Topological Methods in Nonlinear Analysis
Volume 45, No. 2, 2015, 327-362

© 2015 Juliusz Schauder Centre for Nonlinear Studies
Nicolaus Copernicus University

THE NIELSEN TYPE NUMBERS
FOR MAPS ON A 3-DIMENSIONAL FLAT RIEMANNIAN
MANIFOLD

Ku Yong HA — JoNG BuMm LEE

ABSTRACT. Let f: M — M be a self-map on a 3-dimensional flat Rie-
mannian M. We compute the Lefschetz number and the Nielsen num-
ber of f by using the infra-nilmanifold structure of M and the averaging
formulas for the Lefschetz numbers and the Nielsen numbers of maps on
infra-nilmanifolds. For each positive integer n, we provide an explicit al-
gorithm for a complete computation of the Nielsen type numbers NP, (f)
and N®,(f) of f™.

1. Introduction

In dynamical systems, it is often the case that topological information can
be used to study qualitative and quantitative properties of the system. For
the periodic points, two Nielsen type numbers NP, (f) and N®,(f) are lower
bounds for the number of periodic points of least period exactly n and the set
of periodic points of period n, respectively, see [9]. One can find the basic
definitions, notions and some developments for the Nielsen periodic point theory
in the survey articles [4], [5] and the references given there. In this paper we
will determine these Nielsen type numbers of all homotopy classes of maps on
a 3-dimensional flat Riemannian manifold.
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In order to state our main results, let us fix some notations and terminologies.
Let f: X — X be a continuous self-map of a topological space X. We consider
the following sets:

Fix(f) = {z € X | f(z) = 2},

P™(f) = Fix(f"),

Pu(f) =Fix(f) — | Fix(*)
k<n

= the set of periodic points f with least period n.

Let f: X > X bea lifting of f. We denote by ¢: IT — II the homomorphism
on the deck transformation group IT induced by the lifting f. Namely,

gp(a)fz fa, forall o €I

For each n =1,2,..., f" is a lifting of f™, and the homomorphism determined
by the lifting f™ is ¢™: II — II. The homomorphism ¢ defines the Reidemeister
action of II on II as follows:

OxIT =T, (y,0) = yae™(y) "

The Reidemeister class containing o will be denoted by [a], and the set of
Reidemeister classes of II determined by ¢™ will be denoted by R[p"]. The
Reidemeister number R(¢™) of ™ is defined as the cardinality of R[p"].

The Reidemeister number R(f) of the continuous map f is defined as the
Reidemeister number R(yp) of an induced homomorphism ¢. Note that the
Reidemeister number R(f) does not depend on the particular choice of the lifting
j‘v and hence on the particular choice of the induced homomorphism ¢. Also
the fixed point classes do not depend on the choice of liftings, although the
corresponding Reidemeister classes may.

Let O, (¢) be the number of irreducible, essential periodic point orbits of
R[e™]. If [a]™ is irreducible and essential, then so is the corresponding periodic
point class F and its f-orbit contains at least n periodic points of least period n.

The prime Nielsen—Jiang periodic number of period n is defined by the for-
mula

NP, (f) =nx O,(p).

Take the set of all the essential orbits, of any period m | n, which do not contain
any essential orbits of lower period. To each such an orbit, find the lowest period
which it can be reduced to. The full Nielsen—Jiang periodic number of period n,
denoted by N®,,(f), is the sum of these numbers.

Then the Nielsen type numbers NP, (f) and N®,,(f) are homotopy invariant,
non-negative integers [9, Theorem I111.4.10]. Therefore,

NP, (f) <min{[Pu(g)[ | g~ f},  NOu(f) <min{|P"(g)[ | g~ f}.
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In this paper when the topological space X is a 3-dimensional flat Riemannian
manifold, we will determine these two homotopy invariants for all maps on X.
This will be the first complete computation on a 3-dimensional infra-nilmanifold.

In Section 2, we will consider 3-dimensional flat Riemannian manifolds which
can be considered as 3-dimensional analogues of the 2-dimensional Klein bottle,
and show that they have solvmanifold structures. In Section 3, we will consider
one of such manifolds and devote ourselves to compute these homotopy invari-
ants. This is a continuation of the work done on the Klein bottle [12]. However,
the computations involved in this paper are much complicated compared to the
previous ones. We will refer to [12] and the references given there for necessary
preliminaries and facts.

2. 3-dimensional flat Riemannian manifolds

We have a complete classification of 3-dimensional crystallographic groups.
Such a group IT has an explicit representation I — R?® x GL(3,Z) (not into
R3 x O(3)) in the book [1].

There are 3-dimensional analogues of the classical 2-dimensional Klein bot-
tle K2. In fact, among ten 3-dimensional Bieberbach groups, there are three 3-
dimensional Bieberbach groups II with holonomy group Z,. These are orientable
2/1/1/02, and non-orientable 2/2/1/02 and 2/2/2/02. The bold-faced num-
bers associated to the 3-dimensional Bieberbach groups refer to the numbering
in the book [1]. Indeed, it is easy to see that these are &2, B; and B, in [16,
Theorems 3.5.5 and 3.5.9], respectively. Write

1 0
€1 = 07 €2 =, ]-7 €3 = 07
0 0 1
[0 ]| 1 0 o
a; = 1/2, A1: 0 1 0;
|0 | 00 -1
[0 | (1 0 0
as = 0 5 AQZ 0 -1 0,
1/2) 0 01
[0 ]| 0 1 0
az = 0 ; A3: 1 0 O
1/2] 0 0 1

Then «o; = (a;, A;) and t; = (e;, I3) be elements of R3 x GL(3,R) and A; has
period 2.
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Furthermore,
o =ty,  tiagt] =aqty? tzaity ' = aqts?,
a3 =t3,  tiaot] ' =ag, taanty ' =anty 2,
af =t3,  tiagt] =asty My,  thastyt =astity '

Let T be the integral matrices of R3. Then it forms a lattice of R* and T\ R? is
the 3-torus. It is easy to check that the subgroup

I; = (T, (a;, A;)) € R3 x GL(3,R)

generated by the lattice I' and the element «; = (a;, 4;) is discrete and torsion
free, and has I' as a normal subgroup of index 2. Thus II; is a 3-dimensional
Bieberbach group and the quotient space II; \ R? is a 3-dimensional flat mani-
fold which is orientable when 7 = 1 and non-orientable when ¢ = 2 or 3. The
projection T'\ R? — II; \ R? is a double covering projection. We shall denote the
flat manifold II; \ R? by K;, and the torus I'\ R by T'. Note also that
2/1/1/02: T = (ty, a1, t3 | tiay = agt] !, tsar = ot [ty 3] = 1),
2/2/1/02: Ty = (t1,ta, a | tian = aoty, taas = oty *, [t1,t2] = 1),
2/2/2/02: I3 = (t1,ta, a3 | tiag = asta, taas = asty, [t1,t2] = 1).
Furthermore, since we can embed Aff(3) = R? x GL(3,R) in GL(4,R) as

A x

Aﬂ?(3)={ .

A€ GL(3,R),x € R3} c GL(4,R),

we can embed each II; in GL(4,R) so that

I .
t = 3 € R
0 1

Observe that the II; are non-nilpotent, 2-step solvable groups

Ai a;

€ GL(4,R).
. (4R)

Hl:Z2 Hpy Z, H2:Z2 N py Z, H3:22 >4¢SZ

-1 0 1 0 0 1
0 _1‘|7 ¢2:[0 1 ) ¢3:l

where

o1 =

10

Since each ¢; has an eigenvalue —1, the solvmanifold with fundamental group II;
is not an A"R-solvmanifold (see [10], [15] for the definition of N'R-solvmanifolds).

PROPOSITION 2.1. The flat manifolds K; are compact solvmanifolds.

PROOF. Consider the simply connected solvable Lie group G; = C? x,, R
where o1 (¢) is the rotation by 27t on each factor of C, namely, o1 (t): (21, 22) —

(€2™ 21, ¥t 2,). Let Hy be the closed subgroup of G given by

Hy ={(m+ix,n+iy,k/2) € Gy | m,n,k €Z, z,y € R}.
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Then it is easily seen that the compact solvmanifold H; \ G; is homeomorphic
to the flat manifold K.

Note that TIs = (t1) X (t2, ) is isomorphic to the product of the infinite
cyclic group Z and the 2-dimensional Klein bottle group 7 (K'). This yields that
the flat manifold K5 is homeomorphic to the product space S' x K?2. Hence
K5 is a compact solvmanifold. As above, we can consider the simply connected
solvable Lie group G = R x (C %4, R) = R x Ey(2) where o3(t) is the rotation
by 27t on C, namely, o2(t): z +— e?™z. Let Hy be the closed subgroup of Gy
given by

Hy ={(m,n+ix,k/2) € Go | m,n,k € Z, x € R}.

Then we can see that the compact solvmanifold Hs \ G is homeomorphic to the

product S' x K2 and hence to the flat manifold K.
Consider the simply connected solvable Lie group G3 = C3 x,, R where o3(t)
is given by the composition (or product) of three matrices

1 0 0 O 0 0
0 1 0 O 0 0
0 0 1 0 0 0
0 0 0 1 0 0 ’
0 0 0O 0O cos2mt —sin2nt
10 0 0 0O sin2nwt cos 27t
[cos 4t 0 —sindnt 0 0 0
0 cos4dmt 0 0 —sindnwt O
sin 4t 0 cosd4nt O 0 0
0 0 0 1 0 0|’
0 sin 4t 0 0 cosdnt 0O
L O 0 0 0 0 1
[cos 27t 0 —sin 27t 0 0 0
0 cos 27t 0 —sin 27t 0 0
sin 27t 0 cos 27t 0 0 0
0 sin 27t 0 cos 27t 0 0
0 0 0 0 cos2mt  —sin 2wt
L O 0 0 0 sin 27t cos 27t

Let H3 be the closed subgroup of G5 given by
Hs ={(z+im,y+in,u+iv,k/4) € Gs | k,m,n € Z, x,y,u,v € R}.

Then it is easily seen that the compact solvmanifold Hj \ G3 is homeomorphic
to the flat manifold K3. O

For a compact solvmanifold K = H \ G where S is a connected, simply
connected solvable Lie group and H is a closed uniform subgroup of G, let N be
the nilradical of G; then N fits a short exact sequence

0—N-—G— G/N=R°—0.
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The closed subgroup H of G yields a uniform subgroup N N H of N. Moreover,
the closed subgroup H of G induces a short exact sequence 0 - NNH — H —
H/NNH=H-N/N — 0 so that the following diagram is commutative

0 — N G G/IN —— 0
I I I
0 —— NNH H H-N/N —— 0

This gives rise to the fibration, called the Mostow fibration,
NNH\N —K=H\G—H-N\G

over a torus base H - N\ G with compact nilmanifold fiber NNH\ N, see [15], [2].
It is known that the Mostow fibration is orientable if and only if the solvmanifold
K is a nilmanifold, see [15, Lemma 3.1].

For G; = C? x,, R, we have that

e the nilradical of G is N; = C?,
e NiNHy ={(m+ix,n+iy,0) € Gy |m,n €Z, z,y € R},
o Ny -Hy ={(C%k/2) | keZ}.
Thus the Mostow fibration has the base the circle with o as a generator of the
fundamental group, and the fiber the torus with ¢; and t3 as generators of the
fundamental group. Notice here that K; is orientable as a manifold, however
the Mostow fibration structure on K7 is not orientable. In this sense, K; is
a 3-dimensional analogue of the classical 2-dimensional Klein bottle.
It is clear that Ky = S x K2. The Mostow fibration is the product of the
trivial bundle over S' with the standard fibration of the Klein bottle K2.
For G3 = C3 x,, R, we have that

e the nilradical of G3 is N3 = C3,

e NsNHs={(z+1im,y+in,u+iv,0) € Gs | m,n € Z,x,y,u,v € R},

o N3-Hy={(C3k/4) | keZ}.
Thus the Mostow fibration has the base the circle with a3 as a generator of the
fundamental group, and the fiber the torus with #; and ¢ as generators of the
fundamental group.

3. The Nielsen type numbers of maps on K

Now let us recall some of the main results in [6], [7], [8].

DEFINITION 3.1. The map f: M — M is called weakly Jiang if either N(f)=0
or N(f) =R(f).

THEOREM 3.2 ([6, Theorem 1], [7, Theorems 1.2]). Let f: M — M be a self-
map of a nilmanifold or N'R solvmanifold, or if M is an arbitrary solvmanifold
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suppose that ™ is weakly Jiang. If N(f™) # 0, then for all m|n

N(f™) =3 NPu(f),  NPu(f)=>_ uk)N(f™*),

klm klm

where p is the Mobius function.

THEOREM 3.3 ([7, Corollary 4.6]). Let f: M — M be a self-map. If M is
a solvmanifold, then

N®,(f) =Y NPw(f),  NPu(f) = u(k)NO,/(f).

k|n k|n

Since our flat manifolds K; are solvmanifolds, according to Theorem 3.3 it
is enough to find the formula for the prime Nielsen—Jiang periodic number or
the full Nielsen-Jiang periodic number. Note that K; are not AR solvmanifolds.
When f™ is weakly Jiang and N(f™) # 0 we can find the formula easily using
Theorem 3.2. However, the remaining cases are not rare and are required a lot
of efforts to work, see for example [12].

In this paper we shall consider the flat manifold K7 only and evaluate the
Nielsen type numbers for all self-maps on K;. We believe the results of this case
are worth recording once and for all. For simplicity we will use the notation K
and II for the manifold K7 and its fundamental group II;.

4. Self-maps on K

Note that II fits a short exact sequence
0—Z>—I—27Z—0

where s; and s, are generators of the normal subgroup Z? and « is a generator
of the quotient group Z so that « acts on s; by «a: s; — si_l. Of course, we can
embed IT into R? x GL(3,R) by the assignment sy + t1, s + to and a — a;

where
0 -1 0 0
by = (ei7]3)7 a1 = 0|, 0 -1 0
1/2 0 0 1

Note that the group (t1,ts,a1) is conjugate to the 3-dimensional Bieberbach
group 2/1/1/02 in the book [1] by

o] [1 0o o
0[,[0 0 1| | eRxGL(3,R).
of [0 1 0
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LEMMA 4.1. Any homomorphism @: I1 — 11 is given as follows:

(P(Sl) _ Sgau—(—l)“au)/25ga21—(—1)“’(121)/2’
aiz2—(—1)%a 2 (az2—(—1)“a 2
(s) = sl (D a12)/2 (ona—(-)az) /2,

pla) = si's3?a”.

PROOF. Every element of IT can be written uniquely as sfs5*a™. Thus

p(s1) = s1s57 0, p(so) = 572852202, p(a) = si'sy*a,
for some integers a;j, b;, w; and w. Since as;a™! = si_l implies o = s;s;, the
equations
pla) = @(si) p(a) p(s:)
yields that
s?l ng a¥ = (s?lisgliawi)(s?l ng aw)(stlmsgziawi)

_anuH(=D)¥ib H(=1)*i T ay; as;+(—1)%iba+(—1)* T as; 2w, 4w
= 5] Sq a

or
w; = O and (1 + (—1)“)@1»]» = 0 fOI‘ 1 S Z,] S 2.
The equation (s1) p(s2) = ©(s2) p(s1) is redundant! O
Explicitly we have:

COROLLARY 4.2. Any homomorphism ¢ : Il — 11 is given as follows:
(a) When w is odd,

o(s1) = sittsg?, ©(s2) = 57125522, ola) = s?lsgza“’.
(b) When w is even,
p(s1)=1,  @ls2) =1,  @la)=sy's3a".

Immediately we have:

COROLLARY 4.3. The group of pure translations in II, T = (s1, 89, 83), is
a fully invariant subgroup of II.

Let f: K — K be a continuous map on the flat manifold K = IT \ R? and
choose a lifting f : R? — R3 of f. The lifting f induces a homomorphism
@: II — II which is defined by the following rule:

o(y)o f=fory forallyell
Given f, we consider another lifting of f. It is of the form S o ffor some (5 € 11,
and the homomorphism on II induced by 3o f is 75 0 ¢. Indeed, for all v € II,

(Bofloy=Boy(y)of=(Bop()oB ) o(Bof)=(r500)(7)o(Bof)

Now we describe 73 o .
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A homomorphism ¢ given as in Corollary 4.2 is called of type (F,b,w) where

=l

When w is even, F' is the zero matrix. A self-map on K is called of type (F,b,w)

F and b are integer matrices

a1l a2
F =

a1 a22

if it induces a homomorphism of type (F,b,w). Since the element 3 of II is of
the form 3 = s!s5*a™ for some integers £, m and n, we have:

(1) When w is odd, then

Taop(s) =sy ) sy (i=1,2),
Tg o p(a) = 3?£+(71)"b1S§m+(—1)"b2QW.
Thus we can choose a lifting fof f so that (i) F is unique up to +1I and
(ii) b1,bs € {0, 1}.
(2) When w is even, then

T3 © 90(31) =1, (Z = 172)7

T3 0 p(a) = 8571)%18%—1)"172&@.

Thus we can choose a lifting f of f so that b; > 0; when b; = 0 then
bs > 0.

Consequently, we can choose and then fix a lifting fof f so that the induced
homomorphism ¢ as in Corollary 4.2 satisfies the following: when w is odd, (i)
F' is unique up to =1 and (ii) b1, be € {0,1}, and when w is even, b; > 0; when
b1 = 0 then by > 0. Such a homomorphism ¢: IT — II is called of normalized
type (F,b,w). A self-map f on IT\ R? is said to be of normalized type (F,b,w)
if it induces a homomorphism of normalized type (F,b,w).

Suppose f and f’ are homotopic maps on the flat manifold K. It is well
known that the induced homomorphisms ¢ and ¢’ are conjugate by an element
of II. Tt follows that ¢ = ¢’ as normalized type. Note that when w is even F' = 0.

Conversely suppose f and f’ are maps on K so that the homomorphisms ¢
and ¢’ are the same (as normalized type). Since K is an aspherical manifold,
it is well-known that f and f’ are homotopic, i.e. such a map is unique up to
homotopy.

In all, we have obtained the following homotopy classification of maps on the
flat manifold K.

THEOREM 4.4. Fvery continuous maps on the flat manifold K is homo-
topic to a map of normalized type (F,b,w). Furthermore, two such maps of

(normalized) type are homotopic if and only if they have the same normalized
types.
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NoTATION 4.5. A self-map f: K — K on the flat manifold K of type
(F,b,w) will be denoted by f(rp .-

LEMMA 4.6. Every self-map f: K — K of type (F,b,w) has an affine endo-
morphism (5, D) € R x Endo(R®) as a homotopy lifting given by

b/2 F 0
, when w s odd,
* 0 w
(57 D) = -
* 0 2b
, when w is even.
* 0 w

Conversely, such an affine map (6, D) induces a map on K of type (F,b,w).

PRrROOF. Let f: K — K be a self-map inducing a homomorphism ¢ on IT of
type (F,b,w). Due to [14, Theorem 1.1], there exists an affine endomorphism
(8, D) € R? x Endo(R3) such that

¢(si)(6, D) = (6,D)s; (i=1,2),

¢(a)(6,D) = (4, D)a.
These equalities yield the formula for (4, D) by a simple computation. Further-
more, the above equalities imply that (§, D) induces a map f on K, i.e. f has

a lifting (6, D). Hence f and f induce the same homomorphism ¢. Since K is
a K (m,1)-manifold, f is homotopic to f. O

DEFINITION 4.7. Let f be a self-map on K of type (F,b,w). The linear part
D of a homotopy lifting of f in Lemma 4.6 is called the linearization of f. We
call F' the fiber of f.

REMARK 4.8. Let f be a self-map on K of type (F, b, w) with a lifting fwhich
induces the homomorphism ¢. Then f™ is a lifting of f™ and the corresponding
homomorphism is ¢™. It can seen easily that

©"(si)(6,D)" = (6,D)"s; (i =1,2),
©"(a)(8,D)" = (6, D).

Thus D" is the linearization of f™, and F'™ is the fiber of f™. Note also that the
integer w for f becomes w™ for f".

THEOREM 4.9. Let f: K — K be a self-map of type (F,b,w). Then for any
positive integer n,

N = %u — w?|(| det(T — F™)| + | det(I + F™)).

In particular when w is even N(f™) =1 —w"|.
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PrOOF. We recall the averaging formula for the Nielsen number on infra-
nilmanifolds from [11, Theorem 3.5] and [13, Theorem 1.4]

N(f) = ﬁ 3 |det(4, — £.)].
Aev

Thus for the case of the flat manifold K, we have ¥ = (A;) = Zo and
1
N(f") = 5(|det(I — D™)| + | det(A4; — D))
1
= S0 = (| det(T — F™)] 4 |det(I + F")). o

Remark that if \; is an eigenvalue of F' then 1+ ); is an eigenvalue of I + F.
Hence

det(I £ F™) = (1£A)(1£AD) =1+ ATAT £ (A7 + AD)
=1+ det(F™) £ tr (F™).

5. Weakly Jiang maps on K

Let f be a self-map on K of normalized type (F,b,w) with induced homo-
morphism ¢ on II. By Lemma 4.6, f™ is of type (F™,b,,w™), not necessarily
normalized, where

_ (I+F+...+ F" )b when w is odd;
" w" 1b when w is even.

We will discuss the case where f" is weakly Jiang.

THEOREM 5.1. Let f be a self-map on K of type (F,b,w). Then f™ is weakly
Jiang if and only if one of the following holds:
(a) Case N(f™)=0:
o det(I £ F™) =0,

o w=1,

e w=—1 and n even.
(b) Case N(f") = R(f"):

e w cven,

o w=—1,n odd and det(I £ F™) # 0,
o w# £l odd and det(I = F™) # 0.

PROOF. The first case follows directly from Theorem 4.9. For the second
case, we shall recall the averaging formula for the Reidemeister coincidence
number on orientable infra-nilmanifolds from [3, Theorem 6.11]. We can use
this result because our infra-nilmanifold K is orientable. In fact, the fixed point
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version of this result is true for all infra-nilmanifolds. Namely,

1
R(f) = ] Z o(det(As — f.)),
Aev
where 0: R — R U {oo} is defined by 0(0) = co and o(x) = |z| for all z # 0.

Hence

R(f™) = % (o(det(I — D")) 4 o(det(A — D"))).
Therefore, N(f™) = R(f™) if and only if det(f — D™) # 0 and det(A — D™) # 0
if and only if w™ # 1, det(I — F™) # 0 # det(I + F™). d

Immediately we have:

COROLLARY 5.2. If N(f™) = R(f™) holds, then for any m with m|n, we
have that N(f™) = R(f™).

PRrROOF. Observe that if m|n then [ —F" = (I —F™)(I4+F™+...+F""™)
and so det(I — F™)|det(I — F™); moreover, in addition, if n/m is even then
[—F" = (I+F™)(I—F™+...— F"~™) implies that det(I + F™) | det(I — F™),
and if n/m is odd then I + F™ = (I + F™)(I — F™ + ...+ F™~™) implies that
det(I + F™)|det(I + F™). This implies our result. O

COROLLARY 5.3. If det(I = F™) = 0 holds, then n must be odd and the
eigenvalues of F' are £1. Moreover, for any odd m det(I &= F™) = 0 holds and,
for any even m, det(I—F™) = 0 and det(I+F™) =4 and so N(f™) = 2|1—w™|.

PROOF. Assume det(I + F™) = 0. Let A\; and Ay be the eigenvalues of F'.
Then 1+ ATAS — (AT +A5) =0 and 14+ APAL + (AT + A3) = 0. These identities
induce that A} = —A7 and A\3" = 1. If the )\; are real then A\ = —\y = +1 and
n must be odd; thus in this case for any odd m, we must have det(I £ F™) = 0.
If the \; are complex numbers (so that Ay = A1) then A} = — A7 yields that \} =
A = =A™ and thus AT = 4i and A2" = (4i)2 = —1, which is a contradiction.

Now it is simply a routine to check the last assertion. U

Let f be a self-map on K with induced homomorphism ¢ on II of type
(F,b,w). Assuming N(f™) = R(f™) so that f™ is weakly Jiang, we will find
a complete set of representatives for the Reidemeister set R[¢"].

NOTATION 5.4. Note that for any k, @ acts on the integral lattice spanned
by s1 and s, by matrix multiplication by F*. That is, the exponents of " (si1 5222)
are the entries of F’* multiplied by the column vector i of (i,45). For simplicity,
we will use the following notations:

sti=sltsl2, s = o (sh).
Similarly, we will use i and F*i for the elements in a quotient group of Z2
represented by i and F*i, respectively.
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NOTATION 5.5. As we are dealing with only integral matrices M of order 2,
when we say the image of M, Im(M), we shall mean that
Im(M) = image{M : Z*> — 7?}.
REMARK 5.6 (w even). Let f be a self-map on K with induced homomor-

phism ¢ on II of type (F,b,w) where w is even and so F = 0. In this case
R(p™) = N(f") =1 —w™| # 0. Since

n—1 n n—1 n
Qpn(sxay) — gyw bayw , (Pn(sxay)—l B ba—yw ,
we have for each i € Z2 and j € Z

(s*a¥)(s'al )" (s¥a¥) " = SH(DI=(EDT b gy(l-w )

It follows that R[p"] = {[a]n, [@®]n, ..., [t~ 1], }.
In fact, ¢: IT — II induces the following commutative diagram
1 7?2 m / 1
b b
1 72 T / 1

This diagram induces the exact sequence of the Reidemeister sets
R(0) — R(p) — R(p) — 1.

Since R(0) = 1 and the same holds for all iterations ¥, we get the equality of
all prime and full Nielsen—Jiang numbers. Thus the results are the same as in
the corresponding self-maps of the circle, the base space of the fibration. This
was suggested by the referee.

REMARK 5.7 (w = —1 and n odd). Let f be a self-map on K with induced
homomorphism ¢ on II of type (F,b,w) where w = —1, n odd. In this case
N(f™) = |det(I—F")|+|det(I+ F™)|. Note also that ¢©™ is of type (F", by, —1).
Observe that

sF"xtbn =¥ when y is odd;
U(s*a’) = ¢ L.
stxqy when y is even,
and so
n .
L s xtbr¥  when y is odd;
Q" (s*a?) T = ,
s xqy when y is even.

For each i € Z? and j € Z, we then have

gX—i= (=D (F"x+bn) 2045 when y is odd,;

s<a¥)(sta?) ™ (s¥a¥) ! = v
( X Jo ) X (=D (F"x) o 2y+] when y is even.

Now we analyze this identity more as follows:
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CASE 1. j=0or 2 mod 4.
We choose y to be even or odd respectively and then we can assume j = 0.
The exponents of s; and s; are then, respectively,

(I-F")x+i or (I-—F")x—i—bh,.

CASE 2. j=1or 3 mod 4.
We choose y to be even or odd, respectively, and then we can assume j = 1.
The exponents of s; and s are then, respectively

(I+F")x+i or (I4+F")x—i+b,.

Since det(I + F™) # 0, we have that Im(/ — F™) and Im(I + F™) have finite
indices in Z2, and |Z%/Im(I & F™)| = |det(I £ F")|.

Consequently, we can choose a complete set of representatives of the Reide-
meister classes [s'a’],, in the quotient groups Z?/Im(I £+ F™). Namely,

Rlg" = {[s']a |1 € 22 /In(I — F")} J{ls'aln | T € 2°/Im(I + ).

When det(I + F™) # 0, we have that Im(I — F™) and Im(I + F™) have finite
indices in Z?, and |Z?/Im(I + F™)| = |det(I & F™)|. Thus in this case f" is
weakly Jiang.

REMARK 5.8 (w # +1 odd). Let f be a self-map on K with induced homo-
morphism ¢ on II of type (F,b,w) where w is odd, w # +1. In this case

N(f™") = %|1 —w"|(|det(I — F™)| + | det(L + F™)|).

Note also that ¢™ is of type (F™, b,,w™). Observe that

n n .
- sF"xtbrye™  when y is odd;
e"(s*a¥) =9 .
F"x

n
s Y

when y is even,
and so

F"x+b, a_ywn

S when y is odd;

n(.x yy—1 __
syt = 4T .
S a Y when y is even.

For each i € Z? and j € Z, we then have

(s*a¥)(s'ad )" (s*a¥) ™ = sx*T*(*l)’.(F"'X+bn)ay(1*4‘*’")+3 when g is odd;
FH= (=D i x qy(1-w")+j when y is even.
Noting that 1 — w" is even, we will consider this identity according to j modulo
21 —w™). Let j=j or j =7 +]1 —w"| so that 0 < j' < |1 —w™|. We choose
y to be even or odd respectively and then we can assume j = j’. The exponents
of s; and s, are then, respectively,

-/

(I- (-1 F"x+i or (I— (=1 F")x—i—(-1)"b,.
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This implies that
Rle" ={[s'a?], |1€ Z2/Im(I — F"); j=0,2,...,]1 —w"| — 2}
U{[s'a’], |1 €Z?/Im(I + F™); j=1,3,...,]1 —w"| — 1}.

6. The Nielsen type numbers: non-weakly Jiang case 1

Now we will evaluate the Nielsen type number of periodic points of f in the
case when f" is not weakly Jiang, i.e. 0 # N(f™) # R(f™). Explicitly, we should
consider the following two cases in this subsection and the next subsection:

e n is odd, w = —1, and exactly one of I — F™ and I + F™ has zero
determinant.
e w # +1is odd and exactly one of I — F™ and I+ F" has zero determinant.

NOTATION 6.1. Let n = pg° ... p;* be the prime decomposition of the positive
integer n so that pg = 2 with ey > 0 and the other p;’s are distinct odd primes.
Then a proper maximal divisor m of n is of the form n/p;. Write for each
j=0,...,t and for each nonempty subset {ko,...,ks} C {0,...,t},

n n
n; =—  and (Nky,...,Nk,) = gcd(Nkyy ..., Nk,) = —.
J pj ( 0 ) ( 0 ) pk0~-~pks

Before computing the Nielsen type numbers, we observe the following neces-
sary and elementary facts.

LEMMA 6.2. If F is any integer square matriz and p, q are relatively prime
numbers, then

Im(I+FP+...+ FPIP)nIm(I 4+ F?+ ...+ FPI79)
=Im(I + F +...+ Fri-1),
PRrROOF. The following observation

(I+F+.. . +FFr ) =(T+F°+.. .+ FPU"P)I+F+...+Fr 1
=(I4+Fi4 .. .+ FPU (I +F+...+F1),

implies that the right-hand side is contained in the left-hand side.
For the reverse inclusion, choose any element x in the left-hand side. Then,
for some y,z € Z2,

x={I+FFP+.. .+ FPI Py, x={I+F1+. .4+ FP %)z
Thus

(I4+F+... +FP HYx=I+F+...+ FY(I+FP4.. . + FPi Py
= +F+...+Fr Yyelm(I+F+...+ FP
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Similarly, we have
(I+F+.. .+ F" YxecIm(I+F+...+Fril),

Since Im(I + F + ...+ FP9~1) is a subgroup of Z? and is invariant under F* for
all non-negative integer k. We may assume that p < q. Write

g=Ltp+r, 0<r<p, UrelZ).
Then ged(p,r) = 1 and

(I+F+...+FHx
=(I+F+.. .+ FYx —(FT+FP 4 4+ FUP)(I+F+...+FHx
elm(I+F+...+ Frah,
Similarly, writing p = 'r + 1/, 0 <1’ <r, ({,1' € Z), we have
ged(r,r’) =1, (I+F+... +F Yxelm(I+F+...4+Frih,
Continuing this process, we can show that x € Im(I + F + ... + FP971) as it is

required, and hence completes the proof. O

COROLLARY 6.3. If F is any integer square matrix and p, q are relatively
prime numbers, then
(a) Im(I 4+ FP™ + ...+ FPImP"™)NIm(I + FI™ + ...  FPIm—am)
=Im(I + F™ + ...+ FPam=m),
(b) Im(I — FP™ 4 F2rm — 4 (=1)tFla=bpm) A Im(] — 9™ 4 F2am —
A (D) RNy — I (T — F™ 4 F2™ — 4 (—1)Pa- L plpa—1m),
(¢) 14z +...+ 2P~ is the least common multiple of 1 +aP 4 ... +z(a=DP
and 1+ 29+ ... 4 zP—Da,

PrROOF. We obtain (a) and(b) by replacing F' by F™ and —F™, respectively,
in Lemma 6.2.

When F = [z] is an integer 1 x 1 matrix, Im(I + FP + ...+ FP9"P) is the set
of all multiples of 1 + 2P + ... + 2P?7"P. Thus we can get (¢) by Lemma 6.2. O

LEMMA 6.4. If n = 2pm where p is an odd prime number, then
Im(I—FP™)NIm(I+F?"+. . 4 F"72™) = Im((I- F™)(I+F?™+.. .+ F"72m)).
In particular, (1 — z2P™)/(1 4+ 2™) = (1 —2™)(1 4+ 2™ + ... + 2P~D2™) js the
least common multiple of 1 — 2P™ and 1 + 2*™ + ... 4 gP=12m

ProOF. Note that

I—FM =(I-F™"{I+F"+...+Frm™™),

T+F?™M 4 F?P20 — ([—F™ 4 4 [\[FP™™)([ 4 F™ 4 .. FPm™™),
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Thus the right-hand side is contained in the left-hand side. Write the right-hand
side by
Z=Im((I - F™)(I + F?" + ...+ F"?™))
=Im((I — F*™)(I — F™ + F*™ — ... 4 FP™™™)).
Choose any element x in the left-hand side. Then for some y,z € Z?
x=(I—-F)y, x=I+F"+. ...+ F'"?")z.
Hence
(I—-F"+...+FP'M™Mx e Z, (I-F")xeZ.
Since the group Z is invariant under F* for all non-negative integer k,
x=(I—F" 4. +FP" ™) x + F*(I[ 4+ F>™ 4 4+ FP3I™)([ - F")x e Z.
Hence the left-hand side is contained in the right-hand side. O
THEOREM 6.5. Let f be a self-map on K of type (F,b,—1). Ifn = p{*...p;"

is odd and det(I + F™) = 0 but det(I — F™) # 0, then the prime Nielsen—Jiang
periodic number of period n is

NPy (f) = [det(I — F")| + > (=1)*[det(Z — F(tearmome))|,
{kl,‘..,ks}C{l,...,t}

where the summation runs through the family of nonempty subsets {k1,..., ks}

of {1,...,t}.

PROOF. Suppose that det(I —F"™) # 0 and det(I+F™) = 0. It is Remark 5.7
that

Rlg"] = {[s']n |1 € Z*/Im(I — F")} U {[s'a], | i€ Z*/Im(I + F™)}
where the first set is finite but the second set is infinite. Note also that for m | n,
I — F™ is a factor of I — F™ and hence if det(I — F™) # 0 then det({ — F™) # 0.
But one cannot expect that if det(/ + F™) = 0 then det(I + F™) = 0.

We will show first that {[s'], |,i € Z*/(I — F™)(Z*)} is the set of all essen-

tial classes. The Reidemeister class [s!],, corresponds to the fixed point class
p(Fix(s'f™)) of ™. Recalling from Lemma 4.6 that

- (]9

irn _ F" 0
e (L)

By a simple computation we see that Fix(s'f™) and hence p(Fix(s'f™)) consist

F 0
0 w

F 0
0 -1

i i

we have
i

0

b, /2
Y

)

of a single element. This tells that the correspondence Reidemeister class [s],
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is essential. Since N(f") = |det(I — F™)|, it follows that all other classes are
inessential.

Next we will observe which are irreducible among the essential classes [s;}n
Suppose [s],, is reducible to the level m. Then ¢y, ,,([s%a¥],,) = [si], for some
[s*a¥]m € R[¢™]. So m|n and y = 0. Note that as n is odd, both m and n/m
are odd.

Now a calculation shows that

tmon([8%]m) = [sigom(sx)gozm(sx) VT8 = [

where X, , = (I + F™ 4+ F?™ + ..+ F*~™)x. If x € Im(I — F™) then clearly
Xmn € Im(I — F™); if X, € Im(I — F™) then x € Im(I — F™). For if
Xm.n = (I—F™)j for some j then (I4+F™+F?"+. . +F"~"™)((I-F™)j—x) =0
and as I — F™ is invertible it follows that (I — F™)j — x = 0. This observation
shows that the homomorphism defined by multiplication by I+ F™ +...+F"~™
is an isomorphism

(6.1) x¢€Z*/Im(I — F™)
= X € Im(1 + F™ + F2™ 4 4 F"7™)/Im(I — F™)

and that the essential class [s;]n is reducible to m if and only if
ielm(I+F™+...+F""™)/Im(I — F") C Z*/Im(I — F™).

Obviously, when n = 1 all the essential classes [sg]l are irreducible. Furthermore,
for n > 1if m|m’ | n and the essential class [s!],, is reducible to m, then it is
reducible to m’. Consequently, the essential class [s!],, is reducible if and only if

for some proper maximal divisor m of n
ieCii=Im(I+F"+...+ F""™)/Im(I — F").

Thus the set of essential irreducible classes is a one-to-one correspondence with

the set
t

72 /Tm(I — F™) U

By (6.1), #C; = |det(I — F™))|. For 1 <i < i’ <t, by Corollary 6.3(a),
C;NCy =Tm(I + Frome) 4 4 pr=(mani)y (1 — F™)

and so, by (6.1) again, #(C; N Cy) = |det(I — F™#"))|. Using induction, we
have

(ﬂck) |det(I — F(meumea))|,
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Consequently,

t
#(UCZ-) = > (—1)5 7 det (I — F(mearmiad)),
i=1

{k1,.0ksC{L,. 0t}
Finally, we will find the length of each ¢-orbit of the essential irreducible classes
[s1],. By definition,

([5n) = {15 [ ([5'T)s - [0 (150} = {10 (57 s - [sF“iln}:

where ¢ = ¢([s1],,) is the length of [s'],. Then ¢ | n and [si], = [qu]n. This
implies that (I—F*)i = (I—F™)j for some j € Z2. So, (I+F‘+...+F"%)j=ior
i€ Im(I+F'+...+F*%)/Im(I — F™). Thus this shows that all the irreducible
essential Reidemeister classes have the same length n.

In all, we obtain that

On(p) = #(Zz/ImI F") O )

i=1
— (@i - ) - #( U c:))
::L(|det(I—F”)| + > (—1)S|det(I—F(”’Cv“""’“s))

{k1,....ks }C{1,...,t}
The conclusion now follows from the definition: NP, (f) =n x O,(¢). O

THEOREM 6.6. Let f be a self-map on K of type (F,b,—1). If n = p$* ...p§*
is odd and det(I — F™) = 0 but det(I + F™) # 0, then the prime Nielsen—Jiang
periodic number of period n is

NP, (f) = |det(I + F")| + > (—1)%| det (I + Fermea) )|
{k1,....,ks }C{1,...,t}
where the summation runs through the family of nonempty subsets {k1,...,ks}
of {1,...,t}.

PROOF. Let f be a self-map on K of type (F,b, —1). Suppose that n is odd
and det(I—F™) = 0 but det(I+F™) # 0. As it has been observed before, we may
replace F' by —F. This means that f is homotopic to a self-map on K of type
(=F,b,—1), see Theorem 4.4. Since n is odd, the conditions det(I — F™) = 0
and det(I + F™) # 0 become det(I 4+ (—F)") = 0 and det(I — (—F)™) # 0. Using
the fact that the prime Nielsen periodic number is a homotopy invariant and
applying Theorem 6.5, we have

NPo(f) = [det(T = (=F))[+ 30 (~1)*[det(I — (= F)manso))]

This proves our result. O
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7. The Nielsen type numbers: non-weakly Jiang case II

In this subsection we will discuss the remaining case where w # +1 is odd and
exactly one of I — F™ and I+ F™ has zero determinant. Our computation problem
of the Nielsen type numbers can be done in a similar, but much complicated way
as we have done in the previous section by the following general four steps.

Step 1. Finding the Reidemeister classes R[p™].
By Remark 5.8, we have

Rle"] ={[s'a/], | 1€ Z2/Im(I — F"); j=0,2,...,|1 —w"| — 2}
U{[s'ad], | 1€ Z*/Im(I + F™); j=1,3,...,]1 —w"| —1}.

o (Ti7 [vbe2] [enie o
([T ))

where * = (1 + w + ... + w" )%. By a simple computation we see that
Fix(sia? f7) is:

when j is even,

Step 2. Finding the essential Reidemeister classes.
Recalling from Lemma 4.6 that

o (5.D) = (lb/Q F 0

0 w

)
*

we have

.~ 1 i
Fix(s'a’ f™) = { [X] ’ (I-FMx=i+ 3 b,, (1 —w")y = % + *'};
Y
when j is odd,

Fix(s'ad 1) = {[X

1 .
[+ mm=i=Jon amwmy =24}
Y 2 2

We consider first the case that det(I —F™) # 0 and det(I +F™) = 0. When j
is even Fix(s'ad f*)) and hence p(Fix(sia? f)) consist of a single element. This
tells that the correspondence Reidemeister classes [siaj ]n are essential. Since
N(f™) = |1 —w™||det(I — F™)|/2, it follows that all other classes are inessential.
Thus the essential classes are

ECy :={[s'ad], |1€ Z2/Im(I — F"); j=0,2,...,|1 —w"| —2}.
If the other case occurs, in a similar way we can see that the essential classes are

EC, = {[s'a/], |1€ Z*/Im(I + F"); j=1,3,...,]1 —w"| — 1}.
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Before moving to the next steps, we recall that

k k .
k( xq) st ey when y is even;
plsTat)= k k
sFxtbe @™y when y is odd.

Let m |n. When y is even,

e (5%6%]) = (%)™ (%)™ (s¥a) . o (%),
= [(SxOéy)(Smecv‘”my)(smea‘”my) (8T,
[S(I+F7'L+F2m+...+F"*m)xa(1+w'rrl+w2'rn+_“_,’_wn—m)y]n

/

= [Sxm1n aynz,n] .

ns

when y is odd,

e ([5507))
= [(sa")p™ (s%a¥) ™ (s*a¥) ... " T (s*a)],
— [(sxay)(SF’”x+bmaw’”y)(SF2mx+b2maw2my) o (SF"”"x+bn7macU"

9l

— [Sx’,;,nerm,naym,n]m

where

X =T+ F"+F™ 4+ 4+ F'" ™),
Ymm = (1 + 0™+ W™ + ..+ W™y,
X),=I—F"+.. 4 (-1)"/m 1 prmx,

m,n

bmm = —bpm + by — ... 4+ (=1)Y™ b, .

Note here that 1 +w™ + ...+ w"” ™ is an odd integer if n/m is odd; otherwise

it is an even integer.

LEMMA 7.1. If n = pgm where m is even and p,q are relatively prime odd

numbers, then

(bpmn + Im(I — FP™  F2Pm o Fropm))
N (bgm,m + Im(I — FI™ 4 F2™ — 4 F'79™))
= by +Im(l — F™ + F2™ — 4 ™),

PROOF. By a simple computation, we can show that

I-F"+. . +F""=I—-FP" 4 . 4+ F" P —-F"+4...4+ FP"™™),
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and

bmn = (_bm + b2m) +...+ (_b(p72)m + b(p—l)m) —bpm
YIS NA R
b(2p 2)m — b(2p 1)m) + b2pm +.

U‘

((a=2)p+1)m — B((g=2)p+2)m )+-~-

O"

+
+
+ (b
+ (b((g=1)p—-2)m — P((g=1)p=1)m) + Prn_pm
+(=

b((g-1)p+1)m + B(g-1)pr2ym) + - + (=Dpg—2)m + pg—1)m)
=bymn + ([ — FP™ 4 FPP ™ ([ 4 2™ 4 POy,

This implies that

(7.1) brn — bpmpn € Im(I — FP™ ..+ F"7P™M),

A similar computation yields that

(7.2) bpn —bgmn € Im(I — FI™ 4 .. 4 F79™),

Now it follows that the right-hand side is contained in the left-hand side.

For the reverse inclusion, we assume

i — by € Im(] — FP™ 4 4 F7Pm),
i —bgmn € Im(I — FI™ 4 ..+ Fr=am),
By (7.1) and (7.2), we have
i~ by, €lm(l — F™ 4. F=0%) A Tm(] — FP™ 4. 4 Fopm),
By Corollary 6.3-(2),
i — by € Im(l — FP™ 4. FPm) A Tm(] — F9™ 4 . 4 Fr=am)
=Im(I—-F"+...+F"™).
This shows the reverse inclusion.
LEMMA 7.2. Let n =2%p7" ...p{" be even. Let
Jh={j10<j<1—w"], j=(2k+1)(1+w™)) for some k},
Ji={jl0<j<|1—w"|, j =201 +w™ 4. . 4" ")) for some (}.

For eachi=1,...,t, we have

Jé NJ;={c|l1+ w(mosni) L+ W (no:ms)

¢ is odd with 0 < ¢ < |1 — w(momi)

1.

In particular, J) N J; has |1 — w("0)|/2 elements.
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PrROOF. Fixi € {1,...,t}, and let p = p;, n = 2pm and = = W™ = w07,
By Lemma 6.4,

(1+2P)(1+ 2% 4... +22r-1)
l+x+a2+... 22!
1+a2+.. 422D

S ldzt a4 gpl

ged(14 2P, 1422 + ... + 227D =

=1l—-z+z>—...+2P L

Thus
(2% + D1+ 27| = 21+ 0% 4. 22D,
with 0 <2k +1 < |1 — 2P| and 0 < 20 < |1 — 27|

turns into
k+V)[1+z|=201+x+2>+... +2P7Y
Since ged(1 + 2,1+ 2+ 22 + ...+ 2P~ 1) = 1, we must have

2k +1=cll+az+a®+.. . +aP, 20 = c|]1 + x|

for some odd ¢ with 0 < ¢ < |1 — z|. This finishes the proof. O

COROLLARY 7.3. The set J) N ( N chi) has |1 —w(Momkys ks | /2 elements.
i=1

Proor. By Corollary 6.3, j € (] Ji, if and only if 0 < j < |1 —w™| and j is
i=1

a multiple of 2(1 4+ wmkrmis) 4 w"_(”kl’“""’“s)). Next, we simply apply
Lemma 7.2 and finish the proof. U

Now, according as n is odd or even we will consider the next two steps.

7.1. When n is odd. For any m with m | n, both m and n/m are odd.

CAsE 1. det(I — F™) # 0 and det(I + F™) = 0.
In this case, we will consider the next two steps in a row.

Step 3. Finding the irreducible essential Reidemeister classes.
The essential classes are

EC = {[Sfaqn i€ Z?/Im(I - F™); j=0,2,...,|1 —w"| — 2}

whose cardinality is |det(I — F™)| x |1 — w"™|/2. Suppose [sfaj ] is reducible to
the level m. Then [s'ad],, = Ly n([s¥a¥],) = [s¥mmq¥mn], for some [s¥a¥], €
R[p™]. Because n is odd and j is even, as we observed above, yn,, is even
if and only if y is even. This tells that we only need to consider the essential
Reidemeister classes of the form [s*a¥],, where y is even and i € Z2/Im(I — F™)
under the boost function ¢y, .

We observe that x € Im(I — F™) if and ounly if x,,, € Im(I — F") as

m,n

before (see the proof of Theorem 6.5). Moreover, if 0 < y < |1 — w™| then
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0 < Ymn < |1 —w"|, and the converse holds. This observation gives rise to an
one-one correspondence between

Z*/Tm(I — F™) x {y |y even, 0 <y < |1 —w™|}

and

m(I+F™+ ...+ F""")/Im(I — F™)
x {j|jis amultiple of 2(1 +w™ + ...+ w"™™), 0<j < |1 —-w"|}.
Furthermore, if m | m’ | n and the essential class [siad],, is reducible to m, then
the essential class [siad],, is reducible to m’. Consequently, the essential class
[s'a’],, is reducible if and only if for some i € {1,...,t},
o icIm(I+Fm+...+ Fv=n)/Im(I — F"),
e jis a multiple of 2(1 + w™ + ...+ w™ ™).
Foreach i =1,...,¢, let
C; = {[s'a’], € OC |1 € Im(I + F") 4 ...+ F"= (")) /Im(I — F™);
4 is a multiple of 2(1 4+ w™) + ... + w"_("i))}.
Then 1
#C; = | det(I — F(™))| x Sl - w(m)

and for 1 < ¢ < ¢ <t, we have that [s;aj]n € C; N Cy if and only if
e icIm(I+ Foni) 4 4 Fr=(ina)) Tm(T — F™),
e jis a multiple of 2(1 4 w(m) | 4 = (nina)),
Here, the conditions above follow from Corollary 6.3(a) and (c). This shows that
1
#(CiNCy) = | det(I — FMmi))| x 31— wmimi)|,

By induction, we have

(ﬂck> | det(] — F (e ek ))| % 7|1_w(nk1,

Thus

t
_ n n 1 n
#(i_UlCi>_ > (1) det (1 — F(ersomes)| 5|1_w<

{kl,‘..,ks}C{l,...,t}

Step 4. Finding the length of irreducible essential Reidemeister classes.
Let [siad], be an irreducible essential Reidemeister class. By definition,

([s'07]n) = {[s'07]n, [0]([s'07 1), - . [0) H ([5'07])}
{[807]n, [s70 ), ., [s7 T T, ) when j is even;

{[s'al]u, [s"H 21 ], [ TP ]} when s odd,
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where ¢ = ¢([s'ad],,) is the length of [siad],,. Then ¢ | n and

ez 0 .
(0 = (gl (] = 4 7,07 when j s even
n n - s .
[sF+Peqw’d], when j is odd.
Since j is even, [s'a?], = [s¥1a®'7],. This implies that
SF@iawfj — (Sxay)(siaj)(pn(sxay)_l

for some s*a¥ € II. By Remark 5.8, this identity turns into

sTIHU=F")x=bnqu(1=w")+  when y is odd;

ST =F")xqy(l-—w™)+j when y is even.

s 0.
SF IO[WJ:

Since (1 —w®)j = (1 — w™)(—y), we have j = (1 +w’ + ... + w" ) (—y). As
nis odd 1 +w’+ ... +w” ¢ is odd; hence as j is even y must be even. As
aresult, (I — FO)i=(I—-F")(-x), [+ F'+...+ F"(-x) =1 orie
Im(I + F*+...4+ F"%)/Im(I — F™). Thus this shows that the essential class
[sfaj | is reducible to ¢. Hence if it is irreducible its length must be n. That is,

all the irreducible essential Reidemeister classes have the same length n.
In all,

NP, (f) _#(EO - gcz) = #(EC) — #(Qc&
;(|det(l F™)| |1 — w"|

+ > (=1)*|det(I — FUwaome)| |1 _w<nku~~vnks>|).
{k1,....ks }C{1,...,t}

CASE 2. det(I — F™) =0 and det(I + F™) # 0.

Recall that f is homotopic to a self-map on K of type (—F,a,w). Thus in
this case it holds that det( — (—F)") # 0 and det(I + (—F)™) = 0. Applying
the above case for —F', we can deduce the following:

o The essential classes are
{[s'a], | 1€ Z*/Im(I — (~F)™); j=0,2...,]1 —w"| — 2}.

e The essential class [siad], is reducible if and only if for some i € {1,.. ., t},
(a) T€Im(I + (—F)" + ...+ (—F)"") /(I — (—F)"),
(b) 7 is a multiple of 2(1 + w™ + ...+ W™ ™).

« NPo(f) = ;( det(I — (—F)")| x [1 = o]

LD (—1>S|det<z—<—F><"kv---v"ks>|><1—w<"kv---’"ks>l>
{k1,....ks }C{1,...,t}
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1
= 2(|det(I+F")| X |1 —w"|

+ > (=1)°| det(I 4+ Fmarmia) | x |1 — (kaoeomes)

)

7.2. When n is even. In this subsection, we will analyze Step 3 first and
then Step 4 in a row.

Step 3. Finding the irreducible essential Reidemeister classes.
Case 1. det(I — F™) # 0 and det(I + F™) = 0.
The essential classes are
EC, :={[s'a’], | 1€ Z*/Tm(I — F");j =0,2,...,|1 —w"| - 2}
whose cardinality is |det(I — F™)| x |1 —w™|/2. Let n = 2°p{'...p;"* be the
prime decomposition of the even integer n. We ascertain the following:

CrAaM. The essential class [s{aj ]n is reducible if and only if for some i €
{0,...,t}
e icIm(l+ F) 4. 4 Fr=()) /Tm(I — F™),
e j is a multiple of 2(1 + w™) 4 ... 4 @~ (mi))
or
e i€ —b(, +Im(I — FM0))/Im(I — F™),
e j— (1 +w))is a multiple of 2(1 + w(™0)).
We recall from Step 2 the following:
([0 = [sxf’:na’/]n when y is even,
’ [sxmw”"'b"’"" a¥mn], when y is odd.
Notice that we are concerned with the case where yy, , = (1 +w™ + w4+
w™ ™)y is even. In this case, we have either y is even or y is odd and n/m is
even.

Assume that y is even. We note that x € Im(/ — F™) if and only if x],, ,, €
Im(I — F™) (see the proof of Theorem 6.5). Furthermore, if 0 < y < |1 —w™|
then 0 < yp, n < |1 —w™|, and the converse holds. This observation gives rise to
an one-one correspondence between

72 /Tm(I — F™) x {y |y even, 0 <y < |1 —w™|}
and
Im(I+F"+ ...+ F*""™)/Im(I — F")
x {j | j amultiple of 2(1 +w™ + ... +w"™™), 0<j < |1 —w"|}.

Furthermore, if m |m’ |n and the essential class [s'ad], is reducible to [s*a¥]m
where y is even, then the essential class [s'a], is reducible to [sX a¥'],, where
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y" is even. Consequently, the essential class [sfaj |n is reduced to an (essential)
Reidemeister class of the form [s*a¥],, where y is even if and only if for some
i€{0,...,t}

eicIm(I+ F" +...+ Fn ) /Im(I — F"),

e j is a multiple of 2(1 + w™ + ...+ wW" ™).

Assume that n/m even. Then I + F™ is a factor of I — F™ and so det(I +
F™) # 0. This implies that N(f™) = R(f™) and so f™ is weakly Jiang,
even though f™ is not weakly Jiang. Assume in addition that y is odd and so
X € Z?/Im(I + F™) (see Step 1). If there is m’ < n such that m | m’ | n and
m’/m is even, then (14 w™ 4 ... 4 w™ ~™)y is even. Hence the boost function
tm,m sends a Reidemeister class [szay]m with y odd to a Reidemeister class
[Si/ ayl]m/ with ¢’ even. Therefore this case turns into the case where y is even,
and it was treated in the above. Therefore we have to consider the case where if
m’ < n with m | m’ | n then % is odd. This happens only when m = n/2. The
correspondence X + X, . + by, = (I — F™)x — by, gives rise to an one-one
correspondence

72 /Tm(I + F™) = Im(I — F™)/Im(I — F")
< —b,, +Im(I — F™)/Im(I — F™).

Also, there is an one-one correspondence from {y | y odd, 0 <y < |1 — w™|}

onto

2

Remark that when m = n/2, the boost function ¢, ,, sends a Reidemeister class

1—wm
{j‘j:|1+wm(2k+1), o<k<|‘”|}.

[s¥a¥],, with y even to a Reidemeister class [s¥ a¥'],, where ¢/ is a multiple of
2(1+w™). This tells that any two Reidemeister classes [s*'a¥!],, and [s*2a¥?],,
with y; even and ys odd are boosted to two distinct Reidemeister classes in level
n. Hence the essential class [s'a’], is reducible to m = (ng) = n/2 if and only if
either

i€ Im(I 4 F"0))/Im(I — F™),
e j is a multiple of 2(1 + w("0))

or

i€ —Db(n,) +Im(I — F0))/Im(I — F™),
§ — (14 w(™)) is a multiple of 2(1 + w(0)).

This completes the proof of our claim.
Now let

Ch={[s'a?], € ECy | 1€ —b(ny) + Im(I — F)) /Im(I — F™);
j a multiple of 2(1 + w("O)) plus |1+ w("(’)\},
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and let, for each i =0, ...,t,
C; = {[s'a’], € ECy |1 € Im(I + F") 4 ...+ F*= () I (I — F™);
j a multiple of 2(1 + wm) 4 wn—(m))}.
Then
#%znmu+anw%u_wwm

1
#Q:MMU—FWMX§H—MWL

As it was observed before,
S 1
#eanc =0, () = ldet(r =P me) x Ha—le),
i=1

Now to determine C{, N C;, first we claim that
(=bng) + Im(I — FMO) A Tm(1 + F™) 4 4 Fr=(my £ g,
This is equivalent to show that there exist x,y such that
—(I+F+...4+Fm Y4 (I — o = (T F) 4 4 =iy,

Multiplying the inverse of I + F(momi) 4 F(0)=(m0.m:) on both sides, we
obtain

—(I4+F+... 4 Fron)=hh 4 ([ - promidyx [= (1 — F) 4 4 Fr=(miyy)
=y — (I — Frondy(plnona) 4 pdlnond) 4 4 plro)=(ni)yy,
Thus we can choose x, y, in fact we choose
y=—(I+F+.. +Fron)=hp
x = —(Fon) 4 pitomn) 4 plio)=(ni))y
so that the above equality holds. Now we fix ip such that
ip € (=b(ng) + Im(I — F"))) A (Im(I + F") .. 4 Fr=(m))).
Then it can be seen easily that
(=bpy +Im(I — F™)) N (Im(I + F™ + ...+ F"7 ™))
=ip+ (Im(I — F™) N Im(I + F™ + ...+ F""™)).
By Lemma 6.4, we have
Im(I — F™)/Im(I — F*)NIm(I + F™ + ...+ F"7")/Im(I — F")
=Im((I — F"om)(I + F™ + ...+ F*~™))/Im(I — F")
=72 /Im(I + From),
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By Corollary 6.4 and 7.3, we can conclude that
1
#(C(l) n CZ) = \det([+ F(no,m)| % §|1 _ w(ng,ni)‘.

By induction, we have

u

i=1

X 1|1 _ w(novnklx'uynku) .
2

Consequently, we have

(a5 (Ye) - v w(Ue) - #(ein (Uer)

1=0 =0
t t
=#Cj +#<U cz-) - #( U mci))
=0 i=1
1
= 51 det(I + F")| x [1 = w™|
1
— - > (—1)%| det(I — Fimks) )| ¢ |1 — ()
{k1,....ks }C{0,....t}
1
+ - > (—1)%| det(I + FMomsasmhun) )| 5 |1 — @m0k omia))|,

{k1,...k.}C{1,...,t}

CASE 2. det(I — F™) = 0 and det(I + F™) # 0.
The essential classes are

ECy :={[s'a/], | 1€ Z*/Im(I + F™); j=1,3,...,]1—w"| -1}
whose cardinality is | det(I + F™)| x |1 —w™|/2. Recall again from Step 2 that

[s%m.n qmon] when y is even;
Lm»n([sxay}m) = 7 4b ! .
[§%mnTPmnq¥mn]  when y is odd,
where Ypn = (1+w™ +...+w" ™)y is odd. So, we must have both y and n/m
are odd. Thus we need to observe the identity

Lm,n([sxay}m) - [sxm,nerm,n aymn],.

We observe that x € Im(/ + F™) if and only if x;, ,, € Im(/ + F") as before.
And if 0 < y < |1 —w™| then 0 < Y < |1 —w™|, and the converse holds.
Furthermore, if m | m/ | n and the essential class [s'ad], is reducible to m,
then [siad],, is reducible to m/. This observation implies that the essential class
[s%j ] is reducible if and only if for some proper maximal divisor m of n with
n/m odd,

ei—b,,elm(l—F"+...+F"™)/Im(I +F"),

e j is odd and is multiple of (1 4+ w™ + ...+ w™ ™).



356 K.Y. HA — J.B. LEE
For each i =1,...,t, let
Ci={(1,j) € ECy |i—by,, €Im(I — F™ + ...+ F"")/Im(I + F"),
j is odd and a multiple of (1 +w™ + ...+ w" ")}
Then

#C; = | det(I + F™)

1
X =1 —w™
2

By Lemma 7.1 and Corollary 6.3, we have that [s{aj]n € ﬂ CY, if and only if
i=1
o T B,y € T(L — PO i) 4 (s i) /Ton( — ),
e j is odd and a multiple of 1 4 w(k1omku) 4 = (kgeky)

Thus we can conclude that
u
1
C ) — d t I F(nk ,...,nku) - 1 _ (nk ,...,nku) .
#(100) = etz 4 Bom ) gt —ornn)

Consequently, we have

t
1
#(Ua)=5 5 0 derpe ) Lot )
i=1

{k1,....ks }C{1,...,t}

Step 4. Finding the length of irreducible essential Reidemeister classes.
Let [s'a’],, be an irreducible essential Reidemeister class. By definition,

([s'a’ln) = {[s'e ], [e] (5" ]n), - [o ([0 ])}

{[s'ad]n, [s70%],, .. [sF T

I} when j is even;
{[s5a],, [sFitP1awd],, ... [sF" P10 9]} when j is odd,

where £ = ¢([s'a],,) is the length of [siaf],. Then ¢ | n and
03 0.
5 s [sF i@ 7], when j is even;
[s']n = [‘P]é([s oll,) = Fab 0 ..
[sf1FPeqw T, when j is odd.
Cask 3. det(] — F™) # 0 and det( + F") = 0.
In this case j must be even. Thus [s'a’], = [sFeia“Zj]n. This implies that
sFlige’i — (s"c»zy)(sicvj)go”(s"c)zy)*1
for some s*a¥ € II. By Remark 5.8, this identity turns into
sTIHUI=F")x=bn y(1=w")+j  when y is odd;

. n nyL .
st U=F")xqy(l—w")+j when y is even.

I I
SF Wi —
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Since (1 —w’)j = (1 — w")(~y), we have j = (1 + w’ + ...+ w"*)(~y). Thus
either n/¢ is even or n/¢ is odd and y is even.

Assume that n/¢ is even. Then ¢ | (n/2) and so we may assume that £ = n/2.
By the above identity, we can see that

(I+F=(I-F" x—b,=I+F){(I-F"x~—b;} when yis odd;
(I-FY%i=(I-F")(—x)=(I—-F"I+ F"(—x) when y is even.
This yields that

(I — F)x — by, when y is odd;
(I 4+ F*)(—x) when y is even.

i=

These tell that [s'a’],, is reducible to £ = n/2, a contradiction.

Assume that n/¢ is odd and y is even. The fact that y is even implies that
(I-FY=I—-F")(~—x),i=I+F'+...+F" ") (—x)orieIm(l+F‘+...
+F"=%) /Im(I — F™). Thus this shows that the essential class [siad],, is reducible
to £. Hence as it is irreducible its length must be n.

In all, all the irreducible essential Reidemeister classes have the same length n.
Therefore, we obtain that

t

NP, (f) = #(E01 - <C‘3 Y (L_JOC>)>
:#(Ecl)—#<CéU (L_tJOC»
:;<|det(I—F")| 1= w"| = [det(I + F")[ x |1 —w™|

+ > (=1)%| det(I — Fmarmea) )| 5 |1 — omeysmes)|
{k1,....,ks }C{0,1,...,t}

o Z (71)u|det([+F(n0’nk1""’nk“))‘ « |1 7w(n0,nkl,‘..,nk“)
{kiyoska {1, )

)

CaSE 4. det(I — F") = 0 and det(I + F") £0.
In this case j must be odd. Thus [siad], = [sF(i"’b@ oz“’zj]n. This implies that

sEitbe i (s*a¥)(s'ad)p"(s*a¥) !
for some s*a¥ € II;. By Remark 5.8, this identity turns into

—i+(I+F™")x+by, ny(1—w™)+j : .
GFlitby i _ s « when y is odd;

. n ny L .
st IHE™)x qy(1—w")+j when y is even.
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This yields that j = y(1 +w’ + ... +w"*). As j is odd, so are y and n/Z.
Furthermore,

(I+FYi4+by—b, = +F)x=I+F)YI-F'+...+ F"Hx

or
Hence i — by, € Im(I — F*+ ... + Fn—Z)L
In all, the irreducible essential class [s'a7],, is reducible to ¢ and so £ = n.

Thus all the irreducible essential Reidemeister classes have the same length n.

Therefore, we obtain that
t
NP (f) = # (E@ Yy ci) — H(BC,) - #(
i=1 i=1

(| det(I + F™)| x |1 — w"|

| =

+ > (—1)%| det(I + Feamia) )| x |1 — goease- ”ks>|).
{kl""vks}c{lv“'»t}

With these observation so far, we have:

THEOREM 7.4. Let f be a self-map on K of type (F,b,w). If w # £1 is odd
and det(I — F™) # 0 but det(I + F™) = 0, then the prime Nielsen—Jiang periodic

number of f of period n is given as follows:

(a) when n=p{'...p;* is odd,

NPo(f) = 5 Ittt — £y - o)

‘1 _ W(nk1 e Mg )

+ > (—1)%| det(I — F(mesmns)
{k1,... ks }C{1,...,t}

)

(b) when n =2%pT* .. .pi" is even,
1
NP (f) = 5 (| det(I — FM)||1 — w"| — |det(I + FM0)||1 — wmo))|

+ Z (_1)s| det(I _ F(”kl ..... nks))Hl _ w(nkl ..... nks)‘

{k1,.-+s ks}
C{0,1,....t}
_ Z (_1)U|det(]_|_F(noﬁnkly---mku))Hl _w("Ovnkly“‘vnku”).
{k1srkul}
cq{1,..., t}
Here the summation runs through the family of nonempty subsets {ki,...,ks} of

1,....t).
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THEOREM 7.5. Let f be a self-map on K of type (F,b,w). If w # £1 is odd
and det(I — F™) = 0 but det(I + F™) # 0, then the prime Nielsen—Jiang periodic
number of [ of period n is

NPu(f) = 5 (Jden(r 4 Pl -

|1 _ w(nk17"'1nks)

+ > (—1)*| det(I + Fre-mns)
{k1,....,ks }C{1,...,t}

)

where the summation runs through the family of nonempty subsets {k1,...,ks}

of {1,...,t}.
8. The Nielsen type numbers: weakly Jiang case

In this subsection we will finish our evaluation of the Nielsen type number
of weakly Jiang maps.

When f" is weakly Jiang with N(f™) = R(f"), due to Theorems 3.2 and 3.3
and Corollary 5.2 we can immediately state what the Nielsen type numbers are.
Namely,

COROLLARY 8.1 (Case N(f™) = R(f™)). Let [ be a self-map on K of type
(F,b,w) with N(f™) = R(f™). Then
N®,(f) = N(f"),  NPu(f)=>_ ulm)N(f)
m|n

where N(f*) = |1 — wk|(|det(I — F*)| + |det(I + F¥)|)/2.

Now we will work for the case where N(f™) = 0. If this is the case, there are
no essential classes and thus NP, (f) = 0. We are left to find N®,(f). For this
we will use Theorem 3.3: N®,,(f) = >_y,,, NPx(f).

COROLLARY 8.2 (Case w = 1). Let f be a self-map on K of type (F,b,1).
Then, for alln, N®,(f) = NP,(f) =0.

PROOF. Since w = 1, N(f¥) = 0 and thus NP,(f) = 0 for all k; hence
N®,(f) = 0. O

COROLLARY 8.3 (Case det(I & F™) = 0). Let f be a self-map on K of type
(F,b,w) such that det(I £ F™) = 0. Then n is odd and N®,(f) = NP,(f) =0.

Proor. If det(I £ F™) = 0 then Corollary 5.3 states that n is odd and
N(f¥) =0= NPy(f) for all odd k. By Theorem 3.3, we have
N®,(f) =Y NPy(f)=0.
k|n
The last identity follows from the fact that n is odd and so its factors k must be
odd and NPy (f) =0. O
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COROLLARY 8.4 (Case w = —1 and n is even). Let f be a self-map on K of
type (F,b,—1). Then for all even n,
NP, (f)=0, N®,(f)= > NPu(f)

m odd
m|n

where
ST u(k)N(f™*)  when det(I — F™) # 0,
k|lm
or det(I — F™) =0 but det(I £ F™) # 0,
{k1,....ks }C{1,...,t}
NPm(f) = when det(I — F™) = 0 % det(I + F™);
| det(I — F™)| + > (=1)°| det(I — F(measemes)|
{kl,...,ks}c{l,...,t}
when det(I — F™) # 0 = det(I + F™);
0 when det(I £ F™) = 0.
Here the summation runs through the family of nonempty subsets {ki1,...,ks} of
{1,...,t}.
PrROOF. If w = —1 then for all even m, N(f™) = 0 and thus as before

NP,,(f) =0. By Theorem 3.3,

=Y NPu(f)= Y NPu(f)

m|n m odd
m|n

Since n is even, by Corollary 5.3 both det(I — F™) and det(I + F™) cannot be
zero. Let m be odd and m |n; since n is even, m < n and n/m is even. Since
n/m is even, I = F™ is a factor of I — F™.

Assume det(I — F™) # 0. Then det(I = F™) # 0. This is the case where f*
is weakly Jiang with N (f*) = R(f*) for any k | m. By Corollary 8.1,

f= 2 NPu(f)= > > uk)N(F™").

m odd modd k|m
m|n

Assume det(I — F™) = 0.

CASE 1. det(I £ F™) = 0.
This happens only when the eigenvalues \; of F' satisfy \; = —Ay = £1.

Furthermore, N(f™) = 0 and so NP,,(f) = 0.
CASE 2. det(I + F™) # 0.
Then f™ is weakly Jiang with

N(f™) = R(f™) =2(|det(I — F™)| + | det(I + F™))).
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By Corollary 8.1,
NP, (f) = pk)N(f™5).

klm
CASE 3. det(I — F™) =0 # det(I + F™).
By Theorem 6.6,
NP, (f) = | det(I + F™)| + > (=1)°| det (I + Fmersmues)|,
{k1,....ks }C{1,...,t}
CASE 4. det(I — F™) # 0 = det(I + F'™).
By Theorem 6.5,

NP, (f) = | det(I — F™)| + > (—1)%| det(I — F (ko)
{k1,....ks }C{1,...,t}

Consequently, all the observations give rise to our result. O

9. Summary

We can tabulate where to find the formula for the prime Nielsen—Jiang pe-
riodic number of f, NP, (f), of maps f on the flat Riemannian manifold K as

follows:
w \ n | detd£F") | NP.(f) |
even Corollary 8.1
1 Corollary 8.2
even Corollary 8.4
det(I £ F") =0 | Corollary 8.3
det(I = F") 20 | 1y oorem 6.5
_1 det(I+F")=0
odd _ fn) —
det(I — F™) =0 Theorem 6.6
det(I + F™) #£0
odd det(I £ F") #0 || Corollary 8.1
odd . |
(Corollary 5.3) det(I+ F")=0 | Corollary 8.3
— ny —
det(I — F) =0 Theorem 7.5
241 det(I + F™) #£0
det(I — F"
et( )70 Theorem 7.4
det(I + F™*) =0
det(I £ F") #0 | Corollary 8.1
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