* A)l| g x1 x1+0) < M,
with M > 0 independent of t. Moreover, given a compact subset J of X', we

have

lim Sup ||ta0E (t*A)x||x1+0 = 0.
t—=0t 5

PROOF. The fact that [[t*? Eq (t*A)||z(x1,x1+0) < M follows from (4.1). For
the remaining part it suffices to observe that the operators t*E, (t*A): X' —
X are uniformly bounded in ¢, that

lim [[t*Eq(t*A)x||x1+a = 0,
t—0+
for x € X'** and that X is a dense subset of X! O

Let B: (0,00) x (0,00) — (0, 00) be the beta function given by

1
B(a,b) = / (1—x)* tab~ e
0
For ¢ > 0, define

BI(¢) = Oi%ge{B(a(v(s) —n),1=¢),B(a(y(e) =n),1 - ape)}.

LEMMA 4.2. With the above notation, let f€ F(v(-)). If ue C((0,7]; X1+¢),
then, for all 0 < 0 < ~(g), we have that

ta@

/0 (t— )% B o ((t — )% 4) f (s, u(s)) ds

< MCBQ(g)( ( )ta'Y(E) 3 + )\( )pta(’y(s)fpe))

X1+6
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for 0 <t <7, where A(t) = sup {s*¢||u(s)||x1+e}.
s€(0,t]

PROOF. Indeed, we have that

19 / 1t = )2 Bua((t — )7 A) f(5, u(s))l| 10 ds
<M / (t = )20 e ()57 + u(s) .. ds
< Mev(t)t*? /t(t — 5)*0(E=0=1g=¢ g
0
+ Mct™? /0 t(t — )OO gmaPe (598 |y (5) || x1+2 )P ds

1
< Me(t)ef—+a(r2)=0) / (1= ) 50EO=0-1-¢ 4o
0

1
+ MeA(t)Pto0—crs+atr(=)=0) / (t — 5)2(1EO)=0)=1 g=ape g
0

= MCBZ (5)(”(079%8)75 + )\(t)PtOZ(V(E)*pE))7
which concludes the proof. -

LEMMA 4.3. With the above notation, let f € F(v(-)) and consider u,v €
C((0,7]; X**2) such that t°¢||u(t)||x1+- < p and t°¢||v(t)|| x14- < p for some
w>0. Then, for all 0 <0 < v(e) < 1, we have

taO

/O (t— )2 Bua((t — 8)* A)(F(s, uls)) — f(s,0(s))) ds

< MCBZ(C + as)[u(t)ta(v(E)*G)*C + 2MP*1ta(’Y(5)+E*9*PE)}

X1+6

x sup s*|ju(s) — v(s)| xi+e-
0<s<t

ProoF. It follows from the e-regularity property of f that

90 [ 1= ) B~ ) AN 005D~ .05 s
< Mee! / (8= 9200 (5, u(s)) = (515D

ct® t — 5)2E =01y (s) — v(s)|| x1re
<Met /0<t ) lu(s) — v(s)]
x ([u()EL. + () 15aL, + w(s)s~) ds

t
< Mev(t)t*? / (1 - )2 O~ =15=C=02 0|y (5) — (s)] x11c ds
0

t
+Mcta9/ (t _ S)a('y(e)—é)—ls—ape
0
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X (8™ u(s)lx1+<)? 7"+ (% [Jo(s) | x1+2 )7~ s Ju(s) — v(s)||z1+- ds
< [V(t)ta(v(E)%)fC + Qupfltoc(w(E)%f@ffJE)]

x McBY(¢ 4+ ag) sup s°|lu(s) — v(s)|| xite. O
0<s<Tt

Now we may prove the main result of this section.

PROOF OF THEOREM 1.7. Define u by

1
MCBilu’p_l = §7
where BY := max{B?(¢), BY(¢ + ag)} and choose r = r(u, M) > 0 such that
" 1

"TUM T AM(3cMBe) -1
For vy fixed, choose 79 € (0, 1] such that v(¢) < § for all ¢ € (0, 0],

[£2 B (t% A)vo | x14 < g if0 <t <1,

and .
McéBE = min {g, 4}.
Consider
K(m) = {u € C((O,T()];X1+E) :osup % |u(t) || x1+e < u}

tE(O,TQ]

with norm
lull r) = sup t*[Ju(t)|| xr+e.
E(O,To]

Suppose that ug € X! with ||ug — vo||x1 < 7 and define on K(7p) the map

Tu(t) = Eq(t*A)ug + /0 (t —8)* LBy o((t — 5)*A) f(s,u(s)) ds.

Our purpose is to show that for any ug € Bx1 (v, ), K(79) is T-invariant and
T is a contraction.
Initially, let us prove that T': K(m9) — K(79) is well defined.

CramM 1. If u € K (1), then Tu € C((0,70); X1 +9) for all 6 € [0,7(¢)).
For this, let t1,to € (0,70], t1 > t2; then, for every 0 < 6 < 7(e), we have
that

Tu(ty), =Tu(t2)| x1+0 < [[(Ea(tTA) — Ea(ty A))uol|x1+0
to
+ H/ (ty — 8)* ' Faa
0

X ((tz = 8)*A) = (t1 = 5)* *Ea,a((ta — )" A)) f (s, u(s)) ds

X1+9

i H /:(“ —5)* " Baal(ts = 5)*A)f(s,u(s)) ds

X1+0



460 B. DE ANDRADE — A.N. CARVALHO — P.M. CARVALHO-NETO — P. MARIN-RUBIO

The first term trivially goes to 0 as t; — t;‘. A similar procedure to Theorem 1.4
shows that the second term also goes to 0 as t; — t5. Let us consider the third
term. We have

| Bt o sttty

ty

<M [ (tr = ) 0O (s, u(s) | oo ds

X1+9

to

ty

<Me [t =) 0O w(s)s ¢ 4 ul)fl) ds
ta
t1

< Mcod (ty — s)o‘(’Y(E)fe)*ls*5 ds

ta

t1

+ Mc/ (ty — )= 0(s) || x1+e ds
to
1
SMC&?(W(E)%)*&/ (1- S)a(’y(s)—@)—ls—f ds
ta/ty
1
b Mepptot©—0=pe) / (1 = 5)2(E=0)=1 =ape o

t2/t1

which goes to 0 as t; — t; The case t; < to is analogous.

CLAM 2. t*¢||Tu(t)| x1+- < p for all t € (0, 7o].
Indeed, we may estimate as follows.

N Tu(t) || xr+e < |67 Ea (At Juol| x1+-
+ Mt*® /Ot(t — 5)* 0O £ (s, u(s)) || xoco) ds
<[t Eo (AtY) (uo F vo) || x1+-
+ Mct™® /Ot(t —5)* 0O w(5)57¢ 4 Ju(s) |51+ ) ds

1
<My + [[t* Eo (At*)vol| x 142 + Mc(;tow(s)—f/ (1— S)a(w(s)—s)—ls—é ds
0

1
+ Mcﬂpta(“/(E)—pE)/ (1— s)a(v(f)—E)—ls—apa ds
0
< Mr + ||t% Eq (AtY)vol| x14e + McdBE + Mceu’BE < p.

This shows that T'(K (7)) C K (7).
Finally, by taking 6 = ¢, it follows from Lemma 4.3 that T is a strict con-
traction in K (7p) and that

1
1Tu(t) = To(t) s (ro) < 5 v = 0ll(ro)-
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By the Banach contraction principle we have that T has a unique fixed point
in K(r9), which will be denoted by w(-,up). It is defined for ||ug — vollx1 < r,
0<t< .

Observe that u(-,ug) € C((0,7); X1*?) for all 0 < 6 < (). Furthermore,
we will prove that

CLAM 3. t%9|u(t, up)||x1+0 — 0 ast — 0, for all 0 < 8 < 7y(g).
Indeed, from Lemma 4.2 we have that

1% Ju(t, uo) || xivo <0 Ea(t*A)uol x40

/O (t = )% Baa((t — 8)*A) f(s, u(s, o)) ds
<1 B (1 A)us 00 + MB(ENA)

+ McBL(pP™" sup {5 ||uls, uo) | x1+e}-
0<s<t

+ toz@

X1+6

Therefore, if § = ¢ we deduce

t )| w(t, uo)|| x1+e < || Eo(t* A)ugl x1+e

1
+ McBiv(t) + < sup {s*||u(s, ug)l|x1+},
8 o<s<t

from which we obtain

8
sup {s*||u(s,uo)|xi+e} < ( sup {Sas||Ea(SQA)UO||X1+E}+MCB§Z/(t)) -0
0<s<t 7 0<s<t

as t — 0. From above we also conclude that Claim 3 holds.
Cram 4. lim |Ju(t,up) — ugllx1 = 0.
t—0+t
For this observe that from Lemma, 4.2,
[[u(t,uo) — uol|x
t
< B (t* A)ug — uollx1 + [ [[(t = )% Ea,a((t — 8)*A) f(s,u(s, uo) || x1 ds
0

<[ Ba(t*A)uo — uollxr + McB2(€)(v(t) + [ sup {s™[luls, wo)llxi+e}1°).

Therefore, the claim follows and we have that u(t, ug) is an e-regular mild solution
starting at ug and it is the unique e-regular mild solution, starting at wug, in the
set K (79). We will call it the K-solution starting at ug.
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Moreover, if ug, wg € Bx1(vg,r), it follows from Lemma 4.3 and the choice
of ) that

(4.2) 9 u(t, uo) — u(t,wo)l| xi+o < 1) Eq(t*A)(ug — wo)| x1+0

/0 (t = )2 By (£ — ) A)(f (5, u(5, 10))

+t?

— f(s,u(s,wp))ds

X1+6

< M|ug — wo x1 + McB (¢ + ag)v(t)te0&=0=¢

X sup {so‘9||u(s,u0)—u(s,w0)||X1+s}
0<s<19

+ McBY(¢ + ag)2pr~ o0 +e=0=re)

X sup {SD‘GHu(s,uo)—u(s,w0)||X1+5}.
0<s<To

For 6 = ¢ we obtain

% | u(t, up) — u(t, wo)|| x1+<

1
< Mljuo —wollxr + 5 sup {s*[u(t, uo) — ult, wo)llx1+},
0<s<tg

which implies
tasHU,(t, UO) - U(t, wO)||X1+E < QMHUO — w0||X1.

For 0 <0 <6y < v(e) + € — pe we have from (4.2) that

t°|[u(t, uo) — u(t, wo)l|x1+o0 < Mlluo — wol x»

+ 20M2EBY(C + ) () OE=0=C 121 G002y — g
<C(6o)|luo — wollx1,

where

C(6y) =M <1 +2M sup {cBY(¢ + ae)p(t)teE—)=¢

tG[O,T()],
0<60<6y

+ 2up1ta(’y(€)+59p€)]}) )
This concludes the proof of the theorem. O

We have the following two consequences of Theorem 1.7. The first one is that
if f is independent of time, we obtain the same result. Observe that this is not
just by an application of the theorem, since now we do not have a time-dependent
class F any more. However, it is not difficult to readapt its proof.
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COROLLARY 4.4. With the above notation, assume that f is independent of
time and it is an e-regular map, for some € > 0, relative to the pair (X', X°).
Then if vo € X1, there exist r = r(vg) > 0 and 79 = 7o(vo) > 0 such that for
every ug € Bx1(vo,r) there is a continuous function u( -, ug): [0,79] — X' with
u(0) = wg, which is an e-regular mild solution to the problem (1.3) starting at

ug. Furthermore, this solution satisfies
u € C((0, 0); X119, 0 <6 <~(e),
lim 2% ||u(t, uo)||x140 =0, 0 <0 <(e).
t—0+
Moreover, for each 6y < v(€) 4+ € — pe there exists a constant C > 0 such that if
ug, wo € Bx1(vo, ), then
29| u(t, ug) — wu(t, wo)|| xr+e < C|lug — wol| x1
for allt € 10,70], 0 <0 <8y <~(e) +&— pe.
The second consequence of Theorem 1.7 is the following

COROLLARY 4.5. Let f be as in Theorem 1.7 and K a relatively compact set
in X1, then there exists 1o = 79(K) such that the e-reqular solution starting at
ug exists in the time interval [0, 7] for any ug € K.

5. Comparison and positivity results

5.1. Linear equations. The following result establishes the equivalence
between the positivity of the resolvent operator of A and the positivity of the
Mittag—Leffler families.

PROPOSITION 5.1. Let (X,<x) be an ordered Banach space and consider

€ (0,1) and A: D(A) C X — X a sectorial operator. Suppose that there exists

Xo > 0 such that (\* — A)™! is increasing for any A > X\g. Then, E,(t*A) is

increasing for all t > 0. Conversely, if X > ug — Eu(t*A)ug € C([0,00); X) is
increasing for all t > 0, then (\* — A)~! is increasing for any \ > 0.

PrOOF. The case t = 0 is easily verified.
To prove the case t > 0, consider 0 <x ug € X. From Proposition 2.4, write

n+1 a a —1\ k
. 1 o n n
(1) Ealt* Ao = i 5D b () ((F) -4) ) >0
If n € N is such that n/t > Ao, then

o= ((5) <)

Since the values b n+1- glven by (2.4), are positive real numbers and the positive
cone is closed, it follows from (5.1) that 0 <x E,(t*A)uo.
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Conversely, since the integral is a positive operator and
(o)
A= — )L = / eMEL(tA)dt for all A > 0,
0
we conclude that (A* — A)~! is a positive operator whenever A > 0. O

REMARK 5.2. (a) Proposition 5.1 is equivalent to the following result: if
0 <x ug, then the solution of the linear homogeneous problem

eDu(t) = Au(t),
u(0) = up € X,
verifies 0 <x u(t) for all ¢ > 0. Equivalently, if u; <x wug, then v(t) <x u(t)
for all t > 0, where u and v are the corresponding solutions to the problem with
initial conditions u(0) = ug and v(0) = uq, respectively.
(b) The assumption on the operator A is equivalent to the following positivity

result for elliptic problems: for any A > Ag and for any f with 0 <x f, the
solution to the problem A\“u — Au = f satisfies 0 <x wu.

A similar result may be stated in terms of the family {E, o (t*A4)}i>0.

PROPOSITION 5.3. Let (X,<x) be an ordered Banach space and consider

€ (0,1) and A: D(A) C X — X a sectorial operator. Suppose that there exists

Ao > 0 such that (\* — A)~! is increasing for any X\ > Xg. Then, Eq o(t*A) is

increasing for all t > 0. Conversely, if X 3 up — Eqo(t*A)ug € C([0,00); X)
is increasing for all t > 0, then (A* — A)~! is increasing for any A > 0.

Proor. It suffices to observe that if ug € X, then

1 n n ak+1 n « —(k+1)
1 B, o (6 A)ug :nlin;oa;akbg7n (t) ((t> —A) up, t>0.

Now, we may proceed as in the proof of Proposition 5.1. Conversely, we have
that

(A —A)! :/ e ML B, o(t* A) dt,
0
for any A > 0, which concludes the proof. O

COROLLARY 5.4. Let (X,<x) be an ordered Banach space and consider o €
(0,1) and A: D(A) C X — X a sectorial operator. Suppose that there exists
Ao > 0 such that (\* — A)™1 is increasing for any X\ > Xo. Let uy(t,ug) be the
local mild solution in [0, 7], for some T > 0, to the problem

eDfu(t) = Au(t) + f(t), t>0,
u(0) =up € X,

and suppose that f € L*(0,7;X). Assume that u1 <x ug and fi1(t) <x fo(t)
for almost every t € (0,7). Then uy (t,uo) <x uf(t,uo) for all t € [0,7].
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In particular, if 0 <x wo and 0 <x f(t) for almost every t € (0,7), then
0 <x us(t,up) for all t € [0, 7].

PROOF. Observe that the corresponding solutions (i = 0, 1) are given by

u;i(t) = Eo(t*A)u; + /Ot(t —8)* By al(t — 8)*A) fi(s) ds.
Since E,(t*A)u; <x Eo(t*A)ug and, for any 0 < s <t < T,
Boa((t = 5)" 7" A) f1(s) <x Baa((t =)' A) fo(s),
the result follows from the fact that the integral is a positive operator. O
5.2. Semilinear equations. In this paragraph we deals with comparison
results and positivity for the semilinear problem (1.1) where f: [0,7) x X — X

a continuous function, locally lipschitz in the second variable (uniformly with
respect to the first variable), and, eventually, bounded.

PrOOF OF THEOREM 1.9. Let T be the operator defined by
t
T(u)(t) = Ea(t*A)uo + / (t = )% Baa((t — 8)*A) f(s, u(s)) ds.
0

We proved in Theorem 1.2 that if 7 € [0, 9] and S > 0 are small enough, then T
is a contraction in K = {u € C([0,7]; X) : Ju(t) — up|| < B} and it has a unique
fixed point. Consider yo(s) = ug, s € [0,7]. Consequently, 0 <x yo(s) and
0 <x f(s,90(s)) almost everywehre in (0,7). Hence, y1(¢t) = T'(yo(t)), ¢ € [0, 7]
satisfies 0 <x y1(¢). Iterating, we obtain

0<x yn(t) = T(yn—l(t))» le [O»T]'

Since {yn}nen converges to uw in C([0,7]; X) we have that 0 <x wu(t) for all
t € [0,7]. Now, combining this with some continuation arguments from Section 3,
we may conclude that 0 <x u(t) for all ¢ € [0, to]. O

PrOOF OF THEOREM 1.10. (a) For i = 0,1, we know that u;(t) = uy (¢, us),
is a fixed point of the operator

T(u)(t) = Ea(t" Aus + / (t— ) Baa((t - 52 A)f (s, u(s)) ds

in [O, ti].

Consider initially the function y9(¢) = w;, t € [0,¢;], i = 0,1. Iterating, we
have y?(t) = T(y! ")(t) and this sequence converges to wu;(t) in C([0,;]; X).
Furthermore, we have y{(¢) <x yJ(¢) for almost every ¢t € (0,t*) and hence

Flt,y1 (1) <x f(t,yp(t) for ae. t € (0,t).

Then, yi(t) <x ys(t) in [0,t*]. Iterating, we obtain y7'(¢t) <x y&(t) and conse-
quently uq (t) <x wug(t) in [0, ¢*].
Statements (b) and (¢) can be proved analogously. O
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