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THE MEASURE OF APPROXIMATION IN THE
TWO DIMENSIONAL OPERATIONAL FIELD

DJURDJICA TAKACI

ABSTRACT. In this paper we present a measure of ap-
proximation for the approximate solution of equations with
coefficients in the field Q(A) of operators of T. Ogata [4].

1. Operational calculus. Counsider the algebraically closed subset
K of the field of Mikusinski operators F with elements of the form

i hil® P,

i=ig

where h; are complex numbers for ig > —o0, i = 49,9 + 1,..., o and
[ are rational numbers, and a > 0.

Let A be the set of formal power series of a variable A with coefficients
in . With the usual addition and multiplication given by

ro- {5 5 )

p=0 " p=p+tv

where - -
P:{Zpl,)\”}, Q:{Zgu)‘”}v
v=0 n=0

(with py,q, € K for p,v = 0,1,...) the ring A forms an integral
domain without a unit element. The field of operators Q(.A) is the
quotient field of ring A.

In the field of Mikusinski operators, F, let us denote, as usual, by [ the
integral operator, by s the differential operator (recall that [ = s71),
and in Q(A) by L the integral operator and by S the differential
operator (recall that L = S~ 1).
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We shall frequently use the following transformations

o) N

el tce S AL

The rational operator

and

qmS™ + QTn—ISmil + -+ qo
DS + pp_1S" L+ + pg

R(S) =
from Q(A) belongs to A if m < n.

2. The approximate solution. Let us consider the linear partial
differential equation with constant coefficients

aHa(\t)
= >
(1) l;)yzoaﬂv )\“3)0’ fl(Aat)y t>0, )\_0,

with appropriate conditions
(2)

oHtvz (X, 0

#:q&ﬂw()\)a >‘>07/J':07"'7m7VZO""7n_]"
o*z(0,t

(3) 7(9;“ ):¢u(t), t>0, u=0,..., m—1,

where f1()\, t) is a given continuous function.

In the field of Mikusinski operators, F, equation (1) with conditions
(2) and (3) corresponds to the problem

(4) Z Z au,,,s”x(“)()\) =f(N)

p=0r=0

(5) 2W(0) =Y, p=0,...,m—1,
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where

6 O =AM s (M)
p=0v=0 k=0

(see [3]).

In the field Q(A) problem (4) and (5) corresponds to the equation

(7) Zzaws SHX = st + F,

pn=0r=0 pn=0

where F' = {f(A)}. The solution of the previous equation can be
written as

Sy buSH+ F

®) =T

where .
S) = Z Z au,,s”S
pn=0r=0

and the coefficients b, are of the form
bH:aM+1’(/10+"'+am1ﬁm_M_1, p=0,... ,m—1,

where a,41,au42,-.. ,ay, are given by (12).

It is known [5] that the solutions wj, j = 1,...,m, of equation
P(S) = 0, have the form

o0
(9) wi =Y el
i=0

(in fact, they are the solutions of the characteristic equation of the
equation (4)). In (9), ! € F and ¢; ; are complex numbers, j = 1,... ,m.
The approximate solution of equation P(S) = 0 can be treated in the
form

(10) Wjn = Zci,jliaj_ﬂj, j=1...,m.
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Since K is an algebraically closed set, we can decompose

(11) P(S) :amH(S—wj),
j=1
where wj, j =1,...,m, has the form (9) and
(12) ay = Zap,,,s”, j=1,...,m.
v=0

In this paper we shall consider only such equations of type (1) with
conditions (2) and (3) where wj, j =1,... ,m, are simple solutions of
equation P(S) = 0. Also, we shall suppose that 5; < —1 in (9).

If F has the form

I dl
13 F= ,
(13 > 5t
where d; € K for ¢ = 1,...,r, then the approximate solution in the

space Q(A) is constructed in [6] as

(14) j=1 p=1 i=1 ’
£y d
~ P(ai)(§ — o)
If
p
(15) F=>Y" d—

where d; € K, and p € N, then the approximate solution constructed
in [7] has the form

 _ LS| 1 ”Hb P a1
"_ZP’(wj,n) <S_wjn<¥ ﬂwj,n+z lw'- >
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3. The error of approximation. By using the results of T.
Boehme [1] and J. Burzyk [2] connected with topological convergences,
the error of approximation in papers [5, 6, 7] was estimated in the field
of Mikusinski operators.

In this paper we shall estimate the error of approximation in the space
Q(A). Therefore, let us consider the functional

e Bz’*i, l(X) —izeiz
(1) Ae(X)=) 1+B-1—-/-(X)€ , X eQA),
i—0 ix4,1/%

where
(18)
BT*T,E = inf{”HHT*T; X:H/G, ||GHT*T<1; ||Ll—lLG||T*T < 6}

T T
Hrur = / / Ih(\, 8)] dA dt.
0 0

and

One easily shows

Lemma 1. The operators
g = {Fr(\ 1)}, A>0,t>0
in the space Q(A), which correspond to the function
Fr(\t) = E*exp(— k%t — k2)), A>0,t>0,
satisfy the conditions

lgrllker <1; |IG = 1Gk||ger < 1/k.

Proposition 1. If X and X,, are given by relations (8) and (14),
respectively, then it holds that

m Da; — B k3 T
Brurar(X — X,) <) T <—(n * )2% by 1> B et
j=1
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where kij, k%,j and kg,j are constants not depending on T nor .

Proof. Let us suppose that the first part of (14) can be written as

ZS w]n' (wjn) waﬂ‘

and the corresponding part of the exact solution as

m—1

Xi=) —— —— bw’.
;S—wj P’(wj)ﬂzz0 i

Then, by using relation (18), we have
Bryrar(X1 — X1,0)

m TL+1 ,8] rngT
<3 (et

1,2 , , :
where rq ;, 75 ; and 7'37]- are constants and a; and ; appear in (9).

Similarly, we can estimate the other two parts of relation (14) (of
course, compared with its exact representation). Let us remark that
rij < k%], r%d < kgj, ??,’7]- < kgﬂ- and that these constants do not
depend on variable A. a

Also, one can prove

Proposition 2. If X and X,, are given by (8) and (16), respectively,
then it holds that

N n+ 1)a; — B; T8
BT*T,l/k;(X - Xn) S ZF 1(()+’BJ + 1>T’717j672’1 3,57

i=1

where v1,5,72,5,73,; are constants.

Proposition 3. If X and X,, are given by (8) and (16), respectively,
then it holds that

Ag(X — X, SZ (WJF;[)RJ,’
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where
3] i ko seks.dt
R kq jie"?i
J o 2 ’
677/ e
i=0

where ky j, ko ; and k3 ; are equal to ki,j’k%,j and kg’,j respectively, or
to v1,5,72,; and 3, ;, respectively.

Let us remark that, as n increases, Ag(X — X,,) approaches zero so
Ag(X — X,,) can be taken as the error of approximation in the space
Q(A) if the approximate solution is given by (14) or (16).

4. An example. Consider the differential equation [4]

otz (A, t) Bz(\t)  0%z(\¢) N

-2 = )\ t) — 4de”;

XD aN20t ax2 (A1) — 4y
A>0,t>0;

with conditions

xM()\,O):e’\, Z)\)\t()\,O)—Qm)\A()\,O)Z)\,
z(0,t) = 1+ 2¢, zx(0,¢) = 2¢.

In the field Q(A) the corresponding equation has the form

2 o2 - 2 9 9 s —4l 1
(s—1S*X = X = (s = (U +23)S +28) + L= + 5,
and the exact solution has the form
I(s —1)2 I(s —1)2 [+22 1

X =161 28+1/-1)  S-1 &

In this case we have P(S) = (s—1)25%—1, and the solutions of equation
P(S) =0 are

1 > 1
W= =3I = e}, wy = - = —{e}.
=0

s—1 4 s—1
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If we consider the approximate solution of equation P(S) = 0 with

n n

i+1 i+1

wl,nZE l+; w2,n:_§ l+
i=0 =0

(o1 = ag = 1; B4 = B2 = —1), then the approximate solution is
I(s —1)? - i+1 -
X =1 (-3

I(s — 1) S Y B |
——;—~<S+§%l =

And the error of approximation is

1
I((n+2)/2+ 1)R’

Ag(X — Xp) =

where

R=4(e" +1/(e* — 1)).
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