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GLOBAL EXISTENCE AND BLOWUP FOR A
SEMILINEAR INTEGRAL EQUATION

H. HATTORI AND J.H. LIGHTBOURNE

I. Introduction. Several authors have investigated the “parabolic”
properties of the integrodifferential equation

(L)
u(0) = uyp,

where A : D(A) C X — X is a linear closed operator with domain
D(A), a dense subset of the Banach space X, and the scalar function
a: (0,00) — R is singular at t = 0. The abstract setting is discussed
in DaPrato and Tannelli [1] and discussions of specific examples of
related equations are found in Grimmer and Pritchard [2], Hannsgen
and Wheeler [3], Hrusa and Renardy [5], Renardy [8], and references
cited therein. The results establish that rough initial data is smoothed
as the solution evolves.

In this paper we consider the semilinear problem

() = /0 a(t — ) Au(r) dr + F(u(t)), >0,
u(0) = up,

(SL)

where F' : D(F) C X — X is nonlinear. The singularity of F is
expressed in terms of a fractional power of A. In Section II, we give
preliminary definitions and establish a growth estimate of a fractional
power of A acting on the solution map associated with the linear initial
value problem (L). For the semilinear initial value problem (SL), a local
existence result is given and global existence for small, smooth initial
data is established in Section ITI. An example is given in Section IV to
illustrate that blow-up may occur in the setting of (SL) if the kernel
a(t) is smooth, even though the initial data is small and smooth.

II. Linear results. Throughout this paper we make the following
assumptions on A. X is a Banach space with norm || - ||. We also
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530 H. HATTORI AND J.H. LIGHTBOURNE

use || - || to denote the induced norm on B(X), the Banach space of
bounded linear maps from X to X.

(H1) (i) A: D(A) C X — X is a closed linear operator, densely
defined on X.

(ii) The resolvent set of A, p(A), satisfies p(A) D {A € C : |arg )| <
@} UV where m/2 < ¢ < 7 and V is a neighborhood of zero.

(iii) There exists M > 0 such that, for A € p(A), the resolvent of
A, R(\; A) = (M — A)~1, satisfies [|[R(A; A)|| < M/(1+4|)]).

If the hypotheses (H1) are satisfied, then the fractional powers of
(—A) are defined [7] for 0 < o < 1 by the formula

(—A)"z = (=A)((-4)" ')

sin T

- /OO t* (=AYt — A) tzdt
0

T
-1
=— [t =A@ - A) 'z dt
i [ A - Ay
where I' C p(A) withT'N{t e R : t <0} = ¢.
Let D((-A)*) ={z € X : (—A)*x € X}.

We also make the following assumptions on the kernel a : (0,00) —
R.

(H2) There exists ¢ € (r/2,7) such that a()), the Laplace transform
of a, is analytic and bounded in Y (¢),a(\) # 0 for X € > (¢), and
Aa(N))~t € p(A) for X € Y (), where

> (@) ={reC :|arg| < ¢}.
As shown in [1],

() = /( O

is absolutely convergent for ¢ > 0, where 7 € (7/2,$),e > 0, and

v(n,e) = {A=pe™™p > e U{A=ee i T € (—n,n)}

Furthermore, T'(t) has the following properties:
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(a) T'(0) = I, the identity on X;

(b) T(-)x : [0,00) — X is continuous for each z € X. If z € D(A4),
then
T(-)z € €([0,00); X) NC([0,00); D(A))

and u(t) = T(t)z is a solution to (1). It is further established in [1] that
if |a(\)| 7t < Cp+ C|A|” for r > 0 then, for every z € X, T(t)z € D(A)
and ||[AT(t)|| < C(t~t +¢7177).

THEOREM 1. Let (H1) and (H2) hold and define T(-) as above. Then,
for each 0 < o < 1, there exists a constant C' such that
(=X =a(N)A) ™| < Cla)[~H @)~

Furthermore, if |a(\)| =" < LIN",7 > 0, for X € 3(@), then there exist
positive constants M and 6 such that

[(—A)>T(t)]] < Mt=*CFMe=%  for ¢t > 0.

PROOF. Let A € Y3(¢). Then, using the resolvent identity,
R A) = R(p; A) = (0= MR A)R(p; A),

we obtain

(A — aMA) "z = —% [ AN = )7 O G A) e

:_%(a@))—l/rt@—l (ai\ t>_1(—A)
a1 ()"

for any T" satisfying I' C p(A) with TN{t e R : ¢t <0} = ¢. In
particular, let | = 3csc ¢ where ¢ is given in (H1) and T': [ +7et?® 0 <
r < oo. Then, for all » > 0,

x dt

A p—
a(n)

A
alv)

+ig

A
a(\) ‘

‘—7’6
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Also, for r > 4l|A\/a(N)],

el A A T T A AT
a a -2 2 a a -2
A 1) il 1)
Thus,
1(=A)* (X = a(A)A) |
oo A el oA A i 71
< Cla( —1 +ip l . _ _ +ig d
[a(A) /0 ‘re Ay an a(x)’ re r
4l\ﬁ\ A -
< Cla\)|t ing|* | d
<cla [ ot 5[ ar

a—1

A
a(\)

< Cla(\)|™

Assume that |a(\)|~! < L|A|". Then

(I(=A)*T (@) < / e (=A)* (A = a(x)A) ] dX

v(n.e)

S C . L/ |6)\t| ‘/\|ra+a71d)\
v(n.€)

<C- Ltf(oz%»rd)efét/ ‘e(AJré)t' |t/\‘ra+a71d(t/\)
y(n,€)
< Mtf(aJrra)efM. o

ITI. Local and global existence for semilinear problem. In
this section, we establish local and global existence for the semilinear
initial value problem (SL). The nonlinear operator F' is assumed to
satisfy the following hypothesis:

(H3) F : D((—A)*) — X is such that, for every open set V C
D((—A)%), there exists a constant L such that

||F(w) = F(v)]] < Llfu = vl|a
for all u,v € V and ||ul|o = [|(—A4)%ul].
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As established in [1], if f is Holder continuous and w is a solution to

u(t) =T (t)uog + /0 Tt —7)f(r)dr,

then u € C([0,t1); X) N C((0,¢1); X) and is a solution to (SL).
Consequently, we consider the variation of parameters equation:

(VP) u(t) = T(t)uo + /0 T(t —7)F(u(r))dr.

THEOREM 2. Assume the hypotheses of Theorem 1 and (H3) hold
with a +ra <1 and uy € V. Then there exists a unique local solution
u: (0,t1) — D(A),u € C([0,t1); X) NC((0,t1); X) satisfying (SL).
Furthermore, if lim, _, - [|u(t)||a < oo, then u can be continued.

PROOF. The proof of this theorem is routine and, therefore, only
indicated below. For § > 0, let ¢; > 0 such that

1
||T(t)(—A)O‘u0 — (—A)a’ll,()H < 5(5 for tg <t < ty.
Let Y be the Banach space C ([0, 1] : X) with

lully = sup [fu()]].
0<t<ty

Define H:Y — Y by

[Hy](t) = T(t)(=A)%uo + /0 (=A)*T(t —7)F((=A)"y(7)) dr.
Let S C Y be defined by

S={yeY :y(0) = (=A4)%uo, |ly(t) — (=A4)%uo|| < 4}
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1H (5)(8) = (=A)uo |
- [rocarw+ | (AT ) P((~A) () dr
Al
< 5+ [Tl = DF(=A) () - F(=A)wllar

/ [(—A)°T(t — 7)F((~4)~*uo)|| dr

5
<3 LM/ (t =)=+ ly() ol dr

M / ~(kra)|| F(— 4)~ug) || dr

< 2 +(1mamra) LMLO ) 4 M| P A) [~

< for 0 <t <ty, t sufficiently small.

Thus H : S — S. Similarly, one can establish that H is a contraction
map for ¢; sufficiently small. Consequently, H has a fixed point y € S
such that

(VP)a) y(t) = T(t)(— A)uo + / (—A)T(t — 7)F((— A)*y(r)) dr,

and, defining u(t) = (—A)~*y(t), we obtain a solution to (VP).
Suppose u is a solution to (VP) on [0,¢1) and limtﬂtl_ [[(—A)*u(t)]| <
oo. By the above argument there exists a unique solution v(¢) on [0,t)

for some ¢’ > 0 to the equations

t1

v(t)=T(t+t1)uo +/0 T(t—71)F(v(T)) dT-i-/O T(t+t; — 7)F(u(r))dr

v(0) = T(t1)up + /0 1 T(ty — 7)F(u(r)) dr

Then @ defined on [0, ¢, + ¢’) is the solution to (VP) which extends u,

where
(1), 0 <t <ty,

~(t)
u(t) =
’U(t—tl), t1 <t<t1+t/.
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We now establish the necessary regularity of a solution u to (VP) to
obtain that u € C([0,¢1); X) NC*((0,¢1); X) and u satisfies (SL). We
first establish that a solution y to ((VP),,) is locally Holder continuous.
Let 0 <t <ti,h>0,and § = a+ra < 1. It follows from the proof
of Theorem 1 that there exists M > 0 such that ||[T7()|| < Mt~!
and |[(=A)*T'(t)|| < Mt='=F for t > 0. Since F((—A)"%y(t)) is
continuous, there exists N > 0 such that ||[F'(—A)"%y(t)|| < N for
all t € [07t1].

Iy (t+R)=y(®)l| =||T(¢ + h)(=A)"ug

t+h
+ / (AT (t+h—7)F((—A)" (1)) dr
0

T (-A) o~ (A1 Te=7)F(-A)a(r)ir|

t+h
< JI(=4)uol| / 1T ()| dr

t+h
+N/ N((A)*T(t+ h—71))||dr

t+h—71
+N/ / AT (s)|| ds dr
t
t+h t+h
§M||(—A)au0||tﬁ*1/ T*ﬂfl/ P dr
t t

t+h
-I-MN/ (t+h—71)"Pdr

t+h—T1
+ MN/ / s 1P dsdr
t

< M|(=A)*uol| * 1 — B) " 5~ h1 0
+MN(1 —B) thtf
+MN[B(1-p)] a7

It follows that y(t) is locally Holder continuous and, by (H3), F/((—A)~¢
y(t)) is locally Holder continuous. Defining wu(t) = (—A) “y(¢)
and applying results obtained in [1], we have that u(t) € D(A) for
t>0,ueC([0,t1); X)NCL((0,t1); X), and u is the unique solution to
the initial value problem (SL).
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THEOREM 3. Suppose hypotheses of Theorem 2 hold with § = a+ra
satisfying 0 < B < 1. If there exist positive constants v,C and p > 1
such that ||F(u)|| < Cl|[(=A)%ull? for ||(—A)%ul|| < ~, then there exists
p > 0 such that if ||(—A)%ug|| < p then there is a global solution to
(SL).

PROOF. By the previous theorem, it suffices to show that || (—A)*u(t)||
remains bounded. Suppose u is a solution to (VP). Then

I(=A)*u@)| < [|T(£)(=A) uo|| + /Ot I(=A)*T(t = 7)F(u(r))|| dr
< Ml(—A)"‘uO|+M/OEt—T)ﬁe‘;(”)l(—A)%(T)ll”df
Let K (t) = maxo<r<¢{||(—A4)*u(7)||}. Then
K(t) < M||(—A)%uq|| + M </OOO r=Pe=or dr> [K(1)]P.

It follows that if ||(—A)*uo]| is sufficiently small, then there exists n > 0
such that ||K(¢)|| < n for ¢ > 0.

ExaMpPLE. Examples for which the preceding results apply are readily

found in the literature. For example, let
g2

X =L£2(0,1), A=3%, D(A)=H2(0,1) N HL(0,1), F(u)= £Lu?,
a(t) =ty > 0 and n € (0,1). The verification that the required
assumptions are satisfied in this example may be found in [1] and [7].
In this example, @ > 1/2 and 0 < o + ra < 1 implies (2 — n)a < 1.
Increased regularity of solutions is obtained by an increase in « and,
consequently, an increase in 7.

IV. Breakdown of smooth solutions. In this section we discuss
the breakdown of smooth solutions to the differential equation

t

(4.1) us + f(u), = / a(t — T) Uy, dT,

— 00
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with initial datum
(4.2) u(z,0) = up(x).

Here, we assume that the kernel a(t) is regular and a(0) = 1, and that
f'>0and f” > 0 so that f is monotone and genuinely nonlinear. We
also normalize f so that f(0) = 0.

In order to discuss the breakdown of smooth solutions, it turns out
that it is convenient to rewrite the equation in the following form.
Setting

(4.3) v(x,t) = / a(t — 7)uy dr,

— 00
we obtain

Ut"‘f(u)m_vm:o;

4.4 ¢
(44) vt—umz/ a'(t — 7)u, dr.

— 00
Notice that

0

v(z,0) = / a(—T)uy dr.
—0o0

Therefore, this gives the initial datum for v and we assume that this

past history can be controlled so that we can prescribe arbitrary initial

datum for v.

REMARK. Actually it is not natural to think this way. It is more
natural to think that we have the breakdown of smooth solutions if the

past history satisfies the conditions which come from the initial data
(4.14).

We now apply the transformation due to MacCamy [6]. Let r(¢)
be the resolvent kernel associated with the solution of linear Volterra
equation

r(t) + /0 d(t—7)r(r)dr=d'(t), t=>0.
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Then, convoluting (4.4)s with r(¢), we obtain

Ut"‘f(u)m_vm:o;

(4:5) v — Uy = F [

where

F[v] = —av + ¢(z,t) + /0 r'(t — 7)v(x, ) dr,
t 0
(2, ) = —r(t)vo(2) +/O r(t— T)/ o (7 — 8)us(z, 5) ds dr,

— 00

and —a = r(0) = a’(0) < 0. In what follows, for simplicity we assume
that 7/(t) is bounded and set

Ko = sup |r'(t)|.
0<t<o0

System (4.5) has a structure similar to the viscoelasticity model
considered in [4]. It turns out that the proof is essentially the same.
Therefore, we indicate the modification necessary to prove the a priori
estimate and the proof of breakdown.

The characteristics of system (4.5) are

)= = VTP /2,
and in what follows we assume that

(4.6) N =X/ +4>e>0.
The Riemann invariants for (4.5) can be taken as

(4.7) Z):/(f/j:\/m)ﬁdu—v.

The transformation given by (4.7) is one-to-one. These Riemann
invariants satisfy the diagonal system

A
I

T+ ATy = G(Ta S) + ¢($, t)a

(48) St + USy = C;(’I"7 5) + (b(.f,t),
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where G(r, s) is given by

t
G(r,s) = —ag(r,s) + / r'(t —71)g(r,s)dr
0
and g(r, s) is given by
4(r,5) = —(r +5)/2 = h(r — )2

In the above relation, h(r — s) is given by h(r —s) = f(k(r —s)), where
u = k(r — s) is the solution of r — s = [*\/(f")2+4du. It is not
difficult to show that h(0) = 0 and h/(0) is finite. If we write

/—Q_F/\E \—24_&
ot Nor Ko

(4.8) can be written as
(4.9) v =G(r,s)+¢, s =G(rs)+o.

Modifying Nishida’s argument, we have the following a priori estimate
of sup norm for the smooth solutions.

LEMMA 4.1. Suppose

o] = sup |ro(z)], [sol= sup [so()],
—oo<T<oo —oo<T<oo
|®(t)| = sup |p(z, )],

0<7<t,—oco<r <0

and that
|h(r —s)| < K|r — s

on the interval —A < r —s < B, where K, A, and B are positive
constants. Then, if |ro| + |so| < min(A, B), there is a Ty such that the
estimate

t
[r| + |s] < <|r0| + \sol+2/ |‘I>d7') exp{ Kt + Ko(a/2 + K)t?/2}
0

holds on 0 <t < Tj.



540 H. HATTORI AND J.H. LIGHTBOURNE

PROOF. We introduce the characteristic curves

P
(4.10) xlle(p,m):m—l—/ Adg, —oo<m < oo,
0

P
(4.11) £L'2:;C2(p,n):n+/ pudg, —oo <n < oo.
0

Then, along the characteristic curve defined by (4.10), from (4.9) we
see

e 2 4 et 2r )2 = — V2 [{as + h(r — s)}/2 + ¢]

¢
+ e2t/2 / r'(t — 7)g(x1 (T, m), T) dT.
0

Therefore, after the integration,

P2 = ro(m) — /Op e 2[{as + h(r — s)} /24 ¢](z1 (T, m), 7) dr

D t
+ / /2 / r'(t — 7)g(z1 (T, m), T) dr dt.
0 0

Since we assume the existence of smooth solutions, using the mean
value theorem, we obtain

6041’1/2,’,.($1(p7 m)7p) = To(m)

—/Opem/2[{as + h(r—38)}/24 ¢l(x1(r,m), 7)dr

+ /Op eo”'/27'1"'(7' —q)g(z1(T,m),q(7)) dr,

where ¢(7) satisfies 0 < ¢(7) < 7. Define
— _ ap/2
T(xl(tam)at) Org;g%(te |r(£c1(p,m),p)|,

o (t.m), ) = max e/2]s(2(p,n).p)].
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y=h(r—s) y=K(r—s)

(r—s)

FIGURE 4.1. A typical example of h.

Then,

(a1 (t,m), 1) < |7”0+/0 T2 {als| + |h(r — 5)1}/2 + |l dr

+A ea7/27|r’(7'—q)g(fl(T;m)’Q(deT'

Since h(0) = 0 and A/(0) is finite, we estimate h by
[h(r —s)| < Klr — s|.

A typical example of h is given in Figure 4.1. Since h” is positive, B
is finite and A is infinite. If the initial data is small in the supremum
norm, there is a time interval in which this majorization holds. Then
in this time interval, we have

7(x1(t,m),t)

t
< |1"0|+/ 7 {als|/2 + 9]} (w1 (,m), 7) dr
0

+ 1/2/O OTI2(K + Ko(a/2 + K7) [(7] + |s]) (@1 (r m), 7] dr,
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Define
R(t) = sup P2 |r(z, p)],
—oo<x<00,0<p<t
S(t) = sup e*P2|s(s,p)].

—oo<x<00,0<p<t

Then the above inequality implies

7(x1(t,m),t) < |ro +/O {aS(7)/2+ |®(7)|} dT
12 /Ot(K + Ko(a)2 + K)7)(R(r) + S(r)) dr.

We can go through the same argument for s along the characteristic
curve defined by (4.11) and obtain

S(@a(t, n), 1) < |so] + / {aR(r)/2 + |B(r)|} dr
12 /O (K + Ko(a)2 + K)7)(R(r) + S(r)) dr.

Since we assume that the solution is smooth, the slopes of characteris-
tics are finite. So, for each ¢, there are characteristic curves so that

T(z1(t,m), 1) = R(t), S(22(t,n),t) = S(t).
If we choose these 77,7 for each t, we have
R+ 5(0) < frol + [sol +2 [ [0(r)]dr
0
+ /0 (a/2+ K 4+ Ko(a/2+ K)T)(R(7) + S(71)) dT.

Then, setting

B(t) = [rol + |sol +2 / 6(r)] dr,
0
v(t) = (/2 + K + Ko(a/2 + K)t)
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and using the generalized Gronwall inequality, we obtain

t

R+ () < 60) + | ()8 (exp [ 5(9)d€) ar
<At [ (e
Therefore,

(4.12) lr(t)| + |s(t)| < B(t) exp{ Kt + Ko(a/2 + K)t?/2}.

As B(0) = |ro| + |sol, if B(0) < min(A, B), there is a Ty > 0 such that
the majorization and, hence, the a priori estimate is valid. If min(A4, B)
exists, we can find an estimate for Ty by solving

K
min(A, B) = 8(Tp) exp {KTD + 70 (% + K) Toz} .
Now we state the theorem for the breakdown of smooth solutions.

THEOREM 4.2. Suppose the condition in (4.6) is satisfied. Then, for
an appropriate smooth initial datum and the past history, the breakdown
of smooth solutions to (4.1) will occur in finite time.

PROOF. The proof is basically the same as in [4]. The idea of proof is
to show that two characteristic curves of the same family will cross each
other and have the different values of the solutions, which indicates that
the solution is not smooth. Suppose z1(t) and x2(t) are r-characteristic
curves with z1(0) = 29 and 22(0) = 23 and that 29 < 29. Then, this
is equivalent to finding a positive t1(< Tp) such that

(413) Tl(t)>7”2(t), OStStl,
(414) l‘l(tl) Z LL‘Q(tl).

To show the above we choose points (z9,0) and (29, 0) on the initial
line such that 2§ — 2{ = §, where § is a small positive constant which
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will be determined later in this proof. On the initial line we give the
smooth and bounded data ro(z) and so(x) which take the values

(4.15) ro(x(f) =Ty + Ar/2, ro(xg) =Ty — Ar/2,

So (ZL’) = EO;
where Tg, 59, and Ar(> 0) are constants.

By making use of the a priori estimate, we define
My = B(Tp) exp(KTy + Ko(a/2 + K)T§ /2),

where T is the constant obtained in Lemma 4.1. We also define the
values

My = max «|g(r,s)|+ |P(Th)|,
L= max - alg(r)] + [B(T0)

My = max |N(r,s)],
2 |r|+]s| <My ‘ ( )|
[A(r, s)],

M, = K, )
ST RESYA olg(r s)|

(4.16)

max
|r|+]s| <My

Now we can obtain the following inequalities along r-characteristic
curves z1(t) and zo(t). Along z(t) we have

ri(t) = Fo + Ar/2 + /0 (~ag(r,s) + 6} dt

_/Ot /Ot r'(t = 7)g(r,s)(z,T)dr dt,

(4.17) To + Ar/2 — Myt — Myt < r(t) < To + Ar/2 + Myt + Mt?,

(418) So —M1t—M2t2 < Sl(t) §§0+M1t+M2t2,

(419) (El(t) =x + /Ot )\(7"1 — 81) dt.
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And along z5(t),

(4.20) 7o — Ar/2 — Myt — Mot? < ro(t) < To — Ar/2 + Myt + Mat?,

(4.21) 5o — Myt — Mot? < so(t) < 5o + Myt + Myt?,

(4.22) J)Q(f) =Ty + /0 /\(7“2 — 82) dt.

From (4.17) and (4.20), if
(4.23) Py — 1y > Ar — 2Myt — 2Myt* > 0,

then (4.12) is satisfied. And, from (4.18) and (4.21), we obtain
t

To(t) — x1(t) = 23 — 28 +/ {AMrg —s2) = A(r1 — s1)} dt
0
t

:xs—x9+/ N(E)(ry — 1+ 51 — s9) dt,
0

where £ is between (ro —sg) and (r; —s1). The condition (4.14) is
equivalent to

t
/ N(E)(rg—r1 + 51 —s9)dt <af — x5 = 4.
0

We estimate the above integral. From (4.6), (4.16), and (4.20),
N(€)(ra —11) < —e(Ar — 2Myt — Myt?),
and, from (4.16), (4.18), and (4.21),
N(€)(s1 — 52) < 2My (Mt 4+ Mot?).

Thus, if
(4.24)

t
/ N(E)(ro —r1+ 51— s2)dt
0
> —eArt + My (e + Mo)t? + 2My(e + Mo)t? /3 < 2 — ) = — 6
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is satisfied, (4.14) is satisfied. If we choose small enough 0, it is easy
to find ¢; < Ty which satisfies (4.23) and (4.24). Since the a priori
estimate in Lemma 3.1 depends only on the maximum absolute values
|ro| and |so| of initial data, we can change § without changing |rg| and
Isol-
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