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ON CHARACTERIZATION OF STRONGLY EXTREME
POINTS IN KOTHE-BOCHNER SPACES

RYSZARD PLUCIENNIK

ABSTRACT. It is shown that the necessity in the charac-
terization of strongly extreme points in Kéthe-Bochner space
E(X), given by H. Hudzik and M. Mastylo in [2], is true with-
out requiring that E be (LUR) and X be separable. The corol-
lary concerning strongly extreme points in Musielak-Orlicz
spaces of Bochner type is presented.

1. Introduction. Denote by N and R the sets of natural and
real numbers, respectively. Let (T, %, u) denote a measure space with
a o-finite and complete measure pu and L° = L°(T) the space of u-
equivalence classes of X-measurable real-valued functions. The notation
f < gfor f,g € L° will mean that f(t) < g(t) u-almost everywhere in
T.

A Banach space (E, || - ||g) C LY is said to be a Kothe space if
(i) IfI<lgl, f €L° g€ Eimply f € E and ||f|lr < |lgllE;
(ii) suppE =: U{suppf:f e E}=T.
Now let us define the type of spaces to be considered in this paper.
For a real Banach space (X, |-||x), denote by M(T, X), or just M(X),

the family of all strongly measurable functions f : 7' — X identifying
functions which are u-almost everywhere equal. Let

E(X) ={f e M(X):[f()lIx € E}.
Then E(X) becomes a Banach space with the norm

A= MOl L

and it is called a Kothe-Bochner space.
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For any Banach space X, we denote by S(X), B(X), the unit sphere,
closed unit ball, respectively.

A Banach space X is locally uniformly rotund (write (LUR)) if for
any z € S(X) and any sequence (z,) of elements of B(X) we have

lznllx = ||z||x and ||z, + z||x — 2||z||x = ®, — z strongly in X.

A point z € S(X) is called a strongly extreme point of the unit ball
B(X) (write € dseB(X)) if, for every sequence (yy,), (zn) C B(X),
lim, o0 || (Yn + 2n) — 22||x = 0 implies that lim, o ||y, — z||x = 0.

The following characterization of strongly extreme points of the unit
sphere in a K6the-Bochner space is given in [2] (cf. [2, Theorems 2 and
3.

Theorem 1. Let E be a locally uniformly rotund Kothe space over
a measure space (T, X, i), and let X be a Banach space.

a) If f € S(E(X)) and f(t)/|If®)|lx € 6seB(X) for p-almost all
t € supp f, then f € §.B(E(X)).

b) If, additionally, X is a separable Banach space and f € §se B(E(X)),
then f(t)/||f(®)|lx € dseB(X) for p-almost all t € supp f.

2. Main result. Theorem 1 b) is true without requiring that FE
be (LUR) and X be separable. Adopting some ideas from [1], we can
prove the following

Theorem 2. Let E be a Kéthe space over a measure space (T, 3, u),
and let X be a Banach space. If f € dscB(E(X)), then f(t)/||f(t)llx €
dse B(X) for p-almost all t € supp f.

Proof. Let f € 65¢B(E(X)). Suppose that the theorem is not true,
i.e.,
f(t)
Y g5 B(X .
re s s T # 0B} >0
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Denote

1
< —
X m

1
Ay j = {x €S(X): H§(ml +x2) —x

for some 1, 5 € B(X)\ [m + %B(X)] }

for m,j € N. The sets A, ; have the following properties:

a) z ¢ 0seB(X), if and only if there exists j such that for all m we
have z € Ay, j;

b) Am+1,j C Amyj C Am,j+1§

c) Every A,, ; is open in S(X) with respect to the topology induced
from X.

The statement a) follows immediately from the negation of the
definition of strongly extreme point. b) is a consequence of standard
comparison of the sets. To prove c), suppose that (yx) € S(X)\An j,
k € N, and

lye —yllx — 0 ask — co.

Obviously, y € S(X). Moreover, fixing a positive € < 1/m, a positive
integer ky can be found such that

llye — yllx <e for k> k.

Let z1,z2 € B(X)\[y + (1/7)B(X)]. Then, for k > k¢, we have

v

1 1
3@ ra—s 2[|5erer-u| ~m-uix

2

X X

1
— —¢.
m

v

Hence, y € S(X)\A,,;, because ¢ is arbitrary. Therefore, A4,, ; are
open for every m,j € N.
Define
o) = {f(t)/||f(t)||x for ¢ € supp f
0 for ¢ ¢ supp .
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Then, by a), we can conclude that

-Ufo

g S (XN B(X

HC8

B )
- { Tl ‘SSEB(X)}'

Consequently, by our assumption and by b), there are L € N and
G € X of finite measure such that

/J,{ N1 g Y (AmL) N G} > 0.
Choose

FeX such that u(F) >0, Fcﬂg Apr)NG

and
Fcf{teT:a<|f®)x}

for some a > 0.

Now we will show that, for any § € (0,1/L), there is a measurable
partition {F}} of F such that diam f[F}] < ad/3 for all k, and there
exists t; € F) such that || f(¢x)||x = inf||f[Fk]||x for all k.

Really, since f[F] is separable, there is a measurable partition {E,}
of F such that diam f[E,] < ad/3 for all n. For each fixed n,
choose a sequence {z;} in F, such that {||f(z;)||x} is decreasing to
inf || f[E,]|| x. Let

Eno={t€En:[If(t)llx > |If(z1)llx}

and

Enj=A{t € Bn:|f(z;)lx > IFOllx = [If(zj41)lx}

for j € N. Then E, ; is measurable for all n,j € N. Let {F)} be
the family consisting of all E,, ;, n,j € N. Therefore {F}} satisfies the
desirable conditions in an obvious manner.
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Now we can conclude that, for every k, there exist

(1) Tk 1Tha € B(X)\ [% + %B(X)],
and

1 F(t) 5
) [5tens +on ] <5

Let v = (a/(3L))||Xr|/g > 0. Define

fi=xXo\rf + Y 1)l xzniX e,
k=1

1 =1,2. To finish the proof, it is enough to show that

(3) ||fl_f||27 fOI‘Z:LQ,
and
(4) H%(fl + fa) - fH <.

To prove inequality (3), note that by (1) we conclude

oo

Hf te)|| xzr,: — f(te))XE,

E

Z||||f ti)llx e, — f(te) | xXp,
k=

lef(tk)\lxXFk
k=1 E

1
L

>
- L

a
= — =3
L||XF||E ¥
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for ¢ = 1,2. Moreover, by the fact that diam f[F}] < ad/3, we get

Z f(t)XF, — fXF FXp,
k —
< (I x X
< —|xple =
=30 FllE=7-
Therefore,
17 = £ = || D @) | xwniXm, — FXr
k=1
> (D )l xars — f(te)Xn,
k=1
Zf t)XF, — [XF
>3y—7>7

for 1 =1,2. Thus (3) is proved.

It remains to prove the inequality (4). Taking into account the
inequality (2), we have

o -o] =[5 30-1)]
- %ii(nﬂmnm,i - Pxn,

= 1330S sl

— fte) + f(te) — f)Xp,
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i=1 k=1
2 oo
+32 X 0w) - nx,
i=1 k=1
oo 1 2
< |3 |3 st - | xe
k=1 i=1 X E
I8~ FO)
k=1 E
) = ad
< Zg“f(tk)ﬂxXFk + ZgXFk
k=1 E k=1 E
< SO NxXels + g llaxells
< SUAI+ SOl xxels
<0105
— 3 3 k)

i.e., (4) is satisfied.

Inequalities (3) and (4) imply that f ¢ 6seB(E(X)). This contradic-
tion completes the proof of the theorem. O

3. Corollaries. Now we apply our results to the case of Musielak-
Orlicz space of Bochner type. To do it, we agree on some terminology.

A function ¢ : RxT — [0, 00] is said to be a Musielak-Orlicz function
if
a) ¢(u,-) is measurable for each u € R,

b) ¢(0,t) = 0 and ¢(-,t) is convex, even, lower semi-continuous, not
identically equal to zero, continuous at zero for p-almost all ¢t € T'.

By the Musielak-Orlicz space L¥ we mean

LY = {f €L I(cf) = / p(cf(t),t) dp < oo for some ¢ > 0},
T
equipped with so-called Luzemburg norm defined as follows
[flle = inf{e > 0: I,(f/e) < 1}.
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The Musielak-Orlicz space L?(X) of Bochner type we define as the
family of functions f € M(T, X) such that || f(:)|| € L%, ie., E(X)
with E = L¥.

We say that the Musielak-Orlicz function ¢ satisfies the As-condition

if there exist a real number b > 0 and a nonnegative integrable function
a(-) such that

©(2u,t) < bo(u,t) + a(t)

for p-almost all ¢t € T and every u € R.
For more details, we refer to [4].

The following corollary is an immediate consequence of Theorem 2.

Corollary 2. Let ¢ be a Musielak-Orlicz function.

a) If p satisfies the Ay-condition, (-, t) is strictly convez for p-almost
al t €T, feS(L¥X)), and f(&)/|If®)|lx € deB(X) for p-almost
all t € supp f, then f € 0 B(L¥(X)).

b) If f € dse B(L¥ (X)), then f(t)/||f(t)llx € dseB(X) for p-almost
all t € supp f.

Proof. By a Kamiriska’s result, cf. [3], the Musielak-Orlicz space is
(LUR) if and only if ¢(-,¢) is strictly convex p-almost everywhere in
T, and ¢ satisfies the Ao condition. Applying Theorem la), we get
Corollary 2a).

Corollary 2b) is an immediate consequence of Theorem 2. o

Open question. Is Theorem la) true without requiring that E be
(LUR)?
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