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PROPER RESOLUTIONS AND GORENSTEINNESS
IN TRIANGULATED CATEGORIES

XIAOYAN YANG AND ZHICHENG WANG

ABSTRACT. Let 7 be a triangulated category with
triangulation A, £ C A a proper class of triangles and C
an additive full subcategory of 7. We provide a method for
constructing a proper C(£)-resolution (respectively, coproper
C(&)-coresolution) of one term in a triangle in & from those
of the other two terms. By using this construction, we show
the stability of the Gorenstein category GC(£) in triangulated
categories. Some applications are given.

Introduction. Triangulated categories were introduced by Grothen-
dieck and Verdier in the early 1960s as the proper framework for
homological algebra in an abelian category. Since then, triangulated
categories have found important applications in algebraic geometry,
stable homotopy theory and representation theory. Examples for this
may be found in duality theory, Hartshorne [9] and Iversen [12], or
in the fundamental work on perverse sheaves, Beilinson, Bernstein and
Deligne [3].

Relative homological algebra has been formulated by Hochschild in
categories of modules and later by Heller and Butler and Horrocks in
more general categories with a relative abelian structure. Let 7 be a
triangulated category with triangulation A. Beligiannis [4] developed a
homological algebra in 7 which parallels the homological algebra in an
exact category in the sense of Quillen. To develop the homology, a class
of triangles £ C A, called proper class of triangles, is specified. This
class is closed under translations and satisfies the analogous formal
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properties of a proper class of short exact sequences. Moreover, &-
projective objects, {-projective resolution, {-projective dimension and
their duals are introduced [4, Section 4].

In the category of modules, there is a natural generalization of the
class of finitely generated projective modules over a commutative Noe-
therian ring, due to Auslander and Bridger [2], that is the notion of
modules in Auslander’s G-class (modules of Gorenstein dimension 0).
To complete the analogy, Enochs and Jenda [7] introduced Gorenstein
projective modules that generalize the notion of modules of Gorenstein
dimension 0 to the class of not necessarily finitely generated modules.
Using this class, they developed a relative homological algebra in the
category of modules. Motivated by this, Beligiannis [5] defined the
concept of an X-Gorenstein object induced by a pair (A, X') consisting
of an additive category A and a contravariantly finite subcategory X
of A, assuming that any X-epic has a kernel in A. This notion is a
natural generalization of a module of Gorenstein dimension 0 in the
sense of Auslander and Bridger [2]. Based on the works of Auslander
and Bridger [2], Enochs and Jenda [7] and Beligiannis [5], Asadollahi
and Salarian [1] developed the above-mentioned relative homological
algebra in triangulated categories with enough &-projectives. They in-
troduced and studied £-Gorenstein projective objects and £-Gorenstein
projective dimensions with respect to a proper class of triangles &.

Let A be an abelian category and C an additive full subcategory
of A. Sather-Wagstaff, Sharif and White [15] introduced the Goren-
stein category G(C) which unifies the notions: modules of Gorenstein
dimension 0 [2], Gorenstein projective modules, Gorenstein injective
modules [7], V-Gorenstein projective modules, V-Gorenstein injective
modules [8], and so on. Huang [10] provided a method for construct-
ing a proper C-resolution (respectively, coproper C-coresolution) of one
term in a short exact sequence in 4 from those of the other two terms.
By using these, he affirmatively answered an open question on the sta-
bility of the Gorenstein category G(C) posed by Sather-Wagstaff, Sharif
and White [15] and also proved that G(C) is closed under direct sum-
mands.

Let T = (T,%,A) be a triangulated category with ¥ the suspension
functor and A the triangulation, £ C A a proper class of triangles and
C an additive full subcategory of 7 closed under isomorphisms and
Y-stable, i.e., X(C) = C.
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In this paper, we make a general study of relative homological
algebra on triangulated categories which may not have enough &-
projectives or enough &-injectives. Section 1 gives some notions and
basic consequences of the proper class . Section 2 provides a method
for constructing a proper C(&)-resolution (respectively, coproper C(&)-
coresolution) of one term in a triangle in ¢ from those of the other two
terms. Section 3 is devoted to establishing the stability of the Goren-
stein category GC(&) in triangulated categories, and some applications
are given.

1. Definitions and basic facts. This section is devoted to dis-
cussing the axioms of a proper class of triangles and drawing some
basic consequences for use throughout this paper. The basic reference
for triangulated categories is the monograph of Neeman [14]. For ter-
minology, we shall follow [4, 16].

Triangulated categories. Let 7 be an additive category and X :
T — T an additive functor. Let Diag(7T,X) denote the category whose
objects are diagrams in 7 of the foom X % vV % Z % $X, and
morphisms between two objects X; By, 8 7, 4 5X;,i=1,2, are
triples of morphisms f: X; — Xo, g: Y7 — Yo and h: Z7 — Z5, such
that the following diagram commutes:

M1 v1 w1

Xl Yl Z1 ZXl
lf lg ih izf
X, oy, 2oz, A vX,.

Such a morphism is called an isomorphism if f, g, h are isomorphisms
inT.

A triple (T,X%,A) is called a triangulated category, where T is
an additive category, X is an autoequivalence of 7 and A is a full
subcategory of Diag(7,Y) which satisfies the following axioms. The
elements of A are then called triangles.

(TR1) Every diagram isomorphic to a triangle is a triangle. For

every object X in T, the diagram X L5 X 503X isa triangle.
Every morphism g : X — Y in 7 can be embedded into a triangle
X5Y -7 39X,
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(TR2) X & v % Z 2 £X is a triangle if and only if Y &% Z 2
£X %Y s so.

’ ’ ’
14 w

(TR3) Given triangles X 5 Y %5 Z 42X and X' 5LV 5 27 %
3 X', each commutative diagram

Y Y- 7 —Y=¥%X

b .t

R A ). ¢

can be completed to a morphism of triangles (but not necessarily
uniquely).

(TR4) The octahedral axiom. For this formulation, we refer the
reader to Proposition 1.1.

Proposition 1.1 ([4, Proposition 2.1]). Let T be an additive category
equipped with an autoequivalence X : T — T and a class of diagrams
A C Diag(T,%). Suppose that the triple (T,X,A) satisfies all the
azxioms of a triangulated category except possibly of the octahedral
azxiom. Then the following are equivalent:

(1) Base change. For any diagram X By B Z5%X e A and
any morphism o : Z' — Z, there exists a commutative diagram

in which all horizontal and vertical diagrams are triangles in A.
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(2) Cobase change. For any diagram X 5V 5 Z 42X € A
and any morphism B : X — X', there exists a commutative diagram

0— =2l —%n17 >0
\L _E—l,\/ _2—1’7/ \L

— *lw v
wolg 2@ x M Ly A
| ; s

_ —1w/ ’ 1/
sl 2 e xr My A
_ 0

0—7 7 ——

in which all horizontal and vertical diagrams are triangles in A.

(3) Octahedral axiom. For any two morphisms pn: X —Y and
v:Y — Z, there exists a commutative diagram

Xty "2 oz P ovx
[ O O
XMooz ey ¥ ¥yx
oo oo |
y vz Y ox Y. 5y
| b e |
0——YX7 —=%X7'"—=0

in which all horizontal and the third vertical diagrams are triangles
in A.

Proper class of triangles. Let 7 = (7,X,A) be a triangulated
category, where Y is the suspension functor and A is the triangulation.

A triangle (T) : X £ Y % Z 2 %X is called split if it is isomorphic

1
to the triangle X (£>> XoZ @D 7 % vx. It is easy to see that (7'

is split if and only if p is a section, v is a retraction or w = 0. The
full subcategory of A consisting of the split triangles will be denoted
by Ag. A class of triangles £ is closed under base change if, for any
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triangle X 5 Y 5% Z 2 ©X € ¢ and any morphism o : Z’ — Z as in
Proposition 1.1 (1), the triangle X % Y" % 72/ % $X is in €.

Dually, a class of triangles £ is closed under cobase change if, for
any triangle X 5 Y 5 Z % ©X € ¢ and any morphism 8 : X — X’

’
v

as in Proposition 1.1 (2), the triangle X’ % V' % Z 2 £X’ is in &.
A class of triangles £ is closed under suspensions if, for any triangle
XAy 5 725 5X e¢and any i € Z, the triangle

(-1 (-1)'sty (-1)'2w

X ¥y ¥z ity

isin £&. A class of triangles £ is called saturated if, in the situation of base
change in Proposition 1.1, whenever the third vertical and the second
horizontal triangles are in &, then the triangle X & Y % Z % ©X is
in €.

The next concept is inspired by the definition of an exact category
[6].

A full subcategory & C Diag(T, ) is called a proper class of triangles
if the following conditions hold:

(i) € is closed under isomorphisms, finite coproducts and Ay C ¢
CA.

(ii) ¢ is closed under suspensions and is saturated.

(iii) £ is closed under base and cobase change.

For example, the class Aq of split triangles and the class A of all
triangles in T are proper classes of triangles.

From now on, we fix a triangulated category 7 = (7,%,A) and a
proper class of triangles £ in T, where X is the suspension functor and
A is the triangulation.

An object P € T (respectively, I € 7T) is called &-projective
(respectively, &-injective) if, for any triangle X — Y — Z — ¥X
in &, the induced sequence

0->TP,X)=>TRPY)>T(PZ) =0,
respectively,

0—>TZI)—-TY,I)—>T(X,I)—0,
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is exact in the category Ab of abelian groups. We say that 7 has
enough &-projectives if, for any object X € T, there exists a triangle
K —- P — X — YK in £ with P a £-projective object.

Dually, we define when T has enough &-injectives. In this case, a
triangle X - Y — Z — ¥ X is in £ if and only if, for any &-projective
object P, the induced sequence

0—-TPX)—=>TPRPY)>T(P,Z)—0

is exact in Ab if and only if, for any &-injective object I, the induced
sequence
0—=>TZI)—=TY,I)—>T(X,I)—>0

is exact in Ab (see [4, Lemma 4.2] and its dual).

Let X 5 Y % Z % %X be a triangle in €. The morphism v : Y — Z
is called a &-proper epic, and p: X — Y is called a £-proper monic, see
[4]; p is called the hokernel of v and v is called the hocokernel of pu,
see [13].

Proposition 1.2 ([16]). The class of {-proper monics is closed under
compositions. Dually, the class of &-proper epics is closed under
compositions.

Proposition 1.3 ([16]). Consider morphisms i : X —Y andv:Y —
Z.
(1) If vi is a &-proper monic, then p is a §-proper monic.

(2) If vi is a &-proper epic, then v is a &-proper epic.

Proposition 1.4 ([16]). Given a commutative diagram:

!

0 ——7 Z' ——0

R

-1 7
sz S x Ay Yy
_n-1 7 v
Sz 4 x My

04>2Z/ 7 —
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in which all horizontal and vertical diagrams are in A.

(1) If the third vertical triangle and the triangle X 5 Y % Z 2% ©X

v

are in &, then the triangle X' %5 Y'Y Z 5 S X" is also in €.

v

(2) If the second vertical triangle and the triangle X' % Y” LG/
X' are in &, then the third vertical triangle is also in €.

Definition 1.5. Let C be an additive full subcategory of the tri-
angulated category 7 closed under isomorphisms and Y-stable, i.e.,
¥(C)=C.

A &-exact complex X is a diagram

dn,
s X T X, I X
in 7 such that, for all integers n, there exist triangles K41 "X, I
K, "3 K, in ¢ and the differential d,, is defined as dy, = gn_1 f,, for

any n.

A triangle X - Y — Z — XX in £ is called T(C, —)-ezxact if, for
any C € C, the induced complex

0 —T7(C,X)—T({C,Y)—T(C,Z)—0

is exact in Ab.

dn .
A &-exact complex X : -+ — X,y X, dy Xpo1 — -+ is

called T (C, —)-ezact if there are T(C, —)-exact triangles K, 11 2% X,, Iy
K, Py YK, 41 in £, where the differential d,, is defined as d,, = gn—1f»
for any n.

Let X be an object of T. A C(§)-resolution of X is a £-exact complex

with all C; € C such that there are triangles K, 41 oo, ﬁ? K, hg
YKp4+1 in € and the differentials d,, = g,-1f, for n > 0, where
Ky = X and dy = fy. The above &-exact complex is called a proper
C(&)-resolution of X if it is T (C, —)-exact.
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Dually, the notions of a 7 (—,C)-exact triangle in &, a 7 (—,C)-exact
&-exact complex, a C(&)-coresolution and a coproper C(&)-coresolution
are defined.

We say that C is closed under hokernels of -proper epics if, whenever
the triangle
XLy %z ex

isin € with Y, Z € C, then X is in C. Dually, we say that C is closed
under hocokernels of &-proper monics if, whenever the triangle

X5y Yz Y yx

isin & with X,Y € C, then Z is in C.

2. Proper resolutions and coproper coresolutions. In this
section, we provide a method for constructing a proper C(€)-resolution
(respectively, coproper C(€)-coresolution) of the first (respectively, last)
term in a triangle in ¢ from those of the other two terms, and a method
for constructing a proper C(&)-resolution (respectively, coproper C(&)-
coresolution) of the last (respectively, first) term in a triangle in & from
those of the other two terms.

We first give the following easy observations.

Lemma 2.1. Let C be an object in T. Consider the commutative
diagram:

0 s X/ X' — >0
X y— .z nX
[ T T
X v DX
0——=YX' —=3XX'——0

in which all horizontal and vertical diagrams are in A. If T(C,g) is
epic, then T(C,g’) is also epic. If T(f,C) is epic, then T(f',C) is also

epic.
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Proof. We prove the first statement since the second follows by
duality.

Assume that T(C,g) is epic. Let a € T(C,Y’). There exists a
B € T(C,Z) such that f'a = T(C,g9)(8) = gB. Thus, [11, Axiom
D’] and [13, Lemma 27] imply that there is a v € T(C,Y’) such that
g'v = a, and hence, T(C,g’) is epic. O

Lemma 2.2. Let X 5 Y 5% Z % £X be a triangle in A.

(1) If there exist morphisms o € T(C,X), v € T(C",Z) and
f € T(C")Y) such that v = vf, then we have the next morphism
of triangles:

1
CiC®C”@>C”—O>EC

S

X Y Y 7 —=¥X.

(2) If there exist morphisms o € T(X,D), v € T(Z,D") and
g € T(Y,D) such that o/ = gu, then we have the next morphism of

triangles:
o

Y z 7 —“=%X

X

o b
() , 00 Yoo
D——D®D'" —— D" —3D.

Proof. Straightforward. O

The next result provides a method for constructing a proper C(&)-
resolution of the first term in a triangle in £ from those of the last two
terms.

Theorem 2.3. Given a triangle in &,
(2.0) X — X' — X' —¥X.

Assume that C is closed under hokernels of &-proper epics and

0 0 0
(2.1) SUINYG B NINY {6 NN}
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d;

(2.2) --~—>C}—'>---—>C’11d—i>03d—‘l’>X1—>O
are proper C(&)-resolutions of X° and X!, respectively.
(1) We obtain the following proper C(§)-resolution of X
23) - —CLi@e0) — -  —C3aC) —C—X—0
and the following triangle in &
(2.4) C—Clac) —cl —xc.

(2) If both &-exact complezes (2.1), (2.2) and the triangle (2.0) are
T (—,C)-exact, then so is the {-exact complex (2.3).

Proof.
(1) By assumption, there exist 7 (C, —)-exact triangles

0o 9. A0 fi o0 B 0
K, — C; — K; — XK},
1 9 Fioge hi 1
K| —C; — K, — XK,
in ¢ with the differentials d = ¢?_; f? and d} = g}, f} for all i > 0,
where K = X% d} = fJ and K} = X',d} = f}. Applying the
base change for the triangle (2.0) along f&, we obtain the following
commutative diagram:

(2.5) OHKII KII*>0

] |
+

M C& ¥X
X X0 X! »X
04>2K11 ZK%g)O

in which the second horizontal and the second vertical triangles are in
. Since the third vertical triangle in diagram (2.5) is T (C, —)-exact,
so is the second vertical triangle by Lemma 2.1. Thus, Lemma 2.2 (1)
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yields the following morphism of triangles:

Cl—=Cloc) ——= )2 sxc!

A

K} M X0 LK}

Using that ¥ is an automorphism and the 3x 3 lemma, the commutative
square on the top left corner below is embedded in a diagram:

sicp 0 ol 0 crgog O o
5 1 f fo
soix0 2o g e gy o xo
=7 1h hi h hd
O QLRI 3) o N LN 5} VA L 3} ¢
9 —Sg1 -39 —Xg)

(5) (0,~1)

sl e ) L e

co—2 s ycl

which is commutative except for the lower right square which anticom-
mutes and where all the rows and columns are in A. Then, we have
the following commutative diagram:

91 . g 90 —%g}
or 0 e O oo v

(2.6) 7t ! 8 =
KL% oy xo Myl

hi h hd Shi

2] ¢ LI 50 NS LIS 5} ¢ (tela N 52} °¢)

in which both the first and third vertical triangles and the second and
third horizontal triangles are in £.
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We now show that the first horizontal and the second vertical
triangles in diagram (2.6) are in £. First, Proposition 1.2 implies that

g1 = (90% ) is a &-proper monic. It follows from Proposition 1.3 that
g1 is a &-proper monic and the first horizontal triangle in diagram (2.6)
is in &.

Next, by the proof of the 3 x 3 lemma, see [13, Corollary 32], we
have the following commutative diagram:

00— Ki———K} —+>0
l 91 ¢

o e TS B LN e B LS

i a ‘

5108 0o i} O k1o ey O g

l ok

0 YK} ——— YK} 0

in which all horizontal and vertical diagrams are in A. Hence, Propo-
sition 1.4 implies that the third vertical triangle is in £&. We also have
the following commutative diagram:

00— M Y IM—0

l B e 1 —x 1 J/
0

w100 2 poig0 BT go 9 o
D d ‘
() (0,1)

vl % s Kl Kleo) — 0

A

0— s M=———-M— >0

in which all horizontal and vertical diagrams are in A. Note that
(0,1)d = g3 is a &proper monic. Then, Proposition 1.3 shows that
d is a &-proper monic.
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Finally, by the proof of the 3 x 3 lemma again, we have the following
commutative diagram:

K > Klgc)—= M i SK?
| : h H
LRI 5} ¢ S LN 3 A LR 5} °d!
—3c —3g iEd
(C} & CF) == 3(C} & C§) =% (K] & )
—%a _xf

S(Ki @ CY) M

in which the first horizontal triangle is in £. Also, we have the following
commutative diagram:

o

\L h1 b

0—>ZK21 ZKQI—>0

_ 1
el e A ARG} e Yo/ A 7,
N . 1 0
1M K¢ Klao) M

in which all horizontal and vertical diagrams are in A. Hence, Proposi-
tion 1.4 implies that the second vertical triangle in diagram (2.6) is in
&. Since both the first and third vertical triangles and the second and
third horizontal triangles in the diagram are T (C, —)-exact, so are the
second vertical and the first horizontal triangles in this diagram.

On one hand, applying the base change for the triangle ¥71C¢ —
X — M — C} along C1®CJ — M, we have the following commutative
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diagram:
0——W; W) ——0
Y0 ——=C——=0Cl ey —=C}
2.7) H
»-icd X M Cc
0 SWi——=3%¥W; 0

in which the second vertical triangle is in . Then, Proposition 1.4
shows that the triangle C' — C{ @ C§ — Cj — XC isin { and C € C
by assumption. Since the third vertical triangle is 7(C, —)-exact, it
follows from Lemma 2.1 that the second vertical triangle is so.

On the other hand, Lemma 2.2 (1) again yields the following mor-
phism of triangles:

cl—sclac) —c? L5 yCl

A S R

K1l W, K? DKL

Using that X is an automorphism and the 3x 3 lemma, the commutative
square on the top left corner is embedded in a diagram:

Iutle pumye) Clo ) —— Y

Il g p— e Wy K?
K3 YK} W, YK
c? el n(Cl e; C9) — > 509

which is commutative except for the lower right square which anticom-
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mutes and where all the rows and columns are in A. Then, we have
the following commutative diagram:

K} W, K9 LK
Cl—sclac) —= 09 2 xn0l

(2.8)
K} 4%} K? LK}
LK SW, LK) —> 32K}

in which the second vertical and the first horizontal triangles are in £
by analogy with the preceding proof. Since both the first and third
vertical triangles and the second and third horizontal triangles in the
above diagram are 7 (C, —)-exact, so are the second vertical and the
first horizontal triangles in this diagram. Continuing this process, we
obtain the desired proper C(§)-resolution (2.3) and triangle (2.4).

(2) Note that the third vertical and the third horizontal triangles
in diagram (2.5) are T(—,C)-exact, so the second vertical and the
second horizontal triangles in this diagram are also T (—,C)-exact.
Since both the first and third vertical triangles and the second and
third horizontal triangles in diagram (2.6) are T (—,C)-exact, a simple
diagram chasing argument shows that the first horizontal and the
second vertical triangles in this diagram are also 7 (—,C)-exact. Thus,
the second vertical triangle in diagram (2.7) is T (—, C)-exact. Also, by
assumption, both the first and third vertical triangles and the second
and third horizontal triangles in diagram (2.8) are T (—, C)-exact. Thus,
the second vertical and the first horizontal triangles in this diagram are
also T(—,C)-exact. Finally, we deduce that the £-exact sequence (2.3)
is T (—,C)-exact. O

Based on Theorem 2.3, by using induction on n, it is not difficult to
obtain:

Corollary 2.4. Given a &-exact complex

(2.9) 0—X —X° > Xx' — ... X" —0.
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Assume that C is closed under hokernels of €-proper epics, and
(2.10 (j)) s O 0 — 0] — X7 —0

is a proper C(€)-resolution of X7 for 0 < j <n. Then,
(2.11)

n n n
—>@C§+3 —>@C}+2 —>@C}H —C—X—0
i=0 i=0 i=0
is a proper C(§)-resolution of X, and there exists a §-exact complex

O—>C—>@C} —>@C},1 —>@C§,2 —
=0 i=1 i=2
—Cytect —Cp —0.
If the &-exact complex (2.9) and all C(§)-resolutions (2.10 (j)) are
T(—,C)-ezxact, then so is the &-exact complex (2.11).

The next two results, which are due to Theorem 2.3 and Corol-
lary 2.4, respectively, provide a method for constructing a coproper
C(&)-coresolution of the last term in a triangle in ¢ from those of the
first two terms.

Theorem 2.5. Given a triangle in &,

(2.12) Y] — Yy —Y — XY,

Assume that C is closed under hocokernels of &-proper monics and

dO dl »di+1
(2.13) 0—Yy—5C) >5C— - —C 2|

40 dqt oo gitl
(2.14) 0—Y 5 50— —Cl 2.

are coproper C(&)-coresolutions of Yy and Y7, respectively.

(1) We get the following coproper C(§)-coresolution of Y
(215) 0—Y —C—Ciali — - —Clalit — ...
and the following triangle in &
(2.16) Y —CclecC — C— 2CY.
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(2) If both of the &-exact complexes (2.13), (2.14) and the triangle
(2.12) are T(C, —)-exact, then so is the {-exact complex (2.15).

Proof. By assumption, there exist 7 (—,C)-exact triangles

Ki 2y 08 I8 gt My s g 9 on T e M g

in & with differentialb di = gi fi~ ! and di = gi fi=! for all i > 0, where
K = Yy,dS = g9 and K? =Y1,d? = ¢9. Applying the cobase change
for the triangle ¥ ~'K{ — Y; — C¥ — K{ along Y7 — Y{, we have the
following commutative diagram:

0——=3Y YV =—3"1Y ——0

udel Y o K}

(2.17) H
ye Yo N K}

0 Y ———y —>0

in which the triangles C{ - N - Y — %CY{ and Yy - N — K| —
%Yy are in &. Since the triangle V7 — CY — K{ — XY is T(—,C)-
exact, so is the triangle Yy — N — K} — XY{ by Lemma 2.1. Thus,
Lemma 2.2 (2) yields the following morphism of triangles:

Y, N K} %Y,

oo

Using that ¥ is an automorphism and the 3x 3 lemma, the commutative
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square on the top left corner is embedded in a diagram:

—-x"th
»1K] Sy, — P N T gl
»7tg1 a8 . 9 I
0,1
aRte/ QLG () oL} Yo, i)
I 3 f 1l
i )
$o1K? ¢ SR L e R LR e
R h§ h hi
—h > -3
Kl sy, 2 _wn vk

1031

which is commutative except for the lower right square which anticom-
mutes and where all the rows and columns are in A. Then, we have

the following commutative diagram:

90 fo 1 ho

Yo : N Kj XYy
9% . g 91 -5
o8 L)oo OY_ o0 s
(2.18) 58 ! i £
Ki—2 w2 Myl
hd h hi Sh
p3) (ANLSLLINED 5) NN IS 3} ' Jiati N 323 74

in which both the first and third vertical triangles and the first and

second horizontal triangles are in &.

We now show that the third horizontal and the second vertical
triangles in diagram (2.18) are in £. First, Proposition 1.2 implies that
fif = (0, f}) is a &-proper epic. It follows from Proposition 1.3 that f;
is a &-proper epic, and the third horizontal triangle in diagram (2.6) is

in &.

Next, by the proof of the 3 x 3 lemma, see [13, Corollary 32], we

have the following commutative diagram:
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n1K]

l

0— > K}

XIAOYAN YANG AND ZHICHENG WANG

$—1p0 _y-1, \L
) vy 9o N fo
0
I
0,
oy 0 08@ Ay o
f3 b J{

——— K, ——0

in which all horizontal and vertical diagrams are in A. Thus, the cobase
change implies that the triangle N CY @ K} LN K} 5 YN is in €.
We also have the following commutative diagram:

(el =—

_1(08@011) —0

-2 i

g2 > 'hy 1
YK —Kj

w_ )

CY o Ct

(07_1)
oo/ B
1
0
(0)
Co
(9)

— _ac!

Cg@Kl
0

in which all horizontal and vertical diagrams are in A. Then, Propo-

sition 1.2 shows that ¥ 71i = (271 f{
triangle CO & K! S 0@ Ct 5 k2 %

)(0,1) is a &-proper epic and the
(09 @ K1) is in €.
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Finally, we have the following commutative diagram:

| : o

s o0 g gl _C e Ol — s K7

b ;o
_n-1 1
I (C I e SR L o ST LR .
| : S
0— > SN—e— SN — >0

in which all horizontal and vertical diagrams are in A. Hence, Propo-
sition 1.4 implies that the second vertical triangle in diagram (2.18) is
in €. Since both the first and third vertical triangles and the first and
second horizontal triangles in diagram (2.18) are 7 (—, C)-exact, so are
the third horizontal and the second vertical triangles in this diagram.

On one hand, applying the cobase change for the triangle S~ !W1 —
N — C)® C} — W along N — Y, we have a commutative diagram:

0 C) ——=1C9 0

| l

SW—ns N——Ca 0} —=W!

»oiwt Y C wt

| |

00— 209 el 0

(2.19)

in which the triangle Y — C — W! — XY is in &. Then, Proposi-
tion 1.4 shows that the third vertical triangle is in £ and C' € C by
assumption. Since the triangle N — CQ & C} — Wt — XN is T(—,C)-
exact, it follows from Lemma 2.1 that the triangle Y — C — W! — XY
is so. On the other hand, again Lemma 2.2 (2) yields the following mor-
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phism of triangles:

K} Wi K?2 K}

I T

O&HO&@O?HO?LEO&.

Using that ¥ is an automorphism and the 3x 3 lemma, the commutative
square on the top left corner below is embedded in a diagram:

STIKZ s K} Wi K?

— 0
510} O — G 0 0 — 3

1K K2 W2 K3

K? K} SW!—— > K2

which is commutative except the lower right square which anticom-
mutes and where all the rows and columns are in A. Then we have the
following commutative diagram:

K} Wi K2 NK}
Cl——=Clec?——=c2 250!

(2.20)
K2 w2 K3 TK2
K} sl NK? — s 2K}

in which the third horizontal and the second vertical triangles are
in £ by analogy with the preceding proof. Since both the first and
third vertical triangles and the first and second horizontal triangles in
diagram (2.20) are T (—,C)-exact, so are the third horizontal and the
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second vertical triangles in this diagram. Continuing this process, we
obtain the desired coproper C(§)-coresolution (2.15) and triangle (2.16).

(2) Note that the triangle (2.12) and the triangle Y; — CY —
K} — XY in the diagram (2.17) are T (C, —)-exact; thus, the triangles
Yo - N - K{ -5 XYyand C) - N — Y — XC? in this diagram are
also T(C,—)-exact. Since both the first and third vertical triangles
and the first and second horizontal triangles in diagram (2.18) are
T(C,—)-exact, a simple diagram chasing argument shows that the
third horizontal and the second vertical triangles in this diagram are
also T(C,—)-exact. Thus, the triangle Y — C — W! — XY in
diagram (2.19) is 7 (C, —)-exact.

Also by assumption, both the first and third vertical triangles and
the first and second horizontal triangles in diagram (2.20) are T (C, —)-
exact. Thus, the second vertical and the third horizontal triangles in
this diagram are also T (C,—)-exact. Finally, we deduce that the &-
exact sequence (2.15) is T (C, —)-exact. O

Based on Theorem 2.5, by using induction on n, it is not difficult to
obtain:
Corollary 2.6. Given a £-exact complex
(2.21) 0o—Y,—-—Y —Yy—Y —0,
assume that C is closed under hocokernels of &-proper monics and
(2.22 (§)) 0—Y;, —C)—Cj— - —Cf — -

is a coproper C(&)-coresolution of Y; for 0 < j <n. Then,
(2.23)

n n n
0—>Y—>C—>@Cf+1 —>@C§+2 —>@C§+3 —
=0 i=0 i=0

is a coproper C(§)-coresolution of Y, and there exists a §-exact complex
n
0—Cl—Ch aC),— - —PCi?
i=2

HéC’f‘lﬁéCj‘HCHO.

=1 i=0
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If the &-exact complex (2.21) and all C(€)-coresolutions (2.22 (j)) are
T(C,—)-exact, then so is the &-exact complex (2.23).

The next result provides a method for constructing a proper C(&)-
resolution of the last term in a triangle in £ from those of the first two
terms.

Theorem 2.7. Given a triangle

in &, assume that

n 1 0

(2.25) op By ol By 00 By oo,
711 0

(2.26) cpt i, —>Cl—>CO DX, 0

are proper C(&)-resolutions of Xo and X1, respectively.

(1) If the triangle (2.24) is T (C, —)-exact, then we get a proper C(§)-
resolution of X

(227) Creocr ! — ... = C2aC]

— e —C) — X —0.

(2) If both the -exact complezes (2.25), (2.26) and the triangle (2.24)
are T(—,C)-exact, then so is the {-exact complex (2.27).

Proof.

(1) By assumption, there exist T(C , —)-exact triangles
Kitt 2o C’O ELN KO Loy i,
Kitt 2, o 4, oi A, K1 M, pit

in ¢ with the differentials dj = g5 'f§ for 0 < i < n — 1, where
K = Xo,d) = fo, and the dlfferentlalb di =g fifor 0<i<n-—2,
where KY = X;,d) = f2. Applying the base change for the triangle
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YL1X = X1 — Xo — X along fJ, we have a commutative diagram:

0— =K} Kl——>0

>lX wi 08 X

|
>lX X1 Xo

OHEK& ZK& —0.

Then Proposition 1.4 implies that the triangle W1 — CJ — X — YW
is in £ Since the triangle (2.24) and the third vertical triangle in
diagram (2.28) are 7 (C, —)-exact, it follows from Lemma 2.1 that the
triangle W! — C) — X — YW! and the second vertical triangle in
this diagram are also 7(C,—)-exact. Thus, Lemma 2.2 (1) yields a
morphism of triangles:

Cl—=Clac? — " 2yl

A N B

K} wi X, KL

Using that ¥ is an automorphism and the 3x 3 lemma, the commutative
square on the top left corner is embedded in a diagram:

2-10) 2 Cf Ci oY oY

DX, —— K} W Xy
K} YK? SW? KT
o 20;1 5(CY e;cg) — 20_9

which is commutative except for the lower right square which anticom-
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mutes and where all the rows and columns are in A. Then, we have
the following commutative diagram:

K2 w2 K} TK2
Cl—=Clac) —=c? L sxc!

(2.29)
K} wt X, LK}
TK2 TW?2 SK s $2K2

in which both the first and third vertical triangles and the second
and third horizontal triangles are in £&. By analogy with the proof
of Theorem 2.3, we see that the first horizontal and the second vertical
triangles in diagram (2.29) are in £. Since both the first and third
vertical triangles and the second and third horizontal triangles in the
above diagram are T (C,—)-exact, so are the first horizontal and the
second vertical triangles in this diagram. Finally, repeated applications
of Lemma 2.2 (1) yields the proper C(&)-resolution (2.27).

(2) Since the triangle (2.24) and the third vertical triangle in the
diagram (2.28) are T (—,C)-exact, the second vertical triangle and the
triangle W! — CJ — X — SW! in this diagram are also 7(—,C)-
exact. Also, by assumption, both the first and third vertical triangles
and the second and third horizontal triangles in diagram (2.29) are
T(—,C)-exact. Thus, the second vertical and the first horizontal
triangles in this diagram are also T(—,C)-exact. Finally, we deduce
that the &-exact sequence (2.27) is T (—, C)-exact. O

Corollary 2.8. Given a {-exact complex

(2.30) X,—— X1 —Xo— X —0,
assume that

(2.31 (j)) Crd— . —C—C— X; —0

is a proper C(§)-resolution of X; for 0 < j < n. If the {-exact complex
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(2.30) is T(C, —)-ezact, then
(2.32)

n n—1
Ger H@Cf"‘l)_l — = Cle Y —C) — X —0
=0 =0

is a proper C(§)-resolution of X. Furthermore, if the £-exact complex
(2.30) and all C(§)-resolutions (2.31 (j)) are T(—,C)-exact, then so is
the &-exact complex (2.32).

Proof. By assumption, there exist a &-proper epic X,, — K, and
triangles K;41 — X; — K; — YK in & for 0 < i < n —1,
where Ky = X. Also, there is a ¢-proper epic C? — X,,. Thus,
Proposition 1.2 implies that C0 — K, is a £-proper epic. Now, using
Theorem 2.7 and induction on n, we obtain the desired £-exact complex
(2.32). |

The next two results which are dual to Theorem 2.7 and Corol-
lary 2.8, respectively, provide a method for constructing a coproper
C(&)-coresolution of the first term in a triangle in £ from those of the
last two terms.

Theorem 2.9. Given a triangle

(2.33) Y —Y' —Y! — 3y

in &, assume that

0 0 0
(2.34) 0 Y0 %00 Boo o0

1 1 dl )
(2.35) 0yt ol Byt L ol

are coproper C(€)-coresolutions of Y° and Y, respectively.

(1) If the triangle (2.33) is T(—,C)-ezxact, then we get a coproper
C(&)-coresolution of Y
(2.36)

0—Y —=Cl—Clad) —-ClaC) — ... —C  aC0.

(2) If both of the &-exact complezes (2.34), (2.35) and the trian-
gle (2.33) are T(C,—)-exact, then so is the &-exact complex (2.36).
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Proof. By assumption, there exist 7 (—,C)-exact triangles

0 9 ~0 Fi o0 B 0
K; — C; — K | — XK},

1 1 1
9; fi h;
Kl 25 o IS kLS sK]

in & with the differentials d? = ¢2f>, for 0 < i < n — 1, where
K§ =YY" d} = g, and the differentials d} = g} f1 | for 0 <i <n—2,
where K} = Y, d} = g}. Applying the cobase change for the triangle
YIKY - Y0 —» 08 — KY along Y? — Y, we have the following
commutative diagram:

S1KO Yo co K?
(2.37) H
S1KO y! e K?

0 ——3Y =—=3Y —0.

Then Proposition 1.4 implies that the third vertical triangle is in £.
Since the triangle (2.33) and the triangle Y° — C§ — K9 — 2Y©
in diagram (2.37) are 7 (—,C)-exact, it follows from Lemma 2.1 that
the third vertical triangle and the triangle Y! — W; — KY — 2y!
in this diagram are also 7 (—,C)-exact. Thus, Lemma 2.2 (2) yields a
morphism of triangles:

y! W, K9 Yy'!

N

Using that ¥ is an automorphism and the 3x 3 lemma, the commutative
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square on the top left corner below is embedded in a diagram:

N1KO vl 1% K

2_10?L> f—=CiaC) ——CY

n1KY

KO ny'! SW; — = NK?

which is commutative except for the lower right square which anticom-
mutes and where all the rows and columns are in A. Then, we have
the following commutative diagram:

y! 1% K? Tyl

Cl—=CloCt —= ) —2sxc!
(2.38)

K} Wa K9 LK}

Tyt =W, LK) —> x2y?

in which both the first and third vertical triangles and the first and
second horizontal triangles are in . By analogy with the proof of
Theorem 2.5, we have the third horizontal and the second vertical
triangles in diagram (2.38) are in £. Since both the first and third
vertical triangles and the first and second horizontal triangles in the
diagram are 7 (—,C)-exact, so are the third horizontal and the second
vertical triangles in this diagram. Finally repeated applications of
Lemma 2.2 (2) yields the coproper C(§)-coresolution (2.36).

(2) Since the triangle (2.33) and triangle Y° — CJ — KY — 2Y?°
in diagram (2.37) are T (C, —)-exact, the third vertical triangle and the
triangle Y1 — W; — K? — XY! in this diagram are also 7(C,—)-
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exact. Also, by assumption, both the first and third vertical triangles
and the first and second horizontal triangles in the diagram (2.38)
are T (C, —)-exact. Thus, the second vertical and the third horizontal
triangles in this diagram are also T (C, —)-exact. Finally, we deduce
that the £-exact sequence (2.36) is T (C, —)-exact. O

Corollary 2.10. Given a £-exact complex

(2.39) 0—Y —Y' -y —... vy~

Assume that

(2.40 (§)) 0—Y —Cj —C — - —C)_,

is a coproper C(&)-coresolution of Y7 for 0 < j < n. If the &-exact
complex (2.39) is T (—,C)-exact, then

(2.41) 0—Y —C —C?aC; — -

n—1 n
— @C(in—l)—i — @C:L—i
i=0 i=0

is a coproper C(§)-coresolution of Y. Furthermore, if the §-exact
complex (2.39) and all C(§)-coresolutions (2.40 (j)) are T(C, —)-exact,
then so is the {-exact complex (2.41).

Proof. By assumption, there exist a £-proper monic L™ — Y™ and
triangles L' 5 Yt [l 5 YLt in Efor 0 < i< n—1, where =Y.
Also, there is a &-proper monic Y — C§. Thus, Proposition 1.2
implies that L™ — C§ is a £-proper monic. Now, using Theorem 2.9
and induction on n, we obtain the desired &-exact complex (2.41). O

3. Gorensteinness in triangulated categories. In this section,
some applications of the results in Section 2 are given. We introduce
the Gorenstein category GC(€) in triangulated categories and show the
stability of GC(&).

We begin with the next definition.

Definition 3.1. Let X be an object of 7. A complete C(&)-resolution
of X is both T(C, —)-exact and T (—,C)-exact &-exact complex

i 0 — Cp — CY —Ct — -



PROPER RESOLUTIONS AND GORENSTEINNESS 1043

in C such that X; - Cy = X - ¥X; and X —» CY = X! = ¥£X are
corresponding triangles in €.

The Gorenstein subcategory GC(€) of T is defined as
GC(&) ={X € T | X admits a complete C(§)-resolution}.

Set GC1(€) = GC(€), and inductively set GC"1(&) = G(GC™(&)) for any
n > 1.

Remark 3.2. Let T be a triangulated category and P () (respectively,
Z(&)) the full subcategory of &-projective (respectively, £-injective)
objects of T. Then, GP(§) (respectively, GZ(§)) coincides with the
subcategory of T consisting of &-Gorenstein projective (respectively,
injective) objects [1].

As a main application of the results in Section 2, we obtain the
following result.

Theorem 3.3. Let T be a triangulated category with countable coprod-
ucts. If C is closed under countable coproducts, then

(1) GC™(€) = GC(€) for any n > 1.
(2) GC(¢) is closed under direct summands.

Proof.

(1) Let G € GC™(£). Note that the triangles G 5 G >0 %G and
0— G- G —0arein &. Tt is easy to check that

i — 0—G—G—0—---

is a complete GC™(&)-resolution of G, and thus, G € GC"T1(¢). It
follows that
CCge(§) cge(g) cge) c -

is an ascending chain of additive subcategories of 7.

Let X be an object in GC?(¢) and

i G — Gy — G — G —
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a complete GC(&)-resolution of X such that
e — G — Gy — X —

and
0—X—G"—agt— ...

are both T(GC(&), —)-exact and T (—, GC(&))-exact &-exact complexes.
Then, for any j > 0, there exist both 7 (C, —)-exact and 7 (—,C)-exact
&-exact complexes:

= O — e — O — C) — G — 0,
0—G — B —B —-..— B — ..

with all C} and Bf in C. Thus, Corollaries 2.8 and 2.10 yield the
following &-exact complexes:

P — = Cia ) — ) — X — 0,
1=0

0—X-— Bl —BloB) —-— @B, , — -
=0

which are both 7(C, —)-exact and T (—, C)-exact. It follows that
e
i=0
—Cled? —0) —B—B"e»B, — -
— é szfi ..
i=0

is a complete C(&)-resolution of X, and thus, X € GC(§). By using
induction on n we easily obtain the assertion.
(2) Let
Xi1pXo=X¢€ QC(E)

and
= O — Cy—CY —Ct—

be a complete C(§)-resolution of X with K; — Cy -+ X — Y K; and
X — 0% - K! - ¥X the corresponding triangles in £. Applying the
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base change for the triangle ¥ 1X; — Xy, — X — X; along Cy — X,
we have the following commutative diagram:

00— — K ——K; ——=0

i l
vy, D Co X1
|

vy 2 X, X X,
i i
0— = SK; =YK, —>0.

Then Proposition 1.4 implies that the triangle D — Cy — X7 — XD
is in £. Applying to the above diagram the homological functors
T(C,=), T(—,C) for any C € C, it is straightforward to show that
the triangle D — Cy — X; — XD is both T(C, —)-exact and T (—,C)-

exact.

Similarly, we have a triangle D' — Cy — X5 — XD’ in £ which is
both 7(C, —)-exact and T (—,C)-exact. Consider the triangle

X, — X —X; -5 58X, forij=1,2

Theorem 2.7 yields both 7(C, —)-exact and T (—, C)-exact -exact com-
plexes Co®Cy — Cyp — X7 = 0and Cy®C; — Cyp — X3 — 0. Again,
by Theorem 2.7, we obtain both T (C,—)-exact and 7 (—,C)-exact &-
exact complexes Co @ C1 dCy - Co dC; — Cy — X1 — 0 and
CodC1pCy — CydCy — Cy — X9 — 0. Continuing this process, we
obtain both of the following 7 (C, —)-exact and T (—,C)-exact &-exact
complexes

n—1
.'%@Ci_>"'_>CO@CI@02_>CO@C]—>CO—>X2—>O.
=0

Dually, repeated applications of Theorem 2.9 yields both of the follow-
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ing T(C, —)-exact and T (—,C)-exact &-exact complexes
0—X, —C" —=C'gC' —-C'pC'00C? — ---
— TéélC’i — e,
i=0
0— Xy —C' —=C'qC' —-C'pC'0C? — ---

n—1
i=0
Consequently, X; and X9 are in GC(§). |

Proposition 3.4. Given both T (C, —)-exact and T (—,C)-exact triangle
X =>Y > 27— 33X iné& if any two of X, Y and Z are objects in
GC(&), then so is the third.

Proof. First, assume that X, Z € GC(£). There exist complete C(§)-
resolutions

i 0 — Cy — CY —Ct—

.e.— B — By— B — B! — ...

of X and Z, respectively. Consider both 7(C,—)-exact and T (—,C)-
exact triangles X1 - Cy - X — X X; and Z; — By — Z — XZ;. By
assumption and Lemma 2.2 (1), we obtain the following morphism of
triangles:

Cy —> Co @ By —= By —2= %0,

oL

X Y A Y X.

Using that ¥ is an automorphism and the 3x 3 lemma, the commutative



PROPER RESOLUTIONS AND GORENSTEINNESS 1047

square on the top left corner below is embedded in a diagram:

0

> 1B, Cy Co@® By — By

Y1z —=X Y Z
7 — = %X, SV, A
By zc; 2(Co a; Bo) — EB;

which is commutative except for the lower right square which anticom-
mutes and where all the rows and columns are in A. Then, we have
the following commutative diagram:

Xl Yl Zl EXl

COHCOEBBOHB()#ECO

X Y A X

v X, YY; $Z — 22X,

in which both the first and third vertical triangles and the second
and third horizontal triangles are in £&. By analogy with the proof
of Theorem 2.3, we see that the first horizontal and the second vertical
triangles in the above diagram are in €. Since both the first and third
vertical triangles and the second and third horizontal triangles in the
above diagram are both 7(C,—)-exact and 7 (—,C)-exact, so are the
second vertical and the first horizontal triangles in this diagram.

On the other hand, consider both 7(C, —)-exact and 7 (—,C)-exact
triangles X — C° - X! - ¥X and Z — B — Z! — ¥Z. By
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assumption and Lemma 2.2 (2), we obtain a morphism of triangles:

X Y A XX

I S R

OO—>CO®BO—>BOL>ZCO.

Using that ¥ is an automorphism and the 3 x3 lemma, the commutative
square on the top left corner is embedded in a diagram:

»1z X Y A

A ¥X XY VA

which is commutative except for the lower right square which anticom-
mutes and where all the rows and columns are in A. Then, we have
the following commutative diagram:

¥X XY Y7 —=N2X

in which both the first and third vertical triangles and the first and
second horizontal triangles are in . By analogy with the proof of
Theorem 2.5, we see that the third horizontal and the second vertical
triangles in the above diagram are in £. Since both the first and
third vertical triangles and the first and second horizontal triangles
in the above diagram are both 7 (C, —)-exact and T (—,C)-exact, so are



PROPER RESOLUTIONS AND GORENSTEINNESS 1049

the second vertical and the third horizontal triangles in this diagram.
Continuing this process, we obtain that

-”—)Cl@Bl—>C0@BQ—)CO@BO—>01@BI—)"'

is a complete C(§)-resolution of Y, as desired.

Next, assume that Y, Z € GC(£). Then Theorem 2.9 implies that X
has a coproper C(§)-coresolution which is 7(C, —)-exact. Consider both
T(C,—)-exact and T (—,C)-exact triangles Y1 — Cp = Y — ¥Y; in ¢
with Cy € C. Applying the base change for the triangle 717 — X —
Y — Z along Cy — Y, we have the following commutative diagram:

0——Y1; Y —0

y-lz VA Co A
y-lz X Y z
0 —>%Y; = 3Y; —= 0.

Then Proposition 1.4 implies that the triangle 2/ — Cy — Z — XZ' is
in . Applying to the above diagram the homological functors 7 (C, —)
and T(—,C) for any C € C, a simple diagram chasing argument shows
that the second vertical triangle and the triangle Z' — Cy — Z — X7’
are both 7(C, —)-exact and T (—,C)-exact.

Consider both T(C,—)-exact and T(—,C)-exact triangles Z; —
By - Z — ¥Z; in € with By € C; [11, Axioms B’ and E] yields
the following morphism of triangles:

Z1 Bo Z 2Zl
VA Co VA WA

such that the triangle 7, — Z' @ By — Cy — XZ; is in £ and
both 7(C,—)-exact and T(—,C)-exact. Then, Z' & By has a proper
C(€)-resolution which is T(—,C)-exact, and so Z’ has a proper C(£)-
resolution that is 7 (—, C)-exact by the preceding proof. Now, applying
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Theorem 2.7 for the triangle Y1 — Z' — X — XY7, we obtain that
X has a proper C(&)-resolution which is 7 (—,C)-exact. It follows that
X € GC(§).

Finally, assume that X,Y € GC(£). Then Theorem 2.7 implies that
Z has a proper C(§)-resolution which is 7 (—,C)-exact. Consider both
T(C,—)-exact and T (—,C)-exact triangles Y — B — Y1 — XY
in ¢ with B® € C. Applying the cobase change for the triangle
»lyt - Y - BY - Y!along Y — Z, we have the following
commutative diagram:

0— > X=——=X—>0

| |
iyt Y B vl
H

iyt Z X’ vl
| i
0— > NX =——%X —=0.

Then Proposition 1.4 implies that the third vertical triangle is in &.
Applying to the above diagram the homological functors 7 (C, —) and
T(—,C) for any C € C, a simple diagram chasing argument shows that
the third vertical triangle and the triangle Z — X' — Y — X7 are
both 7(C,—)-exact and T (—,C)-exact. Consider both T(C, —)-exact
and T (—,C)-exact triangle X — C° — X' — XX in ¢ with C° € C;
[11, Axioms B and E] yields the following morphism of triangles:

X BY X’ ¥X

X O X! X
such that B® — X' @® C° — X! — ¥ B% is in ¢ and both T(C, —)-exact
and T (—,C)-exact. Then, X’ ® C° has a coproper C(&)-coresolution

which is 7(C, —)-exact, and thus, X’ has a coproper C(&)-coresolution
that is 7(C, —)-exact by the preceding proof.

Now, applying Theorem 2.9 for the triangle Z — X' — Y = X7,
we obtain that Z has a coproper C(&)-coresolution which is 7(C, —)-
exact. It follows that Z € GC(§). O
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Let X, Z be two objects of T, and consider the class £*(Z, X) of all
triangles X 5 YV % Z % ©X in ¢&. We define a relation in £*(Z, X)
as follows. If (T); : X B8 Y; &4 Z 2 ©X, i = 1,2, are elements of
&*(Z,X), then we define (T); ~ (T2 if there exists a morphism of

triangles:
>~ ¥X
»X

w2

w

(T): Xy Az
|
X K2 2] Z

Ya

(T)Q :

Obviously, g is an isomorphism and ~ is an equivalence relation on the
class £*(Z, X). Using base and cobase changes, it is easy to see that we
can define (as in the case of the classical Baer’s theory in an abelian
category) a sum in the class £(Z, X) := £*(Z, X)/ ~ in such a way that
&(Z,X) becomes an abelian group and &(—,—) : TP x T — Ab an
additive bifunctor.

Lemma 3.5. Given a triangle

(3.1) X —Y —7—3¥X

in &, assume E(C,C") =0 for any C,C" € C.
(1) If Z € GC(§), then the triangle (3.1) is T(—,C)-exact.
(2) If X € GC(§), then the triangle (3.1) is T(C, —)-ezxact.

Proof. We only need to prove (1) since (2) follows by duality.

Since Z € GC(&), there exists a T(—,C)-exact triangle Z; — C —
Z — X7y in £ with C € C. Let C’' € C. Then, we have a long exact
sequence

0— T(Z,C") — T(C,C") — T(2:,C") -Ls ¢(z,¢") — 0.
Since the triangle Z; — C — Z — ¥Z; is T(—,C)-exact, f = 0,
and thus, {(Z,C") = 0. It follows that the triangle (3.1) is 7(—,C)-
exact. O

Corollary 3.6. Given a triangle
(3.2) X —Y —7—3¥X
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in &, assume E(C,C") =0 for any C,C" € C.
(1) If X, Z € GC(€), then Y € GC(€).

(2) If the triangle (3.2) is T(C,—)-exact and Z € GC(§), then
X € GC(¢) if and only if Y € GC(§).

(3) If the triangle (3.2) is T(—,C)-ezact and X € GC(§), then
Y € GC(E) if and only if Z € GC(€).

As an immediate consequence of Corollary 3.6, we obtain the next
result which was obtained under the assumption that the triangulated
category has enough &-projectives (respectively, &-injectives), see [1,
Theorem 3.11] and its dual.

Corollary 3.7. Let X — Y — Z — XX be a triangle in &.
(1) If Z € GP(€), then X € GP(§) if and only if Y € GP(§).
(2) If X € GZ(€), then' Y € GZ(&) if and only if Z € GZ(§).
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