ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 23, Number 3, Summer 1993

DEGREES OF CLOSED CURVES IN THE PLANE
MARKO KRANJC

ABSTRACT. In the present article we extend the notion
of degree from regular closed curves to closed locally one-to-
one curves and prove that the extended notion has analogous
properties. In particular, a natural generalization of Whitney-
Graustein’s theorem is still true. A proof of a mean value
theorem for nonstop curves is given using only the elementary
ideas of this paper.

1. Introduction. Let us first recall some important definitions.

A curve C : I — R? is regular if it is continuously differentiable and
if C'(t) #0 for all ¢t € I.

The map H : I x I — R? is a regular homotopy if the curve
H,(t) = H(u,t) is regular for each u and if both H,, and its derivative
vary continuously with u. If H is a regular homotopy, then Hy and H;
are said to be regularly homotopic.

If C : T — R?is a (continuous) curve such that C(t) # 0 for all t € I,
then the winding number W(C) of C around 0 is defined as follows.
Identify R? with the complex plane, and write C as C(t) = r(t)e? ()
where both r and a are continuous functions and r is positive. Let
W(C) be the difference a(1) — a(0). If C is a closed curve W(C)
is clearly an integer. W is also homotopy invariant in the following
sense: if two curves C,Cs : I — R? are homotopic by a homotopy
H:Ix1I— R?—/{0} such that H,, defined by H,(t) = H(u,t), is a
closed curve for all w € I, then W(C4) = W(Cs). The winding number
of a curve counts the algebraic number of times the curve goes around
the origin. If C is a closed curve it follows from the definition of the
winding number that the vector C(t) points in every direction for at
least |W(C)| different values of t. A very readable discussion of the
winding number is given in [1].

If C Is a regular closed curve, then C” is a closed curve in R? missing
the origin. Therefore, W(C") can be defined. D(C) = W (C") is called
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the degree of C' and measures the number of turns of C. C’(t) points
in every direction for at least |D(C)| different values of t.

In 1937, H. Whitney classified regular homotopy classes of regular
closed curves in the plane using the notion of degree (see [5]). He proved
that two regular closed curves in the plane are regularly homotopic
if and only if their degrees are equal (Whitney-Graustein’s theorem).
He also showed that the degree and the self-intersection number have
different parity.

In this paper we introduce the notion of a “gentle homotopy” and
extend the definition of degree to (continuous) locally one-to-one curves
by defining it to be the winding number of short enough secant vectors.
The main results are the following generalizations of Whitney’s results.

Theorem 1. Suppose Cy,Cy : I — R? are closed locally 1-1 curves.
Then
D(Cy) = D(Ch)

if and only if Cy is gently homotopic to Ch.

Theorem 2. If C : I — R? is a normal curve, then

D(C)=1+self (C) (mod 2).

We also discuss degrees of differentiable closed locally 1-1 curves
which are not necessarily continuously differentiable but have nonvan-
ishing derivative. We prove that in that case the tangent vector also
points in every direction at least n times if n is the absolute value of
the degree (Theorem 3). This is followed by mean-value theorems for
nonstop curves (Corollaries 1 and 2) which generalize a result of [4]. In
the final section we give a different proof of that result (Proposition 4).

The material is organized as follows. Section 2 contains a technical
lemma needed in the proof of Theorem 1. Section 3 gives proofs of
Theorems 1 and 2. In Section 4 we study degrees of differentiable curves
and prove Theorem 3. Mean-value theorems are proved in Section 5,
and a proof of Proposition 4 is given in the last section.

The only section where the tools go beyond the winding number is
Section 2 in which we use Schonflies theorem. We use that section only
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for construction of gentle homotopies needed in the proof of Theorem 1.
That material is not used in the rest of the paper. Therefore, all other
results can be studied without reference to Section 2. In particular,
this is the case with the proof of Proposition 4. Therefore, the proof
given in the last section is more elementary than the original proof in
[4] which uses the Jordan curve theorem.

2. Approximating locally 1-1 curves by regular curves. If
C:1I— R?(I=][0,1])is aclosed curve let C': R — R? be the periodic

extension defined by C(t) = C(t — [t]) ([¢] is the integer part of t).

We shall say that a closed curve C : I — R? is locally 1-1 if its
extension C : R — R? is. In that case there exists a A > 0 such that
C(s) # C(t) whenever 0 < |s —t| < A. A closed curve C' : I — R2? is
differentiable if C': R — R? is.

We shall say that a homotopy H : I x I — R? is locally 1-1 if the
function H : I x R — R2 defined by (u,t) — H(u,t — [t]) is locally
1-1. If H : I x I — R? is a locally 1-1 homotopy, then we will say
that Hy and H; are gently homotopic. We require that H,, be a closed
curve for all u € I.

If a homotopy H : I x I — R? is locally 1-1, then there exists a A > 0
such that H(u,s) # H(u,t) whenever 0 < |s —t| < A, for all u € I.
This follows from the compactness of I.

Clearly all regular curves and regular homotopies are locally 1-1.

The following lemma is the main result of this section.

Lemma 1. Any closed locally 1-1 curve is gently homotopic to a
reqular curve.

Proof. Let C: I — R?2 be a closed locally 1-1 curve. Choose a A > 0
such that C(s) # C(t) whenever 0 < |t — s| < A. Let u = 3\/4. We
shall construct a sequence of maps h; : [to,t;] x I — R? such that

(i) hi(t,0) = C(2).
(i) hi(t,u) # hi(s,u) whenever 0 < |t — s| < /3, u € I,
(iii) the maps [to — 2u/3,to + p/3] x 0U [to, to + /3] x I — R? and
(%) [ti — /3t +21/3) x 0U [t; — p/3,t;] x T — R,
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FIGURE 1.

defined to be C on [to—24/3, to+p/3] x 0 and on [t; — /3, t;+24/3] X 0,
and of h; on [tg,to + £+/3] and on [t; — p/3,1;], are embeddings.

(iv) h; | [to, t;] x 1 is piecewise-linear.

We shall assume that the reader is familiar with a proof of Schonflies
theorem as given, for example, in [3]. We shall also use the terminology

of [3].

Construction of hy. Connect the endpoints of C([0,A]) by an arc A
so that the curve J = AUC([0, A]) is an embedded 1-sphere (see Figure
1). Choose points sp < s1 < s9 < s3 in (0, \) such that

(i) C(s4), j =0,1,2,3, are linearly accessible from the interior R
of J (by the interior of J we mean the bounded component of R?\.J),

(i) sj41 —8; > p/3 for 5 =0,1,2.

Let v;C(s;), j = 0,1,2,3, be disjoint linear intervals such that
v;C(s;) — C(s;) lies in R for all j. There exists an embedding
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C(ti_2+k)

FIGURE 2.

H : [so, s3] x I — R? satisfying

(i) H(t,0) = C(¢) for t € [so, s3],
(1) (ii) the curve t — H(t, 1) is piecewise-linear,

(i) H(s; x I) is contained in v;C(s;), for each j.

Let tg = s1, t1 = s2. By changing H, if necessary, the map
hi = H | [to,t1] x I will satisfy (%) (i.e., in order to satisfy (iii), one
might have to replace H by Hok where k : [to,t1] x I — [to,t1] x [ is
given by k(t,u) = (¢, cu) for some small enough constant c).

Suppose now that h;_1 : [to,t;—1] x I — R?, satisfying (x), has been
constructed. Connect h;—1(t;—2,1) to C(t;—2 + A) by an arc A so that
the union

AU hi—l([ti—Zati—l] X 1) U hi—l(ti—l X I) U C([ti_l,ti_g + )\])

is an embedded 1-sphere J. Choose A so that h;_1 ([t;—2,t;—1] x I) does
not intersect the interior R of J (see Figure 2).

Choose points sg < s1 < s in (¢;-1,%;—2 + A) such that

(i) so=ti-1,
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(i) p/3 <sjp1—s; <A/3,for j=0,1,
(iii) C(s;) are linearly accessible from R.

Let v;C(s;), j = 1,2, be disjoint linear intervals such that v;C(s;) —
C(s;) lies in R, for j = 1,2. There exists an embedding H : [sg, s2] X
I — R? satisfying (1). Let t; = s; and extend h;_1 to h; by letting

hi | [tiflati] xI=H | [tifl,ti] x 1.

Again, H might need an adjustment in order to have h; satisfy property
(iii) of ().

We shall now use the maps h; to construct a mapping h : [tg, to+ 1] X
I — R? satisfying properties (i), (ii) and (iv) of (¥) and such that the
curve t — h(t,u) is closed for every u € I.

From the sequence tg, t1, ta, ..., choose the first ¢; such that 1—\/3 <
t;—to <1 (thus 0 < (to+1)—t; < A\/3). If necessary, adjust h; so that
hi([ti—1,t;] x I) and h;([to,t1] x I) do not intersect. Connect h;(t;—1,1)
so h;(t1,1) by an arc A so that the union

AU ({ti-1,t1} x I) U C([ti—1,t1 +1])

is an embedded 1-sphere J containing h;(t; x (0,1]) in its interior and
such that J N h;(typ x (0,1]) = @. Suppose h;(to, 1) does not lie in R.
Let @ be a curve in R from h;(t;,1) to C(ty) (see Figure 3). Then
the closed curve defined by the union of h;([to,t;] x 1), hi(to x I) and
o intersects C' with nonzero intersection number. (Recall that the
intersection number of two curves in the plane is the reduction modulo
2 of the number of intersections when the two curves are put in general
position.) Since this is clearly impossible, h;(tg,1) also has to lie in
R. There exists an embedding H : [t;, to + 1] x I — R? satisfying (1).
Using H we can extend h; to amap h : [tg, to+1] x I — R? with desired
properties. This map clearly defines a gentle homotopy from C to a
piecewise-linear locally one-to-one closed curve. Since any piecewise-
linear locally one-to-one closed curve can be homotoped to a regular
curve by an arbitrarily small gentle homotopy (see the Appendix), the
proof of Lemma 1 is completed. ]

3. Degrees of curves. In this section we define the degree of a
closed locally 1-1 curve and prove that it completely determines the



DEGREES OF CLOSED CURVES IN THE PLANE 957

C(t)

FIGURE 3.

gentle homotopy class of such a curve. We also prove that there is a
relation between the degree and the self-intersection number.

Suppose that C : I — R? is a closed locally 1-1 curve. If h > 0,
define ¢" : I — R? by

Nt = C(t+h) — C(t).
h

If £ > 0 is another number, then ¢” and ¢* are homotopic by the
homotopy v — c(1=®Whtuk  Tet X\ > 0 be a number such that
C(t) # C(s) if 0 < |t —s| < A\. Then ¢*(t) # 0 for all t € I, and
for all z such that 0 < z < \. Therefore, ¢!~ +k () is also nonzero
for all u, t € I and for all nonnegative numbers h, k which are less than
or equal to A. It follows from the homotopy invariance of the winding
number that W(c") = W(c*) whenever 0 < h, k < X. (Recall that
W (f) denotes the winding number of f around 0.)

Definition. If C' : I — R? is a closed locally 1-1 curve, let the degree
D(C) of C be equal to

lim W(c").
h—0t
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By the preceding remarks, D(C) exists.

Note that this definition coincides with the original definition when
C is a regular closed curve. To see that, choose a positive number \
such that C(t) # C(s) whenever |t — 5| < A and define a homotopy
H:IxI— R?—{0} as follows:

_[C(t), u=0
H(u7t)_{c“)‘(t), u # 0.

By the homotopy invariance of winding numbers, we get W (C') =
W(c*) = D(C).

Now we are ready to prove Theorem 1.

Proof of Theorem 1. If Cj is gently homotopic to C', then there exists
a homotopy H : I x I — R? from Cy to C; and a A > 0 such that
H,(s) # H,(t) whenever 0 < |s — t| < A for all u € I. Therefore, the
mapping h* : I x I — R? — 0 defined by

i - Hult+ )\))\ — H.(1)

is a nonzero homotopy from ¢} to ¢;. By the homotopy invariance of
the winding number we get

D(Co) = W(hy) = W(h?) = D(Ch).

Suppose now that D(Cp) = D(C). By Lemma 1 we can find locally
1-1 homotopies H° and H' such that H]? = (Cj, j = 0,1, and such
that HY and H} are regular closed curves. By the first half of proof,
we have D(HY) = D(Cy) and D(HE) = D(Cy). Since D(Cy) = D(Ch),
the degrees of HY and H} are equal. Therefore, the curves HY and
H} are regularly homotopic by a regular homotopy F (see [5]). The
following homotopy

HO(3u,t), u e [0,1/3]
H(u,t)=1{ F(3u—1,t), well/3,2/3
H'(3u—2,t), wel2/3,1]

is a gentle homotopy from Cy to Cj.
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This finishes the proof of Theorem 1. ni

A point P € R? is a singular point of C if C~1(P) contains more than
one point. P is a double point of C' if C~1(P) contains two points.

Suppose P is a double point of C, say P = C(t1) = C(t2), t1 < ta. P
is a normal crossing if

(i) there exist disjoint closed intervals I7, I» C R such that ¢; € I;,
J=12,

(ii) there exists a closed disc D with center at P such that C' | I :
(I;,0I;) — (D,dD) is an embedding, and such that (C | I;)~1(0D) =
0l;, 5 =1,2,

(ili) C(I)NC(I2) ={P},

(iv) C(0I1) and C(012) are linked in OD.

Definition. A closed curve C : I — R? is normal if it is locally 1-1
and if all its singularities are normal crossings.

A normal curve can have only finitely many double points because
they form a discrete subset of a compact set.

If C : I — R? is a normal curve, let the self-intersection number
self (C) of C' be the number of double points of C.

Note. The self-intersection number of the curve t — C(t + z) is
equal to self (C).

Proposition 1. Suppose that C : I — R2? is a locally 1-1 curve,
and suppose that P is a double point of C, say P = C(t1) = C(t2),
t1 # to. If C'(t1) and C'(t2) are linearly independent, then P is a
normal crossing.

Before proving this, we need the following proposition:

Proposition 2. Suppose that C : I — R? is differentiable att € I,
and suppose that C'(t) # 0. Given o > 0, there exists a § > 0 such
that if |h| < 0, then
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(i) [CE+h)=C@)| > (1/2)[C" ()] |hl
(ii) the angle between C'(t)h and C(t + h) — C(t) is less than «.

Proof. Let

(C(t+h)—C(1) - C'Wh .
o(h) = { Crh) —cwc@in T
1

ith=0

and

W(h) = |h

|C'(#)] ifh=0

Both ¢ and ¥ are continuous at 0; therefore, there exists a 6 > 0 such
that

{ CEth —COl 4

(=6,6) € 6™ ((cosa, 1) NI ((|C"(2)1/2, 00)).
Therefore, if 0 < |h| < § we have

Ct+h)—C(¢) 1 .,
B =) Lo
which implies (i) and
¢(h) > cosa.

But ¢(h) is the cosine of the angle between C'(¢t + h) — C(t) and C'(t)h
which proves (ii). O

Proof of Proposition 1. Choose A > 0 so that C(s) # C(t) if
0 < |s—t| < A If a; is the angle between C’(t1) and (—1)7C’(t2),
for j = 1,2, let @ = min{ay, a2}. Since C’(¢1) and C'(¢2) are linearly
independent, « is positive. By Proposition 2, there exists a positive
number ¢ < A such that if |h| < 4, then

(a) [C(ti+h) = C(t:)] = (1/2)|C"(¢:)] |h]

(b) the angle between C(t; + h) — C(¢;) and C’(t;)h is less than a/3
fori=1,2.

Let » = (6/2) min{|C’(t1)],]|C"(t2)|}, and let D be the closed disc of
radius 7 with center at P. Define functions qﬁj and ¢, j = 1,2, by

¢j[(7') =|C(t; £7) — C(t;)], for T €]0,d].



DEGREES OF CLOSED CURVES IN THE PLANE 961

Since |¢;t(5)\ > (1/2)|C"(t;)| - | £ 6| > r, and since ¢;-t(0) = 0, for
j = 1,2, the compact sets Aji = (gb]i)*l(r), j = 1,2, are nonempty.
Let I; be the interval

[minA;,minA;r], for j =1,2.

Then C(I;) NdD = C(dI;), j = 1,2. Let Z; be the set of all points
@ such that the vector from P to @ forms an angle smaller than «/3
with the line which passes through P in the direction of C’(¢;). Then
Zy N Zy = {P}. By (b) the set C(I;) is contained in Z;, j = 1,2.
Therefore, C(I1) N C(I2) = {P}. C(9I;) and C(0I5) are linked in 0D
because the components of Z(I;) N D lie in different components of
0D — Z(I5_;) for j =1,2. This proves the proposition. o

A proof from [5] can be modified to get the following proof of Theorem
2.

Proof of Theorem 2. Let S be the set of pairs (s,t) such that
0 <s<t<s+1<2 Ifl(s,t) = min{t —s,1+ s — t} define
fc:S — R? by
C(t) —C(s)

T

fo(s,t) = I(s,t

Clearly, fc is continuous.

Whenever needed we shall assume that C(0) is not a double point
of C. For, if C(0) is a double point of C, then we can choose a
number z such that C(z) is not a double point. Define a curve C, by
C.(t) = C(t+z). Let H,(t) = C(t+ux). Then H is a gentle homotopy
from C to Cy: if 0 < [t —s| < A, then 0 < |(t + uz) — (s + uz)| < A,
and therefore

Hy(s) = C(s + uzx) # C(t + ux) = Hy(t).

Suppose that Pi,..., Py are the double points of C, and let t;, s;,
where ¢; < s;, be the elements of C~1(P;), for j = 1,... , k. For each j,
choose a closed disc D; with center at P; and a pair of disjoint intervals
I; = [uj,v;] C I and J; = [z;,y;] C I, such that t; € I;, s; € J;, and
which satisfy the four conditions in the definition of a normal crossing.
Assume, furthermore, that the discs Dy, ..., Dy are pairwise disjoint.
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Let @Q; C S be the rectangle I; x J;. Suppose that the pair
(C(y;) — P;j,C(v;) — Pj) determines the standard orientation of R2.
We will show that the winding number of fc as we go around 0Q);
once in the positive direction is 1.

If s € I;, then C(s) € D;. Therefore, the vector fo(s,z;) =
(C(z;) — C(s))/1(s,2;) does not point in the direction of P; — C(x;)
if s € I;. It follows that the winding number w; of fc as we go from
(uj,x;) to (vj,x;) along a straight line is equal to the angle between
fe(uj, ;) and fo(vj,z;) divided by 27. Clearly, 0 < w; < 1/2.
Similarly, the winding numbers ws,ws3,ws of fc as we go along the
other three sides of 9Q); in the counterclockwise direction also satisfy
the same condition. Therefore, the winding number w; + ws + w3 + wy
of fc as we go once around 0Q); in the counterclockwise direction is
between 0 and 2. Since it is an integer, it has to be +1.

In the same way we can see that the winding number of fc as we go
around 0Q); in the counterclockwise direction is —1 provided that the
pair (C(y;) — P;C(vj) — P;) determines the negative orientation of R?.

If necessary, reindex the quadrilaterals @;, j = 1,...,k in such a
way that the winding number of fc as we go once around 9¢); in the
counterclockwise direction is —1 for 7 < m, and +1 if j > m.
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Choose a number 0 < A < 1/2 such that C(t) # C(s) whenever
0 < |t —s] < A Let Qx be the quadrilateral with vertices (0, ),
(1 -=X1), (A1), and (0,1 — ). Clearly, Qx C S and all the zeros
of fo lie in int (@»). Therefore, all the rectangles @; can be made
small enough to be contained in int (@,). Subdivide the rest of Qy
into triangles. By the homotopy invariance of the winding number, the
winding number of fo as we go once around any one of these triangles
is zero. If we add the winding numbers of fo as we go once in the
counterclockwise direction around each of these triangles and around
0Q1,...,0Qk, we get —m + (k —m) = k — 2m = self (C') — 2m. On
the other hand, this sum is also equal to the winding number W of
fo as we go once around 9@y in the counterclockwise direction. This
winding number is equal to the winding number of fo as we follow the
curves aq, @z, and ag where

ar(t)=(t,t+N), tel

i {(1—2t)\,1+>\—2t)\)a te[0,1/2]

T @3 2tk din1), tell)2,1]
(M1—2t),1—2t\), te€[0,1/2]

as(t) = { (0,2 = 3X\—2t +4t)), te[1/2,1].

By definition of degree, the winding number of fo along a; is equal
to D(C). Tt is easy to verify that (fcoas)(t) and (fcoas)(t) point
in the opposite direction. Therefore, W (fcoag) = W(fcoas). Since
(fooaz)(0) = (C(14+A) =C(1))/A = =(C(1) =C(A))/A = =(foeaz)(1)
the winding number of f¢ along «s is equal to 1/2+ K for some integer
K.

Therefore, we get
—2m+self (C)=W(fcoor)+W (fooa)+W (feoas) = D(C)+1+2K.

This proves Theorem 2. O

Using the results of the next section, this theorem can be strengthened
to get the same result as in [5] provided that C’(0) exists and that C(I)
lies entirely on one side of the tangent line to C' at C'(0). Instead of @,
one has to take the triangle T\ with vertices (0, A), (0,1), and (1—A, 1),
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and note that the winding number of fo as we go once around 97 in
the positive sense is the same as if we follow o 11 (see the notation of
the next section; II is the partition 0 < 1), and the line segments from
(1,1) to (0,1), and from (0,1) to (0,0).

4. Degrees of differentiable curves. Suppose that C : I — R? is
a closed locally 1-1 curve. If C is differentiable at t € I we can extend
the definition of f¢ (as defined in the proof of Theorem 2) to SU{(¢,t)}
by setting fo(t,t) = C’'(t). Note that this extension need no longer be
continuous.

Let @ be a triangle with vertices (¢t — x,t), (¢,t), and (¢,¢ + x) such
that (¢t —x,t) € S, t € I. Suppose that C’(t) exists. We shall prove
that the winding number of f&, as we go around 9@ once, is 0 provided
fc has no zeros on Q.

Suppose that fo has no zeros in Q. In particular, C'(t) # 0. By
Proposition 2, there exists a 6 > 0 such that if |h| < §, then the angle
between C(t + h) — C(t) and C’(t)h is less than 7/4. Take § < z,
0 < 1/2. Let Q1 be the triangle with vertices (t — §,t), (¢,¢) and
(t,t+6). Clearly, it is enough to show that the winding number of fo
as we go around the boundary of Q) is zero. The positively oriented
boundary 0Q; is the product afy of curves «a, 3,v : I — R? given by

a(s) = (1= 5)(t - 8) + st, 1)

B(s) = (t,(1 — s)t + s(t +9))

v(s) = (1= s)t+ st —39),(1—s)(t+3)+ st).
Since C' is differentiable at ¢, the function fco(aBy) is continuous.
Therefore, W (fco(aBy)) is defined.

If 7 € [t — §,t), then the angle between fo(7,t) = (1/(t —7))(C(1) —
C(t)) and —(1/(t—7))(C'(t)(T—1)) = C'(t) = fc(t,t) is less than 7/4.
Therefore, the winding number w; of feoa is less than 1/4 in absolute
value.

Similarly, if 7 € (¢,t + ¢], then the angle between fo(t,7) = (1/(7 —
) (C(r) = Ct)) and (1/(7 —t))C'(t)(t —t) = C'(t) = fo(t,t) is less
than 7 /4. Therefore, the winding number wy of fcof is also less than
1/4 in absolute value.

Let R;, be the region containing all points P € R? such that the
angle between P — C(t) and (—1)kC’(t) is less than 7/4 for k = 1, or
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k = 2. Clearly, C([t — 0,t)) C Ry and C((t,t + d]) C Ra. Since the
angle between any vector starting in Ry and ending in Ry and C’(%)
is less than 7 /4, the winding number w3 of froy is less than 1/4 in
absolute value.

The winding number of f- as we move once around the boundary
0@ in the counterclockwise direction is equal to wy + ws + w3. Since
|w1 + wa + ws| < 3/4 and since wy + wy + w3 is an integer, it has to be
zero which proves our claim. o

By a partition we mean a sequence of points I1: 0 <1 <itg < --+ <
tr < 1. Define the mesh m(II) of II to be the maximum of ¢; — ¢;_1,
222, ,]{,‘, andtl—i—l—tk.

Suppose A is a positive number such that C(t) # C(s) if 0 < |s —t| <
A Let IT: 0 <t < -+ <t < 1 be a partition of I, and suppose
that C’(¢;) exists and is nonzero for i = 1,... , k. Suppose p < X is a
positive number such that p < m(II). Define a PL curve o, 11 : I — R?
by

(tat+p) lft € I_Ui?:l(ti_pati)
opu(t) =< 2t +p—tit;) iftelt;—pti—p/2
(tz,2t—|—p—tz) ift [tz—p/2,t1]

Proposition 3. Under the above conditions,

D) = pl_i)r(1)1+ W (fcoop ).

Proof. We shall divide the proof into two cases.

Case 1. tp > 0. Let p > 0 be smaller than A ¢1,1 — tg, and m(II).
Let T; be the triangle with vertices (t; — p,t;), (¢, t;), and (¢;,¢; + p).
As t goes from t; — p to t;, o, 1(t) goes from (t; — p,t;) to (¢;,t; + p)
along the short sides of T;. Since f¢ does not vanish on 73, the winding
number of fcoo,m as t goes from t; — p to ¢; is equal to the winding
number of fo as we go from (¢; — p,t;) to (t;,¢; + p) along a straight
line. This shows that W(fcoop m) = W(fcoo,, 1) where II' is obtained
from IT by removing t;. By successively removing points of II, we get

W (fcoopmn) =W (fcoop ).
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But fcoo, o = cP; therefore,
W (fcoo,n) =W(c?) = D(C).

Since this is true for all such p > 0, the result is proved for this case.

Case 2. tg = 0. Let 0 < p < (1/2) min{m(II), A\,1 — ¢;}. Denote
by T, : R — R the translation t — t + z. If 7 is a closed curve, let
Yo = y0T_,. The mapping v — yoT_,,, defines a homotopy from v to
vz. Let II, = IT + p. Then we have the following equality (recall that

Cp(t) = C(t +p)):
fe,o0p,m,°T, = fcoopn.

Since t; +p > 0 it follows from Case 1 that D(C,) = W(fc,o0p11,)-
C and C) are gently homotopic and fc, 00, 1,07, is homotopic to
fe,o0pm, in R? — {0}; therefore,

D(C) = D(Cp) = W(proop,Hp) = W(fCPOUp,HpOTp) = W(fcoopm).

Since this is true for all small enough p > 0, the proposition is proved.
O

Suppose that C : I — R? is a differentiable closed curve such that
C'(t) #0 for all t € I. Let ¢ (t) = C'(t)/|C’(t)]. Define N(C) by

N(C) = min{#¢:'(p) | p € S'}

if the right side exists, otherwise let N(C) = oco. (#S denotes the
number of elements in S.)

Theorem 3. If C : I — R? is a differentiable closed curve such that
(i) C'(t) #0 foralltel,
(il) C is locally 1-1
then N(C) > |D(C)|.

‘We shall need the following proposition.
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Proposition 4. If A: I — R? is a continuous embedding (I = [0,1])
such that

(i) A'(t) exists and is nonzero on (0,1) and

(if) A(0) # A(1),
then there exists a t € (0,1) such that A'(t) points in the direction of
A(1)-A(0).

Proposition 4 was proved in [4]. In Section 5 we give a more
elementary proof.

Proof of Theorem 3. Let A > 0 be chosen so that C(t) # C(s)
whenever 0 < [t —s| < A

Suppose that #gbal(q) < n = |D(C)| for some point ¢ € S'. The
elements of ¢61(q) define a partition I (possibly II is empty). If r > 0
is small enough, then D(C) = W(fcoo, ) by Proposition 3. Assume
that r < A. Since |D(C')| =n, (fcoo,n)(t) points in the direction of ¢
for at least n values of ¢ € I. Therefore, there has to be a 7 ¢ ¢5'(q)
such that (fcoo,1)(7) points in the direction of ¢. But (fcoo, m)(7)
is of the form (C(v) — C(u))/l(u,v) where (u,v) N ¢5'(q) = @ and
v —u < A. Using Proposition 4, we get a £ € (u,v) such that C’(€)
points in the direction of ¢. This shows that £ is contained in ¢51(q),
which is a contradiction. |

5. An application of degree to nonstop curves.
Definition. C : I — R? is a nonstop curve if
(i) C'(t) exists and is nonzero for all ¢t € (0,1)
(note: we do not require C’ to be continuous),
(ii) C is locally 1-1,
(iii) C(0) £ C(1).

_Theorem 4. Suppose that C : I — R? is a nonstop curve, and let
C' be the product of C' and the straight path from C(1) to C(0), i.e.,

. B C(2t), te[0,1/2]
c(t) = {0(1) —(2t-1)V tell/2,1]
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where V.= C(1) — C(0).

If C is locally 1-1, then C'(t) points in the direction of V' for at least
M = |D(C)| values t € (0,1). If C is not locally 1-1, then C'(t) points
in the direction of V' for infinitely many values of t € (0,1).

Proof. Without loss of generality, we can assume that C'(0) = (0, 0),
C(1) =(0,1).

Since C is locally 1-1, there exists a A > 0 such that C(s) # é’(t)
whenever 0 < |s —t[ < A. As before, we shall use the symbol C' to
denote the periodic extension C' : R — R? of C.

Suppose that C(s) = C(t) where t < s, s —t < A\/2 and s,t €
[1/4,5/4]. Since C is an embedding on ((1 — A)/2,1/2], on (1/2,1],
and on [1,1 + A/2), this is possible only if ¢ € ((7 — A)/2,7/2),
s€ (j/2,(j+ N)/2) where j € {1,2}.

Suppose C' is not locally 1-1. Then for j € {1,2} there exist two
sequences {t,},{sn} such that

(1) {tn} C((G=N)/2,5/2), {sn} € (3/2, (G + A)/2),
(i) C(tn) = C(sp) for all n,
(iil) lmy—oo(tn — 8p) = 0.

Assume that j = 1. From (i) and (iii) we see that

lim ¢, = lim s, =1/2.

n—oo n—oo

Since C(s) = (0,2 — 2s) if s € [1/2,1] it follows that lim, . C(t,) =
limy, oo C(sn) = C(1/2) = (0,1). If C(t) = (x(t),y(t)) this implies
that
nlirrolo y(2t,) = 1.

Since t, < 1/2 and y(2t,) < 1 for all n, we can choose a subsequence
of {¢,} which we shall again denote by {¢,} such that ¢, < t,11 and
y(2t,) < y(2t,41) for all n. Note that z(2t,) = 0 for all n. Since
21— 2ty = 2(tnt1 —tn) < 2(N/2) = A, it follows that C' | [2¢,, 2t,+1]
is an embedding. Also, C(2t,4+1) — C(2t,) points in the direction of
(0,1) = V. Therefore, by Proposition 4, there exists a 7, € (2t,,, 2t,,41)
such that C'(7,) points in the direction of V.
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Since the numbers 7,, lie in disjoint intervals, they are distinct;
therefore, C’(t) points in the direction of V for infinitely many ¢ € (0, 1).

The case j = 2 is treated in the same way.
If C is locally 1-1, then D(C) is defined. There exists a 0 < p < 1/2

such that C' : R — R2 restricts to an embedding on every interval of
length less than or equal to p.

Suppose that there are less than M points in (0,1) where the deriva-
tive C’ points in the direction of V. Let II be the partition which has
these points for elements (possibly IT = ¢). Let II be the corresponding
partition of I such that c’ points in the direction of V' at the elements
of II. Choose p small enough so that D(C) = W(fgoo, 1) Since

there are less than M values 7 € (0,1/2) such that C’(7) points in the
direction of V, there exists a point ¢ € I such that C(t + v) — C(t)
points in the direction of V' for some v such that v < pu, and such that
(t,t + v) NI = ¢. Clearly, [t,t 4 v] is not contained in [1/2,1]. If
[t,t +v] C [0,1/2], then, since C' | [t,t + v] is an embedding, there
exists a 7 € (t,t + v) such that C’(r) = (1/2)C’(/2) points in the
direction of V' (see Proposition 4), a contradiction. Suppose now that
(t,t + v) intersects both [0,1/2] and [1/2,1]. We shall treat the case
t € (1/2 —v,1/2), the case t € (1 — v,1) being analogous. Since
C(t + v) — C(t) points in the direction of V, there exists a constant
k > 0 such that C(t + v) — C(t) = kV. Using the definition of C, we
get C(t) = (0,2 — 2t — 2v) — (0, k). If C(t) = (x,y), we therefore get

x =0, y=2-2t—2v—k<1.

Thus, the vector C'(1/2) — C(t) points in the direction of V. Since
C' | [t,1/2] is an embedding, there exists a 7/2 € (t,1/2) such that
C’(1/2) = 2C"(7) points in the direction of V. Since 7 ¢ II, this is a
contradiction. O

If C : I — R? is a nonstop curve let Yo be the set of pairs
(s,t) such that s < ¢ and such that C(s) = (1 — p)C(0) + pC(1),
C(t) = (1 —v)C(0) + v(C(1)) where 4 < v. For (s,t) € Yo, let

Cop:1— R? be the closed curve

s

N [ C((1=27)s + 271), T €10,1/2]
Coalr) = { (27 — 1)C(s) + (2 —27)C(t), 7€ [1/2,1].
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Define the order 0(C') of C by
0(C) = max{|D(Cy,)|; (s, 1) € Yo}

if the right side exists; otherwise, let 0(C') = oo. O

The following generalization of Proposition 4 follows from Theorem
4:

Corollary 1. Suppose that C : I — R? is a nonstop curve. If
X is the set of points t € I such that C'(t) points in the direction of
C(1) = C(0), then

#X > 0(C).

Proof. We shall distinguish three cases.

Case 1. For some (s,t) € Y, the degree D(Cs ) does not exist. In
this case it follows from Theorem 4 that C’(t) points in the direction
of V.= C(1) — C(0) for infinitely many values 7 € (s,t).

Case 2. D(Cy,) exists for all (s,t) € Y, but 0(C) = co. Suppose
that X is finite, say #X = n. Then there exists (s,t) € Y such that
|D(Cy.;)] = m > n. By Theorem 4, we get m points 7 € (s,t) such
that C’(7) points in the direction of V, a contradiction.

Case 3. 0(C) = n < oo. Then there exists (s,t) € Yo such that

n = |D(Cs,)|. The conclusion follows again from Theorem 4. O

Corollary 2. IfC: 1 — R? is a nonstop curve and if, for some
(s,t) € Yo, the curve Csy is normal and has even self-intersection
number, then C'(7) points in the direction of C(1) — C(0) for some

T € (0,1).
Proof. See Theorems 4 and 2. O

6. A proof of Proposition 4. First we prove the following
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Proposition 5. If A : [a,b] — R? is a nonstop arc (i.e., a nonstop
curve which is 1-1), then there exists an interval [a1,b1] C (a,b) of
length less than (1/2)(b — a) such that A(by) — A(a1) points in the
direction of the vector V.= A(b) — A(a).

Proof. Let R be rotation of the plane which maps V to a positive
multiple of the vector (0,1). Let Cy be defined by C;(t) = R(A(t) —

A(a)). If C1(t) = (z1(t), y1 (1)), let
yo = max{yy (t); ¢ € a7 (0)},
and let ty be equal to C; '(yo). Define C' : I — R? by

Clt) = Cl((l—ty)oa-i-t‘to)'

Clearly C(0) = (0,0), O( (0,1) and, if C(t) = (x(t),y(t)), then
;teax™

1) =
y(1) = sup{y(t) H0)}.

Case 1. z7'(0) = {0,1}. In this case z(t) does not change the sign
on I, say x(t) < 0 for t € (0,1). Let C : I — R? be the closed curve
obtained from C' and the line segment from (0,1) to (0,0), i.e.,

X B C(2t), te0,1/2],
C@{mg_m,tﬂﬂlﬂ

Since C' is a normal curve with no self-intersections, it follows from
Theorem 2 that D(C) # 0. By definition of degree, D(C) is equal
to W (é/®). Therefore, there exists a point 7 € I such that C(7 +
1/6) — C(7) points in the direction of V. Clearly, 7 is not contained in
[1/2,5/6]. If T € [2/6,1/2)U(5/6,1], then one of the points C(7+1/6),
C(7) lies on C((0,1)) while the other lies on the line z = 0. Since
z(t) < 0 for t € (0,1), it follows that C(7 4 1/6) — C(7) cannot have
the first coordinate equal to zero. Therefore, it cannot point in the
direction V. Thus 7 € (0,2/6) which implies that [r,7+1/6] C (0,1/2).
Let ag = (1=27)-a+27-ty, b1 = (1= (2714+1/3))-a+ (21 +1/3) - to.



972 M. KRANJC

Then by — a1 = (1/3)(to —a) < (1/2)(b—a) and

A(by) = A(ar) = R™1(Cy(by) — Ci(ar))
= R YC((1— (27 +1/3)) -a+ (27 +1/3) - 1o)
—C1((1 =27)-a+27-tg))
=yo- R™HC(27 +1/3) — C(27))
=yo- R7H(C(T+1/6) = C(7))

points in the direction of V.

Case 2. There exists a sequence {t,} of distinct points in z71(0)
which converges to 1. Since y(1) = max{y(t);t € z~1(0)}, we can
assume (by choosing a subsequence, if necessary) that {t,,} and {y(¢,)}
are strictly increasing sequences. There exists a positive integer m such
that fy 11—ty < 1/2.

Let a;p = (1 - tm)a + tmto, b1 = (1 — tm+1)a + tm+1t0.

Case 3. 1 is an isolated point of 27(0). Let ¢y = max{[0,1) N
271(0)}. Then C | [to, 1] intersects the line x = 0 only at ¢t = ¢y and
t = 1. This reduces the situation to Case 1. O

Proof of Proposition 4. Let R be a rotation of the plane which maps
A(1)—A(0) to a positive multiple of the vector (0,1). Define C' : I — R?
by

R(A(t) — A0))
Ct)= —F——2-.
[A(1) — A(0)]
Then C(0) = (0,0) and C(1) = (0,1). Suppose that C(t) = (x(t),y(t)).
By Proposition 5, there exists a sequence of intervals [s,,, t,,] such that:
(i) [s1,.ta] =1,

(11) [Sn+17tn+1] C (Snytn)>

(iil) tnt1 — Snt1 < (1/2)(tn — $n), and
) C(t,) — C(syp) points in the direction of vector (0,1), i.e.,

y(tn) —y(sn) > 0 and x(t,) — z(s,) = 0.
Let {7} = NS [sn,tn]. Clearly 7 # t,,s, for all n. Since z(t,) —
) = 0, the product (z(t,) — z(7))(z(7) — x(s,)) is non-positive.
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Therefore,

oy (2d=2lr), ) —en)) _

n—00 th — T T — Sp,

is nonpositive. Thus, z'(7) = 0. Since y(t,) — y(s,) > 0 for all n, it
follows that either y(t,) — y(7) or y(7) — y(s,) is positive for infinitely
many values of n. We shall assume that y(t,) — y(7) is positive for
infinitely many values on n, say n = ki, ko, ..., the other possibility
being treated similarly. Then we have

y'(r) = lim ((y(te,) — y(7))/(te, — 7)) 2 0.

J—0o0

Since #'(7) = 0 and C'(7) # 0, it follows that y'(7) > 0. Therefore,
C'(7) points in the direction of the vector (0,1). Since C'(7) =
R(A(7)/|A(1) — A(0)], we have A'(r) = |A(1) — A(0)| - R~ (C"(r).
This shows that A’(7) points in the direction of A(1) — A(0). O

APPENDIX

In this section we are going to prove that every piecewise-linear locally
1-1 curve is gently homotopic to a regular curve.

Suppose that C' is a closed piecewise-linear curve such that for some
A > 0 the points C(t) and C(s) are distinct whenever |s —t| < X\. We
shall assume that there exist numbers 0 < t; < --- < t,, < 1 in the unit
interval [0, 1] such that C restricted to each of the intervals [t, — 1,t1]
and [t;_1,%], i = 2,...,n, is linear. If this is not the case we can use
a gentle homotopy of the type (z,t) — C(t + ) to homotope C' to a
curve having this property (compare with Section 3).

For every integer k define points t5 as follows. If k = gn + j, where
0 < j<n,letty =1t;+¢q. Then C restricted to [t;,t;11] is defined by

C(t) = é(tl) + (t — ti)ai = C(ti—i-l) - (ti+1 - t)ai

where R ~
C(tiv1) — O(ty)

a; =
tiy1 —t;
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Let s be a positive number smaller than or equal to M = (1/4) min{¢; —
ti_1;i € Z}. Define the curve hs : R — R? as follows:

h (t)_{é(t)’ t ¢ U{[t; — st +slyi € Z},
’ Qit? + B; + i, tE[ti— st + 5],

where the constants «;, 5; and §; are given by the following expressions
;= Aifds,  Bi=DB;i/2—(Ai/2s)t;

6 = C(t;) + (A /4s)(t; — )% — tia;_1.

By A; we denote the difference a; — a;_1 and by B; the sum a; +a;_1.
Thus A; + B; = 2a; and A; — B; = —2a;_1.

The function hg will be used to define a gentle homotopy from C' to
a regular curve. First we are going to study the properties of hs.

Let z;(¢) be the function «;(t; + &)% + Bi(t; + &) + &;. By a straight-
forward computation, one can show that x;(&) is equal to

(Ai/45)(€% + 8%) + (Bi/2)¢ + C(t:).

Clearly @;(—¢) = z:(§) — Bi¢.

Using the expression for z;(£), we get

hs(ti—FS) = Iz(S) = Ai5/2+BiS/2+C~’(ti) = Gi5+é(ti) = é(ti+8)
hs(ti—s) = .’131'(—8) = ais—i—é'(ti)—Bis = é’(ti)—ai_ls = C’(ti—s),

which shows that h, is continuous.

Next we calculate the derivatives of h, at t; + s and t; — s. We have

(hs)/(ti + S) = QOzi(ti + S)+,61 = (A1/28)(t1 + S)-i—Bl/2—(Az/28)tz
=+A,/2+B,/2.

This gives us
(hs)' (ti +s) =a; and (hy)'(t; —s) = a;_1,

which implies that hg is continuously differentiable.



DEGREES OF CLOSED CURVES IN THE PLANE 975

Claim. The derivative of hs does not vanish.

We only need to verify this on [t; — s,t; + s] where i is an arbitrary
integer. If a; and a;,_; are linearly independent, then a; and (; are
also linearly independent which implies that (hs)'(¢) cannot be equal
to zero. If a; and a;_1 are linearly dependent, then a;_; = ua; for some
positive number u (u has to be positive because otherwise C cannot
be locally 1-1). A straightforward calculation gives us the following
expression for (hg)'(t; + t):

(he)'(ti + 1) = (ai/2)[(t/s)(1 = u) + (u + 1)].

The expression vanishes when t/s is equal to (u+1)/(u—1). The last
quotient, however, is greater than one by absolute value if u is positive;
therefore, the equation (hs)'(t; +t) = 0 has no solution when ¢; +¢ lies
in [t; — s,t; + s] because in this case t/s cannot be greater than one by
absolute value.

Since hg is a regular curve, it is locally 1-1. We show next that hg is
1-1 on [t;—1 + s,t;4+1 — s] for all 4. It suffices to show that the function
a;t? + Bit + 0; = x;(t — t;), restricted to [t; — s,t; + 5|, is 1-1 and that
it intersects the line segments from CN’(ti,l) to C'(tz) —s-a;_1 and from
C(t;) + s - a; to C(ti41), only in the points C(t; — s) and C(t; + s),
respectively. Suppose first that a; and a;,_; are linearly independent.
Denote by b;, j =7 — 1,14, a unit vector perpendicular to a;. Then

-ty by = (B B

_ (a%ii;sl . bj)((_l)i+j71(7_2 + 82) + 287‘)
R P

If j = i—1, the above expression is equal to zero only if 7 is equal to —s;
therefore, o;t?+B;t+9; intersects the line through C’(tz) in the direction
of a;_1 only at t = t; — s. Similarly, if j = 4, the above expression is
equal to zero only if 7 is equal to s; therefore, a;t24 3;t+6; intersects the
line through C' (t;) in the direction of a; only at ¢ = t; +s. Assume now
that a; and a;_1 are linearly dependent. Then, as before, a;_1 = ua;
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for some positive number u. Suppose that z;(7) = C(t;) — 2z - a;_;.
Then

= A B;
O:xi(T)—C(ti)+z~ai,1 = 4—8(72—1—32)—}-77—1—2'%,1
a;

= 45((1 —u) (72 + 5%+ 2s(1+u)T +4s5-u - 2).

Thus, 2 = —(1/(4s-u))[(1—u)(12+s?)+2s(1+u)7] = —(1/(4s-u))[(T+
5)2 —u(r — s8)?]. If |7| < s, we get the following estimate for z:

—(1/(4s - w)[~u(2s)*] =

which shows that x;(7) restricted to [—s, s] intersects the line segment
from C(t;_1) to C(t;) — s - a;_y only at C(t;) — s - a;_1. If x;(1) =
C(t;) + z - a;, then

~ A; B;
0=a,(1)—Cti) —z-ai=—(T°+8*) + —T— 2 q
4s 2
a;

= 43((1 —u) (7?4 %)+ 25(1 + u)T — 45 - 2).
Thus z = (1/(48))[(1 — u) (72 + s%) + 2s(1 +u)7] = (1/(4s))[(T + 8)% —
u(T — 5)?]. If |7] < s, we get the following estimate for z:

2 < (1/(49))[(25)%] = s

which shows that z;(7) restricted to [—s, s] intersects the line segment
from C(t;)+s-a; to C(t;11) only in the point C(t; ). Now we show that
the restriction of hg to [t;—s, t;+s] is 1-1. This is equivalent to showing
that x; is 1-1 on [—s, s]. If z;(7) = z;(0), for some 7,0 € [—s, 5], then
we get

A; B; A; B;
E(TZ +59)+ PR E(UQ +59)+ 27
which implies that
Ai 2 2 Bi
4_3(T —) 7(0 -7

and, therefore,
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If a; and a;_q are linearly independent, then so are A; and B;. There-
fore the second factor in the above expression cannot vanish which
implies that o is equal to 7 and, therefore, z; is 1-1 on [—s, s]. Assume
now that a; and a;_; are linearly dependent. Then, again, a;_1 = ua;
for some positive number u. Therefore, the above equation becomes

(a;/(48))(c —7)[2s(1 + u) + (1 —u)(7 + 0)] = 0.

Since 7 and ¢ are smaller than s by absolute value, 7 + o is less than
2s by absolute value. Also, (v — 1)/(u + 1) is less than 1 by absolute
value because u is positive. If the last factor was zero, then we would
have the following estimate for |2s|:

-1
|2s] = ’u (T+0)] <2s,

u—+1

which is a contradiction. Thus, as before, we see that o is equal to 7.

From the above it is clear now that hg(¢;) is different from hg(t2)
whenever [t; — to| is less than M.

Define a homotopy H : I x I — R? by

[ har(t), we(0,1]
H(“’t){(}(t), u=0.

From the definition of hg it follows that H, is a regular closed curve
for all u € (0,1]. We show next that H is continuous. It is clear from
the definition of h, that H is continuous on (0, 1] x I. Suppose (0,1) is
a point in {0} x I such that ¢ # ¢; for all i. Choose § to be a positive
number which is less than (1/2) min{|t, — ¢|;4 € Z}. Then H(u,7) is
equal to C(7) for all (u, ) such that |t — 7| is less than ¢ and w is less
than 6/M. Therefore, H is continuous at (0,¢). We still have to check
that H is continuous at every point (0,¢;). To do that it is enough to
estimate the value |C(t;) — haru(t)|. Let s = Mu. Using the notation
from above, we get

|C(t:) = haru(D)] = [C () — zi(t — )]

= é((zt —t)? +5%) +

B;
-ty
1s (t—ti)

2

| Bi | A 2 2
< -t + (-t Mu)?).
< 80—t + (e - )% + (Mw?)
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Since A;, B; and M do not depend on u and t, the last expression
goes to zero as (u,t) approaches (0,¢;). Thus, H is continuous. Since
H(u,ty) is different from H (u,t3) whenever |t; —to| is less than M, the
homotopy H is a gentle homotopy from C to the regular curve Hy,.

REFERENCES

1. W. Chinn and N. Steenrod, First concepts of topology, Random House, New
York, 1966.

2. E. Hille, Analytic function theory, Vol. 11, Ginn & Co., Lexington, MA, 1962.

3. E. Moise, Geometric topology in dimensions 2 and 3, Graduate Texts in
Mathematics, Springer-Verlag, 1977.

4. 1. Rosenholtz, A topological mean value theorem for the plane, to appear.

5. H. Whitney, On regular closed curves in the plane, Comp. Math. 4 (1937),
276—284.

DEPARTMENT OF MATHEMATICS, WESTERN ILLINOIS UNIVERSITY, MACOMB, ILLI-
NOIS 61455



