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AREA INTEGRAL CHARACTERIZATION OF
M-HARMONIC HARDY SPACES ON THE UNIT BALL

MILOS ARSENOVIC AND MIROLJUB JEVTIC

ABSTRACT. Characterizations of M-harmonic Hardy
spaces HP on the unit ball in C", n > 1, in terms of area
functions involving gradient and invariant gradient are proved.

1. Introduction. Let B denote the unit ball in C" n > 1,
and m the 2n-dimensional Lebesgue measure on B normalized so that
m(B) = 1, while o is the normalized surface measure on its boundary
S. For the most part we will follow the notation and terminology of
Rudin [7]. If & > 1 and £ € S the corresponding Koranyi approach
region is defined by

Da(§) ={2 € B: 1 = (2,6)| < (a/2)(1 — [2[)}.

For any function f on B we define a scale of maximal functions by
Mo f(§) = sup{[f(2)| : 2 € Da(&)}-

Let A be the invariant Laplacian on B. That is,

- 1

(AN = —A(F26:)0), [ €CHB),

where A is the ordinary Laplacian and ¢, the standard automorphism
of B taking 0 to z, see [7]. A function f defined on B is M-harmonic,
feM,if Af =0.

For 0 < p < 0o, M-harmonic Hardy space HP is defined to be the

space of all functions f € M such that M, f € LP(o) for some o > 1.
We note that the definition is independent of «.

For f € CY(B), Df = (0f/0z1,...,0f/0z,) denotes the complex
gradient of f, Vf = (0f/0x1,...,0f/0xa), 2k = ZTok—1 + iTayk,
k=1,...,n, denotes the real gradient of f.
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We denote the area integrals by
Saf©= [ VIO B G, ges

and

T.f©) = [ 9P, g,
Da(§)
where Vf(z) = V(f 0 ¢.)(0) is the invariant gradient and

dr(z) = (1 = |z]) """ dm(z).
The main purpose of this paper is to prove the following theorem.

Theorem 1. Let 0 < p < oo, and let f € M. Then the following
are equivalent, with an aperture o > 1 fized:

(a) f € HP.
(b) So.f € LP(0).
(¢c) Tof € LP(0).

This paper is organized as follows. In Section 2 some preliminaries
and auxiliary results are collected. In the third section we prove our
theorem for the case of M-harmonic functions. If f is holomorphic,
f € H(B), the equivalence (a) < (b) is known though a detailed proof
seems to be lacking in the literature. The space HP N H(B) is the
usual Hardy space, and it will be denoted by HP. In Section 4, for the
reader’s convenience, we give an independent proof of the theorem for
the case of HP spaces.

2. Preliminaries. In terms of ordinary differential operators, the
invariant Laplacian A is as follows:

-1 " N
(1) A= n+1(1_ |2] )j%;l(éjk —ijk)m7

where §; ; denotes the Kronecker delta, see [7].
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Thus a straightforward calculation shows that, for f € M,

AIfP(E) = =5 (1= [PPSR - RGP

+IDf()? = [Rf(2)P),

where, as usual, Rf(z) = Z?:l z;0f /0z; denotes the radial derivative

of f. A simple calculation shows that:

n2

) A=) = -4

(1= [+

We note that in [6] it is shown that, for f € C(B),

(3)  IDF()P =1D(fod:)(0)* = (1 = [z)(IDF () = [RF(2) ).

The invariant Laplacian can be realized as a Laplace-Beltrami oper-
ator corresponding to the Bergman metric as follows. The Bergman
metric on B is given by

ds* = Z 9;kdz;dzy,

jk=1

where 41
n _
9jk = m[(l - ‘Z|2)(5j7k + Z;2p).

The inverse of the matrix g, is g% where

1
n+1

g*(z) = (1 —[21*) (65 — 2j21)

and therefore the corresponding Laplace-Beltrami operator
n
92
4 ik~
Z g 8zj 0z,
7,k=1

is precisely the invariant Laplacian. Hence one has Green’s formula for
the invariant Laplacian:
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If Q is an open subset of B, Q@ C B, whose boundary 9Q is
smooth enough, and u,v are real valued functions such that w,v €
C?(2) N CY(Q), then

- - ~ v ou\ .
(4) /Q(uAv —vAu)d7 = /89 <u% - U%) dé,

where 7 is the volume element of B determined by the Bergman metric,
& is the surface area element on 02 determined by the Bergman
metric, and 9/0n denotes outward normal differentiation across 02
with respect to the Bergman metric.

By calculating the Jacobian of the identity map from “Fuclidean”
B onto the “Bergman” B one can verify that the volume element 7 is
given by d7(z) = Cdr(z), where C' is a constant depending only on n.

Similarly, for 0 < r < 1, by calculating the Jacobian of the map
& — r¢ from the “Euclidean” S onto the Bergman S, = {r¢ : £ € S}
one can find that the surface area element &, on S, determined by the
Bergman metric is given by

Tnfl

o (r§) = Cm do(§).

In this paper constants will be denoted by C which may indicate a
different constant from one occurrence to the next.

For{ e Sand 0< 0 <2,set Qs(§) ={neS:|1—nE)| <d}
The class BMO consists of functions f € L?(o) for which

113500 = sup ﬁ /Q 1F(6) — fal? do(€) < oo,

where fg denotes the average of f over a “ball” @ and the supremum
is taken over all @ = Qs(§).

As final preliminary results we need the following three lemmas:

Lemma 1 [2]. If f € H> N BMO, then T,.f € BMO for all a > 1.

Lemma 2 [6]. Let 0 < p < 00, 0 < r < 1, f € M and
E.(z) = ¢.(rB), z € B. Then there is a constant C = C(p,r) such
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that

(5) S < / )P dr(w), =€ B.

ET(Z)

Lemma 3 [5]. Let 0 <r <1 and1<i<j<n. Thereis a constant
C such that if f € M, then

a) [TRf(w)| < C(1 — |[w[*)™/ [ ) IRf(2)]d7(2), w € B,

b) Ty Rf(w)| < C(L = [w) ™2 [ ) [Rf(2)| dr(2), w € B,
where R = > i-12i(0/07;) and Ty = z(9/0z;) — 2;(8/02) are
tangential derivatives.

3. Proof of Theorem.

(¢) = (b). It follows from (3) that

AIDF()P +IDF(P)
> 2(1 = [)X(IDf(2)* + [Df(2))
(1= )2V F(2)?

IVf()P

and hence (c) = (b). (We note that it is not possible to bound |V f(z)?
by C(1 — |2]?)?|V f(z)|? pointwise, see [4].)

(b) = (c). It is easy to check that
2IDf(2)]* = |Rf(2)]* + Z T3 f ().
Using this and (3) we find that
2P|V f(2)]* = 2z (IDf(2)] + |DF(2)[) )
=201~ |21~ [z*)(|Rf(2)]* + [RF(2)*)
+ D AT P+ T FR)P.

1<j 1<j
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Since |Rf(2)| < |Vf(2)| and |Rf(2)| < |V f(2)], to prove the implica-
tion (b) = (c) it is sufficient to show that

/ T F(2)2(1 — 22) " dm(z)
Da(n)

<C IVF(2)P(1 = [z[*)' " dm(z)
Dg(n)

and
/ T PP — [2P) " dm(z)
Da("'l)
<C V(21 = 212" dm(z
< /DM| SR~ |22) " dm(z)

forall 1 <i < j <mn where 1 < «a <  are fixed. We will prove the first
inequality. Analogously we may prove the second one.

From Lemma 3 we see that if r{ € D, (n), then

C 1/2
rorse0l < {755 [ R

Iy

IN

and

C

1—r

B ) 1/2
|ﬂij<r¢>|<{ /S ( )IRf(w)Isz(w)} <,
FEANAY)

where Sg(r,n) denotes the region
Sp(r.m) = {z € Dy(n) : (1 =1)/2) < 1= |22 <2(1 =)}

An integration by parts shows that

1
£(r¢) = / Rf(tr ) + RA(tr O) + f(trC)] dr.
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Hence

%IQ

T35 f(rQ)l

<

Having obtained a bound for |T;; f(r()| which depends only on r, we
integrate in polar coordinates in D, (n) using the fact that, for ﬁxed r,

o({C € S:rCe Da(m}) < C(1—1)"

This gives that

[, Ead Pl ame <0 [ | </ E d’f)er
< C/ )22 dr,

by Hardy’s inequality. Inserting the definition of J,. we obtain the

bound
1
/ (1 —r)/ |Vf(z)|2d7'(z) dr.
0 SB(T’U)

If z € Sg(r,n), then 1 — |z| is comparable to 1 — r, hence the above
integral is dominated by fD/;(n) V()P = |22 dm(z).

Implication (¢) = (a). Letusfix I <a < fand 0 <r < 1. Put

Norf(§) =sup|f(rin) — f(ran)], €5,

where sup is taken over all r1n), ron € Dy (§) NrB. We shall show that

(6) INar fllzr(o) < ClITpf||Lr (o)

where C' is independent of r. From this it easily follows that M, f €
Lr(o) if Tgf € LP(0).

For A > 0, let X, be the characteristic function of {£ : Tgf > A},
Rx(f) = M(x») and Q,» = {£ € S : No,f > A}. Here, as usual,
M(x») denotes the maximal function of X defined by

1
M(xx\)(€) —iggm/(gt@ Xx(n) do(n).
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Let B denote the collection of all balls contained in 2, x which touch
the boundary. There is a disjoint subcollection {Qy} of Band a C >0
such that if {Q} is the ball with the same center as {Q} and C' times
the radius, then {Qk} covers ). . An adaptation of the argument
given in [3] shows that the following is true.

Suppose ¢ > 0, then there exists an € > 0 such that for all A > 0 and
all k£ we have

(1) o({€ € Qr: Nayf >2)\ Rerf(€) < 1/2}) < 60(Qx).
This implies (6). Put
G = {€ € Qi : Nayr [() > 2X\, Rea f(€) < 1/2}.
Now
{€€8: Noy > 2\} C{€ €81 Reaf(§) > 1/2} U (UGK)

SO

c({€ €5 : Now(§) >2A}) <o({€€ 5 : Renf(€) > 1/2})
+6> o(Qr)
k

<C(o({§ € S:Tpf(§) >er})
+d0({£ €S : Noprf(E) > A}).

(Here we have used that

c({€£€ S : Rexf(§) >1/2}) < Co({€ € S : Taf(§) > €A}),

by the maximal theorem, and (7).)
Multiply by pAP~! and integrate in A from 0 to oo to find

HNa,rf”ZL)p(g) < C(HTﬁinp(g) + 5HNa,erIip(g))v

where C' is independent of r, which gives (6) if ¢ is chosen sufficiently
small.
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Implication (a) = (c). Assume 1 < o< fand 0 <7 < 1. Put

T, J(6) = / ¥ ()P dr(2).
Do (6)NrB
‘We shall show
(8) 1 Tor fll ooy < CI M55 ooy

with C independent of r, and then let »B expand to B.

Suppose Maf € LP(o). For A > 0, consider an open set £,y = {{ €
S i Torf(€) > A}. Let B denote the collection of balls contained in
Q, » which touch the boundary. There is a subcollection {Qk} of B and
a C' > 0 such that if {Q} is the ball with the same center as Q) and
C times the radius, then {Qk} covers {1, x. Arguing as above we find
that the following is true.

Suppose that § > 0; then there exists an € > 0 such that

9)  o({€ € Qu:Turf(&) > 20, Msf(§) < eA}) < 5o (Q).

This implies (8).
Put Gj, = {€ € Q : Tar f(€) > 2\, Maf(€) < eX}. Now

{€€S:Tarf(§)>20} C{E€S: Maf(§) >N} U (UGK),
o({€ €8 : Tarf(§) > 220 <o({€€S: Maf(&) >N} +35 ) o(Qs)
k

< Clo({E € S Maf(€) > A)
+ 60—({5 €S: Ta,rf(f) > A}))

Multiply by pAP~! and integrate in A from 0 to oo to find
1T f 1200y < CUMaFIE, 0y + 81 Tar fIE )

by (9). This gives (8), if § is chosen sufficiently small.
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4. Analytic case. In this section we give an independent proof,
based on an interpolation theorem, for the case of HP spaces.

The implication (a) = (c¢). We consider first case 0 < p < 2. First
we show the implication is true in case f € H*(B), the space of all
holomorphic bounded functions on B. Assume that f € H*(B) and let
1< a<fbefixed. Let E={£e€S: Mgf(§) <h}, h >0, and let F
be the complement of the set E. If Aps,¢(t) = o({§ € S : Maf(§) > t}),
t > 0 is the distribution function of Mpgf, then Apz,¢(h) = o(F).

Let R = UgepDa(§). From (1) and (3) we see that Alf)? =
(4/(n+1))|Df|?. Hence,

i Jmrerae= [ [ @Am 2)dr(2) do(©)

/ AlfP()o({E € B : 2 € Da(6)}) dr(2),

by Fubini’s theorem. Since o({{ € S: 2z € Do(€)}) = (1 — |2|*)™, we
see that

(10) /E (T f(©) do(€) < C /R AlFRE) — 2 dr(2).

To calculate the right integral, we apply (4). But we have to replace
the region R by smooth regions R. C R approximating R. See [9] for
this argument. We put u = (1 — |2]?)", v = |f|?. Then we have

/Alf\z(Z)(l—IZIQ)"T(Z):/ [F)PAQL = |2])" dr(2)
R, R

€

+/8R<1—|z|> 2 | f(2) do(2)

€

—/ FEP (1~ [2)" da(2)
OR,
— L+ Iy — Is.

It follows from (2) that Iy < 0. To evaluate Iy and I3 we divide the
boundary OR. into two parts ORY and ORL', where ORE (respectively
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ORF) is the part lying above the set E (respectively F)). Set
0
IE — 1— 2\n _~ 2 dé
£= [, 0 G de )

B= [ AP iR da),

ORF
0

1§ 1P ) i)
and

0
F= DP==(1— |z|>)" d&(2).
= [ ORGPy )

It is easily verified that if v is real valued and C' in B then the
outward normal derivative dv/0n at t€ along S; is given by

n

2 9 Ov
(1—t*)Re ;sja—zj(t@.

vn+1

Using this the Schwarz inequality and (5), Lemma 2, we find that

v
a—ﬁ(tf) =

If] < C/ (L= [PIf )V F(2)] ds(z)
ORE

(11) < c( / Ol ds<z>)1/2( / T ds<z>)m
<c [ Map©F ofo)

(Here we denoted the area measure on ORE by ds.)

Next we estimate I{". By the definition of E, we know that | f(z)|
for all z € U{Ds(€) : € € E} and so by (5) we have |V f(z)| < Ch
all z € R. (We may choose 0 < r < 1 so that if w € D,(§) t
E.(w) C Dg(§).) This gives that

<h
for
hen

If < C/aRF(l — )" f () IV f(2)] do (2) < Ch?o (F)

= Ch*\p, p(h).

(12)



12 M. ARSENOVIC AND M. JEVTIC

Using the same argument as in the previous step we find that

h
1) =0 [MEPrd© <0 [ v
E 0
Finally, since |f(z)] < h on R, we get
(14) I3 < Ch?a(F) = Ch*Apg,p(h).

Combining (11), (12), (13) and (14) we can replace (10) by the following
inequality:

/E [T f(6)) do(€) <C{h2AMﬂf<h)+ /0 s (0 dt].

From this and the fact that o(F') = Ay, ¢(h), it follows that

1 [t
A, p(h) < C|:A]\/[ﬁf(h) + ﬁ/ tAnr,r(t) dt}
0
Therefore we get that

umt@nﬂwwd@

< CUOOO hPt (AMﬁf(h) + % /Oh tAn,f(t) dt) dh]
< CUOOO B, (1) dh+/ooo t/\Mﬁf(t)</too hp3dh> dt]

gCLWﬁ@Pw@~

This proves the theorem for the case f € H>*(B).

To show the general case, suppose that f € HP(B), 0 < p < 2.
Define f., for 0 < e < 1 and z € B by f.(z) = f(¢z). Then we have
fe € H*(B). Replace f by fe in (15) to get that

(16) [ TafellLr(o) < ClIMafllp-

To complete the proof we have to eliminate € in the above inequality.
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Since |V f.(z)| — |Vf(z)] as € — 1, by Fatou’s lemma we have
~ p/2
oy < [ (tmipt [ 9s R dote
S T Da(€)

:/Sligli{lf(/Da(s)|@fa(2)|2d7(2)>p/2 do(§)

p/2
< liminf (/ Wﬁ@ﬁwwo do (€)
S D.(§)

6—71
. P
< Clliri}{lf‘lMﬁf€||Lp(g)

< CIMsfIL, -

by (16).

Now we apply Lemma 1 and interpolation theorem [8] to conclude
that the implication (a) = (c) is true for all 0 < p < oco.

The proof of the implication (b) = (a) can be easily reduced to the
harmonic case already proved in [1]. More precisely, if S,f € L?(o),
then by Lemma 3 on page 61 of [9] the standard area integral of f
taken over cones lies in LP(0). Now by the result of [1], Lemma 2.2
the nontangential maximal function of f lies in LP(o). This certainly
implies that f € HP.
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