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GLOBAL EXPONENTIAL STABILITY AND EXISTENCE
OF ANTI-PERIODIC SOLUTIONS
TO IMPULSIVE COHEN-GROSSBERG NEURAL NETWORKS
ON TIME SCALES

YONGKUN L1 — TIANWEI ZHANG

ABSTRACT. By using the method of coincidence degree theory and Lya-
punov functions, some new criteria are established for the existence and
global exponential stability of anti-periodic solutions to impulsive Cohen—
Grossberg neural networks on time scales. Our results are new even if the
time scale T = R or Z. Finally, an example is given to illustrate our results.

1. Introduction

Since Cohen and Grossberg proposed a class of neural networks in 1983 [10],
which include Hopfield neural networks [14], shunting neural networks and other
neural networks [23], this model has received increasing interest due to its promis-
ing potential for applications in classification, parallel computation, associative
memory, especially in solving some optimization problems. Such applications
rely on the qualitative properties of stability. Thus, the qualitative analysis
of these dynamic behaviors is a prerequisite step for the practical design and
application of neural networks. Because of the finite speed of switching and
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transmission of signals in a network, time delays are inevitably present in elec-
tronic implementation of neural networks, which may influence the stability of
the entire network by creating oscillatory or unstable phenomena. In recent
years, the dynamical behaviors of Cohen—Grossberg neural networks with delays
have been studied by many researchers (see e.g. [9], [17]-[19], [21], [25]).

In reality, many physical systems undergo abrupt changes at certain moments
due to instantaneous perturbations, which lead to impulsive effects. Since the
existence of impulses is frequently a source of instability, bifurcation and chaos
for neural networks, the impulsive neural networks is an appropriate descrip-
tion of the phenomena of abrupt qualitative dynamical changes of essentially
continuous-time systems, see [3], [20], [31], [32] and references therein.

In fact, continuous and discrete systems are very important in implementing
and applications. It is well known that the theory of time scales has received a lot
of attention which was introduced by Stefan Hilger in order to unify continuous
and discrete analysis. Therefore, it is meaningful to study dynamic systems on
time scales which can unify differential and difference systems see [20].

Arising from problems in applied sciences, it is well-known that anti-periodic
problems of nonlinear differential equations have been extensively studied by
many authors during the past twenty years, see [1], [3], [27], [28], [33] and refer-
ences therein. For example, anti-periodic trigonometric polynomials are impor-
tant in the study of interpolation problems [11], [12], and anti-periodic wavelets
are discussed in [6]. In contrast, however, very few results are available on the
existence and exponential stability of anti-periodic solutions for neural networks,
while the existence of anti-periodic solutions plays a key role in characterizing
the behavior of nonlinear differential equations [8], [22], [29], [30].

To the best of our knowledge, the existence of anti-periodic solutions to
impulsive neural networks with time-varying delays has seldom been investigated
and remains important and challenging.

Motivated by above, in this paper we are concerned with the following im-
pulsive Cohen—Grossberg neural networks on time scales

n

22(t) = —ai(zi(t)) {bmm(t» =S e ()

(1.1) - zn:dij(t)gj(xj(t — 7 (1)) — ei(t)}, teT*, t#t, keN,
Ax;(ty) = zi(t)) — zi(ty,) = Liw(z4(tr)), i=1,...,n,

where T is an w/2-periodic time scale which has the subspace topology inherited
from the standard topology on R, TT = {t € T:¢ >0}, N={1,2,...}; for each
interval I of R, we denote It = I N'T, x;(t{), x;(t;) (i = 1,...,n) represent
the right and left limit of x;(¢x) in the sense of time scales, {¢;} is a sequence of
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real numbers such that 0 < ¢; < ... <t; — o0 as [ — oo; there exists a positive
integer ¢ such that t;y, =t + w/2, Ligyqg = —Lix, L € N, i =1,...,n. Without
loss of generality, we also assume that [0,w/2)r N {t; : 1 € N} = {t1,...,t,}.

The initial conditions associated with system (1.1) are of the form

x;(t) = ¢i(t), te[-7,0]r, 7= 12;]1%(” { tErr[%):?z:]T Tij(t)},
where ¢;(t) (i =1,...,n) are continuous functions on [—7, 0]r.

The main purpose of this paper is to study the existence and global exponen-
tial stability of the anti-periodic solutions of system (1.1) by using the method
of coincidence degree theory and Lyapunov functional method.

Throughout this paper, we assume that

(Hl) Tij >0, Cij, dij, €; € C(T,R), cij(t—l—w/?) = Cij(t), dij(t+w/2) = dij(t),
ei(t+w/2)=—e(t),i,j=1,...,n.

(H2) a; € C(R,(0,+00)), ai(—u) = a;(u) and there exist positive constants
a™, aM such that 0 < @ < a;(u) < aM forallu e R, i=1,...,n.

(H3) b; € C(R,R) are delta differentiable, b;(0) = 0, b;(—u) = —b;(u) and
there exist positive constants p;, d; such that 0 < p; < b2 (u) < 6; for all
uvueR i=1,...,n.

(Ha) fj; 95 € CR,R), fj(—u) = —f;(u), gj(—u) = —g;(u) and there exist
positive constants L; and P; such that

|fj(u) = fi(v)| < Ljlu—v| and |g;(u) — g;(v)] < Pjlu— v

forall u,v e R, 7=1,...,n.
(Hs) Lix € C(R,R) and there exist positive constants Gy, such that

ik (v) — Lig(v)| < Giglu — v

forallu,ve R, keNi=1,...,n.

For the sake of convenience, we introduce the following notations:

w 1/2
B = max R0, ||h||2< / |h<t>2At) ,

te[0,w]r

where h is an w-periodic function.

The organization of this paper is as follows. In Section 2, we make some
preparations. In Section 3, by using the method of coincidence degree, we obtain
the existence of the anti-periodic solutions of system (1.1). In Section 4, we
give the criteria of global exponential stability of the anti-periodic solutions
of system (1.1). In Section 5, an example is also provided to illustrate the
effectiveness of the main results in Sections 3 and 4. The conclusions are drawn
in Section 6.
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2. Preliminaries

In this section, we shall first recall some basic definitions, lemmas which are
used in what follows.

DEFINITION 2.1 ([5]). A time scale T is an arbitrary nonempty closed subset
of the real set R with the topology and ordering inherited from R. The forward
and backward jump operators o,p: T — T and the graininess p: T — R are
defined, respectively, by

o(t):=inf{seT:s>t}, pt):=sup{seT:s<t}, ult):=0(t)—t.
The point t € T is called left-dense, left-scattered, right-dense or right-scattered
if p(t) = ¢, p(t) < t, o(t) =t or o(t) > t, respectively. Points that are right-
dense and left-dense at the same time are called dense. If T has a left-scattered
maximum m, defined T* = T — {m}; otherwise, set T¥ = T.

DEFINITION 2.2 ([5]). A vector function f: T — R™ is rd-continuous provided
it is continuous at each right-dense point in T and has a left-sided limit at each
left-dense point in T. The set of rd-continuous functions f: T — R"™ will be
denoted by Ciq(T) = Cra(T,R").

DEFINITION 2.3 ([5]). For a function f: T — R (the range R of f may be
actually replaced by Banach space) the (delta) derivative is defined by
i _ Flol) = ()
o(t)—t 7
if f is continuous at ¢ and t is right-scattered. If ¢ is not right-scattered then the
derivative is defined by

5 i TEO) = F6) )~ (9

st o'(t — s s—t t—s

provided this limit exists.

DEFINITION 2.4 ([5]). If F2(t) = f(t), then we define the delta integral by

/ F(s)As = F(t) — Fla).

DEFINITION 2.5 ([5]). A function p: T — R is said to be regressive provided
1+ u(t)p(t) # 0 for all t € T*, where u(t) = o(t) — t is the graininess function.
The set of all regressive rd-continuous functions f: T — R is denoted by R while
the set R is given by {f € R : 1+ u(t)f(t) > 0} for all t € T. Let p € R. The
exponential function is defined by

entt5) =0 ( [ o plr)7 ),

where &, is the so-called cylinder transformation.
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DEFINITION 2.6 ([16]). For each ¢t € T, let N be a neighbourhood of ¢. Then
we defined the generalized derivative (or Dini derivative), D*u® (t) to mean that,
given £ > 0, there exists a right neighbourhood N(g) C N of ¢ such that

t —
uo(0) ~u(s) _ sy
o(t)—s

for each s € N(¢), s > t.

In case ¢ is right-scattered and w(t) is continuous at ¢, this reduce to

D+UA(t) _ U(O‘(t)) B U(t)
o(t)—t

Similar to [15], we shall first give the definition of anti-periodic function on

a time scale as following:

DEFINITION 2.7. We say that a time scale T is periodic if there exists p > 0
such that if t € T, then t £ p € T. For T # R, the smallest positive p is called
the period of the time scale. Let T # R be a periodic time scale with period p.
We say that the function f: T — R is w/2-anti-periodic if there exists a natural
number n such that w/2 = np, f(t +w/2) = —f(¢) for all t € T and w/2 is the
smallest number such that f(t +w/2) = —f(t). If T = R, we say that f is w/2-
anti-periodic if w/2 is the smallest positive number such that f(t+w/2) = —f(t)
for all ¢t € T.

LEMMA 2.8 ([5]). Let p, ¢ € R. Then:
) eo(t,s) =1 and ep(t,t) = 1;

(a
(b) ep(a(t),s) = (1 + p()p(t))ep(t; s);

(©) 1/ep(t,s) = eep(t, s), where ©p(t) = —p(t)/(1 + p(t)p(t));
(d) ep(t s)ep(s,r) = ep(t,7);

(e

) ey (+,5) =pep(-,s).
LEMMA 2.9 ([5]). Assume that f, g: T — R are delta differentiable att € T*.
Then

(f9)2(t) = F2(09(t) + f(a()g™ (1) = F(£)g™ (&) + f2(£)g(a (1)),
Flo()) = f(t) + u(t)f2(2).
The following lemmas can be found in [2], [4], [24], respectively.

LEMMA 2.10. Let ty, t2 € [0,w]r. If z: T — R is w-periodic, then

z(t) < x(th) + /Ow |22 (s)|As  and  x(t) > x(ty) — /Ow |z (s)]| As.

LEMMA 2.11 (Cauchy Schwarz inequality on time scale). Let a, b € T. For
rd-continuous functions f, g: [a,blr — R we have

[ st |At<(/ I |At) (/ab|g<t>|2m)

1/2
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LEMMA 2.12 (Mean value theorem, [13]). Let function f be continuous on
[a,b]t and delta differentiable on [a,b)T, then there exist &, s € [a,b)T such that
FREb —a) < f(b) = f(a) < F2E)(b - a).

DEFINITION 2.13. The anti-periodic solution z*(t) = (23 (t),...,z%(t))T of

rYn

system (1.1) is said to be globally exponentially stable if there exist positive con-
stants A and M = M()\) > 1, for any solution z(t) = (x1(t), x2(t), ..., 2, ()T of
system (1.1) with the initial value ¢(t) = (p1(t), ..., pn(t)? € C([-7,0]T,R"),
such that

Z |zi(t) — 27 ()] < M(Neen(t, a)lle — =7,

where
n

lp — 2™l = 2,1, lpi(s) =i (s)], a€[=7,0]r

LeMMA 2.14. Let f € C(T,R) is A-differentiable at t. Then
ATIf(6)] < sign(f7 () f2(t),  where f7(t) = f(o(t)).

PROOF. Case 1. If t is a right dense point, that is, o(t) = t.

(2.1) AT|f ()] < sign(f (1) f2(t) = sign(f7(6) F2 (1)
Case 2. If t is a right scattered point, that is, o(t) > t. If f(¢)f°(¢) > 0, one
can easily have sign(f(t)) = sign(f?(¢)), so we can obtain

ez aip) - OO SO0 s 0)10)

—sign(*(0) ( F ) (e 017200
If f(t)f°(t) <0, then one can get |f(t)| > sign(f(¢))f(t). Then

r _ @I =1 @] _ sign(f7 @) f7 () — [£ ()]
(23) A |f(t)| - M(t) - U(t)
< sign(f7 (1)) 7 () — sign(f7(8)) f(1)
- p(t)
—gsion( f° fg(t)_f(t) — gion( f° A
—sin(°(0) (ZULGE ) = siantro)r 0
Therefore, by (2.1)-(2.3), one can get A"|f(t)| < sign(f7(t))f>(t). O

The following fixed point theorem of coincidence degree is crucial in the

arguments of our main results.

LEMMA 2.15 ([26]). Let X, Y be two Banach spaces, Q C X be open bounded
and symmetric with 0 € Q. Suppose that L: D(L) C X = Y is a linear Fredholm
operator of index zero with D(L)NQ # () and N: Q — Y is L-compact. Further,
we also assume that
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(H) Lx — Nz # AN(—Lz — N(—x)) for allx € D(L)N 9, A € (0,1].
Then equation Lz = Nz has at least one solution on D(L) N Q.

3. Existence of anti-periodic solutions
THEOREM 3.1. Assume that (Hy)—(Hs) hold. Suppose further that

(Hg) I = (hij)nxn is a nonsingular M matric, where

2q
1
a™ — SiaaMw — ( + a?) E Gik
k=1

wp;

o 1 \
hij = aiw<‘+a;nw)(ciLij+diLij), i=3j,

3

1
—aM ( n a;m) (ckL; + d5Py), i+ j.

7

Then system (1.1) has at least one w/2-anti-periodic solution.

PROOF. Let CF[0,w;t1, ... tgstgrt,--taglr = {x: [0,w]r — R | 2¥(¢) is
a piecewise continuous map with first-class discontinuous points in [0, w]r N {t; :
I € N} and at each discontinuous point it is continuous on the left}, k = 0, 1.
Take

X = {Z S C’[O,w;tl,...,tq,tqH,...,th]T :
z(t+w/2) = —x(t) for all ¢t € [0,w/2]7}

and Y = X x R"*4, then X and Y are Banach spaces with the norms

n

lzllx =) lwilo and 2]y = l|lz]lx + |ly]
i=1
for all © € X, y € R™*4, respectively, in which |z;|og = n[aax] |z (t)], i =1,...,n,
tel0,w|r
| -] is any norm of R™*4.
Set L: DomLNX — Y, x — (22, Ax(t1), ..., Az(t,;)), where

Dom L = {z € C'[0,w;t1,...,tag)r : 2(t + w/2) = —z(t) for all t € [0,w/2]7},
and N: X =Y

Aq(t) L (z1(t)) Lia(z1(t2)) Ly (z1(ty))
Nzx= : , : , : ey : ,
An(t) L (wn(t1)) Ina(2n(t2)) Ing (xn(tq))
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where, for i =1,...,n,

A = =i (0) [ (0) = 2 sy (01 )

It is easy to see that

Ker L = {0} and ImL:{z:(ﬁC’l,...,Cq)EY:/wf(s)As:O}EY.
0

Thus dim Ker L = 0 = codim Im L, and L is a linear Fredholm operator of index
Zero.

Define the continuous projector P: X — Ker L and the averaging projector
Q:Y—Y by

Pz = / z(s)As =0
0

QZZQ(f,Cl,..., ( / f ASO )

Hence Im P =Ker L and KerQ =Im L =Im (I — Q).
Denoting by Lz': Im L — Dom(L) N Ker P the inverse of L|p(rynker P, We

and

have

w/2 q
Pz-/f A8+ZC’;€—7/ f(s)As—%ZCk,
k=1

tr<t
in which Cyy; = —Cj for all 1 <1 < gq.

Similar to [20], it is not difficult to show that QN (Q), L' (I — Q)N (Q) are
relatively compact for any open bounded set €2 C X. Therefore, N is L-compact
on ) for any open bounded set Q C X.

In order to apply Lemma 2.7, we need to find an appropriate open bounded
subset © in X. Corresponding to the operator equation

Lz — Nx = A(—Lz — N(-x)), X€(0,1],

we have, fori =1,...,n,
:czA(t):LGi(t z)—LGi(t —) teTt
3 1+A b 1—|—A ) ) b
(3.1) t#ty, keN,
A
Azy(ty) 1+)\Iik($i(tk)) Ton (—zi(ty)), i=1,...,n,
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where

Gi(t, x) = —ai(z:(t)) [bi(xi(t)) =¥ i (O fi(a;(t)
j=1

=3 (gt = s (0) - ei<t>]

and

Gult:=2) = a0 (1) = SOy (-20)

—Zdw )5 (—;(t = 735(1))) — ei(tﬂ.

Set tg = t§ = 0, tag41 = w, in view of (3.1), we get from (Hz)—(Hs) and
Lemma 2.5 that

2q+1 2q

(3.2) /|x |At—z/ |At+2\[zkxztk))|
< / z) At+;|nk<xi<th>>|
<[5 3| [ metiG e ol it —onar
+§|fm<xi<tk>>

<a| [ |bz«<a:i<t>>|At+ic£j [ 1s0) - f0)ja
+Zd / 193 (25t — 7)) — g5(0)| AL + b
+Z;cfjw|fj \+Zd w|g; (0 }
¥ Z Tnoi(ta) — Tn(0)] + Z 11(0)

[6 f|\lel2+ZCUL f\l%HerZd Pl + ebw

2q

Gi(ta

A
1+>\Gi(t’x)_ 1+ A

2q
+3° bl fy0)] + Zd wly O] + S Galedo 4 3 1)
Jj=1 k=1 k=1
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=aMs; \/>sz||2—|—ZGm\:Ez\o—|—a \FZC Lj + d5P))l|z;]l2

j=1
2q
+a; ezw+aMZcuwlfJ |+aMZd gy (0) + > 1 1(0)
k=1

fori=1,..., n. Integrating (3.1) from 0 to w, we have from (Hz)—(Hjs) that

/w [ai(zi(t)bi(zi(t)) Aai(_xi(t))bi(_xi(t))]At
0

TS 1+ A
Y Tai(zi(t))bi(wi(t) | Aai(wi(t))bi(wi(t))
- /0 [ 1+ + 1+ A } At ‘

-|/ waxxi(t))bi(mt))m]

1
= m Q; .7;1 |:ch] f] x]

3 iy (B (1 — 75 (1))) + et >} At

+ 1-1-% ai(_mi(t)){_jz_;cij(t)fj(—l‘j(t))

2q
1 A
1 n )\ lek T4 tk‘ 1+ )\ Z:llzk zz(tk))

1 A
< | —
—[1+>\+1+>\} /max{ ZC” Jilei(t)

B3 iy (095t — 7))+ ei<t>],

n

() F5((6) + Y dig(£)g; (w5 (t — 73(1))) — ei(t)' }At

Jj=1

N A s o
<o [0 [Zcfﬂfj(wj(t))—fj(on

+ Zdwlgj 25t — 7i5(8))) — g;(0)] + ef}m
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n
+af\4205jw|fj \+aMZd ‘wlg,; (0
=

2q

+max{z ik Iz tk | Z ‘Izk —Z; tk }+Z|Izk

k=1

[Z%L \Flllelﬁzd Pl o + ! w] +aMZc”w|fJ )

+aM Zd wlg;(0)] + ZGiklwib + Z Zix (0)
k=1 k=1
2q

:alM\/EZc L; +dL )ij||2—|—Zle|xl|0+a efw
=1

k=1

n 2q
+awaciij|fJ \—i—aMZd w|g;( )|+Z|I“€(0)
j=1 k=1

fori=1,...,n, by Lemma 2.5 and (Hs), for i = 1,...,n, we obtain that

(3.3) ’ /O ) ai(xi(t))xi(t)At‘

n
aM

= VWY (ehLi + dPy)llglle + — Zamm
i i=1
aM 1
+%ZCUw|fJ Zj +7Z|Izk(0)
pi Pi —
Jj=1 k=1
From Lemma 2.3, for any ¢;, n; € [0,w]r, ¢ = 1,...,n, we have

30 [ O oa
/Ow a; (x;(t))x:(G) At + /OW ai(xi(t))</0w |$iA(t)|At> At

> [Caommnc [Cuo( [0

where i = 1,...,n. Dividing by [;” a;(z;(t))At on the two sides of (3.4) and
(3.5), respectively, we obtain that, for i =1,...,n,

1 w w
(3.6) zi(G) > —— | ai(zi(t))xi () At — EGIANA
/ a: (i (1) At /0 /0
0

IN
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v
| o

Let ¢;, t; € [0,w]r such that z;(¢;) = tenﬁ)ax] z;i(t), z:(t;) = terﬁl)in] x;(t), by the
,W|T sWT

arbitrariness of ¢;, n;, we obtain from (3.2), (3.3), (3.6) and (3.7) that

(BT w < | aommars [Tt

(38) mlt) > / " (i (0) ()AL - / Tl 0]t

/Ow a;(z;(t)) At
At‘/ a;(z;(t At‘ /0W |z ()| At

ai
o { py \/(;Z(CiLij +di; Pyl
+ = Zlem
pi k=1

2q
Zcuw\fg Z el O+ 5> mm]
Z 1 K3 k:1

Y

a;(xi(t
0

v

aM
Pi

- [aszSi\/ﬁ;Hbe + Z Giklzilo
k=1

+ azM\/EZ(ciLij + dL Pj)|lzjll2 + aMelw
j=1

n 2q
+a£\/[ZCzij‘fJ |—|—aMZd wlg;(0)] +Z|Iik(0)|],
J=1 k=1

B /w 0 (i (0): () At + /w 22 (1) At
/ ai(mi(t))At 0 0
0

v
/ a: (i () At
0

[ VoS (h Ly + a5 P s s
a w s

1 &
+ — ZG'LHIZlO
pi k=1

w

(2 () 7 A
) z<t>At\+ [ el

<

Zcz3w|fj

p
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1 &
+=> |Iz‘k(0)|:|
Pi

2q
+ [alM@\@Hxin + ZGik|$i|o

k=1

L
ij

—|—azM\/0720 L, —|—dL ijHg—l—a]VeLw

n 2q
+aéMZc{‘jw\fJ |+aMZd ‘w|g;( )|+ZIH€(O)|]
J=1 k=1

for i =1,...,n. Thus, we have from (3.8) and (3.9) that

1 fa) —-n L
(3.10) mbigmmwwﬁwbn@;@%+%mmm

2q
1
+ = E Giklz; E c”w|fj
pi = p pi

alM n 1 a
+<Z%mmu,2w®@
Pi =1 Pi b1

2q
+ {af\/l&\/aﬂfﬂiﬂz +) Giklwilo

k=1

n
+a1M\/EZC Lj +d5Py)||aillz + aefw
j=1

n 2q
+aM ) ehwl ;0 |+aMZd w4 ( )|—|—Z|]ik(0)|],
J=1 k=1

for i =1,...,n. In addition, we have that

w 1/2
llzill2 = (/ |x1(s)|2As) < f max |z;(t)| = Vwl|zilo, i=1,...,n.
0

By (3.10), we have
Ve Y (e Ly + s Py)l|zjllz + — Z Gi
j=1

n 1 2q
N+—=> |Iik(0)|]
Pii

a;nw‘$¢‘o § |:ai
pi

aM
+ pl Z ciw|£;(0)

|

w {afw@'\/axiﬂz + Z Giklzilo
k=1

U
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+ a0 S (EL; + d5Py)|zll2 + aMeFw
n 2(1
a3 ekl £5(0 |+aMZd wlg( >+Z|1ik<o>|}
7=1 —

aM
s[; elo + ZG

Z CUOJ|f]

1 2q
)| + P ; |Iik(0)l]

+al'w {aﬁwéiwmh + Z Girlzilo + aMw Z(ciLij + diLij)|xj|0
k=1 j=1

2q
+ aMe! w—i—aMZcUij |+aMZd ‘wlg; (0 |+Z|Iik(0>|]’
k=1

where i = 1,2,...,n. That is,
1 2q 2q
: Z G —al’ Z Gik:| 7|0
wPi o k=1
n

1 1/1 -
—aM (p + a;.”w) > (ehLy + df Py)lajlo < - <p + a;”w) [af\/l Zcfjwmw)

Jj=1

(3.11) {a

MZd ‘wlg; (0 |+aMeLw+Z|IZk } =D;
k=1
fori=1,...,n. Denote |z|o = (|z1]o,...,|Tn|o)T and D = (Dy,...,D,)T. Then
(3.11) can be rewritten in the matrix form II|z|o < D.
From the conditions of Theorem 3.1, IT is a nonsingular M matrix, hence

|zl <O 'D 2 (My,...,M,)T.

Let M = Z M; + 1 (clearly, M is independent of A). Take Q = {z € X :

lzllx < M } It is clear that €2 satisfies all the requirements in Lemma 2.7 and
the condition (H) is satisfied. In view of all the discussions above, we conclude
from Lemma 2.7 that system (1.1) has at least one w/2-anti-periodic solution.
This completes the proof. O

4. Global exponential stability of the anti-periodic solution

Suppose that z*(t) = (z}(t),...,2%(t))T is an w/2-anti-periodic solution of

rn

system (1.1). In this section, we will construct some suitable Lyapunov functions
to study the global exponential stability of this anti-periodic solution.
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THEOREM 4.1. Assume that (Hq)-(Hg) hold and 7;;(t) =75 (4,5 =1,...,n)
are nonnegative constants. Suppose further that

(H7) There exist positive constants ij, géw such that |f;(u)| < fJM and
lgj(u)| < g} forallueR, j=1,...,n
(Hg) There exist positive constants v; such that

la;(u) — a;(v)] < vilu—v| forallu,veR, i=1,...,n
(Ho) There exist positive constants l; such that
(ai(u)bi(u) — a;(v)bi(v))(u—v) 20 and |a;(w)bi(w) — a;(v)bi(v)| = lilu — v|
forallu,veR,i=1,...,n

(Hio) There exists a positive constant € such that [ma>/<] ©;(e,t) <0, where
te[0,w/2]r

Oi(e,t) =& + (1 +eu(t) (2u(t) — G) + Z a [(1+2u(t)C)ei L
Tij)G

+ (14 eplt + 7ij)) (L + 2u(t + 7i5) G )ec(t + 735, t)d Py,

where
l —VZ<ZC”fM+Zd”g] )7

fori=1,....n
(Hi1) The impulsive operators Ly (z:(t)) satisfy

Lip(2i(te)) = —vikwi(ty), 0<~yu <2, i=1,...,n, ke N

Then the w/2-anti-periodic solution of system (1.1) is globally exponentially sta-
ble.

PROOF. According to Theorem 3.1, we know that system (1.1) has an w/2-
anti-periodic solution z*(t) = (2}(t),...,z}(t))T with initial value 2*(s),s €
[—7,0]r, suppose that z(t) = (z1(t),...,z,(t))T is an arbitrary solution of sys-
tem (1.1) with initial value (s), s € [-7,0]r. Then it follows from system (1.1)
that

(zi(t) — 2 (1) = —las(@:i()bi(wi(t)) — ai(w] (O)bi (27 (1))

+a;(z;i(t [z_; cij(t) fi(x;(t)) + z_; dij(t)g;(z;(t — 7i5)) + ei(t)}
SR {Z cij(6)f3(25 (0) + D dij(£)g (2 (t —735)) + ei<t>] ,
j=1 j=1

teTt, t#t,, keN,
A(zi(tr) — o7 (tr)) = —viu(wi(ty) — 7 (te)), i=1,...,n
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In view of system (4.1), for t € T*, ¢t # ty, k €N, i=1,...,n, we have

(i(t) = 27 ()% = = lai(@i(8)bi(:(t) — ai(a ()bi(] (t))]
+ lai(zi(t)) — ai(z7 ()] Z cij(8) £ (;(1))

—|—az Zcz] f] x] f]( ( ))]

+ [ai(z;(t)) — a;(z Zd )g;(xj(t — Ti5))
j=1
+ai(x de [gj(x;(t — 7)) — g5 (2t —737))]

+ [a; (wz(t)) — ai(wi (t))]ei(t).

Denote y;(t) = z;(t) — xf(t), i = 1,...,n. Hence we can obtain from (H7)—(Hy)
and Lemma 2.6 that

DT |y (t)|® <sign(y? (¢))yi(t)

n

_(—zwz(zcmfmzdng B @ - n(ou0)
—I—aMZchL e |+aMzdP|y] 7yl
(_z +u,<2c”fM+Zd”g] ct) e )
wae)( - +u,<2c”fM+degj ct) i o)

+aMZc”L ly;(t |+aMZd Pyly;(t — i)
< - Czlyz( )+ 20(t) Gl (2))]

n n
+aM > chLily; (0] + aM > dlPyly;(t — 7))

i=1 =t
<(2u(t)¢F = Co)lya(t)]
+ (1+2pu(t) [Z%L |y (t |+Zdwp|yﬂ —ml|;

ori=1,...,n. And we have from (Hj;) that
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For any « € [—7,0]r, we construct the Lyapunov functional

V(t) =Vi(t) + Va(t),

=D celtlutt)

ZZ/H (1+ep(s + 7ig))e=(s + 7ig, @) (1 4 2u(s + 7ij)

=1 j5=1
X Gia MdLP ly; (s)|As.
For t € T+, t # ti, k € N, calculating the delta derivative DTV (t)® of V(¢)

along system (4.1), we can get

D*ViE(t) =) [eec(t, a)lyi(t)] + e<(a(t), a) D" |y (1))

v

Il
—

K2

<

“.

{z—:ee@, )lyt)] + (1 + epu(t) s (8, ) (<2u<t><3 w0

1

+ (14 2u(t) [Z%L lys (¢ |+Zd”P|yj Tij)@)}

K2

< Z[é‘ + (14 () ()G — G)lec(t, )lyi(?)]

x DD (1 2u(8)G)a (e Llys (O] + dis Pyly (¢ = 7i5) ]

< Z Z(l +eplt + 7i5)) (1 + 2u(t + 755)G)es (t + Tij, o)a) dis Py ly; (1)

— (L4 ep(t))e(t, @) Z Z(l +20(t)Gi)al! i Pyly; (t — 7ij)].

i=1 j=1

By assumption (Hjg), it concludes that
D*(VA(1)) = DYV () + DYV (1)

<Y le+ (L ep(®)) (2u()EE — G)lex(t, @)y (D))

i=1

+(1+€u egtazz 1+2M Cza CUL |yJ()|

=1 j=1
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ZZ 1+€M t+7’lj))(1+2,u(t+7'1])<2)65(t+7'm, )a’ dzgp ‘y]( )|

Il

{e (0t e — )+ 3 al [(1 T+ 2u(t)C)h Ly
j=1

i=1

(0 et 4 7)1 20l + Tig)C)en(t £ m,t>dfjpj} }ee@, o)l (8)] <0,
for t € TT, t # t, k € N. Also, for k € N,

V(t5) = Vi(t)) + Va(th)
=3 ecltf a)lui(td)

+ZZ/+k (14ep(s+T7ij))es(s+7ij, ) (1+2u(s+7i5)Cia; dLP i1y (s)|As

i=1 j=17tx —Tij

gzeg(tk,a)lyi(tk)l

+ZZ/ (I+ep(s+Ti5))es(s+7ij, ) (1+2u(s+735)Ga; dLP|yJ( )|As

zljltk Tij

=V (tx).
It follows that V() < V(0) for all ¢ € T*. On the other hand, we have

V(0) =V1(0) + V2(0)

2265(0704)\%(0)
+ZZ/ (1 +ep(s + 7ij))ee(s + 7ij, @)

=1 j=1
X (L4 2p(s + 7i5)Cia; dLP|yJ( )|As

n

Z{ (0,) +Z/Tﬂ 1+ep(s+7ij))es(s + 7ij, @)

x (1 +2u(s+7'”)C]al d PAS} x  max |y ()]

s€[—7,0]r
€) ; ,Jnax lei(s) —2i(s)l,
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where
n 0
6 = {0+ L [ et pete ey

j=1""Tji

X (1+2u(s+ Tij)Cjayd]LiPiAs} }

It is obvious that

n

> eat.)lai(t) i (O] S VO S VO) STE) Y. max [oils) = i (o)

So we can finally get
D la(t) — = ()]
i=1

< T(e)ece(t; @) e |pi(s) — 27 (s)| = T(e)eec(t, @)l — z7]|.
=1 25T
Since I'(e) > 1, from Definition 2.8, the w/2-anti-periodic solution of system (1.1)
is globally exponential stable. This completes the proof. U

5. An example

ExXAMPLE 5.1. Consider the following impulsive Cohen-Grossberg neural net-

works

o () = —ai(zi(t))

—

bili(t)) = ) eij (1)
j=1

5.) (1)) — dmewu—m»—qw}
teTr, t#t,, k€N,

.
v

where
(a:) ~ 1.6+ (2/m)arctan |ul (b:) 1 u
V2T 154 (2/m) arctan |u] ) BT 920 \ w )
1 { sinu
(fi)2x1 = (gj)2x1 = 5 ( sinu ) )

( ) 1 sin2t cos2t
. _ 7
922 T 96400 \ cos2t  sin2t

1 sin®t  cos?t
(dij)ax2 = 9 .9 ;
26407 \ cos“t sin“t
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T sint 1 1
(ei)ox1 = 3 ( cost >, (Tij)ox2 = ( 11 >7

1 —u  —Uu
I -
( lk‘)2><2 240 ( “u —u ) 3

w = 2m, [0,27T]Tﬁ{tkZkEN}:{thtg}.
When T = R or Z, system (5.1) has at least one exponentially stable m-anti-
periodic solution.

PROOF. By calculation, we have a* = 1.6, a' = 1.5, a}! = 2.6, a}! = 2.5,
vo=vy =2/m 11 = 0.6—1/m, lo = 0.5 —1/7, py = pa = 1/(2207), &1 = 6 =
1/(220m), L1 = Ly = 1/2, PL = P, = 1/2, f{M = f3' =1/2, ¢}" = 3" = 1/2,
cfy = cfy = c§y = cfp = 1/(2640m), dfy = dfp = dfy = df, = 1/(2640m),
el =el =7/2, Gy = G2 = Ga1 = Gag = 1/240.

Tt is obvious that (Hy)—(Hs), (H7)—(Ho) and (Hy1) are satisfied. Furthermore,
we can easily calculate that

0.1926  —0.4396
IT = (hij)axe =~ < )

—0.4392  0.0978
is a nonsingular M matrix, thus (Hg) is satisfied.
Case 1. When T = R, then pu(t) = 0. Take e = 0.01, we have that

max  Oi(e,t) & —0.2697 < 0 and max  Os(e, t) ~ —0.1697 < 0.
te[0,w/2]r tel0,w/2]r

Hence (Hyp) holds. By Theorems 3.1 and 4.1, system (5.1) has at least one
exponentially stable m-anti-periodic solution.

Case 2. When T = Z, then u(t) = 1. Take € = 0.001, we have that
max  Oi(e,t) =~ —0.1233 <0 and max  Os(e,t) =~ —0.1135 < 0.

te0,w/ 2t te[0,w/2]r

Hence (Hjp) holds. By Theorems 3.1 and 4.1, system (5.1) has at least one

exponentially stable m-anti-periodic solution. O
REFERENCES

[1] A.R. AFTABIZADEH, S. A1zicovicl AND N.H. PAVEL, On a class of second-order anti-
periodic boundary value problems, J. Math. Anal. Appl. 171 (1992), 301-320.

[2] R. AGARWAL, M. BOHNER AND A. PETERSON, Inequalities on times cales: a survey, Math.
Inequality Appl. 4 (4) (2001), 535-557.

[3] C. Bal, Stability analysis of Cohen—Grossberg BAM neural networks with delays and
impulses, Chaos Solitons Fractals 35 (2008), 263-267.

[4] M. BOHNER, M. FAN AND J. ZHANG, Ezistence of periodic solutions in predator-prey and
competition dynamic systems, Nonlinear Anal. Real World Appl. 7 (2006), 1193-1204.

[5] M. BOHNER AND A. PETERSON, Dynamic Equations on Time Scales, an Introduction with
Applications, Boston, Birkhduser, 2001.

[6] H.L. CHEN, Antiperiodic wavelets, J. Comput. Math. 14 (1996), 32-39.



[7]
(8]
(9]

(10]

(11]
(12]

(13]
(14]

(15]
[16]
(17]

(18]

(19]

20]

21]

(22]

23]

24]

[25]

[26]

27]

ANTI-PERIODIC SOLUTIONS TO IMPULSIVE COHEN—GROSSBERG NEURAL NETWORKS 383

Y. CHEN, J.J. NIETO AND D. O’REGAN, Anti-periodic solutions for fully nonlinear first-
order differential equations, Math. Comput. Modelling 46 (2007), 1183-1190.

Y.Q. CHEN, Anti-periodic solutions for semilinear evolution equations, J. Math. Anal.
Appl. 315 (2006), 337-348.

Z. CHEN, D. ZHAO AND X. Fu, Discrete analogue of high-order periodic Cohen—Grossberg
neural networks with delay, Appl. Math. Comput. 214 (2009), 210-217.

M.A. COHEN AND S. GROSSBERG, Stability and global pattern formulation and memory
storage by competitive neural networks, IEEE Trans. Syst. Man Cybern. 13 (1983), 815—
826.

F.J. DELvOS AND L. KNOCHE, Lacunary interpolation by antiperiodic trigonometric poly-
nomials, BIT 39 (1999), 439-450.

J.Y. Du, H.L. HAN AND G.X. JIN, On trigonometric and paratrigonometric Hermite
interpolation, J. Approx. Theory 131 (2004), 74-99.

G. GUSEINOV, Integration on time scales, J. Math. Anal. Appl. 285 (2003), 107-127.
J.J. HOPFIELD, Neurons with graded response have collective computational properties like
those of two-state neurons, Proc. Natl. Acad. Sci. 81 (1984), 3088-3092.

E.R. KAUFMANN AND Y.N. RAFFOUL, Periodic solutions for a neutral nonlinear dynamical
equation on a time scale, J. Math. Anal. Appl. 319 (2006), 315-325.

V. LAKSHMIKANTHAM AND, A.S. VATSALA, Hybird systems on time scales, J. Comput.
Appl. Math. 141 (2002), 227-235.

T. L1 AND S. FEI1, Stability analysis of Cohen-Grossberg neural networks with time-varying
and distributed delays, Neurocomputing 71 (2008), 1069-1081.

T. L1, S. FE1, Y. GUO AND Q. ZHU, Stability analysis on Cohen—Grossberg neural networks
with both time-varying and continuously distributed delays, Nonlinear Anal. Real World
Appl. 10 (2009), 2600-2612.

Y .K. L1, Ezistence and stability of periodic solutions for Cohen—Grossberg neural networks
with multiple delays, Chaos Solitons Fractals 20 (2004), 459-466.

Y.K. L1, X.R. CHEN AND L. ZHAO, Stability and existence of periodic solutions to delayed
Cohen—Grossberg BAM neural networks with impulses on time scales, Neurocomputing
72 (2009), 1621-1630.

Y.K. L1 AND X. FAN, Existence and globally exponential stability of almost periodic solu-
tion for Cohen—Grossberg BAM mneural networks with variable coefficients, Appl. Math.
Modelling 33 (2009), 2114-2120.

Y.K. L1 AND L. YANG, Anti-periodic solutions for Cohen—Grossberg neural networks with
bounded and unbounded delays, Commun. Nonlinear Sci. Numer. Simulat. 14 (2009), 3134—
3140.

X.F. Liao, C.D. L1 AND K. WonNg, Criteria for exponential stability of Cohen—Grossberg
neural networks, Neural Networks 17 (2004), 1401-1414.

J.L. MAWHIN, Topological degree methods in nonlinear boundary value problems, CBMS
Regional Conference Series in Mathematics, vol. 40, Amer. Math. Soc., Providence, RI,
1979.

Y. MENG, L. HUANG AND Z. YUAN, Exponential stability analysis of Cohen—Grossberg
neural networks with time-varying delays, Acta Math. Appl. Sin. English Ser. 28 (2012),
181-192.

D. O’REGAN, Y.J. CHO AND Y.Q. CHEN, Topological Degree Theory and Application,
Taylor & Francis Group, Boca Raton, London, New York, 2006.

H. OkocHI, On the existence of periodic solutions to nonlinear abstract equations,
J. Math. Soc. Japan 40 (1988), 541-553.



384
28]
29]
(30]
(31]
(32]

33]

Y. Lt — T. ZHANG

, On the existence of anti-periodic solutions to nonlinear parabolic equations in
noncylindrical domains, Nonlinear Anal. 14 (1990), 771-783.

J.Y. SHAO, Anti-periodic solutions for shunting inhibitory cellular neural networks with
time-varying delays, Phys. Lett. A 372 (2008), 5011-5016.

R. Wu, An anti-periodic LaSalle oscillation theorem, Appl. Math. Lett. 21 (2008), 928—
933.

Z. YANG AND D. Xu, Impulsive effects on stability of Cohen—Grossberg neural networks
with variable delays, Appl. Math. Comput. 177 (2006), 63-78.

Z.C. YANG AND D.Y. Xu, Impulsive effects on stability of Cohen-Grossberg neural net-
works with variable delays, Appl. Math. Comput. 177 (2006), 63-78.

Y. YIN, Monotone iterative technique and quasilinearization for some anti-periodic prob-
lems, Nonlinear World 3 (2) (1996), 253-266.

Manuscript received March 30, 2012

YONGKUN L1 AND TIANWEI ZHANG
Department of Mathematics

Yunnan University

Kunming, Yunnan 650091, P.R. CHINA

E-mail address: yklie@Qynu.edu.cn, zhang@kmust.edu.cn

TMNA : VOLUME 45 — 2015 — N©2



