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MULTILEVEL METHODS FOR THE APPROXIMATION
OF SINGULAR SOLUTIONS OF COMPLETELY
CONTINUOUS OPERATOR EQUATIONS

IGOR MORET

ABSTRACT. The direct techniques for approximating sin-
gular solutions of nonlinear equations depending on param-
eters transform the original problem into that of solving a
suitable augmented system. Dealing with equations involving
completely continuous operators, a multilevel approach to the
solution of these larger systems is presented.

1. Introduction. We are concerned with the approximation
of singular points in branches of solutions of nonlinear parameter-
dependent equations having the form

(11) F(uaﬂlw" aﬁp—lar}/) = U—K(u7ﬂ17.., 7ﬂp—1;7) :Ov

where v € U, with U a real Banach space, v € R and the ;s are
(p — 1)-additional real parameters, for some p > 1. From now on,
we assume that F' is a C-mapping, with v > 3, from an open set
D Cc U xRP into U and that the operator K is completely continuous.

As is well known, the direct techniques for the approximation of
a singular solution are based on the construction of an augmented
system having it as a regular solution (cf. [9] for a general discussion).
Then, moving from a suitable starting point, obtained for instance by
a continuation procedure, the arising system is solved by an iterative
method. In several practical cases, this procedure is carried out using
operator approximations, on which the accuracy of the computed
solution depends (cf. [11, 20]).

In this paper we deal with singular solutions of (1.1), such as turning
points and, when unfolded, bifurcation points, which fall within the
unifying theory recently developed by Griewank and Reddien in [10,
11], where the corresponding augmented system is built up through the
minimum number of additional scalar equations characterizing the sin-
gularity. For solving this larger system, we present an approach based
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132 I. MORET

on the use of iterative multilevel methods, with special attention to the
case where collectively compact approximations of K are employed.

The basic approximation scheme is presented and studied in Section
2. In Section 4 we illustrate how it can be suitably combined with
classical linear multigrid algorithms, briefly outlined in Section 3.

2. The basic approximation scheme. From now on, for ease of
notation, we set X = U x RP and Z =U x RP™! (Z =U, if p=1).
Moreover, we denote by Qy and @z the coordinate projections from
X into U and into Z, respectively. That is, we set Qux = u, Qzx =
(u, B1, .., Bp—1)T, for x = (u,B1,...,Bp—1,7)" € X. Accordingly, we
rewrite equation (1.1) in the form

(2.1) Fx)=Qux—-K(x)=0, xeX.

Throughout, the first and second derivatives of F' with respect to x
will be indicated by F’ and F”, respectively, and we will use subscripts
for indicating the partial derivatives with respect to each variable. In
particular, F, will denote the derivative of F' with respect to Q@ zx. As
usual, for i = 1,... ,p, e; will be the i*" coordinate vector in RP; any
product space U x R™ will be endowed with a product norm; |- |g will
stand for the norm in a Banach space E, except for the space L(E, E’)
(E and E’ Banach spaces) of all bounded linear operators from E into
E’ whose norm will be denoted by || - ||p—g; E* will stand for the
dual space of E and B* will be the adjoint of a linear operator B. The
notation S(x, d) will indicate the closed ball in X of center x and radius
0. Finally, e € X* will be such that

ex =7, forx=(u,b,...,0-1,7)" € X.

Let x° € D be a singular point of (2.1) in the sense that:
(hy) F(x*) =0;

(hs) Ker (F.(x°)) = span{Qzy1, ... ,Qzy,};

with e;fFMQZyﬁ = d;; (the Kronecker’s delta), for 7,7 =1,... ,p, where
M is a suitable linear mapping acting from Z into RP;

F,(x%) ¢ Range F,(x") and

(hs) Range (F,(x%)) = {u € U : ¥*u = 0},
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for some 9°(# 0) € U*. We also assume that

the p x p matrix R® = [r;] having entries

hy s s s s s .o
( ) rij = 1/) Fzz(x )QZyinyja for ) = ]-7 » Py

is nonsingular.

These conditions characterize various types of singular solutions (see
[7, 10-12, 15, 18, 20]), which Griewank and Reddien in [10, 11]
called generalized turning points. As mentioned in the introduction, for
characterizing x° as a regular solution of a suitable augmented system,
we adopt here the following approach proposed in [10, 11].

For any x € D, we consider the mapping A(x) : X — X defined by
(2:2) Ax)y = (F'(x)y, MQzy)", forye X.
Then, the following result can be proved (see [11]).

Proposition 2.1. There exists 0* such that, for every x € S(x°,d*),

A(x) has a bounded inverse. Moreover, X° is a regular solution of the
following augmented system (from X into itself)

(2.3) F(x)=0
(2.4) ey;(x)=0, fori=1,...,p,
where, for each i =1,...,p, yi(x) € X solves the equation

A(X)yz(x) = (Oa ei)Tv 0eU.

From now on, let {F"}, n = 0,1,..., be a sequence of nonlinear
operators from D into U satisfying the following assumptions:

(ky)  F™ is pointwise convergent to F' on D, i.e., for each x € D,

F"(x) — F(x), asn — oc;

(k2)
{Qu—F"} is a family of collectively compact (c.c.) operators (cf. [1]);
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ks for every n, F™ is of class C¥, v > 3, on S(x*,6*) and the derivatives
F™ (x),F™ (x) and F" (x) are uniformly bounded with respect to x
and n.

Accordingly, we define the sequence of operators { A"} as
A"(x)v = (F"(x)v,MQzv)T, forve X,

We assume that for all n sufficiently large:

(kq) for every x € S(x?%,4*), the operators A™(x)~! exist and they
are uniformly bounded with respect to x and n.

Then for solving (2.3)—(2.4), we consider the following approximation
scheme:

Scheme 1. Select n* and take a subsequence of {F" : n > n*}, we
relabel here as {F*}, for k = 0,1,.... Starting from x" € D, for
k=0,1,..., do the following:

1. Select an approximation B* of A*(x*)

2. Take

-1

sk = —B*(F*(x"),0)7.
3. Foreachi=1,...,p, take
y¥ = B*(0,¢;)T.
4. Construct the p x p matrix R¥ having entries
i = [(BY) e](—F* (x*)yly¥, 00", fori,j=1,...p,
and the p-dimensional vector c¥ having entries
;= eyl + [(BY) e][(F (x*)s"y . 0)" + A" (x")yf — (0, )],

fori=1,...,p.

5. Find a* = (of, ... ,af)T which solves
(2.5) R¥a" = c*.
6. Set
k+1

ko ok ko k
X" =x" 48"+ Yi<i<pa; ¥y
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In order to simplify the notation, we set
(AF)YF .= |FF(x*)|y.

(AA)F = maxi<i<p | (A (x®) — A(x*))y?]x,
0 = |II — BFA*(x¥)[|x—x,

el =|x* — xF|x,

ey = maxi<;<p [y§ — yilx-

Theorem 2.1. Let (hy)—(hy) and (ki)—(ky) hold. There exist
constants § and ¥ such that, if x° € S(x*,6), 9* <9 for every k, and
n* is sufficiently large, then Scheme 1 is well defined and x* € S(x*,6),
for every k. Moreover, there are two constants cy and cx such that, for
every k,

(2.6) ey < ey[0" + ex + (AA)"],
and

(27) k< el(ek + 0F)(eh + &) + (AF)F + (A,

Proof. If n* is sufficiently large, then, by (ky4), there is a constant p
such that, for every k, if x* € S(x*,0*), then A¥(x*) is invertible and

[1(A* () 7 Hlx-x < e

Then
B* — (A*(xF)) ™! = —[I — B* AR (x")](A* (x*) 7,

and, since ¥* < ¥, it follows that
1B*[x—x < (1+9)p.

By (h;)—(h4), using well-known results about approximations of com-
pletely continuous operators (see [1, 17]), since for each i = 1,...,p,
yi(x®) = y$ (cf. (2.4)), we realize that, if x* € S(x*,6), if § and ¥ are
sufficiently small and if n* is sufficiently large, then the coefficient ma-
trix R* of (2.5) is nonsingular and there is a constant 7, independent
of k, such that

(2.8) I(R5) | <.
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(Here || || denotes the matrix norm induced by the l-norm on RP).
Hence, relation (2.6) easily follows and, moreover, by (2.8), x**1 is well
defined. Now let us prove (2.7).

Let o/f fori=1,...,p, be such that
(29) Elgigpa;kei = MQz(XS — Xk).

Clearly, the o/*’s are uniquely determined.
Then we define x’* by

1k k k 1k k
XV =x" 48" 4+ Yi<i<pa Yy -

By (2.9), we have

x" —x* = —B[(F*(x"),0)" - Di<icpai*(0,¢:)"]
_ Bk(Fk(Xs) _ Fk(xk) _ Fk/(xk)(xs _ Xk),O)T
+ BR AR (xF)(x* — x*) — B¥(F*(x%)),0)7.

Hence, we easily get
(2.10) 2% — x| x < c[|x* —xF % + (AF)F + 9% x® — xF|x].

Observing that the y¥’s are uniformly bounded, we have, for some
constant ¢y, independent of k,

(2.11) [x* — " x < ooflx® — x| x + Bicigylai — aff]].

Now we provide an upper bound for ¥i<i<p|af — aff|. From the
identities

Si<j<ppliol =e[—yF+BF((FF (xF)shyy, 0)7 + A% (x*)y} — (0,e:)")]

and

Si<j<ppiaf = Ticj<paf e B (—FF (xM)yly}, 007,
for every i = 1,... ,p, we get
(2.12)

S1<j<pply (0 — off)

= e[~y + B (F (x*) (x* =x")yF, 0)+ A" (x*)yF = (0,e,) 7).

(3
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Now, recalling that, by (hs), ey = 0 and that A(x*))y$ = (0,¢;)T, for
every i = 1,...,p, we obtain the following inequality

le[—y¥ + BF((F* (xF)(x* — x")y¥,0)T + A*(xF)y* — (0,¢,)")]]
< leBF(—F¥ (x*)yF + F' (x*)(x* — x*)y¥ + F¥' (x")yF, 0)7)
+le[(y; —yF) — BF(AR(x®)(y; — y7) + B (AR(x*) — A(x*))y;]l.

Hence, we easily get, for every i,

(2.13)
le[—yr + B((F¥ (x")(x" —x*)yF)0)" + A*(x")yF — (0,e:)")]]
< cr[(ef)? + 19k6§ + ef(e’;, + (AA)F 4 |x* — x| ],

X

for some constant ¢; independent of k. Thus, by (2.10)—(2.13), we
obtain (2.7). Clearly, x**! € S(x*,§), for a sufficiently large n* and
for sufficiently small § and 9. O

3. A review of linear multilevel methods. In this section we will
consider some linear multilevel (here we will use the term multigrid)
procedures which can be employed for constructing the operators B*
and (B*)* in Scheme 1.

At first, we give a general formulation of the linear multigrid methods
which includes various classical procedures, like for instance those
proposed by Hackbusch [12] and Hemker and Schippers [13].

Let {X;},i=0,1,..., be a sequence of Banach spaces, let I; denote
the identity operator on X;, and let us suppose that:

1) {m}, m: X;o1 — X;,9=1,2,...,1s asequence of linear operators
(prolongations), such that

[|millx,_ —x; < cx, for every i;

2) {pi}, pi: Xi — X;—1,1=1,2,..., s a sequence of linear operators
(restrictions) such that, for every i,

[lpillximxi-1 < ¢p

and

PiT; = 1i—1;
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3) {4}, {Ti}, {¥;}, {®;}, for i = 0,1,..., are uniformly bounded
sequences of linear operators, with A;, I';, ¥;, &, : X; — X;. We assume
that the inverses of the operators A; exist and are uniformly bounded.

Then, for every ¢ = 1,2,..., we consider the approximation B; of
A7 ! generated by the following

General linear multigrid scheme. Let an approximation By of Ay 1

and an integer v > 1 be given. For i =1,2,..., set
(3.1) Si—1=1i—1— Bi—14i-1,
(3.2) Qi—1 = Xo<j<y—1(Si—1)? Bi_1,
(3.3) B =T + V;mQi—10:P;.

For the study of this scheme, the following operators will also be
considered:

Ry =1; —T;A; — Um Al pi® A,

Wi =1 =T A + (Ii = Ui)m A pi®i Ay
Straightforward computations show that, since @Q;—1 = (I;—1—(S;-1)7)-
A;_ll and p;m; = I;_1, we have
S; = R + Ui (Si—1) A, pi®; A,

(3.4)
= R; + ¥;mi(Si—1)"pi(Wi — Ri).

Remark. The above scheme contains the classical methods described
in [12], where the coarse-grid corrections are combined with some pre-
smoothing and post-smoothing steps. Indeed, for every i, let M; and
N; be linear operators, from X; into itself, such that M; = (I; — N; 4;).
Then, for some integers m > ¢ > 0, set

T = So<j<m_1M] N,
;=M™
®; = I; — Ai¥o<j<q 1 M!N;.
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Accordingly, we have
Ry = ML — m Al pi A MY,

Wi =M% = [(Li = M )m A7 pi Ay M.

In particular, choosing, for each i, M; = I;, m = q = 1, we obtain
certain multigrid methods for equations of the second kind discussed
in [13].

We come back to the study of the scheme defined by (3.1)—(3.3). Let
us assume that {v;}, ¢ = 0,1,..., is a sequence such that, for each
i=1,2,...,

|| i

Xi—X; S

and
[150]] x0—x0 < vo.

Thus, setting
K = crcp Sup ||Vl x, - x,

and

si = ||Sillx,—~x;,  w= Sup||[Wil|x,~x,,
from (3.4) it follows that
(3.5) s;i <wvp+k(si—1)(w+w;), fori=1,2,...,
with
(36) S0 S V9.

Arguing as in [13, Lemma 3.3], one proves the following result.

Proposition 3.1. Let (3.5) and (3.6) hold. Assume that v; < v for
every i, set d; = v;/v;—1 and then set d = inf;(d;). If either,

vy>1, 0<rkw<d<l, and v<(d—krw)/(d+ kd)

(3.7) vy=2, and 4rkv;—1(w/d; +v;i—1) <1, for every i,
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then there is a ¢ > 0 such that, for every i, we have
s; < cv;.

More precisely, we can take, in the first case, ¢ = 1+ k(w+d)/(d— kw)
and, in the second case, ¢ = 2.

The above proposition contains the results given in [13], where the
sequence {v;} is assumed to be nonincreasing and £ = 1. Moreover,
in the case v = 2, here the ratios d; are allowed to become arbitrarily
small, provided that their rate of decay is controlled by (3.7).

In the next section, we will combine Scheme 1 of Section 2 with linear
multigrid methods where

Precisely, given By, we will consider two pairs of methods of the type
(3.1)—(3.3), defined by (3.8) and by particular choices of I'; and ®; at
the i-th step.

The first pair, we call linear multigrid methods 1, is defined as follows
(together with (3.8)):

Method 1a. Fz = I, (I)z =1 - A1
Method 1b. T, =0, d=1—A; + A;_1.

Procedures of this type were proposed and discussed in [13]. In
particular, they also yield the classical methods of Atkinson [2] and
Brakhage [6] (cf. also Kelley [14]). For both Methods 1la and 1b, we
get

(3.9) R = (A1) A — A1 — Ay).

The second pair of multigrid methods, we call here linear multigrid
methods 2, are defined (together with (3.8)) by:

Method 2a. Pz = I, (I)z =1- Aifl.
Now, for both Methods 2a and 2b, we have

(3.10) Ri=(Ai_1) YA — Ay
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In any case k = 1. For Methods la and 2a we can take in (3.5)
w = Sup;||I — A;|| and for Methods 1b and 2b, we take w = 1.
Accordingly (cf. Proposition 3.1), we can choose for Methods la and
2a even the value v = 1, provided that w is sufficiently small, while for
Methods 1b and 2b, we must take v = 2.

It is easy to verify that, for each case, the corresponding adjoint
operators B, for i = 1,2,..., are defined through the following
multigrid scheme:

Starting from B, for i =1,2,..., set
Si=I1-A7 B/,
i1 = Bo<j<yBi1(5i1)7,
B =17 +97Q;_,

where now I is the identity on X*.

4. Nonlinear multilevel procedures. In this section we will
examine some procedures obtained combining Scheme 1 with the two
pairs of linear multigrid methods described in the previous section. The
use of such procedures will be motivated in the light of the following
result which is an immediate consequence of Theorem 2.1 (to which we
refer for the notation).

Proposition 4.1. Let {Ag}, k = 0,1,..., be a nonincreasing null
sequence of positive numbers such that, for some 0 < d < 1,

Apy1 > dAy,  for every k=0,1,....

Assume that there exist constants Cy and Ci such that, for every
kE=0,1,...,
(AA)F 4+ (AF)* < CoApqa,

and

9F < C1A.
If Ay and €Y are sufficiently small, then Scheme 1 is well defined and
there exists a null sequence {qr}, k = 0,1,..., such that, for every k
we have

(4.1) eE T < ey (Co + qi) Agp 1.
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Proof. Proceed by induction, using estimates (2.6) and (2.7).

Let us return to the equation
Qux — K(x) = 0.
In this case the operator A, defined in (2.2), is given by
Ax)v =Quv — K'(x)v,MQzv), forveX.

Here we propose two different approaches for constructing the approx-
imating operators involved in Scheme 1. The first approach is based
only on the use of collectively compact (c.c. for brevity) approximations
of K; the second one also employs projection methods.

a) Approzimations through c.c. operators. Let {K,} be a sequence
of completely continuous nonlinear operators from D into U, which
satisfies the following assumptions:

(i) {K,.} is a c.c. family on D;

(ia) K, is pointwise convergent to K on D, i.e., for each x € D,

K,(x) — K(x), asn— oo;

(is) for every n, K, is of class C*, v > 3, on S(x°,0%), and

the derivatives K/ (x), K!'(x) and K!"(x) are uniformly bounded with
respect to x and n.

Then, we consider the sequence of operators {A"}, A" : X — X,
defined by
(4.2) A"(x)v=(Quv—K, (x)v,MQzv), forveX, xeS(x* ).

As well-known (cf. [1, 2]) assumptions (i;)—(i3) ensure that:
(j1) {I — A"} is a c.c. family of linear operators on S(x®,6*);
(j2) A™M(x)v — A(x)v, for every x € S(x°,0%) and v € X
(js) there is a constant C4 such that, for every n and for every

u,v € S(x%,6%),

A" (u) — A" (V)| x—~x < Calu—v|x;
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(ja) the sequence {A™(x)} is uniformly bounded, with respect to x
and n;

(js) for any compact operator T : X — X, lim,_ ||(A(x) —
A"(x)T||x—x = 0, for each x € S(x%,0%);

(je) for all sufficiently large n and for every x € S(x%,0%), A™(x)
is invertible and the inverses are uniformly bounded with respect to x
and n. Then, we consider a suitable subsequence of {K,}, we relabel
as {Ky}, for k=0,1,.... Accordingly, in Scheme 1, we take

F¥(x) = Qux — Ki(x).
Assumptions (kq)—(ky4) of Theorem 2.1 are clearly fulfilled.

Now we discuss the construction of B* (and (B*)*) in Scheme 1, by
the linear multigrid methods of Section 3. Referring to (4.2), a first
procedure could be defined by taking

(4.3) By = A°(x%)~!
and, for each k =1,2,...,

(4.4) A= AYxF), fori=0,1,... k.
Then we employ one of the two linear multigrid schemes 1 considered in
Section 3. We set, in Scheme 1, B¥ = By, for k = 0,1, ... . Accordingly,
for each k =1,2,..., from (3.9) we have
(4.5) ‘ ‘ ‘ ‘

Ry = [AT (M) AT (xP) - AN (x| (T - AY(xP)), fori=1,...,k,
and
(4.6) So = [A%(x")] 7 [A%(x°) — A (xM)].

A second procedure could be defined taking By as in (4.3) and, for
each k=1,2,...,

(4.7) Ay = AlxY), fori=0,1,..., k.

Again, we use one of the linear multigrid schemes 1 considered in
Section 3, setting B¥ = By, for each k. In this case, we have, for
k=1,2,...,

(48) Ry = [AFI(xMTTHAMT ) - ARG - AR (),
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and
(4.9) So = 0.

Clearly, using (4.7) instead of (4.4), one has the advantage of construct-
ing each A; once and for all.

Now we show how Proposition 4.1 can be applied to the cases
considered above. In the following c;, for j = 1,2,3,4,5, will be
constants independent of the index k.

Assume (i1)—(i3) and (j1)—(js), and suppose that
1K (%) = Kj oy ()] = AP )llx—v < 1A,
|K(x®) = Ki(x")|o + M?ngK'(XS) — K (x)]yilv < c2p1;

for every k = 1,2,..., where the sequence {Ax} is chosen as in
Proposition 4.1. Then, for both choices (4.3)—(4.4) and (4.3)—(4.7),
using (4.5)—(4.6), or (4.8)—(4.9), and Proposition 3.1, one can easily
prove by induction that (4.1) holds provided that A, and e are
sufficiently small.

b) Approzimations through c.c. operators and projections. Let {P,,}
be a sequence of linear projections from X into itself which is pointwise
convergent to I. Let the sequence {K,} be given as before. As is well-
known (cf. [4]), the family of operators {K, (P,-)} satisfies (i1)—(i3).
Assume that {K}} and {P} are (relabelled) subsequences of {K,}
and {P,}, respectively, such that:

(m;) for every x € S(x*,3*%), the operators A*(x) defined by
(4.10) AF(x)v = (Quv—K}(Prx)Pyv, MQzv), forv € X,

are invertible and their inverses are uniformly bounded with respect to
x and k.

Then, in Scheme 1 we take
Fk(X) = QUX - Kk(PkX).

Moreover, referring to the operators defined in (4.10), we can use one
of the linear multigrid schemes 1, taking By as in (4.3), A; as in (4.7)
and B* = By. Accordingly, (4.8) and (4.9) follow.
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Let {Ax} be a sequence as in Proposition 4.1 and suppose that, for
every k=1,2,...,

(K" (x*) = Kj._ 1 (Pro1x®)Pr_)[I — AP(x®)]||x—v < csy,

(4.11)
IK) = KB+ Mase [(x") — K4 (P )Py o < caldic.

Then, by assumption (m;) and invoking again Propositions 3.1 and 4.1,
the usual inductive argument shows that relation (4.1) holds for every
k, provided that A and €2 are sufficiently small.

Let us consider the particular case where K = K, for every k, and
therefore
FF(x) = Qux — K(Pyx)

and

AF(x)v = (Quv — K'(Ppx)Ppv, MQzv), forve X.
If
(4.12) I(K'(x*)(I = Py)||x—v — 0,

we could also use the linear multigrid schemes 2 of Section 3, taking,
as before, B' = By = A%x%)7!, for each k, A; = Ai(x'), for
i=0,1,...,k and B*¥ = By. In this case, from (3.10), we get

R = [Akfl(xkfl)}fl[Akfl(xkfl) _ Ak(Xk)]

and Sp = 0. Then, assuming that, for every k, relation (4.11) (with
K;, = K) holds and that

[[(K'(x°) = K'(Pr-1x")Pr_1)||x—v < 5 Ay,

the conclusions of Proposition 4.1 easily follow.

We notice that, for all the cases considered here, it was understood
that, in Scheme 1, the adjoint B** is obtained by the same multigrid
method which yields B¥, as shown at the end of Section 3.

There are several results, on the approximation of integral operators,
which can be used for checking the validity of the various assumptions
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above considered as well as for estimating the values of {A;}. Among
the more recent papers, we refer to [2, 3, 4, 5, 8].

Remarks. The more natural way for constructing the sequence of
projections {P,} in X is that of taking a sequence {P,} of linear
projections in U, and then defining P, as P,v = (P,QuV,v,).
Here, for conciseness, we have expressed any v € X in the form
v = (Quv,Vy,), with v, € RP. In order to illustrate how in this case the
application of By = A°(x%)~!, with A° given by (4.10), can be carried
out, we assume, for simplicity, that the operator M@z has the form
MQzv = (M1Quv, Msv,), with My € U*, My, € L(R?,RP™!). This
is the case usually occurring in practice. Accordingly, an application
of By consists of solving a system of the type

Quv — K{(Pox")Pov = f1,
MQuv = fs,
MQV;D = f37

with f; € U, fo € R and f3 € RP~L. This is equivalent to solve, at
first, the projected system

PO(QUV — K(,)(P()XO)P()V — fl) = 0,
(413) Ml(Ké(P()XO)PQV + fl) = f2,
MQVp = f37

with respect to the unknowns Pyv and v, and then to get Quv as the
iterated solution of (4.13) (in the sense of Sloan [19]), namely,

QUV = Ké(PQXO)Pov + fl-
Of course, the coefficient matrix of the above linear system will be
factorized once and for all.

In the particular case when equation (2.1) has the classical Hammer-
stein form

(4.14) Quw — KG(w) =0,

where now K is a linear compact operator into U and G is a nonlinear
mapping from X into U, for an efficient use of projection methods, it
is convenient to consider, instead of (4.14), the equation

QUX - G(KQva Xp) = 07
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obtained through the change of variable x = (G(w),w,) that is
w = (KQux,xp). For more details on this point, we refer to [15,
16).
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