ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 23, Number 3, Summer 1993

COVARIANT COMPLETELY POSITIVE
MAPS AND LIFTINGS

ALEXANDER KAPLAN

ABSTRACT. Covariant completely positive maps related
to discrete unital C'*-dynamical systems are studied. We
consider their application to the completely positive lifting
problem for homomorphisms of certain reduced discrete group
C'*-algebras into the Calkin algebra.

Let @ : G — Aut (A) be an action of a discrete group G on a C*-
algebra A. Given a unitary representation u : G — U(B) of G into the
unitary group of a unital C*-algebra B, a linear map ¢ : A — B is called
u-covariant if p(ay(a)) = ugp(a)uy for all @ € A and g € G. In this
situation the triple (4, G, @) is called a discrete C*-dynamical system,
and ¢ will be referred to as a (discrete) covariant map of (A, G, ).

The purpose of this note is to explore the natural relation of dis-
crete covariant completely positive maps to crossed products and to
show their application to a certain lifting problem. We shall show
that a discrete covariant completely positive map ¢ : A — B ex-
tends to a completely positive map on the crossed product A x, G.
This is done using the analog of the covariant version of Stinespring
theorem [8] for bounded operators on Hilbert modules. Our main re-
sult states that, given a discrete unital C'*-dynamical system (4, G, a)
such that A X, G nuclear and A x, G = A X4 G, a homomor-
phism o : C}(G) — B(H)/K(H) has a completely positive lifting
to B(H) precisely when there exists a covariant completely positive
map ¢ : A — B(H)/K(H) with respect to the unitary represen-
tation of G in B(H)/K(H), determined by o. As an illustration,
it follows that the invertible elements of the semigroup Ext of the
Choi’s algebra C}(Zz x Z3) are determined by those monomorphisms
o :C}(ZyxZ3) — B(H)/K(H) which can be extended to completely
positive maps on the Cuntz algebra Os.

Recall that each covariant representation (mw,u) of (4,G,a) on a
Hilbert space canonically induces a representation 7 xu of the involutive
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Banach convolution algebra L'(G, A) [9, 7.6]. The crossed product,
Ax,G,of (A,G,a) is the universal enveloping C*-algebra of L'(G, A).
It is obtained as the completion of L'(G, A) with respect to the norm
|- || = sup{||(m x w)()|| : (7,u)}. The algebra L'(G, A) contains the
dense subalgebra K (G, A) consisting of all the functions with finite
support. We shall use the same symbol K (G, A) to denote its image
in A xo G. If A is unital, §; will denote the unitary element of
K(G,A), defined by 64(9) = I and 64(t) = 0 for all ¢ # g. Then
every y € K(G, A) can be written in the form y = ¥,y(g)d,y, and A
can be identified with the C*-subalgebra of A x, G via the embedding
a — ade.

The reduced crossed product, A X o G, of (A, G, ) is the C*-algebra
generated by (7 x \)(L'(G,A)), where (&,)) is a regular covariant
representation of (A,G,a) [9, 7.7]. Given a faithful representation 7
of A on a Hilbert space H, the representation (7, ) is defined on a
Hilbert space I%(G,H) by

(7(@)€)(9)=7(ag-1(a))é(g) and (ME)(9)=E(t71g),  E€l*(G,H).
It can be shown that A X, G is independent of the choice of m. If
A is unital, A X4, G is generated by the operators 7(a), A\, (a € A,
g € G). In particular, in this case the reduced group C*-algebra C} (G),
generated by the image of the left regular representation A of G' on
12(G@), can be identified with the C*-subalgebra of A X, G by means of
the correspondence Ay — 5\9. From the universal property of A x, G,
there is a natural homomorphism @ of A X, G onto A X4 G. If A
is unital, ® can be described by ®(2,y(9)d,) = 47 (y(g))Ay. We say
that A X, G = A X4, G if @ is an isomorphism.

We shall use some standard notations regarding Hilbert C*-modules
[2, 6, 7]. If E and F are Hilbert modules over a C*-algebra B, B(E, F)
will denote the set of all B-module homomorphisms from FE into F),
such that for each T' € B(E, F) there exists an adjoint (B-module
homomorphism) 7* : F — FE satisfying (T'z,y) = (z,T*y) for all
z € E,ye F. Each T € B(E, F) is a bounded operator with respect
to the operator norm. In particular, the set B(E, E)(= B(E)) of all B-
module endomorphisms of E that admit adjoints is a unital C*-algebra.
Note that V*T'V € B(E) when V € B(E,F) and T € B(F). In the
special case, when a unital C*-algebra B is regarded as Hilbert module
over itself with respect to the inner product (z,y) = z*y, B(B) is the
C*-algebra of all left multiplication operators on B.
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The following is an “abstract” covariant version of Stinespring theo-
rem. The proof essentially follows the lines of [8, Theorem 2.1] and [6,
Theorem 4]; so we shall present only a sketch of it.

Proposition 1. Let (A, G,a) be a unital C*-dynamical system and
u: G — U(B) a unitary representation of G into a unital C*-algebra
B. If p: A — B is a u-covariant completely positive map, then there
exst:

i) a Hilbert B-module E and a covariant representation (mw,w) of
(4, G, a) into B(E);

ii) an element V € B(B, E), such that
1) ¢(a)zr =V*r(a)Vzx for alla € A and z € B.
2) wyVa =Vugx for all g€ G and x € B.

Sketch of the proof. The algebraic tensor product A ® B is a right
B-module in the natural way. Define a B-valued positive semi-definite
inner product on A ® B by

(Nia; ®@ x5, Xjc; @ y;) = X jryp(a;c)yj, a;,c; € A,xz;,y; € B.

The Hilbert B-module E is obtained as the completion of the quotient
of A® B by the kernel N of (,)agp With respect to the inner product
given by (£ + N, ¢+ N) = (£,{) asB, §,( € A® B. The covariant
representation (7, w) is determined by

m(a)(c®y+N) =ac®y+N; we(c@y+N) = ay4(c) ®ugy + N.

The B-module homomorphism V' : B — E is determined by V(z) =
I®z+ N. It is straightforward to check that V* : E — B is
given by V*(a ® z + N) = ¢(a)z. In particular, V € B(B, E), and
V*m(a)V € B(B) is a left multiplication operator on B for each a € A.
The rest is routine. O

Proposition 2. Let (A,G,a) be a discrete unital C*-dynamical
system. If u : G — U(B) is a unitary representation of G into a unital
C*-algebra B and ¢ : A — B is a u-covariant completely positive map
of (A,G, ), then there is a completely positive map ¥ : A X, G — B
uniquely defined by ¥(y) = Xq0(y(g))ug for ally € K(G, A).
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Proof. By Proposition 1 there is a covariant representation (7,w)
of (A4,G,a) in the C*-algebra B(FE) and an operator V € B(B, E)
satisfying 1) and 2). (m,w) gives rise to a homomorphism 7 x w :
LY(G, A) — B(E) uniquely determined by

(m x w)(y) = By (y(9))wy,  y € K(G, A).

From the universal property of Ax,G, mxXw extends to a representation
X w : Axe G — B(E). Consider a completely positive map
¢ : AXq G — B(B) given by ¢(x) = V*(r x w)(z)V. By 1) and
2) of Proposition 1 we have

d(y)b = XV (y(g))wgVb = XV 1 (y(g))Vugb = Xg0(y(g))ugh

for all y € K(G,A) and b € B. Composing ¢ with the natural
isomorphism between B(B) and B, we obtain the required completely
positive map ¥ : A x, G — B. a

Corollary 3. Let (A, G, a) be a discrete unital C*-dynamical system
such that A Xo G = A Xor G, and B a unital C*-algebra. Suppose
7: C*(G) — B is a unital x homomorphism, and let u: G — U(B) be
the unitary representation defined by ug = 7(Ag). If p: A = B is a
unital, u-covariant completely positive map of (A, G, ), then there is
a completely positive map ¥ : A X o G — B extending both T and .

Proof. By Proposition 2 there is a completely positive map ¥ :
A Xor G — B defined by ¥(Xg a40,) = Bgp(ag)T(Ag). Since ¢ is
unital, the map ¥ extends both ¢ and 7. a

Proposition 4. Suppose a and 8 are actions of a discrete group
G on unital C*-algebras A and B, respectively. If p : A — B is a
completely positive map satisfying ¢(ay(a)) = By(p(a)) for alla € A
and g € G, then there is a completely positive map ¥ : Ax,G — BxgG
given by

U(y) =Sgp(y(9))dg, vy € K(G,A).

Proof. Identifying B with the C*-subalgebra of K (G, B) (C B X G)
via the embedding b — bd., we have 3,(b) = 6,b6; for each b € B and
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g € G. Therefore, p(ay(a)) = By(p(a)) = d4p(a)d; for each a € A,
g € G; and so ¢ is a d-covariant completely positive map from A into
B xg G. The required conclusion follows directly from Proposition 2.
O

Our next goal is to characterize the existence of completely positive
liftings for extensions of the algebra of compact operators by certain
reduced discrete group C*-algebras. First we recall several key facts
concerning extensions.

Let A be a separable unital C*-algebra. Let C denote the Calkin
algebra B(H)/K(H) and n : B(#) — C be the quotient homomorphism.
A linear map ¥ : A — C is said to have a lifting, if there exists a
map ¢ : A — B(H) such that ¥ = npo ¢. Then ¢ is called a lifting
of ¥. Recall that an extension of the algebra of compact operators
by A is a unital * monomorphisms of A into C. Two extensions are
called (weakly) equivalent if they are conjugate by a unitary in C.
The set of all equivalence classes of extensions modulo this equivalence
relation is denoted by Ext (A). Ext (A) is a commutative semigroup,
where the sum [o] + [r] of two equivalence classes is defined to be
the equivalence class of the extension obtained by composing the map
o1 : A— CHC C Ms(C) with the natural isomorphism of M5(C) onto
C. As a consequence of [10], Ext (A) has the unique identity element,
which turns out to be the equivalence class of all the extensions liftable
to homomorphisms from A to B(H) (such extensions are called trivial).
In [1] it is shown that an element [o] in Ext (A) is invertible precisely
when o has a unital completely positive lifting. In the case when A
is nuclear, every completely positive contraction ¢ : A — C has a
completely positive lifting [4]. In particular, in this case Ext (A) is a
group.

Theorem 5. Let (A,G,a) be a discrete unital C*-dynamical system
such that A Xo G = A Xqor G, and A Xor G is nuclear. Suppose
o : CXG) — C is a unital * homomorphism, and let v : G — U(C)
be the unitary representation defined by ug = o(X\g). Then o has a
completely positive lifting if and only if there exists a unital u-covariant
completely positive map ¢ : A — C.
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Proof. Suppose ¢ : A — C is a unital, u-covariant completely
positive map. From Corollary 3, there is a completely positive map
VU : A Xqor G = C extending o. Since A X4, G is nuclear, ¥ has a
completely positive lifting ¢ : A X, G — B(#H) [4, Corollary 3.11].
Then the restriction ¢|C(G), of ¢ to Cf(G), is a completely positive
lifting of o.

Conversely, let 6 : C*(G) — B(H) be a completely positive lifting of
o. We can assume that 6 is unital (see [1]). Since B(#) is injective, 0
extends to a completely positive map defined on A X, G. Composing
this map with the quotient homomorphism 7, we get a unital completely
positive map ¢ : A X4 G — C extending 0. Let ¢ be the restriction of
¢ to A. Since d4 (g € G) are in the multiplicative domain of ¢,

p(ag(a)) = C(0gady) = ((d5)C(a){(dy)" = a(Ag)p(a)o(Ag)"

for all a € A and g € G (see [3, Proposition 3.2]). Consequently, ¢ is a
u-covariant completely positive map. ]

Remark. If (A, G, «) of the preceding theorem is such that A admits
an a-invariant state w, then there is a trivial u-covariant map ¢ : A — C
given by ¢(a) = w(a)l. However, with the assumption A X, G =
A X4 G of the theorem, this implies the amenability of G (see [11,
5.2]).

Example. Let G = Zy * Z3, and let Oy denote the C*-algebra
generated by two isometries with complementary ranges [5]. Then

there is a Cantor set S and an action o of G on C(S), the continuous
functions on S, such that O = C(S) x4 G = C(S) Xar G.

Let a and b denote the generators of G satisfying a? = b® = e. Define
S to be the set of all “infinite amalgamated words” in a and b; that is,

S={(ab*ab™...ab™..) or (b'*ab™a...b'"a...): i, €{1,2} for each n}.

There is a natural bijection between S and the countably-infinite
product of copies of the set {1,2}. By means of this bijection S
is provided with the topology coming from the product topology;
so that S becomes a totally disconnected compact metrizable space.
The left multiplication by elements of G defines an action of G by
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homeomorphisms on S. Let E denote the (closed and open) subset of
S consisting of all the elements of S originating with a. It is easy to
see that the sets E and a(E) are disjoint and EUa(FE) = S. Similarly,
the sets F, b(E) and b%(E) are pairwise disjoint and EUb(E)Ub?(E) =
S. Let a be the induced action of G on C(S), given by oy4(f) =
fog ! and let p denote the projection in C(S) corresponding to the
characteristic function of E. If (7, ) is any covariant representation of
(C(S), G, @), then, from the preceding identities, 7(p) + ugm(p)ul = I
and 7 (p) + upm(p)uy + uim(p)up = I. By [3, Theorem 2.6], this shows
that C(S) X G = Oz. Since Oy is simple, C(S) X oG = C(S) XrG = Oa.

The following corollary follows directly from Theorem 5 and the
preceding example.

Corollary 6. Let o : C*(Zy*Z3) — C be a unital *-monomorphism,
and let u : Zy x Zz — U(C) be the unitary representation given by
u(g) = o(Ag). The following are equivalent:

(i) The element [o] is invertible in Ext (C}(Zy * Z3)).

(ii) There ezists a unital u-covariant completely positive map ¢ :
C(S)—C.

(ili) o extends to a completely positive map ¥ : O3 — C.
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