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ABSTRACT. The author uses irrationality and linear in-
dependence measures for certain algebraic numbers to derive
explicit upper bounds for the solutions of related norm form
equations. The Lenstra-Lenstra-Lovész lattice basis reduction
algorithm is then utilized to show that the integer solutions
to

Nijq@d/Nt—1+4y3/Nt 4 142)=+1

(where K = Q(v/N% — 1, /N4 1)) are given by (z,y,2) =
(0,0, 1), (£1,0,=N) and (0, %1, £N), for 5 < N < 100.

1. Introduction. There has been a great deal of recent work
published on techniques for finding the integer solutions of certain
Diophantine equations. Most of the effective results in this area
rely upon Baker’s theory of linear forms in logarithms (for surveys
of applications of this method to diophantine problems, the reader is
directed to [19] and [22]). Via this approach, for instance, it is possible
to find explicit upper bounds for the size of solutions to a given Thue
equation

F(z,y)=m

where F(z,y) € Z[z,y] is, say, an irreducible binary form (of degree
> 3) and m is a nonzero integer. Since these bounds are often
extremely large, it is necessary to combine this with computational
techniques from Diophantine approximation in order to fully determine
all solutions (see, e.g., [20, 23, 24, 25, 26| and [27]).

In this paper we restrict our attention to norm form equations of the
specific type

(1.1) Ngjq@V/N* =1+ yv/Nt+1+2)=u
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for integral v and K = Q(v/N* —1,v/N%1+1). By a theorem of
Schmidt [17], these equations have only finitely many solutions for
each fixed N > 2. Further, from work of Gy6ry and Papp [11] (see also
Gyéry [10] and Kotov [12]), since

[Q(V/N*— 1, /Nt +1): Q(¥/ N+ 1) =4

and
[Q(VN*+1):Q] =4
it follows that we may find effective bounds for solutions to (1.1)

through the theory of linear forms in logarithms. For additional results
along these lines, see the papers of Gadl [7, 8, 9] and Sprindzuk [21].

In [1], Baker gave a technique for solving restricted classes of norm
form equations without using linear forms in logarithms. Instead, he
deduced effective lower bounds for the linear forms dividing the given
norms via the method of Padé approximation to binomial functions.
Fel’dman [6] also took this approach and showed how to bound solu-
tions to

NK/Q(xlel + CL'292 + e+ wmem) - f(wlax% e 7wm)

where K = Q(64,...,0n), f is a polynomial in zq,...,z, and
01,...,0,, are algebraic numbers satisfying certain approximation
properties. Neither author, however, explicitly solved any particular
norm form equations.

Here we will follow Fel’dman’s exposition closely, deriving, in Section
2, lower bounds for forms related to

lzv/ N4 — 1+ yv/N*+1+ 2|

In Sections 3 and 4 we apply these to show, for instance, that solutions
to (1.1) with N > 20 satisfy

max{|z|, |y, ||} < 105 N5/2|u|*/0 7,

Through the use of the algorithm of Lenstra, Lenstra and Lovasz for
lattice basis reduction (see [13]), we are able to reduce these bounds
and solve

(1.2) Nijq(zV/N* —1+y+v/N*+ +1+2) = £1
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for 5 < N < 100, finding that, in each case, all solutions are given by
(z,y,2) = (0,0,£1), (£1,0,+N) and (0,£1,+N).

2. Some Diophantine approximation results. In [2], following
work of Osgood [14], Fel’dman [5] and Rickert [16], we considered the
problem of simultaneously approximating functions of the form

(14 aoz)*’™, ..., (1 + apz)®/™

where the a;’s are distinct integers, ag = 0, |a;| < |z|~! for 0 < i <m
and s and n are positive, relatively prime integers with s < n. These
approximations derive from the integral (see Rickert [16])

L[ ()t za)ln
li(#) =5 / —a)AE)F
0<i<m

(2.1)

where k is a positive integer,

A~

Ny

]
jamp

(z — a;)

and v a closed, counter-clockwise contour enclosing the poles of the
integrand. From the Residue theorem,

L(z) =Y pij(z)A+aze)/™,  0<i<m
j=0

where the p;;(z)’s are polynomials in  with rational coefficients and
degree at most k. By Lemma 3.3 of [16], we have

pij(z) =) (k t:/n> (1+ ajz)"~"iahs
(2.2) ﬁ (}5;;) (a; — a)Fa—t

1=0

where > refers to summation over nonnegative hy, ... , h, with hg +
o+ hpy =k+6;; — 1 for §;; the Kronecker delta. Bounding |p;;(1/N)|
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and |I;(1/n)| and finding, for each k, rational Cj such that Cyp;;(1/N)
is integral, we may deduce lower bounds for simultaneous rational
approximation to the numbers

1, (1+ay /N (14 am /N)"

through application of

Lemma 2.1. Let 64,...,0,, be arbitrary real numbers and 6y = 1.
Suppose there exist positive real numbers l,p,L and P, L > 1, such
that for each positive integer k, we can find integers p;jr, 0 < i, j < m,
with nonzero determinant,

|pijk:| Spka 0 S Z:J S m

and .
Zpijkej S lL_k, 0 S ) S m.

=0

Then we may conclude that

max{ g, — 2L yeins 9m—p—m‘} >cq
q
for all integers p1,... ,pm and q, where
log(P)
A=1
" log(T)
and
¢! = 2mpP(max(1,20))* 1.
Proof. This is a slight modification of Lemma 2.1 of [16]. o

This result will allow us to derive lower bounds for the moduli of the
linear factors of the norm forms in (1.1). We take s = 1 and n = 4 and
consider separately the cases

(1) m=1, a; =2and
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(2) m=2,a1=-1,ay=1.

Our techniques for finding upper bounds for |p;;(1/N)| and |I;(1/N)|
follow from those of Rickert [16] and, while not asymptotically sharp,
are suitable for our purposes. We prove

Lemma 2.2. If0 < i, j < m, then
(i) If m=1 and a3 = 2, then

N+\/§+1>1/4<1+x/§+1>’“_

Ipi; (1/N)| < 1.43( ~ ~

(il) If m=2, a1 = -1 and ay = 1, then

pi; (1/N)| < 1-55<]\][V\/\/§§_+;§>1/4(3\2/§ <1 * Ni/§>>k'

Proof. (i) We note that p;;(1/N)(1 +a;/N)/* is given by the same
integral as (2.1), only with the contour changed so as to enclose only
the pole corresponding to z = aj, for 0 < 5 < m. Since ap = 0 and
a1 = 2, it follows that the lemniscate

lz(z —2)| =1

splits into two such contours, each, by numerical integration, of length
less than 3.709. Further, on this lemniscate, we have

V2-1<z], |z -2 <V2+1.

These inequalities, together with (2.1) imply that

Ipij (1/N)| < %(ﬁ) <1+ \/ij\;i- 1>1/4<1+ ﬁ]\j_ 1>k

which is less than

1/4 k
Lag(NHV2+1 Ly V2EIV
N N
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(ii) This is a special case of Lemma 2.2 in [3] which in turn follows
from Rickert’s lemma 4.1 in [16]. u]

For the integrals I;(1/N), we have

Lemma 2.3. If 0 < i < m, then
(i) If m=1 and a; = 2, then

5N

m@N(Nf 2))*.

[Li(1/N)| <

(il) If m=2, a1 = -1 and ay =1, then

135N (27 ok
|I;(1/N)| < 512N —1) (Z(Ng - N)> :
Proof. (i) From (2.1), we may write
(2.3) Ii(z) = i <k +h1/4> " Jin, 0<i<m

h=0
where

T — i/ A d
"o | G —a)(AR)F
vanishes for A < (m + 1)k. By Lemma 3.2 of [16], if we let

Ji(@)=> a" Ty, 0<i<m
h=0

then
-1
(1 = a;z)(A(1/z))k’

provided |z|~! > |a;|, for 0 <4 < m. From (2.3), we have

k+1/4 _
(FH1) i

(2.4) Ji(z) = 0<i<m

oo

LN <Y

h=0
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and so if m =1 and n = 4, from

k+1/4 kE+1/4
[CREICO
we have
k+1/4) | _
(25) <] (F50) |3 iy,
h=0
Now, from (2.4),
g2k
whence Jop, < 0 for all h. Also
2k
Jl(m) = (1 — 2£E)k+1’

so that Jy, < 0 for all . Thus (2.5) yields

nam < | (M5 o

and the inequalities

k+1/4 5\ s
()= () ez

/M) < (0 )V - 2)

and

imply the result as stated.

(ii) The result here is essentially just Lemma 2.3 in [3].

821

We now turn our attention to determining, for each k, rational Cj

such that Cyp;;(1/N) are integral for 0 < ¢, j < m.

From [2], we have
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Lemma 2.4. (i) If m =1 and a1 = 2, then

2% p;;(x) € Z[z].

(il) If m=2, a; =—1 and ay =1, then

24k_1pi]’($) S Z[I]

Proof. See [2], Lemma 3.1 of [3] and Lemma 4.3 of [16] for details.
]

The shape of the coeflicients of the p;;’s, as given in (2.2), suggests
the presence of potentially large integer common factors. It is these
factors that enable us to sharpen the work of Osgood, Fel’dman and
Rickert and extend our results to a wider class of norm form equations.
Define, for {z} = z — [z] and 1 < r < m, S(r,m,n, k) to be the set
of all primes p satisfying p > vnk+ 1, (p,nk) = 1, pr = 1 mod n
and {(k — 1)/p} > max{(mn —r)/(mn),r/n}. If m = 1, we add the
additional restriction that (p,nk —n — 1) = 1. We proved in [2] that

Lemma 2.5. Ifp € S(r,m,n, k), then

0rdp<<ktli/n> <k+Zi_1>"'<k+Z:_l>> >1

for all nonnegative integers hg, h1,... , hy with sum equal to k or k—1.

Define II; (k) to be the greatest common divisor of the coefficients of
all the polynomials 2% p;;(x), 0 <4, j < 1, for m = 1 and a; = 2 and
similarly define Il5(k) relative to 23*~1p;;(z), 0 < 4, j < 2, m = 2,
a; = —1, az = 1. Then Lemma 2.5 implies that

Lemma 2.6. We have

(i) T (k) 3/2)", kE>1

> 113
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@)HAM>E%MBV, k>l

Proof. The proof of (ii) is given in [3] and depends upon recent
estimates for primes in arithmetic progressions due to Ramaré and
Rumely [15]. The first assertion follows from Lemma 3.3 of [3], where,
via bounds upon the Chebyshev function

6(x) = > logp,

p<z

from Schoenfeld [18], it is shown that
I, (k) > (3/2)"

for all & > 271. Explicitly computing the coefficients of the p;;(z)’s
and their greatest common divisor, for 1 < k < 270, yields (i). o

We separately consider
piji = 2 N¥I11 (k) 'pi; (1/N), m=1, aj =2

and
pijie = 2** T NFIIy (k) " pi (1/N),

m=2, a; = —1, as = 1.

Applying Lemma 2.1 and arguing as in [3], while noting that Lemma 3.4
of [16] ensures the nonvanishing of det (p;;x), we find

Theorem 2.7. (i) If p,q and N are positive integers with N > 255,

then
2 p oy
A1+ == T x10°N) g
-I-N q>(37>< 0'N) g

log((32N + 32(v/2 +1))/3)
log(3(NV - 2)/8)

where

A=1+
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(ii) If p1, p2, ¢ and N are positive integers with N > 256, then

1 1
max{ v 1_N_I£ , \4/1+N—p;2 } > (5.6 x 106N)_1q_)‘
where
N1 log(18v/3N + 36)

- log((9/16)(N? - 1))

We remark that in Theorem 4.3 of [3], we derive a weaker version of
(ii) subject to the condition N > 4.

3. A class of norm form equations. We now turn our attention
to equation (1.1), where we suppose N > 4. It is straightforward to
show that

Nkjq@V/N*—14+yV/Nt+1+2)= []| Les
0<s,t<3

where, if i2 = —1, we have

(3.1) Lgy =i*zV/ N4 —1+i'yy/ N4+ 1+ 2,

so to solve (1.1) effectively, it will suffice to deduce suitable lower
bounds for the linear forms |L, ;.

Throughout this section we will assume that xyz # 0, dealing with
the degenerate cases in Section 4. Define X = max{|z|,|y|,|z|} and
suppose that X = |z|. If L is any of the forms Ly, 0 < s,t < 3, we
associate to L the forms Ly, 1 < k < 3 defined by

(3.2) Ly =i"L + (1 —i%)z.

Since ) )

mase{|L| |Ll} > S(1Ls - “Ll) = 21— |2
we conclude that the product of the three largest of |L|, |L1|, |L2| and
|L3| is bounded below by X3/2. Since this construction divides the
forms Ls¢, 0 < s, t < 3, into four disjoint groups of four forms each
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(say by taking L to be, successively, Lg o, Lo,1, Lo 2 and Lg 3), we have
that the product of the 12 largest of the |L; | is at least X12/16.

Let the four smallest of the |L, ;| be those associated with the forms
L® for 0 < i < 3, where |L(9)| is minimal. If Tm(L(®)) # 0, then since
xyz # 0, considering real and imaginary parts yields

|L(0)|Zl

whence
1
(3.3) Nz V/Nt*—1+yv/Nt+1+2z)| > 1—6X12.

If, however, Im(L(®) = 0 and |L(®)| < 1, then, without loss of
generality, L(®) = Lyo and LY, L(?) and L®) belong to the disjoint
classes of forms associated via equation (3.2) to Lg1,Lo2 and Ly s,
respectively. Again, considering real and imaginary parts, it follows

that
Z®)] > [im(2¥)] > YN -1
for k=1 or 3, while
|L(2)‘ Z min{2m— l’X} = m(N)

The last inequality follows from the fact that the real forms Lg
and Ly o differ from Lo o by 2yv' N% + 1 and 2zv N* — 1, respectively.
Thus, if zyz # 0, X = |2| and |Lo | < 1, then

(3.4) |Ni/q(zV/N* —1+y+v/Nt+1+2)|

N
> m(ﬁ )| Lool /N —1X12,

1

It remains to bound |Lg | from below. By Theorem 2.7(ii), we have, if
p1,P2,q and N are nonzero integers with N > 4, then

YN 1P YNt - ’2‘} > cplg
q q

(3.5) max{

where

. log(18v/3N* + 36)
=T 1og(9(N® —1)/16)
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and
c1 = 5.6 x 106 N3,

To move from these lower bounds to ones for the related linear forms,
we use a standard transference principle, namely,

Lemma 3.1. Suppose that 61 and 05 are real numbers such that, if
p1,p2 and q are any positive integers, then

max{ 0, — ]2‘} > cl_lq7>‘
q

where ¢; > 0 and A < 2. We conclude that if x,y and z are integers,
not all zero, and X = max{|z|, |y|,|z|}, then

6, - 2

)

|20) 4 yb2 + 2| > ¢ 1 XM

where ¢o = ci/@_/\)22)‘/(2’)‘) and A\ = (2A—2)/(2 — A).

Proof. This is just a special case of Theorem II, Chapter 5 of [4].
O

Applying this result in our situation yields

v/ N4 —1 + y14/N4 + 142> 292X x 2242 1/(2—=X)
1

where X = max{|z|,|y|, |z|}. Thus, we may conclude from (3.3) and
(3.4) that if zyz # 0 and X = |z]|, then

(3.6) |Ni/q(zV/N* —1+yv/Nt+1+2)|

. ml(éV) (12%) 2/ (=N /NT Z 1 X (36-140)/(2-)

for ¢; and X as in (3.5).

If, on the other hand, X = |z| or X = |y|, we argue in a similar
fashion, only with the linear forms L ; of (3.1) divided into disjoint
groups of four by associating to a given form L, the three forms

Ly =L+i*zy/N4+—1, 1<k<3
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or
Ly, =L+iyy/N++1, 1<k<3

respectively. The lower bounds obtained for

Ni/q(zV/N*—1+yv/N*+1+2z)

are in both cases at least as strong as (3.6) and hence (3.6) holds for
any zyz # 0 with X = max{|z|, |y|,|2|}. Since it is relatively easy to
show by calculus that the functions

1
<—(012A)2/(2)‘)\/N4 —1(2v/N* —1-1) N5/2

(A—2)/(26—14))
e )

and

N—5/2

(i(clgx)—z/(z—» /N1

16

are decreasing in N (for N > 4) by computing the various constants in
(3.6), we attain

> (A—2)/(28—15))

Theorem 3.2. If z,y,z,u and N are integers with xyz # 0, N > 4
and

Ngjq(@V/N* =1+ yv/Ni+1+42)=u

then
max{|z, |y, |2|} < caN°/?|u|*/*s

where we may take co and c3 as given in the following table:

Co c3 N Co cs3
1.1 x 10%4° 0.2 13 24x10" 7.6
14x10* 38 14 12x107 7.7
1.1x10' 5.2 15 6.7x10° 7.8
3.1x102 60 16 42x10% 7.8
4.6 x 101 6.5 17 2.7x10% 7.9
34x10° 68 18 19x10°% 8.0
56x10% 7.1 19 1.4x10% 8.0
1.5x10% 7.3 >20 108 8.1
12 53x107 7.4

—_ =
P2 e oo o w2
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The functions c2(N) and c3(N) in the above tend to 0 and 10,
respectively, as N tends to infinity.

Let us now consider equation (1.2) with 5 < N < 100 and zyz # 0.
The previous result asserts that we bound solutions to these equations
by

max{|z|, |yl, |z} < M

where M may be taken as follows:

N =5 M =10%
N =6 M =10
N=T7 M =10%°

8 < N <100 M =10'3.

To reduce these upper bounds to a workable size, we apply the
Lenstra-Lenstra-Lovéasz (L3) algorithm, following closely the work of
Tzanakis and de Wegner in [24] (see also [25]).

If zyz # 0 then to have

INk/q(@zv/ Nt —1+yv/Nt+1+2) =1

we must have, without loss of generality,

(4.1) |Loo| = |z v/ N* —1+yv/ N+ 142 < X 12

where
X = max{|x|, |y|7 |Z|} < M.

Choose an integer ¢ such that co > M? and consider the lattice I’
associated with the matrix

1
A= 0

We apply the L? algorithm to find a reduced basis by, by, bs of I' and
note that by Proposition (1.11) of [13], if x # 0 € T, then

1
(4.2) x| > S[b .
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Since

T T

Aly | =y | el

z A

where
A = z[cov/ N4 — 1]+ ylco VvV N4 + 1] + zco,
we have
‘A — 00L070‘ < 2M.

Therefore,
(43) |A| < 00|L070‘ + 2M.

On the other hand, (4.2) implies that

by |®

A~

$2+y2+A22

so that

1
(4.4) Al =4/ Z\b1|2 —2M?

provided |by| > v/2M. Together, (4.3) and (4.4) yield the inequality

1 1
|L0,0|>—( Z|b1|22M22M> = F(co, N, M)
co

as long as |by| > v/2M and so from (4.1), we conclude that
X < C(co, N, M)
where

F(co, N, M)~Y/12if |by| > 2v/6M
M otherwise.

C(co, N, M) = {

To explicitly perform the lattice basis reduction for specific choices of
co, N and M, we utilize an existing implementation of the L3 algorithm
in Maple V. If we set N =5 and apply this procedure, we find that

C(10%7,5,10%) < 111250
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so that in this case, if zyz # 0, then solutions to (1.2) satisfy
max{|z|, |y|, ||} < 1112409.

Since
C(10'8,5,111249) < 14

and
C(10°,5,100) < 4,

two further iterations reduce the above bound to
max{|z, ], |21} < 3.
Similarly, the inequalities
C(10°7,6,10"®) < 1633,  C(10'3,6,1633) < 7,
C(10°,6,100) < 4, C(10%,7,10%) < 538
and
C(10",7,537) < 5
imply that
max{|z|, |y|, |z|} < 3 or 4

for solutions to (1.2) with zyz # 0 and N = 6 or 7, respectively. In all
the remaining cases, i.e., 8 < N < 100, we find that C(10°%, N, 10'3) is
less than 1657 and are able to further reduce these bounds by computing
C(co, N, 1656) as follows:

C(10'3, N, 1656

C(10'3, N, 1656

N=38
9< N <13

C(10™, N, 1656 14 <N <20
C(10%, N, 1656 21 < N <27
C(10'5, N,1656) < 10 28 < N < 35
C(10'7,N,1656) < 11 36 < N < 42
C

Q

10*8 N,1656) < 13 49 < N <57
10*% N, 1656) < 14 58 < N < 65
10'°,N,1656) <15 66 < N <73
C(10%°, N,1656) < 16 74 < N < 82
C(10%°,N,1656) < 17 83 < N <91
C(10%°, N, 1656) < 18 92 < N < 100.

Q Q

( ) <
( ) <
( ) <
( ) <
( )
( )
(10'",N,1656) < 12 43 < N <48
( )
( )
( )
( )
( )
( )
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Explicitly computing

NK/Q($\4/N4 —1+yVN*+1+2)

for these remaining cases, we conclude

Theorem 3.3. If x,y,z and N are integers with 5 < N < 100, then
the equation

Nijq(zV/N* — 1+ y+v/N+ +1+2) = £1

has no solutions with xyz # 0.

4. Degenerate cases. We now turn our attention to the situation
where at least one of x, y or z vanishes. To avoid trivialities, we assume
that not all of z, y and z are zero, so that X = max{|z|, |y, |z|} is at
least 1.

If x =0, then

3

(3.7) Ng/q(zV/N*—1+yv/N*+1+z) =H 1+2)%

Since

| +iyv/ N4+ 1+ 2| > max{|y| vV N*+ 1, |z} > X
and
max{|yvV/ N4+ 1+z|,| —yvVN*+1+ 2|}
> max{|y|\4/ N4+1,|z|} > X,

it remains to bound the smaller of | £ yv/N* + 1 + z|.
By Theorem 2.7(i), we have

| £yv/ N4+ 142> (7.4 x 10"N*)~tx M+l

for
log(32(2N* + /2 +1)/3)
log(3(N* —1)/4)

A =14
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where the inequality follows from treating the cases |z| > |y|N and
|z| < |y|N separately. Thus, (3.7) implies that

(3.8) |Nk/q(zV/N*—1+yv/N*+1+2)|
> (7.4 x 107 N*)~4x16-40,

The case where y = 0 is similar. We use Theorem 2.7(i), supposing
that z # 0, to deduce a bound for

| £ 2V Nt =1+ 2| = <|iN|¢/N4 - 1)

and find that

1 N
14— 4+
+N4—1 z

(3.9) |Nk/q(@V/N*—1+yV/N4+1+2)]
> (7.4 x 10T N*)~4x16-4x
where
log(32(2N* 4 /2 —1)/3)
log(3(N* —2)/4)

Ay =1+

If, however, z = 0, then

INi/q(zV/N4 —1+yv/N4+1+2)

3
=[] "=V Nt -1+ y VNt + 1)
k=0

and we have

| +izvV/ Nt —1+yv/Nt+1| > v/N*—1X

and

max{| — zv/N* — 1+ y+v/N* + 1],

lzv/ N4 — 14+ yv/ N4+ 1]} > ¥/ N4 - 1X.

Further, Theorem 2.7(i) gives

|+ 2/ Nt — 1+ yy/N4+1] > (3.7 x 10" N3)~Lx ~retl
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with
t log(32(N" + v2)/3)
log BN —3)/8)

It follows that, in this situation, we have

)\3:1+

(3.10) |Ng/q(@¥V/ N4 —1+4y¥/Ni+1+2)| > (3.8 x 107) - 4x16-4%
and so, combining (3.8), (3.9) and (3.10), computing
(7.4 x 107 N*)*/(16-432)

and noting that this quantity decreases as N increases yields

Theorem 4.1. If z,y,z,u and N are integers with xyz =0, N > 4
and

Ngjq(@V/N* =1+ yv/Nt+1+2)=u
then
max{|z|, [y], |2[} < coN®/?|ul'/cs

for co and c3 as follows:

N cy c3 N c2 c3
4 1118042 5.0 11 54227 6.4
5 383474 5.5 12 47158 6.5
6 205615 5.8 13 41769 6.5
7 134945 6.0 14 37532 6.6
8 98951 6.1 15 34119 6.6
9 77699 6.2 16 31311 6.6
10 63868 6.3 >17 28963 6.7

Here the functions co(IN) and c3(IN) tend to 0 and 8, respectively, as
N — oo.

We once again set out to reduce the above bounds upon solutions to
(1.2), via the L? algorithm. If z = 0, from our previous remarks we
have, without loss of generality,

YN F 142 < X2
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where X = max{|y|, |z|} < M. Choose ¢y > M? and consider I" derived
from

_<[co\4/-7\1ﬁ47+1] 000>

As before, we find a reduced basis by, by for I with (by Proposition
(1.11) of [13])

1
V2

for all x # 0 € I'. Arguing as previously, we find that

x| > —=[b|
X S Cl(CO;NaM)

where

Fi(co, N,M)~/3 if |by| > 2M
M otherwise

1 /1
Fl(C()’N’M):a( §b1|2—M2—M>.

For each N between 5 and 100, we note that Theorem 4.1 implies the
bound X < 1019, We find that

Cl(co,N,M)_{

and

C1(10%%, N, 10'Y) < 152780, 5 < N < 100
and

C1(10%, N, 152779) < 3563, 5 < N < 100.
Since we also have
5< N <39

40 < N <100,
5<N<LIT

18 < N < 39,
19 5<N<8

2N 9<N<L1I7

221

C1 (10", N, 3562) < {
2N
73

C1(10%, N, 220) < {
2N
C1(10", N, 72) < {

and
C1(300000, N, 18) < 2N
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for 5 < N <8, it follows that solutions to (1.2) with « = 0 satisfy

max{|y|,|z|} < 2N.

We handle the cases where y = 0 or z = 0 in a similar fashion,
considering lattices generated by

4= <[004J\1’41] fi)

A= ([0041\}4—1] [004]344-1])’

respectively. In either situation, we again find explicit functions
CQ(C(),N, M) and C3(C(),N, M) with

and

CQ(C(),N,M) lfy:(]

<
max{[z], [y], ]2[} < {C’g(Cg,N, M) ifz=0

and through application of the L2 algorithm as above, find in all cases
that solutions to

Ngj(zV/ Nt —1+yv/Ni+1+42)==+1
with 5 < N <100 and zyz = 0 satisfy

max{|z|, [yl,[2[} < 2N.

To conclude, we are only left to check the remaining small values for
z,y and z. To do this, we once again explicitly compute

Ngjq(@VN*—14+yv/N*+1+2)

and see whether (1.2) is satisfied. Performing this computation, in
conjunction with Theorem 3.3, yields

Theorem 4.2. Ifx,y,z and N are integers with 5 < N < 100, then
the equation

Nijq(zV/N* — 1+ y+v/N*+ +1+2) = £1
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has only the ten integral solutions given by (z,y,z) = (0,0,£1),
(£1,0,£N) and (0, %1, £N).

5. Concluding remarks. In the results of the previous section,
we have omitted the case N = 4 due to computational constraints. If
N < 3, we are unable to produce any bound upon supposed solutions
to (1.1) by this method. Since, as mentioned in the introduction, it
is possible to derive explicit bounds via linear forms in logarithms, for
N > 2, it would be of interest to see how difficult such a computation
would be to carry out and how the results would compare to those
given in Sections 3 and 4.

6. Acknowledgments. The author would like to thank Professor
Cameron Stewart for helpful discussions on the content of this paper
and the referee for suggesting improvements in the exposition.
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