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EXISTENCE OF SOLUTIONS
FOR A CLASS OF p(z)-LAPLACIAN EQUATIONS
INVOLVING A CONCAVE-CONVEX NONLINEARITY
WITH CRITICAL GROWTH IN RV

CLAUDIANOR O. ALVES — MARCELO C. FERREIRA

ABSTRACT. We prove the existence of solutions for a class of quasilinear
problems involving variable exponents and with nonlinearity having critical
growth. The main tool used is the variational method, more precisely,
Ekeland’s Variational Principle and the Mountain Pass Theorem.

1. Introduction

The present paper concerns with the existence of solutions for the following
class of quasilinear problems involving variable exponents
—Ap(zyu + V(z)uP® =1 = A\h(z)u" @)1 4 @1 4oqp"@-1 0 RN,
(P) u >0 and u # 0, RY,
u € WHPE)(RN),

where A,y is the p(z)-Laplacian operator given by

Apyu = div(|Vu[P®)~2vu),
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A, p are positive parameters, p: RV — R is a Lipschitz continuous function,
V,q,7: RN — R are continuous functions and h is a nonnegative function in
LO@) (RN with
_ Np(x)

Np(z) = r(z)(N - p(z))
Moreover, the functions p, ¢ and V are Z"-periodic, that is

(Ho) pz+y) =p), qz+y)=qx), Viz+ty) =V(r),

for all x € RY and for all y € Z", and we also assume that

O(x)

(Hy) 1<p_ <plx)<py <N forall zeRY,
(Hz) l<r_<ry <p-<py<q <q(z)<p*(z), foralzeR".
(Vo) nf V()= > 0

Here, the notation u(x) < v(x) means that (u(z) —v(z)) > 0, u =

inf
zERN
ess zierﬂlefN u(z), uy = ess a;selﬁ&pN u(x) and u*(x) = Nu(x)/(N — u(z)) for allz € RV,
Partial Differential Equations involving the p(z)-Laplacian arise, for instance,
as a mathematical model for problems involving electrorheological fluids and im-
age restorations, see [1], [2], [10], [14], [15], [37]. This explains the intense research
on this subject in the last decades. Regarding to the application of variational
methods in order to solve p(x)-Laplacian problems, many research were already
done when the nonlinearities have a subcritical growth, see for example, [5], [8],
[12], [16]-[18], [20], [23], [34] and references therein. However, when the growth
involves some criticality, some articles just began appear recently, see the pa-
pers due to Alves and Souto [8], Alves [6], Alves andFerreira [7], Bonder and
Silva [26], Bonder, Saintier and Silva [24], [25], Fu and Zhang [27], [28], Shang
amd Wang [38] and references therein.
In [3], Alves has studied the existence of solutions for the following class of
quasilinear problems:

—Apu = Ag(z)u"1 + w1, RN,
(Po) u>0, u#0,

u € DVP(RY),
where A > 0,2 <p < N, 1< r < pand g is a nonnegative function belonging
to LY(RN) with @ = Np/(Np — r(N — p)).

In [3], by using variational methods, more precisely, Mountain Pass Theorem

and Ekeland’s Variational Principle, the existence of two solutions has been
established when X is small enough. In the literature, we can find a lot of

papers related to problem (Pg) involving bounded or unbounded domains, see
for example, [9], [11], [13], [30], [31], [36], [39], [40]. However, involving variable
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exponents, the authors know only the paper [26], where the nonlinearity has
a behavior like concave-convex and the domain is bounded.

Motivated by the above informations, we prove that similar results to that
found in [3] also hold for the case where the exponents are variable. More
precisely, we have showing that the energy functional I: W'PE)(RY) — R as-
sociated with (P), which is given by

W= [ 19l @ 1 V() @) — h(@) 4 yr@
I) = [ S (VuP) + V@)up) - )

ry 7(7)

_ e L @
o = L e

has two critical points for each p large enough and A small enough.

Our main theorem is the following:

THEOREM 1.1. There exists p* > 0 such that for each p > p*, there is
Ay = AMp) > 0 such that problem (P) has two solutions Wy, ¥y € WHPE)(RN)
with 1(W) < 0 < I(Vy), for all X € (0,\,).

The Theorem 1.1 is an immediate consequence of Theorems 4.3 and 5.3,
which were proved in Sections 4 and 5, respectively. In the proof of the above
results, we have used a result found in [7], which shows that if (Hy)—(Hz) hold,
the problem

) —Apyu + V(@) [uP@) =2y = plu|?@ =2y + [ufP" @72y, RN,
g u#0 and ue Whr@)(RN),

has a ground state solution, that is, the mountain pass level of the energy func-
tional associated with (P,) is a critical value.

We recall that the energy functional I, : WP (RN) — R associated to
(P,) is given by

1 1 1.
L= [ L (1vulr® v () @) — / 7uq<w>_/ Ll @

Thus, if ¢, denotes the mountain pass level of I,,, we say that ¥ € Whr) (RN)
is a ground state solution of (P,) if

I(¥)=0 and [,(¥)=cy,.

In [6], the below limit has been proved
(1.1) ¢y — 0, asyu— +4oo.

The above limit is a key point in our arguments, because in the present paper,
we will denote by pp > 0 a number such that

1/v 1
(1.2) ¢, < min {’Y<K> YN V} for all p > po,
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where
1 1 1 1
(1.3) y=———, ve=— - —,
b+ P_ b+ g-
and K > 1 is fixed satisfying
[u|p(z) < K|lul|, for all u e wir@E(RN),

Furthermore, standard arguments work to prove that the ground state solution
U of (P,) can be chosen nonnegative.

NoOTATION. The following notations will be used in the present work:
e C and C; will denote generic positive constant, which may vary from
line to line.
e In all the integrals we omit the symbol dx.
e u'(z) = max{u(z),0} and v~ (z) = min{u(x),0}.

2. Variable exponent Lebesgue and Sobolev spaces

In this section, we recall some results on variable exponent Lebesgue and
Sobolev spaces found in [19], [21] and their references.

Let z € L>®(RY) with z_ > 1. The variable exponent Lebesgue space
L*@)(RN) is defined by

LF@RN) = {u: RY - R

u is measurable and / lu*@) < oo}7
RN
endowed with the norm

uz(:c)
=inf< A >0 - <1,.
o] [ )

The variable exponent Sobolev space is defined by

W@ RY) = fu e LORY) | [Vu] € L@ RV},

with the norm
[[ul

1,2(z) — |u‘z(m) + |vu‘z(z)
If M € L>=(R") satisfies M_ > 0, the norm

z(z) z(z)
(2.1) || = inf{A >0 ‘ / < Vel ()| > < 1}
v\ A )
is equivalent to norm || - || .(z)-

If 2_ > 1, the spaces L*(*) (RN) and W) (RN) are reflexive and separable
Banach spaces with these norms.

PROPOSITION 2.1. The functional £&: W@ (RN) = R defined by

(22) ) = [ (9u) 4 M)

has the following properties:
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(a) If [lull = 1, then [ul|*= < §(u) < [lul[**.
(b) If flull <1, then [Jul|*+ < §(u) < [lull*~
In particular, for (u,) C WH@)(RN),
[unll = 0 & &(un) =0,
and

(un) is bounded in W@ (RN & £(u,) is bounded in R.

REMARK 2.2. For the functional &,: L*(®*)(RN) — R given by

the same conclusion of Proposition 2.1 also holds. Moreover, from (a) and (b),

1/z_ 1/z4
23 e <max{ ([ ) ()
RN RN

Related to the Lebesgue space L*(*)(RN), we have the following generalized
Holder’s inequality.

PROPOSITION 2.3 ([35, p. 9]). For z € L®(R™) with z_ > 1, let 2/: RN — R

be such that
1 1

@) Z ()
Then, for any u € L*®)(RN) and v € L* @) (RN),

1
(2.4) ‘/zw<+>MmMzm
]RN — Z_

PROPOSITION 2.4 ([19, Theorems 1.1, 1.3]). Let z: RN — R be a Lipschitz
continuous satisfying 1 < z_ < z; < N and s: RY — R be a measurable

=1 ae inRY.

function.
(a) If z < s < 2*, the embedding W*@)/(RN) < L3@)(RN) is continuous.
(b) If 2 < s < 2%, the embedding W*@) (RV) — Lfo(f) (RYN) is compact.

The next two results are very important in our arguments and their proofs
follows the same arguments explored in [32], this form, we will omit their proofs.

PROPOSITION 2.5 (Brezis-Lieb’s lemma, first version). Let z € L= (RY) with
z_ > 1 and (n,) C L*@) (RN RF) verifying

(a) nn(x) — n(z), almost everywhere in RY;
(b) sup |nn‘L2(2)(RN7Rk) < 00.
neN

Then, n € L*®) (RN | R¥) and

/RN(|77n|Z(w) = [ — ﬂ\z(”:) - |77|z(I)) dz = 0,(1).
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PROPOSITION 2.6 (Brezis-Lieb’s lemma, second version). Let z € L>(RY)
with z_ > 1 and (n,) C L*@) (RN R*) verifying
(a) nn(z) — n(x), almost everywhere in RY;
(D) sup | =) @y jry < 00.
neN
Then n, — 1 in L*®) (RN, RF).
The next proposition is a Brezis—Lieb type result and it applies an important

role in our paper. For the case where z is constant, the result is due to Alves [4]
for z > 2 and Mercuri and Willem [33] for 1 < z < 2.

PROPOSITION 2.7 (Brezis-Lieb lemma, third version). Let z € L>=(R"Y) with
z_ > 1 and (n,) a sequence in L*®) (RN | R¥) such that

(a) nn(z) — n(x) almost everywhere in RY;
(b) sup |nn‘L2(l‘)(RN7Rk) < 00.
neN

Then
(2.5) /RN 172200 — 100 — 0P @2 (0 — 1) — )7 @27 @ = 0,(1).

PRrROOF. In what follows, we set A(z,y) = |y|*(*) =2y, for all z € RV, y € R¥,
Our goal is to show that

(2.6) / A, (@) = A, ma(x) = n(w)) = Az, n(a) "™
{z€RN; 1<z(z)<2}

= on(1)
and
(2.7) / Az, 10 (7)) — A, 1 (x) — n(x)) — A, ()@
{z€RN; z(x)>2}
= 0,(1),

because if the above limits occur, we have that (2.5) also occurs. This way,
we will begin showing the limit (2.6). If the set 27'((1,2)) has zero measure,
we have nothing to do. Thereby, we will assume that 2~1((1,2)) has a positive
measure and we will adapt the ideas found in [33]. First of all, we observe that

(2.8) a= sup F(z,y,h) < oo,
zez"1((1,2))
y,heRF
h+#£0
where

Ny PO 2y + h) — [y @2y
F($7y?h) - |h|z(w),1 .

In fact, given any ¢ > 0, it is easy to see that

F(z,y,th) = F<x ih)
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hence

a= sup F(z,y,h).
zez "t ((1,2))
y,heRF
[h|=1

Firstly, if |y| < 2, for any x € 27%((1,2)), h € R* with |h| = 1, it follows that
lly + PP 72 (y + h) — [y 72y <5,
implying that
(2.9) ap= sup F(z,y,h) < co.
zez™((1,2))

y,hE]Rk
ly|<2, |h|=1

On the other hand, if |y| > 2, for any ¢ € [0,1] and h € R with |h| = 1, it holds
ly +th| > |yl = t|h| > 1.

Therefore, for each i = 1,...,k and z € z27%((1,2)),
1
- z(x)— d 2(z)—
=+ 12+ 1) = 102 = | [ Sy 02 eh
1
. \ [ 92 4 at) = 20+ tholy + 4 ) ) dt\
0

1 1
<(3- z(;z:))/ ly + th|* @2 dt < 2/ ldt =2,
0 0
showing that

(2.10) as= sup F(z,y,h) < co.
zez™((1,2))
y,heR¥
ly[>2, |h|=1

Combining (2.9) with (2.10), we obtain (2.8).
A direct computation gives

|A(z, nn(2)) — A, mn(2) = n(2)) — Az, n(2))|
< F(z, (@) = n(@),n(@) (@) O~ + n(@) O < (a+ ()97
for all z € 271((1,2)), and so,
| A, 0 (2)) = A, ma(2) = () = A, (@)@ < (a4 1))@,

for all x € 271((1,2)), where 2/(x) = z(x)/(2(z) — 1), for all z € RV. Now, the
limit (2.6) follows from the last inequality together with Lebesgue’s dominated
convergence theorem.

In the proof of (2.7), we will adapt the ideas found in [4]. If the set
271([2,00)) has zero measure, we have nothing to do. Thereby, we will assume
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that z71([2,00)) has a positive measure. For each i = 1,...,k and x € RV, we
have that

Ai(z,mn(x)) — Ai(2, 1m0 (2) — n(x))
= [nn (@) P20l () — [nn(2) — n(2) 72 (0l (2) — ni(2)).

So, by the previous calculations,

A, (1)) — As(s () — ()]
< (2(x) — Vln(a I/I% (= 1)) O dy

< (24 = Dn(@)| (I ()] + In(2))*) 2.

Therefore

Az, na(2)) = Alw, () = n(@))| < C(|In(@) @~ + n(@)|[na(2) 72,
for all z € 271([2,00)). The above inequality combined with Young’s inequality
leads, for all € > 0, to

Az, n0(2)) = Al 1 (2) = n(@))| < Ce) ()@~ + el () PO
Now, for each ¢ > 0, n € N, we define the function f.,: RY — R given by

Fem(@) = max{|A(z, na (2)) = A2, 00 (2) —1()) — Az, n(2))| el ()77, 0},

which satisfies f. ,(x) — 0 almost everywhere in z71([2,00)), as n — oo, and
0 < fenlz) < (Cle) + D)™, for all z € 27([2,00)).
So, by Lebesgue’s dominated convergence theorem,
/ f::,g””) — 0, asn —oo.
~1([2,00))
On the other hand, by the definition of f; ,,
Az, m0(2)) = Alw, 10 (x) = (@) = Az, 1(2))] < elna (@)D + fon(@),

for all z € RY. Consequently,

Az, 10 () — Az, 10 (z) — n(2)) — Az, 7(2))['@
< 2% (€5 [ ()@ + f29),

for all z € RY and e > 0 sufficiently small. Thus,
o [ LA ) = A o) = () Al )

z71([2,00))

for all € > 0, which implies that (2.7) holds. O
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3. Preliminary results
In what follows, we will consider on W) (RN) the following norm
Jull = inf{a > 0; pa~tu) < 1},
with
plw) = [ (VP + V(a)ap®).
RN
Using well known arguments, we have that the energy functional
I: WhP@(RN) 5 R
associated with (P), which is given by
1 () (=)
Iw) = | ——(Vu”" +V(z)[ul""")
RN P
BN IR u/ L ()i _ / Lty
ry 4(2) ry P*(2)
is well defined and I € CH(W'P®) (RN) R) with

' (wy = / (VP =2VuVo + V(@) [ulP @ 2u)
RN

- )\/ h(x)(ut)r@ =1y — N/ (uh)a@® -1y _/ (ut )P @1y,
RN RN RN
for all u,v € WHPE)(RN).

LEMMA 3.1. All (PS)q sequences (vy,) for I are bounded. Furthermore, (v;)
is a (PS)g sequence for I.

PROOF. If there exist only a finite number of terms (v,,) such that p(v,,) > 1,
then (vy,) is bounded and the proof is complete. Otherwise, suppose the existence
of a infinitely many terms of (v,) such that p(v,) > 1. Since (v,) is a (PS)q4
sequence, there is ng € N such that

1
I(v,) = —I'(vp)v, <d+ 1+ |Jv,], n>ng.
q

On the other hand, using the fact that p(v,) > 1 and Holder’s inequality, we get

“pr (@) /(@)
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1 1 1 1
o p— - T T4
> <p+ q_)”vn” A(r_ q_>C|h|®(x)(|Unp*(z) + |Un|p*(z))
1 1 1 1
> — = — |lloall”~ = A — = — | [hlo@) (Cillvall"™ + Callon ™).
<p+ q)ll [ <r q)l o) (Crlvnl 2llvnll™)
From this, for n > ny,
d+ 1+ |v]l
1 1 1 1
> — - — vnp—)\(—>h_van’"+C v ||t
(55 = 2= ) onlP = 2( 5 = 2 )ibleey ool + el ™)

which yields (v,,) is also bounded in this case.

Now, we will prove that (v;}) is also a (PS)4 sequence for I. Note that the
boundedness of (v, ) combined with the limit ||I'(v, )| — 0 gives I’ (vy)v,, — 0,
from where it follows that p(v;) — 0, or equivalently v; — 0 in WHPE)(RN),
Now, a simple computation yields

I(v,) = I(v}) +o0,(1) and I'(v,)=TI'(v;)+ on(1),
proving that (v;") is a (PS)4 sequence. O
From the last lemma, hereafter we will assume that all (PS)y sequences for
I are composed by nonnegative functions. Moreover, once that W1P®) (RN)

is reflexive, if (v,) is a (PS)q sequence for I, we also assume that for some
subsequence, still denoted by itself, there is v € WP (RN) such that

vy — v in WHPERNY oy, (2) > u(z) aeinRY, w(z)>0 aeinRY.

The next lemma is a key point in our arguments, which can be found in [7].
However for the reader’s convenience we will make its proof.

LEMMA 3.2. Let (v,) be a (PS)y sequence for I and v € WP@) (RN) such
that v, — v in WHPE)(RN). Then, I'(v) = 0. Hence, if v # 0, v is a nontrivial
solution for (P).

PRrROOF. Following a standard reasoning, it is sufficient to show that, up to
a subsequence,

Vuu(z) = Vo(z) aein RY.
We begin observing that, up to a subsequence, there exist two nonnegative mea-
sures m and n in M(RY) such that
(3.1) Vo, [P —~m  in M(RY),
(3.2) lonP" ™ =0 in M(RY).
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In this case, according a concentration compactness principle in [27], there exists
a countable index set J such that

n= [P @ dz 4 Z 10z, m > |Vo|P®) dz + Z m;6y,,
i€ i€d

and

(3 (3

n; < Smax {mP+/p , m?’/p+ }

where (n;);e5, (M;)ies C [0,00) and (z;);e5 C RY. The constant S is given by

S = sup / lufP" (@),
uew PN (RN) JRY

flull<1

Our first task is to prove that m; = n;, for all i € J. For this, let ¢ € C5°(RY)
such that p(z) = 1in B1(0), p(z) = 0in B§(0) and 0 < p(z) < 1, for all x € RY.
Fixed i € J, we consider, for each ¢ > 0,

r — I;

Lpa(x):go( ) for all z € RV,

Since (vy,) is bounded in W1P(#)(RY), the sequence (p.v,,) is also bounded in
WLPE) (RN, Thus, I'(v,)(evn) = 0, (1), that is,

/(%'WnV’(”+vn|an\p($)*2anVsos)+/ V(@)|on]" ™ pe
RN RN

_ )\/ h($)|0n‘r(w)@€ + N/ "Un|Q(w)Sﬁs _|_/ |,Un|p*(af)(p€ + On(l).
RN RN RN

P (@)

Taking the limits as n — oo, the weak convergence of (|Vv,|[P®)) and (|v,
in M(RY) combined with the Lebesgue’s dominated convergence theorem and
Proposition 2.6, give us

(3.3) / ¢e dm + lim sup / | VU [P =2V0, Ve, + / V(z)|oP@® o,
RN n RN RN

:)\/ h(x)|v|r(””)g05+u/ |v|q(z)<p5+/ ©e dn.
RN RN RN

Using Hélder’s inequality and the boundedness of (v,,) in W1PE)(RY),

/ V| Vo [P@)~2V0, - Ve,
RN

< /]RN |vvn‘p(z)71‘vnv@6| < C||an|p(x)71|p’(:v)|vn|v¢6”p(m)

1/p- 1/p+
comae{( [, mrormar)™ ([ pporeeo) ™)
RN RN
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where p'(z) = p(z)/(p(x) — 1) for all z € RY. Therefore, by Lebesgue’s domi-
nated convergence theorem,

lim sup
n

/ 'Un|vvn|p(x)_2vvn . V@e
RN

1/p- 1/p+
<cm{ ([ op@wepe) ([ upewepe)
RN RN

Furthermore, by Holder’s inequality

/ NPV PO < ol | vy ov-on (B o) V2l | 17003 (B (01
R

/ V[N = / VolN,
Bac () B>(0)

Once that

we derive
IV QP @ v /oo (B ()

1/(N/p)- 1/(N/p)+
< max { (/ |v905|N) , (/ |V506|N> } <C
Bac(zi) Bac (w;)

for some positive constant C, which is independent of €. Thereby,

| PV < P s st
R

and so
lim sup / vn|an|p(x)_2an -V
n RN
< C'max {|U|p(x)|1L/15/<Np(z»(B%(wi))a ||U\p(x)|1L/J€/+<pr(w>>(325(zi)) }
But,
||v|p(z)|LN/<N—p<m)>(B2€(xi))

1/(N/(N=p))+
p*(I)> }

VW)
cwa{( [ op) ([
BQE(Ii) B2E(Ii)

from where it follows that

lim limsup‘/ vn|an|p(w)72V’unV905 =0
e—0 n RN

implying that
lim limsup/ vn|an\p(””)_2anVgoE =0.
e—0 n RN

Now, taking the limit as e — 0 in (3.3), we get
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Once that p* /p; < p% /p_, we have that

(3.5) WP < (PP PPy my i mg < 1
and
(3.6) nf’/p‘** < (Sm/p’i + Sp*/pi)mi ifm; > 1.

Thus, from (3.4)—(3.6), if n; > 0 for some ¢ € J, there exists a > 0, which is
independent of 4, such that

(37) n; > .

Recalling that

(3.8) Z nf+/p‘ + Z nff/m < CZmZ- < 00,
i€J i€J i€J
m; <1 m;>1
the inequality (3.7) gives J = {i € J; n; > 0} is a finite set. From this, one of
the two possibilities below occurs:
(a) There exist n;,,...,n;, > 0 for a maximal s € N;
(b) n; =0, for all ¢ € 7.

We begin analyzing (a). For this, choose 0 < g9 < 1 sufficiently small such
that

Bey(x1),..., Bey(ws) C B%(O) and B, (z;) N By (z) =0, i #j,

where x1,...,2s are the singular points related to n;,,...,n;_, respectively. We

set
S

bele) = ple) - Zw(x x) for all z € BV,

i=1

Then, for 0 < € < €9/2,

0 ifze U B ja(x4),
st(x) — i=1 s
1 ifx € A = Byye(0)\ | Bae(a2),
i=1

and
Suppiﬁa C B2/€(0) \ U BE/Q(‘Tl)
i=1
loading to
[ el @ [ oy,
RN RN
Since

I'(vn)(vahe) = 0n(1)  and  I'(vn)(vie) = on(1),
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repeating the same type of arguments for the case where the exponents are
constant, we obtain

@gé(gﬁwqﬂQm:a
where E
P, (z) = (|Vun[P®2V0, — |Vo[P®)=2V0)(Vu, — Vo)
for all z € RY and for all n € N, and
Qn(@) = (Joal?™) 20, — [o]P)720) (0, — v)

for all z € RN and for all n € N. Since

23—p+

|V, — VolP@ if p(x) > 2,
(39)  Pawzq R

(IV0n] + |Vo])> P

if 1 <p(x) <2,

it follows that

/ P, > c/ Vo, — VoP® > 0.
Ac Acn{zeRN;p(z)>2}

Thus,
(3.10) lim Vv, — VolP@® = .
" JAN{xeRN; p(x)>2}

On the other hand, by Holder’s inequality

./ Vo, — VoP®
A.N{zeRN; 1<p(z)<2}

_ p(z)
< C‘ |V, — Vo i i
(|Vv,| + |Vo])p@)/2=p(2) L2/p) (A2

(| Von| + |Vv‘)p(w)(2fp(w))/2|L2/(2_p(m))(l)7

where A, = A.N{z € RY; 1 < p(z) < 2}. From relation (3.9), the right side of
above inequality goes to zero. Hence,

(3.11) lim |V, — VolP@ = 0.
" JAN{z€eRN; 1<p(x)<2}
Now (3.10) combined with (3.11) gives
lim/ |V, — Vol[P®) = 0.
noJa,

The same arguments can be used to prove that

lim / V(@) Jon — 0P =0,
n Ja.
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Therefore, v, — v in Wl’p(z)(As). The last limit yields, up to a subsequence,
Vun(z) = Vo(z) almost everywhere in A, (0 < € < €9/2). Observing that

RN\{xla'-'axs}: U Al/na
neN
1/n<eo/2

we conclude by a diagonal argument, that there is a subsequence of (v,,), still
denoted by itself, such that Vv, (z) — Vu(z) almost everywhere in RY.

For the case (b), we consider ¢, (z) = p(ex) for all z € RY and A. = By ,.(0),
¢ > 0. Repeating the same arguments used in the case a), we have that v, — v
in Wtr@) (B1:(0)). This way, there is again a subsequence of (v,,), still denoted
by itself, such that Vv, (z) — Vu(z) almost everywhere in RV, O

LEMMA 3.3. Let (v,) be a (PS)q sequence for I with v, — v in WHPE)/(RN).
Then, there exists a constant M > 0, which is independent of A and p, such that

I(v) > =M (X~ + \®+).
PRrROOF. From Lemma 3.2, I'(v)v = 0, or equivalently,

/ V0P 4 V()o@ = / W)™ @ + g / o / o (@)
RN RN RN RN

From this,

1 1 1 1 .
I(v) > /\< - ) h(z)o"®) 4 ( - *) / P (@)
P+  T- RN P+ P_ RN

which together with Young’s inequality implies that for all € > 0,

1 1 *
I(v)ZE(—)/ P (@)
b+ -/ JrN

1 1 1 1 .
+ ( - ) C(e, z)N\®@pO@) 4 ( - *) / P (@)
b+  T-/ JrN b+ Dp— RN

1
)T(I)G(x)/P*(:c) '

where

p*(z)
O(x) (5 02)

1 1\ '/1 1
0 < e < min 1<) () ,
r- P+ b+ D—

it follows that I(u) > —M(A®- + A\®+), where

M:# 11 / LO() O
O_e®+-1 \r_  pi/) Jpn

The next result is an important step to understand the behavior of the (PS)

Fixing

sequences of I.
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LEMMA 3.4. Let (v,) be a bounded sequence in WP (RN such that v, (z) —
v(z) and Vv, (x) — Vo(z)almost everywhere in RN . Then:

(a) I(vy) — I (v —v) — I(v) = 0n(1), and

(b) I'(vn) = I (vn = v) = I'(v) = on(1).
Consequently, if (v,) is a (PS)q sequence for I with weak limit v € WP (RN),
setting wn, = v, — v, we have that for some subsequence, (wy) is a (PS)q_r()
sequence for I,.

Proor. From definitions of I and I, we derive that
I(vn) — 1,(vp —v) — I(v)

:/ ﬁ“wﬂp(m) Vo — TuP®) — [T
RN

V()
)

1
_ = (p(m) _ _ pla@) _ ga(x)
IU//RN q(l’) (vn |v7l U| v )
1

L @y @ _pt @)y () r@) _ yri@)
Ly @ =l o =) [ EE ) )

By Propositions 2.5 and 2.6, we observe that the right side of the last inequality

+ (0P — |, — v|P@) — P@))

—~

RN P

>

is 0,,(1), and so,
I(vn) = 1u(vy —v) = I(v) = on(1),
showing (a).
Now, to prove (b), we fix p € WHPE)(RN) with ||¢|| = 1. Using Holder’s
inequality together with Sobolev’s embedding, it follows that there is a positive
constant C such that

(I (vn) = I, (vn = v) = I'(v)]p < C(A1(n) + Aa(n) + As(n) + As(n) + As(n))

where
Ai(n) = ||V, [P 2V, — |V, — VolP72(Vo, — Vo) — Vo720 0,
As(n) = [o2) 20, — [0, = o]P D2 (0, — v) — 072,
Az(n) = p| 0220, — [, — 0|" 2 (0, — ) = v 2] (),
(n) |UP *(x)— _ |Un _ U|p*(r)*2(vn _ U) — P “(z)—2 ,U‘p*/(w)’

and
As(n) = A [ h(@)|(op@ 7 =" @ ).
RN
From Proposition 2.5, 4;(n) = 0, (1) for i = 1,2, 3,4. Related to As(n), we have
that

. h(l‘)|(’():l(x)_1 _ Ur(x)—l)()O' — /RN hl/r’(gc)w;(ac)—l _ ,Ur(ac)—l‘hl/r(x)le
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Since
hl/r'(w)w;(w)—l _ ,U’!'(JJ)—ll e LT/(I)(RN) and h1/7(.L)|90| e L7(1) (RN)7
by Holder’s inequality,

/ h(@)| (0@~ = 0@ o] < CIRM T @ |orE T — @O
RN

Now, our goal is to prove that |h1/rl(x)\vz(x)_1 — 0" @[, — 0, or equiva-
lently,
(3.12) / h(z)|pn @=L = yr@=1"@)

RN

To this end, we define V,,(z) = |v,2(:'3)_1 — 0" @=1"@) for all n € N. Then,
Vi (z) — 0 almost everywhere in RY and (V;,) is bounded in LP"(®)/7(=)(RN),
Therefore, by Proposition 2.6, it follows that V;, — 0 in LP"(*)/7(#)(RN). Thus,
h(x)V,(x) — 0
RN

proving (3.12). Consequently,
11 (vn) = I, (v — v) = I'(v)]| = on(1),

or yet

finishing the proof. (]

LEMMA 3.5. Suppose p > po, where ug is given in (1.2). Then, I verifies the
(PS)aq condition for
d < c, — MM\ 4+ 2\%+).

PRrROOF. Let (v,) be a (PS)4 sequence for I with d as above. We know that
there exists v € WHP(@)(RY) such that v, — v in WHPE(RN), and v, (z) —
v(z) almost everywhere in RV. Setting w,, = v,, — v, by Lemma 3.4, we see that
(wy) is a (PS)g—7(v) sequence for I,,. Thus, up to a subsequence, we can assume
that

/ (Ve P@ + V(2)wn?®) — L > 0.
RN

Next, we will show that L = 0. To this end, we recall that only one of the below
possibilities hold:
(a) There is R > 0 such that

lim sup / [w, [P =0
" yeRN JBg(y)

or
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(b) For each R > 0, there are n > 0, a subsequence of (w,), still denoted by
itself, and (y,) C RY ( which we can suppose in Z~ ) such that

lim |wp, [P > 1.
" BR(yn)

We will show that (b) does not hold. Arguing by contradiction, if (b) is true,
we define

wn(z) = wp(z +ypn), =RV,

Then, by a simple computation, I,(w,) = I,(w,) and I} (w,) = on(1). So,
(wy) is also a (PS)4_1(,) sequence for I,,. Let @ € WhP(@)(RN)\ {0} the weak
limit of w,,. Since I ,,(W) =0 and w # 0, it follows from the definition of c,, that

. . 1 o~
cp <1y (w) = I, (w) — EIL(U’)U’

n </R~ <p(1x) - pl+> (V@R P + V() w5 [P))

1 1\, 1 1\ -
e[ (B [ (2o Yime)
gy \P+  q(7) gy \Py+ D*(x)

- 1 o
= lim <Iu(wn) - pIL(wn)wn> =d—1I(v) <d+ M\ +)°+).
+

n

<l

3

Thus, ¢, — M(A®- + A\®+) < d, which is a contradiction with the hypothesis
on d. Therefore, (b) does not hold. Then (a) holds, and by Lemma 3.1 in [22],
wy, — 0 in LY@ (RN), or equivalently,

(3.13) / Jw,, 1) — 0.
RN

Since I}, (wn)wy, = 0, (1), we derive that

/ lwn [P ®) — L.
]RN

L@
plwn) ¥ /q(I)‘ n|

I
1 (@) () 1 “(a)
(@) |Vw [P+ V(@ )|wn|p ) — |wn‘p
]RN

p*(z)

By (3.13),

d—1I(v)+o0,(1) =

and so,

4= 1) +0,() 2 o= [ (Fwal® + V@)~ - [ .
RN p RN

b+

Taking the limit of n — +o00 in the last inequality, we see that

3.14 d—1 >—L7—L L.
(3.14) ()2 L L=1
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In this moment, it is very important to recall that I(v) > —M (A9~ + \®+).
Then, by the hypothesis on d,

(3.15) d—1(v) <ecp.
On the other hand, since p > pg, the last inequality combined with (1.2) leads

to d — I(v) < v/2KP+. Using this information, we get ||w,| < 1/K <1 for all
n > ng and so, |wy |y« (z) < 1 for all n > ng. The above inequalities show that

. 1/p” 1/py
(/ |wn|p (x)) < K</ |an\p(’”) _,_V(x)wnp(x)) ,
RN RN

for all n > ng. Taking the limit of n — +o0o, we derive LY/p= < KILYv+,
Supposing by contradiction that L > 0, we obtain

(3.16) L> (;{)1”.

Combining (3.14) with (3.16), it follows that d — I(v) > vL > ~v(1/K)'/7, which
is a contradiction, once that (3.15) and (1.2) imply that d — I'(v) < y(1/K)'/".
Thereby, L = 0. O

4. Existence of solution with positive energy

In this section, we will show the existence of a solution via Mountain Pass
Theorem. Our first lemma establishes that I verifies the mountain pass geometry.

LEMMA 4.1. For each j1 > 0, there exists Ay = A1 (1) > 0 such that I satisfies
the mountain pass geometry, if A € (0, \1).

PRrROOF. First of all, we observe that, for all u € WP@) (RN),

1
102 o [ (9P vl - 2 [l
P+ JrWN r— Jry

_ " || 2@ — i/ Ju[P" (),
q— JRrN P Jry
By Sobolev’s embedding, there are Cy,Cs > 0 such that

[ulgz) < Chllul| and  |ulp-(z) < Caflull, for all u € Wl’p(x)(]RN).

If we suppose that ||Jul| < m = min{l,1/C;,1/C5}, then

flul| <1, |ulgm) <1 and |ufp(q) < 1.
The above inequalities yield
1 . .
I(u) = p:HUHP+ — ACslhle (@ lull"™ — nCallul|*~ = Cs[lullP=, if [Jul| <m.
Since py < g—,p*, we can choose R = R(u) € (0,m) such that

1 * 1
7Rp+ — #C4RQ* — C5Rp— Z 7Rp+.
J 2py
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So, if ||ul| = R,
1
I(u) > — RP+ — )\Cg‘h|@(I)RT_.
2py
Now, we choose Ay = A1(p) > 0 such that
1
— RP+ — )\103|h|@(z)RT’ =06>0.
2py

Consequently, if A € (0, 1), we have that I(u) > 8, for ||u]| = R, showing that
the first geometry is satisfied. For the second geometry, we fix u € Whp(®) (RN)
with u™ # 0. Then, for ¢ > 1,

I(tu) < tp*/ L (|Vu|p(z) + V(m)|u|l’(w)) e / h(z) (u+)r(w)

ry P(2) ry 7()
1 (x) . 1 P (x)
— - / I O R / ut ,
o @) ) o 7@ )
from where it follows that tlim I(tu) = —oo. From this, we observe that the

second geometry follows choosing e = tou with to > R/||ul| and I(tou) < 0. O

LEMMA 4.2. For each p > po, there exists 0 < Ao = Ao(u) < Ay, with A\

giwen in Lemma 4.1, such that the mountain pass level ¢ of I satisfies
c<cy—MOA®= + 29, forall X € (0, \y).

PRrROOF. For each p > 19, we know that there is ¥ € WP (RN)\ {0} with
¥ > 0 such that [,(¥) = ¢, and [}(¥) = 0. In what follows, fix d; > 0 such
that

C— M(A®~ +29+) > %’* for all A € (0,8,).
Since for ¢t > 0 sufficiently small
1
I(tD) < tp*/ —
ry P(2)
there is tp > 0, which is independent of A, such that I(¢t®¥) < ¢,/2, for all
t € [0,tg]. Therefore, for each X € (0,41),

(IVul"® + V(@) |ulP),

I(t0) < %‘ <y — M(A®- +29+), forall t € [0, ).

On the other hand, using the fact that ¥ > 0, we have that

I(tW) = I, (W) — X /]R . ﬁg; (tW)"™) for t >0,

from where it follows that

) h(x)
ItV) <e¢, — Amin{t",t"+ / (@)
( ) 13 { } RN 7’(1’)

In particular, for t > ¢,

e h(zx)
I(t®) < ¢, — Amin{t; , t," / —gr@)
( ) 12 { 0 0 } RN T’(SU)
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Fixing 2 > 0 such that
min{ty 65"} [ )
M ry ()

we have that sup I(t¥) < ¢, — M(A®- + X\9+), if A € (0,d2). Setting Ao =
t>to
min{ Ay, d1,d2}, we obtain by the previous estimates,

sup I(tW) < ¢, — M(X®~ +)\®+) for all A € (0, \s).
t>0

)\(‘)_71 + A@-ﬁ—*l < \I/T(z)7 fOI' all A S (0762),

Once that ¢ < sup I(tV), for A € (0, A2), it follows that ¢ < ¢, — M (AP~ + \®+),
>0
finishing the proof of the lemma. O
THEOREM 4.3. For each u > g, there exists \* = A\*(u) > 0 such that
problem (P) has a solution with positive energy, for all X € (0, \*).

PROOF. Since p > po, by Lemma 3.5, the functional I verifies the (PS)q4
condition for d < ¢, — M(A\®- + \®+).

In what follows, we fix A* = Ao, where Ay was obtained in Lemma 4.2. From
this, if A € (0,A*), by Lemma 4.1, I has the mountain pass geometry, and by
Lemma 4.2, the mountain pass level c satisfies 0 < ¢ < ¢, — M(\®- + \®+).
Thereby, I satisfies the (PS). condition, and so, there exists ¥; € WP (RN)
such that I'(¥;) = 0 and I(¥;) = ¢ > 0 showing that ¥y is a nontrivial solution
for (P) with positive energy. O

5. Existence of solution with negative energy

In this section we will show the existence of a solution with negative energy
by using Ekeland’s Variational Principle.

LEMMA 5.1. I is bounded below in Br(0), where R > 0 is given by Lemma 4.1.
Moreover,

J= inf I(u)<O0.
’U.EBR(O)

PROOF. If u € Br(0), then ||u|| < 1. Arguing like in the proof of Lemma 4.1,
we obtain

1 A
1< [ (19 4 V@) + 2 [ )l
p— Jrn r— JrN

1 «
+ ﬁ/ |u|q(w) + T/ |u|P (z)
q— RN p_ RN

1 . *
< oIl + ACsle llull™™ + pCallul™ + Csllul”
1 .
< ?Rp_ + /\C3|h|@(w)Rr_ + uCy R 4+ C5 RP-.

From this, I is bounded from below in Bg(0).
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Let u € WHPE) (RN)\ {0} with ut # 0 and 0 < t < 1. Then,

I(tu) < 7~ p(u) — At"™* / M) 4y

ry T(T)

1 . 1 x
- t‘”/ ut)a@) —t”+/ ut)P (@)
M o aw ™ @)

Since r < p—, q4,p%, I(tu) <0, for t = 07, leading to J = inf I(u) <0.0
UGBR(O)

The next result establishes the existence of a (PS); sequence for I. The main
tool used is Ekeland’s Variational Principle and the arguments are very similar
to those found in [3], this way, its proof will be omitted.

LEMMA 5.2. For each A € (0,\1), where A1 is given by Lemma 4.1, there is
a (PS) sequence for I, that is, there is (u,) C WHPE)(RN) satisfying

I(up) = J and I'(u,)—0
Now, we are able to prove the existence of a solution with negative energy.

THEOREM 5.3. For each p > g, there exists \** > 0 such that problem (P)
has a solution with negative energy for all A € (0, \**).

PROOF. In fact, once that u > g, by Lemma 3.5 functional I verifies the
(PS)q condition for d < ¢, — M(A\®~ + \®+). In what follows, we choose A3 > 0
such that 0 < ¢, — M(A®- 4+ X\®+) for all A € (0, A3) and \** = min{\, \3}. For
each A € (0, \*), it follows from Lemma 5.2 that there exists a (PS); sequence

(up) for I, where J = inf I(u). By Lemma 5.1, we have J < 0, then [
uEBR(O)

verifies the (PS); condition. From this, there exists Uo € W1P(®) (RY) such
that I'(¥9) = 0 and I(¥2) = J < 0. Hence, ¥4 is a nontrivial solution for (P)

with negative energy. O

6. Final comments
Regarding to the problem

—Apyu+ V(2)|u|P®) 2y
(P)« = M) [u|"®) 2 4 plu|9®) 2y 4 |ufP @) =2, RN,
u € WhPE)(RN),

repeating the same arguments used by Azorero and Alonso [29], we can prove
that there exists pu* > 0 with the following property: for each p > p*, there
is A\, > 0 such that (P), has infinitely many solutions with negative energy, if
A € (0,A,). This result is obtained using the concept and properties of genus
and working with a truncation of the energy functional corresponding to (P)..
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