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THE FIXED POINT PROPERTY AND THE OPIAL
CONDITION ON TREE-LIKE BANACH SPACES

COSTAS POULIOS

ABSTRACT. We introduce some new tree-like Banach
spaces, belonging to the class of separable Banach spaces
not containing ¢; with non-separable dual, each one of
which satisfies the following: (1) the space has the fixed
point property and (2) the space does not satisfy the
Opial condition. In addition, one of these spaces contains
subspaces isomorphic to cp, whose Banach-Mazur distance
from cop becomes arbitrarily large.

1. Introduction. Suppose that K is a weakly compact and convex
subset of a Banach space X. A mapping 7' : K — K is said to be
non-expansive if ||Tx — Tyl < || — y|| for any z,y € K. In the case
where every non-expansive self mapping T : K — K has a fixed point,
we say that K has the fized point property. The Banach space X is
said to have the fixed point property if every weakly compact, convex
subset K of X has the fixed point property.

Alspach’s example (see [1]) showed that the space L;[0,1] fails the
fixed point property. On the other hand, many positive results are
known. The earlier of these results are due to Browder [3], who proved
that any uniformly convex Banach space enjoys the fixed point property
and to Kirk [10], who showed that normal structure also implies the
fixed point property.

In the proofs of positive results, the notion of minimal invariant
sets is highly used. Suppose that K is a weakly compact, convex set
and T : K — K is a non-expansive mapping. A nonempty, weakly
compact, convex subset C' of K such that T(C) C C is called minimal
for T if there is no strictly smaller weakly compact, convex subset of
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C which is invariant under T'. A straightforward application of Zorn’s
lemma implies that K always contains minimal invariant subsets. So,
a standard approach in proving fixed point theorems is to first assume
that K itself is minimal for 7" and then use the geometrical properties
of the space to show that K must be a singleton. Therefore, T' has a
fixed point.

Although a non-expansive map T : K — K does not have to have
fixed points, it is well known that T' always has an approzimate fixed
point sequence. This means that there is a sequence (z,) in K such
that lim, o0 |7 — TZn|| = 0. For such sequences, the following result
holds (see [8]).

Theorem 1.1. Let K be a weakly compact, convex set in a Banach
space, T : K — K a non-expansive map, such that K is T-minimal,
and let (z,) be any approzimate fized point sequence. Then, for all
re K,

lim ||z — z,|| = diam (K).

n—oo

We pass now to another property of Banach spaces, which was
introduced by Opial [15] and is closely related to the fixed point
property. A Banach space X is said to satisfy the Opial condition
if, whenever a sequence (z,) in X converges weakly to zo € X, then
liminf ||, — xo|] < liminf ||, — | for all x € X, & # x(. It is known
that the Opial condition implies that the space X has normal structure
(see [5]) and therefore it has the fixed point property (a simple proof
that the Opial condition implies the fixed point property can also be
deduced directly by the definitions). On the other hand, the inverse
implication is by no means true, as the next proposition shows.

Proposition 1.2. Let X be a Banach space with the Opial condition.
Assume also that there is a sequence (x,,) in X such that (x,) converges
weakly to 0 but it does not converge in norm. Consider the direct sum
Y = (X ® X)o endowed with the mazimum norm, that is, ||(z,2)| =
max{||z[],||z||} for any x,z € X. Then the space Y does not satisfy the
Opial condition; however, Y has the fized point property.

Further examples are also given by the spaces Ly, 1 < p < 0o p # 2
(see [15]) and the space ¢q. It is straightforward to verify that ¢y does
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not satisfy the Opial condition. On the other hand, the fact that cg
has the fixed point property is due to Maurey [14] (see also [4]) and is
based on the following fundamental result.

Theorem 1.3. Let K be a weakly compact convex subset of a Banach
space which is minimal for the non-expansive map T : K — K. Let
(xn) and (yn) be approzimate fized point sequences for T such that
limy, o0 ||Zn — ynl| exists. Then there is an approzimate fived point
sequence (z,) in K such that

. . 1.
im [z — 2l = lim g — 20ll = 5 lim [z, — yal.
n—oo n—oo 2 n—o00

In the present work, we consider the important class of separable
Banach spaces not containing ¢; with nonseparable dual, and we study
the Opial condition, the fixed point property and the relation between
them in connection with the members of the aforementioned class. This
class was established by two fundamental examples. The first one is
the James tree space (JT') invented by James [7], and the second one is
the James Function space (JF) due to Lindenstrauss and Stegall [13].
Among the many interesting properties which hold for the space JT, it
has been proved that JT satisfies the Opial condition [9, 12] (in fact,
JT satisfies the uniform Opial condition).

Consider now the direct sum X = JT & JT endowed with the
maximum norm. It is known that X is isomorphic to J7T and, therefore,
X belongs to the class that we have considered. Furthermore, according
to Proposition 1.2, the space X has the fixed point property although
it does not satisfy the Opial condition. Therefore, the two properties
are distinguished trivially by the space (JT @ JT)g. The purpose of
the present paper is to introduce some new nontrivial tree-like Banach
spaces which also distinguish the properties under consideration.

We close this introductory section by recalling some notation and
definitions concerning the standard dyadic tree D, that is, the set
D =52 ,{0,1}" of all finite sequences s in {0, 1} including the empty
sequence denoted by . Elements s € D are called nodes. If s is a
node and s € {0,1}", we say s is on the nth level of D. We denote
the level of a node s by lev(s). The initial segment partial ordering
on D is denoted by <, and we write s < s’ if s < ¢ and s # §'. If
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s, s’ are nodes such that neither s < s’ nor s’ < s, then s, s’ are called
non-comparable and we write s L s'.

A finite, linearly ordered subset Z of D is called a segment if for
every s < t < &', t belongs to Z provided that s,s” belong to Z. An
infinite, linearly ordered subset B of D satisfying the above property is
called a branch. If lev (min B) = n, we say B is an nth branch.

A segment 7 is called initial if the empty sequence ) belongs to Z.
For any node s, we set Z(s) = {t € D | t < s}. Clearly, Z(s) is an
initial segment. If s,s’ € D, the <-infimum of {s,s’} is defined by
sA s =max{Z(s)NZ(s")}.

The lezicographical ordering on D denoted by <., is defined as
follows. For nodes s,s’ we have s [lex s" if either s < s’ or s L &,
t70 < s and t71 < 8 where t = s A s’. We also write s <oy &'
whenever s <j., s and s # s'.

2. The case of the space TF. Before proceeding to the main part
of this paper, we devote this section to the examination of the space
TF (see [2]). This space has been used to describe the structure of
the subspaces of JF which have nonseparable dual. The space T'F
belongs to the class under consideration, that is it is separable, with
nonseparable dual, and it does not contain ¢;. It is also known that
TF contains isomorphs of ¢y and ¢, for any p with 2 < p < co. The
presence of ¢y in the space TF' leads us to think that TF may not have
Opial’s property. However, rather unexpectedly, TF does satisfy the
Opial condition. Therefore, T'F' contains isomorphic copies of ¢y which
are quite strange, at least from our point of view. In the following, we
define the space TF and we prove that it satisfies the Opial condition.

We start with the next definition. Suppose that Z,7;,Z, are (non-
empty) segments of the dyadic tree D. We set a = minZ, b = maxZ,
a1 = minZ; and as = minZ,. We say that Z separates the segments
7: and Z, if the following hold:

(1) a <aj Aag,
(2) bLai, bl azand either a1 <oy b <Jox G2 O A2 <jox 0 <oy 01-

A family S of segments of D is called an (ns)-family if, for every Z,T;
and Z in S, we have that Z does not separate Z; and Zs.
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Consider now the vector space coo(D) of finitely supported functions
x:D — R. If Z is any segment of D, we set Z*(z) = > .7 z(s). Then,
for any x € cpo(D), we define the norm

n 1/2
lallre = sup (Z |I:<m>|2)
=1

where the supremum is taken over all finite (ns)-families {Z;}" ; of
pairwise disjoint segments. The space T'F' is the completion of cyo(D)
with respect to the norm defined above.

For any node s € D, the unit vector ey is defined by es(t) = 1ift = s
and e;(t) = 0 otherwise. We also consider the standard enumeration
{sn} of the tree D, that is, n < m if either lev(s,) < lev(s,,) or
lev (s,) = lev(sy,) and s, <jo, Sm- Then the sequence (es, )nen
is a Shauder basis for the space T'F. Therefore, for every vector
x € TF, there is a unique sequence (A)pen of real numbers such
that © = > 2 \es,. For any level m, we define the projection
P, :TF — TF by

P (z) = Py, < i )\nesn) = D e,
n=1

lev (sp)>m

It is easy to verify that P, is a bounded projection of norm one. For
more details concerning the space TF we refer to [2]. We restrict
ourselves to the following result.

Theorem 2.1. The space TF satisfies the Opial condition.

Proof. Let us suppose that T'F does not satisfy the Opial condition.
Then there exist a sequence (z,) in TF and a vector © € TF, x # 0
such that z,, = 0, liminf |2, ||7F = 1 and liminf ||z, — z||7r < 1.

Let sg be a node such that |z(sg)] = max{|z(s)| : s € D}. Since
x # 0, we have that |z(sg)| > 0. Now fix a positive integer N € N, and
let ¢ = 1/N. Then there exists a finitely supported vector yy € T'F so
that |lyny — z||7r < e. We also consider a level m with m > lev (so)
and P, (yn) = 0.

The assumption that (z,) is weakly null implies that, for any
sufficiently large n € N, we have ||z, — Ppxy|rr < €. For any such
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n, we consider an (ns)-family {Z;,,};", consisting of pairwise disjoint
segments such that

n 1/2
(Z I;tn<xn>2) > lellzr — c.
1=1

Without loss of generality, we may assume that lev (minZ;,) > m for
every i =1,2,...,r, (otherwise, we replace Z; ,, by Jin =Zin N{s €
D |lev(s) > m}). We also set Z = {sp}.

We now claim that the collection S = {Z} U{Z; , | i =1,2,...,7,}
forms an (ns)-family of pairwise disjoint segments. Indeed, by the
definition given at the beginning of Section 2, we conclude that,
whenever a segment 7 separates two other segments, then Z must
contain at least two nodes. Hence, the segment Z = {s¢} cannot
separate anything and S is an (ns)-family. By this observation, we
get the following:

Tn
0 =yl = Y 1T5 0 (@ = y) P+ |7 (20— yw)
i=1

= Z |Ii*,n(xn)|2 + lyn(s0) — xn(30)|2
=1

> ([enllre — €)® + lyn(s0) — zn(s0) .
On the other hand,
l2n —ynllrr < llzn — 2llrr + |l —ynllrr
< Hxn - JC”TF +e
Combining the two inequalities, we obtain:

(lznllzr =€) + lyn (s0) = za(s0)* < (|20 — zlzr + ).

w

Since liminf ||z, |lrFr = 1, z, — 0 and liminf ||z, — z|rp < 1, the
above inequality implies that

lyn (so)| < 2v/e.

Finally, we have

[z(s0)| < |z(s0) — yn(s0)] + [y~ (s0)]
<e+2V/e
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Therefore, for any N € N,

[2(s0)| < - + —
z(s —+ —,
ol = 7 N
and, letting N tend to infinity, we have x(sg) = 0, which is a contra-
diction. |

3. The definition of the space X. In this section, we introduce a
new tree-like Banach space, and we show that it belongs to the class of
separable Banach spaces with nonseparable dual which do not contain
£1. In Sections 4 and 5 we study the fixed point property, the Opial
condition and the embedding of ¢y in the space X. We start with the
following definition.

Definition 3.1. Let S be a finite family of pairwise disjoint segments
of the dyadic tree. The family S is called admissible if for any
segment Z € S there exists at most one segment Z' € S such that
minZ < minZ'.

Admissible families (in the previous sense) have a much simpler
geometry on the dyadic tree than (ns)-families, which were defined in
Section 2. Indeed, loosely speaking, suppose that we want to build an
admissible family on D, and let us start with any segment Z;. Then we
are allowed to choose at most one segment Z, contained in the subtree
Ds, = {s | s > s1} where s; = minZ;. Assume that the segment Zo
has been chosen and minZ; < minZ,. Then we are obliged to choose
73 such that minZ3 1 minZ;. Again, we are able to consider at most
one segment 7, with minZ; > minZ3, and so on. Therefore, it is easy
to draw the arbitrary admissible family.

Some remarks concerning admissible families follow. First, assume
that & is an admissible family of pairwise disjoint segments and, for
each Z € S, consider a segment Z' with Z' C Z. Let ' = {7’ | T € S}.
By the above definition (and the picture obtained by the previous
discussion), it is easy to see that &’ is also an admissible family.
Secondly, suppose that & and S’ are admissible families. Then the
family S U 8’ need not be admissible, even if it consists of pairwise
disjoint segments.
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Consider now the vector space coo(D). For any = € coo(D), we define

the norm
T 1/2
| = sup [Z |I:<x>|2}
=1

where the supremum is taken over all finite admissible families {Z;}7_;
of pairwise disjoint segments. The Banach space X is the completion
of ¢oo(D) with respect to the norm we have just defined.

For any node s € D, the unit vector e; € X is defined in the usual
way. Then, it is easily verified that the sequence (es)sep, where the
tree D is given its standard enumeration, is a normalized, monotone
Shauder basis for the space X. Therefore, X is separable. Furthermore,
as in the case of the space JT, it is proved that the dual X* of X is
nonseparable.

In order to proceed to the study of the space X, we need first to es-
tablish some notation. Let (e%)sep denote the sequence of biorthogonal
functionals associated with the basis (es)sep. We set F = span{e’ |
s € D} the subspace of X* generated by the sequence (e¥)sep. Also let
I" denote the set of all maximal branches of the dyadic tree D. Then I
has the cardinality of the continuum. For any branch B, we define the
functional B* : X — R by

B*(z) = B*<§A565> = ZBA

Then it is easily shown that B* is a bounded linear functional of norm
one. Finally, the function P, : X — X with P,(3_,cpAses) =
Zlev(s)>m Ases defines for any level m a bounded linear projection
on X of norm one.

We can now quote the first result for the space X.

Theorem 3.2.

(i) The quotient space X*/F is isomorphic to £5(T).
(ii) The second dual X** of X is isomorphic to F* @ {5(T).

Proof. The first part of the theorem is proved as the corresponding
statement for the space JT (see [13]). For the second part, we cannot
imitate the arguments of JT, since the basis (es)sep of the space X
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is not boundedly complete. However, in this case, we can appeal to
the arguments used in the so-called Hagler tree space (HT) (see [6]).
This is a tree-like Banach space not containing ¢; with non separable
dual and its basis is not boundedly complete. The second part of our
theorem is proved in a similar way as [6, Lemma 9]. |

The second part of the above theorem implies that the second dual
X** has the cardinality of the continuum. Therefore, X does not
contain a subspace isomorphic to £;.

One further consequence of Theorem 3.2 is that the dual X* is
determined in some sense by the biorthogonal functionals (e¥)sep and
the functionals (B*)ger. More precisely, by the proof of Theorem 3.2,
the next corollary follows which will be used in the sequel.

Corollary 3.3. Suppose that (z,,) is a bounded sequence of elements
of X. Then (z,) converges weakly to zero if and only if €f(x,) — 0 for
any s € D and B*(xz,) — 0 for any branch B € T.

We close this section with some observations concerning the sub-
spaces of X. We first recall that a chain of D is an infinite linearly
ordered subset of D. An antichain is an infinite subset of D whose
elements are pairwise non-comparable.

Proposition 3.4.

(i) For any chain (sp)nen of D, the sequence (es, )nen s equivalent to
the summing basis of co. Therefore, the space Span {es, | n € N}
is isomorphic to cg.

(ii) For any antichain (sy)nen of D, the sequence (es, )nen 1S equiv-
alent to the usual basis of o and the space spat {e,, | n € N} is
isometrically isomorphic to £o.

4. The fixed point property. This section is entirely devoted to
the proof of the following theorem.

Theorem 4.1. The space X has the fized point property.
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Proof. Let K be a weakly compact and convex subset of X, and let
T : K — K be a non-expansive map. We assume that K is minimal
for T and, using the geometry of the space X, we will prove that
diam (K) = 0. Suppose on the contrary that diam (K) > 0. Without
loss of generality, we may assume that diam (K) = 1.

Consider a sequence (z,,) in K such that lim, . ||€, — Tz,| = 0.
By passing to a subsequence and by translation, if necessary, we may
assume that (x,) converges weakly to 0. By Theorem 1.1, it follows
that lim,_, ||zn| = diam (K) = 1. We next define a subsequence
(zk,) = (yn) of (zn,) such that, for each n, the vectors z, and
yn have essentially disjoint supports. The sequence (y,) is defined
inductively as follows. Assume that we have found the elements
Y1 = ThkysY2 = Thyy-- -3 Yn—1 = Tk, ,. Consider now the vector z,,.
We know that there is a level NV,, such that

1
P, )l < —.
1P, (@)l < -

Since (x,) converges weakly to 0, we find y,, = xg, with k, > k,_1
such that

1
Hyn — Pn, (yn)H < n

After the sequence (y,) has been defined, we pass now to the
following claim.

Claim. The limit lim, o ||Zn — yn|| is equal to 1.

Indeed, we fix n € N, and we consider an admissible family {Z;}7_,
of pairwise disjoint segments such that

lzall® = 1/n <Y~ |T7 (20)].
=1

We next prune these segments at the level N,,, and we set J; = Z; N {s |
lev (s) < N,}. Both families {7;}7_; and {Z; \ J;}/_; are admissible.
So, we obtain

. 12 v 2 o 1/2
(X ) s(i_lm*(w) +( 1|<zi\$>*<xn>|2)

=1 =
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1/2

< (Z @)+ Py )]

Therefore,

T

e — yn||>(2|$ (e2) J:<yn>|2)l/2
r 1/2 r 1/2
(ZIJ;‘ ) - (;wwn)?)
(i T2 () )1/2 g = P )
n
= (

and the result follows.

We now fix a positive integer, IV, which will be chosen properly at
the end of the proof, and we set e = 27V, By iterating applications of
Theorem 1.3, we find a sequence (z,) of elements of K, such that the
following hold:

(i) (zn) is an approximate fixed point sequence for the mapping 7.
Therefore, by Theorem 1.1, lim, o0 |25 ]| = 1.
(ii) limy,— oo [|2n — Znl| = 1 — € and lim, o |20 — yn|| = €.

Without loss of generality, by omitting finitely many terms of the
sequences, we may assume that, for each n € N, we have the following;:

€
lznll* > 1=~

4?
5 3
1_Z€< ||zn—xn\|<1—£7
e 5e

<o = wall <

<

S =
»Jk.\m
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By the definition of the norm in space X, it follows that there is an
admissible family {Z;}!_; of pairwise disjoint segments such that

€
2]3&0?>1—<
. 4
=1
We also have ,
Z |I;<(Zn)|2 < HZn”2 <1l
i=1
Our next concern is to find out some more information about the place

of the segments {Z;}7_; on the dyadic tree. In particular, we consider
the following cases.

Case 1. Assume that lev (maxZ;) < N, forany i = 1,2,...,7r. Then
we have:

S ()P > T o ) T ) v
(Smear) - (3 )
< (2_: T (o - yn>|2)1/2
¥ (Z |I:<yn>2)l/2

i=1
llzn = ynll + llyn — Pn,, (yn)ll
5 €
171
6e
e

IN

IN

which is a contradiction.

Case 2. Assume that lev (minZ;) > N,, for each i = 1,2,...,r. As
in Case 1, using the vector z,, instead of y,,, we obtain:

(> |z;‘<zn>|2)l/2 - (E s +z;<xn>|2)l/2

i=1 i=1

” 1/2 r 1/2
< (;m(zn —aP) 4 (;uﬂwm)
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< lzn = zall + 1P, (zn)l

<1 3e+e
- 4 4
—1- 5

2

which is also a contradiction.

Case 3. Assume that there is a partition {1,2,...,7} = A; U A
such that lev (maxZ;) < N,, for each i € A; and lev (minZ;) > N, for
each ¢ € As. Combining Cases 1 and 2, we obtain

Z IZ5 )P = Y 1T )P+ Y 1T ()P

€A 1€ A2
< 3e 2+ 1 e\’
—\ 2 2
52
:1+%76.

If € is small enough (e < 3/10), then we have
5¢2 €

1+25 <15

+ 5 €< 1

and we have reached a contradiction.

By the above discussion, we conclude that the admissible family
{Z;}7_, must contain at least one segment Z; which passes through the
level N,,, in the sense that lev (minZ;) < N,, < lev(maxZ;). We now
set:

Ay ={i|lev(maxZ;) < N,}

Ay ={i|lev(minZ;) > N, }

Az ={i|lev(minZ;) < N,, <lev(maxZ;)}.
Then, A3 is nonempty. For each i € A3, we divide the segment Z; into
two segments, as follows:

E,=Z;n{seD|lev(s) < N,}
Ki:Iiﬂ{SEDHev(s) ZNn}

It is easy to observe that both {Z;}ica, U {F;}ica, and {Z;}ica, U
{K}ica, are admissible families of pairwise disjoint segments. Now,
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for some § > 0, which will be chosen properly, and using Cases 1 and
2, we obtain:

1- i < Z IZ5 )P = D 1T )P+ Y (T (=) P+ ) ITE (2a)

I€EA; 1€As i€ A3

= > 1T )P+ D T )P+ D 1B (20) + K (z0)

i€EA i€As i€As

=N T )P+ DT () P

1€A, 1€Ao

+ (1 + (1;) S @)+ (L+6) Y 1K ()

1€A3 i€A3

(S mek s ¥ IR

1€A; i€Ag3

S OILACAED D

1€Ao i€A3

F 3 S IB P +6 Y 1K ()

i€A3 i€A3
2 2 2 2
3e € 1/ 3e €
< (= - = “(= _—
() () +5(5) o)
The function
2 2 2 2
3e € 1/ 3e €
1= (3) +(1-5) +5(5) +o(:-3)
attains its minimum value for § = (3¢/2)/(1 — €/2). For this choice

of 6, we have f(§) = (1 + ¢)2. It follows that each one of the above
inequalities brings an increase not bigger than

(1+e)2(1i) :€2+2€+§.

In particular,

2
(1 - ;) ~ ST K )P < @ 42+ i,

1€A3
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which implies that

> K] (zn)]? > 1 - Be.
i€A3

Consequently, we have proved that a large part of the norm of z, is
given by the family {K;}ica,. Since z, is close to yy,, it follows that a
similar result holds for the vector y,. More specifically, we have

5e 1/2
T el = (XK G-

1€A3

- (% |K:<zn>|2)l/2 -(z |K;‘<yn>|2)1/2

1€A3 1€A3

1/2
> (1—5e)"2 - (ZIK*yn )

i€As3

s1ese- (X |K:<yn>|2)l/2.

i€ A3

Therefore,

( 3 |K:<yn>|2)1/2 S

1€A3

At this point, let us summarize what we have proved so far. Firstly
we have found approximate fixed point sequences (x,) and (y,) such
that, for each n, the vectors z, and y, have essentially disjoint sup-
ports. Further, for each n, we have found pairwise disjoint segments
which depend on n, and, for this reason, we now use the notation
{K;n}it, such that

(1) (7 1K () [P)? 21— 7e

(ii) for each ¢, the minimum node of K; ,, lies on the level N,.

Clearly, property (ii) is the most important. Finding just an admissible
family whose segments start below the level N,, and satisfy property (i)
is quite easy since it is an immediate consequence of the definition of
the norm. However, property (ii) gives much more information about
the place of {K; ,};"% on the dyadic tree. We also notice that we will
no longer make use of the sequence (z,). We used it in order to derive
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the previous result concerning the sequences (z,,) and (yy,), and we now
just forget it.

We next choose a further subsequence (y},) = (z;,) of (z,), and we
repeat the previous arguments to the (y/,). First, the sequence (y,) is
defined inductively as follows. Assume that we have chosen the vectors
Yy =y, .., Yh_1 = 21,_,. Consider now the vector x,, and the level
N,, for which we know that ||Py, (z,,)]] < 1/n. Since (z,) is weakly
null, it follows that, for any segment Z, we have Z*(x,,) — 0. Therefore,
there is an integer [, > l,,_; such that the term y/, = x; satisfies the
following:

(a) |ly., — P, (y,)|l < 1/n, that is, x,, and y,, have essentially disjoint
supports, and

() (1T*(y.)|?)Y? < €, where the sum is taken over all the segments
7 such that Z C K; ,, for some ¢ =1,...,m,,.

Note that, for a fixed n, there are only finitely many segments Z such
that Z C U"" K ,,, and therefore the choice of y/, is possible.

Now repeat the first part of the proof for the sequences (x,) and
(y5,). In this way, for each n, we find an admissible family of pairwise
disjoint segments {A; ,,}5"; such that

(1) (25 (A () P)2 > 1 = Te

(ii) foreach j =1,..., ty, the minimum node of A;,, lies on the level
N,,.
Consider now a segment Aj, for some j = 1,...,u,. Then,

we do not know whether the sets A;, and U’ K, , are disjoint or
not. There may be at most one i = i(j) € {1,2,...,m,} such that
Ajn N Kjj)n # 0. In this case, by the whole construction, we have
that the segments A;, and Kj(; , share the same minimum node and
the intersection Aj, N Kj(;), is an initial part of A;,. However, the
choice of the sequence (y!,) and, in particular, property (b) indicates
that [(Ajn N Ki()n)*(yy,)| is very small. So, if, for each j =1,..., iy,
we set I'j o = Aj, \ (Ajn N KG(j),5), then we have

1/2
<Z|Fj n yn > <Z|A]n yn Ajanl(j) n) (y;)|2>
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1/2
Hn 1/2
- (Z Ay Ki(j),m*(y;)z)

j=1
>1—Te—c¢
=1-8e
At this point, we can set S = {K;,};=y U {l;,};2,. Then we

observe that S consists of pairwise disjoint segments What is more,
for each segment of the form K ., there is at most one segment of S
whose minimum node is a follower of min K ,,. And, for each segment
I'j.n, there is no segment in & so that its minimum node is a follower
of minI'; ,,. That is, the family S is admissible.

Since S is admissible, we use the choice of the sequence (y/,) (prop-
erty (b)) to obtain:

Hn Mn
lyn = wnll* =Y 1T (n = w1+ > 1K (g — )
=1 i=1

Hn

>3 I0%  n — 3 |2+Z| KW
j=1
Hn
> Ty — )
j=1
M 1/2 M 1/242
+[(Z|Kzn<yn>|2) —(DK;n(ymP) }
=1 =1
Hn
>3 5 — )P+ (1= Te—e)?
j=1

Hn

= TS (yn =y + (1= 86)2.
j=1
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On the other hand, ||y, — v, || < diam (K) = 1. Therefore,

Hn

Z |F;,n(yn - yﬁl)|2 <1- (1 _ 86)2 < 16e.
Jj=1

Roughly speaking, the above inequality says that, for each j, F;n(yn)
is close to I'] ,, (yy,). Since

Hn 1/2
(Z |r’in<y;>|2) >1- 8¢,

j=1

Bn 1/2

is also close to 1, and therefore the norm of y,, must be close to 2. More
precisely, we have

lynll* > ZI n(un)” + Z T ()

j=1

it follows that the sum

> (1 — 76)

_(1*76)

Ki 1050 (y2) )1/2 - (2 L5 (yn — y;)lg)mr

> (1-76)° +[(1 - 8¢) — 4/ )?
>2 - 22/

Therefore, lim||y,||*> > 2 — 22y/e. On the other hand, lim |y,| =
diam (K) = 1. Hence, 1 > 2 — 22,/e. If € has been chosen small
enough, the previous inequality does not hold, and we have reached a
contradiction. Consequently, the space X has the fixed point property.

|
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5. Opial condition, normal structure and the embedding of
co in the space X. We already know that the space X contains a
plethora of isomorphic copies of ¢y. Indeed, if B is any branch of the
dyadic tree, then by Proposition 3.4, the space span {e; | s € B}, which
will be denoted by FE, is isomorphic to ¢g. Further, it is not hard to
prove that E does not satisfy the Opial condition and therefore X does
not either. However, much more can be said concerning the embedding
of ¢ in the space X.

Towards this direction, we first prove that there are subspaces Y of X
isomorphic to ¢y such that the Banach-Mazur distance d(Y, ¢p) becomes
arbitrarily large. Recall that, if Y and Z are isomorphic Banach spaces,
then the Banach-Mazur distance d(Y, Z) is defined by

d(Y,Z) = inf{||T|| - ||T~| : T is an isomophism from Y onto Z}.

Theorem 5.1. For any positive real number M there exists a subspace
Y of X such that Y is isomorphic to co and d(Y,co) > M.

Proof. For our convenience, we consider four distinct maximal
branches (B;)3_, of the tree D. The general case of N distinct
branches is almost identical. Let m be a level such that the sets
A; =B;n{s|lev(s) >m},i=0,1,2,3, are pairwise disjoint. We also
consider the following enumerations of the sets {4;}3_,:

A():{So <8y < 8g < }: {54]6}2010
Al = {81 <85 < 89 < - } = {54k+1}120:0a
and so on. Finally, we set Y = Span {es | s € U}_,A;} = span {e;, |

n € N}. Tt is clear that Y is isomorphic to the direct sum EGEGEGE,
and therefore it is isomorphic to c¢p.

We next try to estimate the Banach-Mazur distance d = d(Y, cp).
For any € > 0, there is an isomorphism 7 : Y — ¢y onto ¢y such that,
for every y € Y, we have

(5.1) Iyl < 1 Tylley < (d+e)yll-

We now define a sequence (y,) in Y. Instead of giving a formal
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definition, we write down the first few terms of (y,,) which go as follows:

Yo = €sy — €54y, Y1 = €5y — Cg5,
Y2 = €5, — €s4, Y3z = €55 — €54,
Yqa = 658 - 65127 Ys = 659 - 65137
and we continue in an obvious manner. It is easy to see that ||y, | = v/2

for each n € N. Moreover, by Corollary 3.3, it follows that (y,)
converges weakly to 0.

Let u, = Ty, € ¢ for each n € N. Since T is w-w continuous, we
have that (u,) is weakly null. By the inequality (5.1), we also have

(5.2) V2 < tinlleg < (d+€)V/2  for any n € N.

Let us write ug = (uo(7))ien. Then there is an i; € N such that
|uo(i)| < € for each i > 41. Since the subsequence (u4x+1)ken is weakly
null, we find k& € N such that |usx4+1(7)| < € for any ¢ < ;. Repeating
this argument, we find iy > i1 such that |ugey1(¢)| < € for any i > o,
and an integer | such that |ugy2(i)| < € for any i < ip. The integers
i3 and m are also chosen so that i3 > i3, |ug42(7)| < € for any i > i3
and |ugm+3(7)|] < € for any ¢ < i3. The inequality (5.2) and the above
construction imply that, for each ¢ € N,

|0 (8) + war11(i) + warr2(i) + tamy3(i)| < (d+ €)V2 + 3e.
Therefore,
[lwo + wart1 + varr2 + Uamtslle, < (d+ 6)\/5 + 3e.
On the other hand,
lluo + vart1 + Uaiyo + Udme3|lc

= IT(yo + Yar+1 + Yar+2 + Yam+3)llco
> Yo + Yak+1 + Yar+2 + Yam3]|-

Now consider the admissible family {Z; }3-;:1 where each Z; is a singleton
consisting of one node, s, belonging to the support of some of the
vectors Yo, Yak+1, Ydi+2, Yam+3- Lhen it is easy to see that |I;f(y0 +

Yak+1 + Yai+2 + Yam+3)| = 1 and

190 + Yar+1 + Yarr2 + Yamesl| > V8.
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Consequently,
(5.3) V8 < (d+ €)V2 + 3¢,

and, when € tends to 0, we get that d > /4.

If we start with N distinct branches, then the inequality (5.3)
becomes

V2N < (d+e)V2+ (N — 1),
which implies that VN < d, and the desired result follows. O

A long-standing question in metric fixed point theory is the follow-
ing. Find a non-trivial class of Banach spaces invariant under isomor-
phisms such that each member of the class has the fixed point property.
(The trivial example is given by the spaces isomorphic to ¢;.) By the
above theorem and the result of Section 4, we obtain the next corollary.

Corollary 5.2. For any real number M > 0, there exists a Banach
space Y isomorphic to ¢y such that d(Y,co) > M, and Y has the fized
point property.

We do not know whether the space ¢y solves the aforementioned
problem. What we say is that we can go as far away from ¢y as we
want (in the sense of Banach-Mazur distance), and we find spaces with
the fixed point property.

We now continue the investigation of the embedding of ¢y in the
space X. Our goal is to prove that there are subspaces of X isomorphic
to ¢o which are not generated by finitely many branches. (This
argument will be useful to us in Section 6, where we introduce a second
tree-like Banach space, and we show that it also contains isomorphic
copies of ¢g.) For this reason, we consider the sequence (z,) in X
where, for each n € N, z,, : D — R is defined as follows:

1 .
_ | s iflev(s) =m
Zn(s) { 0  otherwise.

It is easy to see that ||z,| = 1 for any n € N. For this sequence, we
have the following.
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Theorem 5.3. The sequence (x,,) is equivalent to the usual basis of
Co-

Proof. 1t suffices to prove that, for any n € N and any ¢4, ...,t, € R,
the following inequalities hold:

max |t;] <
1<i<n

<V3(V2+1) max [t;].
1<i<n

The proof of the left-hand inequality is straightforward. For any
fixed k € {1,2,...,n}, we set Z; = {s;}, 7 = 1,2,...,2%, where
{51, 82,..., 82} is an enumeration of the nodes on the level k. Then,

for each j,
n
" 1
Z; (ZW%) =t
i=1

and {Ij}fl;l is an admissible family of pairwise disjoint segments.

Therefore,

n n
Z tixl ( Z t; xl)
i=1 =

2k

=2 |2

2k

-3 () -

Thus,

> max |t;].
1<i<n

n
g tix;
i=1

We proceed now to the right-hand inequality. The following claim
is the main argument for our proof.

Claim 5.4. For any n € N, we have
lzo + z1 4+ + 2| < VB(V2 +1).
Proof of the claim. Fix n € N, and let t = xp+ 21 + -+ + . In

order to prove the claim, we need to show that, for any admissible
family S of pairwise disjoint segments, we have

M Iz (@)? < 3(V2+1)%

ZeS
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We start with a special case. Suppose that the family S consists of two
segments Z; and Zs such that minZ; < minZy and lev (minZ;) = m.
Then we have

I3 (@) + |5 (2)]* < (i (\/15)1@)24_( i (\/15)’“)2

k=m k=m+1
(V2412 2(v2+1)2
- om + 2m+1
_3(V2+1)?
T om

Now consider an arbitrary admissible family S. We set m; =
min{lev(minZ) | Z € §}. We also assume that there are k1 segments,
say Ii,...,Zy,, belonging to the family S such that, for each ¢, the
minimum node s; of Z; lies on the level my. Clearly, k1 < 2™!. Since
S is admissible, for every Z; there is at most one segment Z| € S
with minZ; < minZ/. Let S; be the subfamily of S consisting of the
segments {Z;}* and the segments {Z/}*' (as many as there exist).
Then by the special case studied above, we obtain

ST (@) < 2’%3(\@+ 1)2.

ZeS

We next set mg = min{lev (min7) | Z € S\ &1}, and we assume that
there are ko segments Z such that Z € S\ S; and lev (minZ) = mo.
Observe that, for such a segment Z, its minimum node cannot be a
follower of the k; nodes on the level m; which were found at the

previous step, namely, the nodes s; = minZj,...,s;, = minZy,
(otherwise Z € S;1). Since there are k;2™2~™ nodes on the level
mgo which are followers of the nodes sy, ..., sk,, we deduce that kg <

2m2 — [y 2m2—™ - Ag previously, we set So = {J € S| J ¢ S1, and
there is Z € S\ &1 such that lev (minZ) = mg and minZ < min J}.
Then we have )

DT @) < 5 3(V2+ 1)

ZeSs

Repeating the same argument, after finitely many steps, we exhaust
all the segments of the family S. Let us describe what we have at the
last step. We set m; = min{lev (minZ) |Z € S\ (S1U---US;_1)}. We
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also assume that there are k; segments Z such that Ze€ S\ (S;U---U
S;—1) and lev (minZ) = m,;. Then we observe that

kp <M — kg 2muimma k2T
Therefore,
k1 ko ki
oty T T g S 1

Finally, we set §; = {7 € S | J ¢ S U---US;_1, and there is
7 € S\ U} Sy, such that lev (minZ) = m; and minZ < min 7}, and
we have .

DT @) < g 3(V2+ 1)

TeS;

It is easy now to estimate the sum ), ¢ |Z*(x)[*. Indeed,
D@ =Y T @+ Y [T
ZeS eSS, ZeS;

k k
< Gu3(V2 1P o SE3(V2 1)

k1 ki

2

<3(vV2+1) [ﬁ+---+2ml}
<3(V2+1)%

and the proof of the claim is complete. O

To finish the proof of the theorem we need only observe that, for
any n € N and any t1,...,t, € R, we have

n
E tix;
i=1

Indeed, if we set w = > ., t;z; and x = >, x;, then, for any node
s € D, we obtain

n

D

i=1

< max |t;]
1<i<n

. 1
u(s) =D tiai(s) =ty () glev (s)/2”
i=1
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Thus, for any segment Z,

\ 1
T ()] < fuls) =D ey ()| Jiev 572

sel seT
1
t.
1?%}%' il Z olev (s)/2
seT

Jax [4][Z7(x)].

IN

Hence, for any admissible family S,

DT (W) < (max|t])? ) T (),

Zes ZeS

and the result follows. Therefore, using the previous claim, we have

n
E tir;
i=1

that is, the sequence (z;) is equivalent to the usual basis of ¢g. O

< V3(V2+1) max |t],
1<i<n

We now turn our attention to the Opial condition. As the space T'F
indicates, the embedding of ¢y in a Banach space does not imply that
the latter does not satisfy the Opial condition. However, in our case,
it seems that it is the presence of ¢y which causes X to fail the Opial
property.

In the following, rather than showing that X does not satisfy the
Opial condition, we prove a stronger result. Recall that a nonempty
closed bounded convex subset K of a Banach space is said to have
normal structure if each closed, bounded, convex subset C' of K with
at least two points contains a non-diametral point, that is, there exists
xo € C such that sup{|jzg — z| | x € C'} < diam (C). A Banach space
is said to have weak normal structure if every weakly compact, convex
subset K with diam (K) > 0 has normal structure.

Theorem 5.5. The space X does not possess weak normal structure.

Proof. According to a characterization of normal structure, it suf-
fices to show that X contains a weakly null diametral sequence (y,).
Recall that a bounded sequence (y,) is said to be diametral if it is
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nonconstant and
nhHH;O d(yn; CO {y07 e 7yn—1}) = diam ({yn})a

where d(y,,“CO {y07 cee 7yn71}) = lnf{Hyn - yH | Yy € co {y()v ce 7yn71}}~
Once the sequence (y,) has been constructed, then we have that the

set K =¢o{y, | n € N} is a weakly compact convex set which does
not have normal structure.

Since the standard example of a diametral sequence is the usual
basis of ¢y, our first thought is to examine the sequence (z,) given
in Theorem 5.3. An easy estimate, though, implies that (z,) is not
diametral. However, a block basis of (x,) solves our problem.

Indeed, we first consider a sequence kg = 0 < k1 < ko < --- of levels
of the tree D such that, for each n € N,
1 1 1
+ < .
VB T (VR S (e
Then we set y, = g, + Tk, +1. Since (z,) is weakly null, we have
that (y,) also converges weakly to zero. We next show that (y,,) is a
diametral sequence.

We first estimate the norm of y,. Observe that, for each n, the
support of the vector y, consists of the nodes s on the level k,,, where
yn(s) = 1/[(v/2)**], and of the nodes s on the level k, + 1, where
yn(s) = 1/[(v/2)*+1]. Let S be an admissible family. Then there is
no point in choosing the segments Z € S so that lev(minZ) < k,.
Thus, the best choice for S is the following. S consists of the segments
T, = {5,570} and the segments J; = {s71}, where s varies over the
nodes of the level k,,. Hence, we have

2kn

lonll® = 3 [1Z7 () P + 17 (90) ]

i=1

-5 () + () |
=242

Therefore, |y,| = v/2+ v/2 for each n € N. Now let y be any vector
belonging to co {yo,-..,Yyn—1} Then y and y, have disjoint supports.
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Hence, it is easy to see that ||y, — y|| > |lynl = V2 + V2. Therefore,
A(Yn,c0{Yos - -y Yn—1}) > V2 + /2 for each n € N, which implies that

nli)ngo d(yn,CO {yOa s 7yn71}> > V 2+ \/5

We next argue that, for any n,m € N, n < m, we have ||y, — ym| =

V2+ /2. For our convenience, let us set k, = k, kn = [ and
& = Yn — Ym. The choice of the sequence (k) implies that

1 1 1
Vo W S (VR

Observe that the support of the vector = consists of the nodes on the
levels k and k + 1, where the coordinates of x are positive, and of the
nodes on the levels [ and [+ 1, where the coordinates x(s) are negative.
Let S be an admissible family on the dyadic tree. We search for that
S which maximizes the sum > ;¢ |Z*(2)|?. First, let us assume that
the segments Z of S intersect only the support of y,, (respectively, ¥, ).
Then we have Y7o [Z*(2)[> < [Jyn||? (respectively, [|ym[|*) =2+ V2.

Let us now assume that there are segments Z € S which intersect
both the supports of y, and y,,. Since the coordinates z(s), where
lev(s) = 1 or I 4+ 1, are negative, if we set J = Z N {s | lev(s) =
k or k+1} then (using the inequality (5.4)) we have |Z*(x)| < |T*(z)|.
Therefore, the family S that we are looking for cannot contain such seg-
ments Z, since any of these segments can be replaced by its intersection
with the levels k and k + 1.

(5.4)

There is only one possibility for the family & which remains open.
The case where S contains segments which intersect only the support
of y,, and at the same time S contains segments which intersect only
the support of y,,. Let s be any node on the level k. Then we may
assume that Z, = {s,s0} belongs to S. Since S is admissible, we are
allowed to choose only one segment whose minimum node is a follower
of s. By the inequality (5.4), the best choice for us is to consider the
segment J; = {s71}. Hence, the family & which maximizes the sum
Yores I TH(@)? is S = {Zs, Ts}, Jov (s)=k> Which is exactly the family

giving the norm of ||y,||. Thus, ||z|| = [Jy.]| = V2 + V2. (We can also
consider the family S which contains all segments {s~0} and {s™1},
where lev (s) = k, each one of which is combined with one and only one
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segment intersecting the support of y,,. However, a simple estimation
shows that this is not the best choice for S.)

Finally, for any n # m, we have ||y, — ym|| = V2 + /2, and hence
diam ({yn}) = sup,, ,, [[Yn — Ym| = V2 + V2. Consequently,

diam ({yn}) < nlingo d(yna €O {y07 B yn—l})'

The reverse inequality is obvious. Thus, (y,) is a weakly null diametral
sequence. O

It is well known (see [5]) that the Opial condition implies that the
space has weak normal structure. Hence, by the above theorem, we
immediately get the following.

Corollary 5.6. The space X does not satisfy the Opial condition.

Finally, we observe that Theorem 5.3 provides us with a lot of
subspaces isomorphic to ¢y, and Theorem 5.5 provides us with a lot of
weakly compact convex subsets which do not possess normal structure.
This will become clear as soon as the next proposition is proved. Recall
that a partially ordered set 7T is called a dyadic tree if it is order
isomorphic to (D, <). If T is a dyadic tree and 7 C D, then we say
that 7 is a subtree of D.

Proposition 5.7. For any subtree T of D, the space Span {e; | s € T}
s isometric to X.

Proof. Suppose that ¢ : D — T is an order isomorphism. We need
only show that, for any finitely supported sequence (As)sep of scalars,

we have
Z As€s Z )‘Secp(s)

s€D seD

Let us write x = ) p Ases and y = D Asey(s). By the definition
of the norm, there is an admissible family & = {Z;}]_; of segments of

D such that
r 1/2
Jafl = (Zm(ww) |

i=1
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For any i = 1,2,...,7, we set J; = {s € D | ¢(minZ;) < s <
p(maxZ;)}. Clearly, {J;}i_, are pairwise disjoint segments of D, and
we have J*(y) = Z;(x). Further, the family {7;}7_, is admissible.
Indeed, if this is not true, then there are three segments, say the
segments J1, Jo and J3, so that min J; < min /5 and min J; < min J3,
that is, p(minZ;) < p(minZy) and ¢(minZ;) < p(minZs). Since ¢ is
an order isomorphism, we obtain minZ; < minZ, and minZ; < minZs.
Hence, S is not admissible, and we have reached a contradiction.
Therefore, {J;};_, is admissible, and thus

r 1/2
loll = (1 6) <l

Consider now an admissible family & = {J;};_; of segments of D
such that [ly|| = (35—, |7#(y)[?)Y/2. For any i = 1,2,...,7, we set
Z, = {s € D | ¢(s) € J;}. Then, {Z;}]_, are pairwise disjoint
segments, and we have Z(x) = J*(y). Further, if we assume that
{Z;};_, is not admissible, then there are three segments Z;, Zo and
T3 with s1 = minZ; < s = minZ, and s; < s3 = minZz. Hence,
w(s1) < p(s2) and p(s1) < p(s3). However, min J; < ¢(s;), and thus
min J; < min Js, min J; < min J3 which is a contradiction. Therefore,
{Z;};_, is admissible and

r 1/2
Il = (DI:W) <l =
=1

6. The second space. In this section we introduce a second tree-
like Banach space and we show that it shares similar properties to the
space X studied in the previous sections. The new space, which will be
denoted by Y, follows from a modification in the notion of admissibility.

Let S be a finite family of pairwise disjoint segments. Throughout
this section, S is called admissible whenever the following condition
holds: for any segment Z € S, if we set Sz = {J € S | minZ <
min 7}, then the minimum nodes of the segments J € Sz are pairwise
comparable. The space Y is the completion of coo(D) with respect to
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the norm defined as follows: for any = € coo(D),

el = (3 |I*<x>|2)1/2

ZeS

where the supremum is taken over all finite admissible (in the previous
sense) families S of pairwise disjoint segments.

Some remarks on the notion of admissibility follow. First, loosely
speaking, suppose that we want to construct an admissible family,
and let us start with any segment Z. Then we can consider as many
segments J as we want such that minZ < min 7, provided that the
minimum nodes of these segments lie on the same branch. (On the
contrary, in Section 3, we were obliged to choose at most one segment
J with minZ < minJ.) Note that, if we were allowed to consider
pairwise disjoint segments J with minZ < min J without any other
restriction, then we would simply obtain the space JT.

Secondly, suppose that S is an admissible family of pairwise disjoint
segments and S’ a family of segments such that for any Z' € S’ there is
Z € S with 77 C Z. Then &’ need not be admissible. For example,
let S = {Zy,71,Z2} where Z;, i = 0,1,2, are segments such that
minZy = @, minZ; = {(1)} and minZ, = {(1,1)}. Clearly, S is
admissible. However, if 7; is replaced by Z; = Z; \ {minZ;}, then
the family 8’ = {Zy,Z{,Z>} is not admissible. This situation brings
about some difficulty in the study of the space Y. Any time we want
to cut the segments of an admissible family we have to verify that
the new family obtained is also admissible. Nevertheless, the previous
example indicates actually the only case which causes some problems.
For instance it is not hard to see that if S is admissible and m is
any level then both & = {Z N {s : lev(s) < m} | T € S} and
S"={In{s:lev(s) >m}|Z € S} are admissible families.

The space Y has similar properties to the space X. First, we observe
that Y is separable, with non-separable dual, and it does not contain an
isomorphic copy of £1. The latter follows from the fact that Theorem 3.2
remains valid for the space Y.

Theorem 6.1.

(i) The quotient space Y*/F is isomorphic to £5(T") (where F is the
space generated by the biorthogonal functionals ef, s € D).

s
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(ii) The second dual Y** is isomorphic to F* @ (2(T).

Further, we can prove the following.

Theorem 6.2. The space Y has the fized point property.

The proof is the same as the proof of Theorem 4.1.

One basic difference between Y and X is detected in the structure
of their subspaces. More precisely, the analogue of Proposition 3.4 for
the space Y is the following.

Proposition 6.3.

(i) For any chain (s,) of D, the space span{es, | n € N} is
isometrically isomorphic to the James quasi-reflexive space J.

(ii) For any antichain (s,) of D, the space span{es, | n € N} is
isometrically isomorphic to {s.

That is, for any branch B, the space generated by the vectors e,
s € B, is not isomorphic to ¢y, but it is isomorphic to the space J.
Nevertheless, the analogue of Theorem 5.3 for the space Y remains
valid from which we deduce that Y also contains isomorphic copies of
Co.

Theorem 6.4. Suppose that (x,,) is the sequence of Theorem 5.3, that
is, Tn(s) = 1/2"/2 iflev(s) = n and z,(s) = 0 otherwise. Then (x,)
in the space Y is equivalent to the usual basis of co. In particular, for
anyn € N and any t1,...,t, € R, we have

n
E tix;
i=1

max |t;] <

< 2(vV2+1) max |t;].
1<i<n 1<i<n

Finally, we do not know whether the space Y has normal structure
or not. However, we can prove the next result.

Theorem 6.5. The space Y does not satisfy the Opial condition.
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Proof. We first consider the sequence (z,) as in the previous the-
orem. It is easy to see that [lz,[| = 1 for any n € N and, therefore,
lim;, o0 ||Zn|| = 1. Further, by Corollary 3.3 (which also remains valid
for the space Y), it follows that (z,) converges weakly to zero. In or-
der to prove the theorem we need to find a vector x € Y, x # 0, such
that lim,, o ||2n + || = 1. For this reason, we set x = aey where a is
any real number with 0 < |a| < 1 and we show that x has the desired
property.

Indeed, fix a positive integer n, and let S = {Z;}7_, be an admissible
family of pairwise disjoint segments. In order to estimate the norm
|z + z||, we search for the family S which maximizes the sum

(Z_il IZ} (2 + m)|2> 1/2-

We distinguish two cases.

Case 1. Suppose that () ¢ Ul_,Z;. Then we can consider a family S
such that any node s with lev (s) = n belongs to some segment Z € S.
This turns out to be the best choice for S in this case. For instance, if
{0,1}™ = {s1,..., s2n } is an enumeration of the nodes on level n, then
we set S = {Z;}2_,, where Z; = {s;}, and we have

(inﬂxn ra) = (Z () =1

i=1

Case 2. Assume now that () belongs to some segment of the family
S, and say that ) € Z;. Then minZ; < minZ; for every i = 1,2,...,r.
Since § is admissible, it follows that the minimum nodes of the segments
{Z;};_, lie on the same branch. Therefore, there are at most n + 1
segments of S which intersect the level n, and hence at most n + 1
nodes on level n belong to the union U]_;Z;. Consequently, in this
case, the best choice for us is to consider a family S = {Z;}7%' such
that ) € Z;, minZ;,; is an immediate follower of minZ; and each Z;
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intersects the level n. Then we have

nt1 1/2 n+1 1/2
(Y ror)” = (ze o+ 3 me +or)
=1

=2

1 2 n 1/2
—K“w) +2n} '

Therefore,
fal - , . 1 \2 L 1/2
|z + z|| = max< 1, || a on2 on .
Since
1\2 12
— — <
[<a+2n/2) +2n} — |a| <1,

we deduce that lim,_, ||Z, + x| = 1, and the proof is complete. [

7. Further remarks.

Remark 7.1. In Section 5 (respectively, 6) we proved that the space
X (respectively, Y) does not satisfy the Opial condition. In the
following, we strengthen this result by showing that any closed finite
codimensional subspace of X (respectively, Y') fails the Opial property.

Theorem 7.2. Suppose that Z is a closed, finite codimensional sub-
space of X (respectively, Y). Then Z does not satisfy the Opial condi-
tion.

Proof. We describe the proof in the case of the space X. The
necessary changes for the space Y can be completed easily. We also
assume that Z is a subspace of X which has codimension one. The
general case of finite codimensional subspaces is similar.

Since Z has codimension one, there is 2o € X with ||z¢|| = 1, such
that X = Z @ (x¢). Therefore, any x € X can be written uniquely in
the form = = z + Az, where z € Z and )\ € R.

Consider now the sequence (z,) of Theorem 5.3, that is, z,(s) =
1/27/2 if lev (s) = n and z,(s) = 0, otherwise. We know that ||z,|| = 1
and (x,) converges weakly to zero. For every n € N, the vector z,, is
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written in the form z, = z, + A,29. Observe that ()\,) is a bounded
sequence. Therefore, by passing to a subsequence, if necessary, we may
assume that \,, & A\ € R. Then, for each x* € X*, we have

" (2n + Aro) = " (xn) + (A = An)a™ (o),

and hence, x*(z, + Axg) — 0, that is, (z,) converges weakly to —Azg.
Since Z is closed, we deduce that —Az belongs to Z. However, this can
happen if and only if A = 0. Therefore, A\,, — 0, and (z,) is a weakly
null sequence. Further, by the equation z, = x,, — A\ xo, it follows

[zl = Palllzoll < l[znll < llznll + [Anlllzoll,

which implies that lim,, . ||z5] = 1.

Consider now any nonzero element zy € Z whose support is finite.
Let m be a level such that P,,zo = 0. By multiplication with a suitable
constant, we also have ||zo| < 1/(20™+1/2). To complete the proof of
the theorem we need to show that lim,, . |2 — 20| = lim, 00 ||20] =
1.

Fix any integer n > m. In order to estimate the norm ||z, — zo||
we consider an admissible family {Z;}7_; of pairwise disjoint segments,
and we distinguish the following cases.

Case 1. Suppose that lev (minZ;) > m for any i = 1,2,...,r. Then
T*(z9) = 0, and therefore,

(; 72 oo = 20

1/2

r 1/2
(Z z:<zn>|2) <l
=1

Case 2. Assume now that there is at least one segment, say the
segment 7y, such that lev(minZ;) < m. Let us also set sy = minZ;
and k = lev (minZ;) < m. Observe that there are 2"~* nodes on the
level n which are followers of the node s;. Further, since S is admissible,
at most two of these 2”~* nodes may belong to the union Ui_,Z;. So,
if we set

Ay = {i|lev(maxZ;) < m}
As ={i|lev(minZ;) > m}
Az ={i|lev(minZ;) < m < lev(maxZ;)},
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then there are at most 2" — 2"~% 4+ 1 nodes on the level n which belong
to Uijea,Zi. We also observe that the cardinality of the set As is less
or equal to 2. Now we have

> I (e — 20)P = D 1T (@n) + I (—Ano) — I (20) [

i€A i€EA

=D 1T (= Anzo) — I (20)°

1€A,
1/2 1/212
< [(Smenar) +( L Eee) |
€A, 1€A,
< (IAwoll + 22
— (Al + 120l
ST o — 20) = 3 (T2 () + T (Ano) — I (20)
i€A3 i€A3
1/2 2
< [( 3 |I:<mn>|2) T o] + M@
i€A3

1\ /2 2
<|(2g) Pl Il

ST o — 20 = 3 1T ()

i€Ag i€Ag
= Z |Z; () +I;(—)\nx0)|2
i€Aq
i 1/2 2
< (Z|z;(xn)|2) +|An|}
- V€A
_ 1/2 2
n n—~k 1
<[(@-r+rng) + ]
1 1\ /2 2
- (1—2k+2n> +|>\n]
1/2 2
1 1
< {l——+— An
<[(-zmrm) ol

Therefore,
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r om 1/2 2
SOz G = 20 < (Pl )+ | (5] Bl + ol
i=1

1 L\ 12 2
+[<1—2m+2n> +|)\n|:| .

Finally, we have

277.

NI 1 ) 1\ /2 i 2
2m - 2n " '
As n tends to infinity, the sum

gm\ 1/2 2 11\ 2
(nbtllaal?+| (52)  +natbaal] +] (15455 )+l

gm\ 1/2 2
o —z0ll” < max{|zn||2, (hal + 120l + [() +|An|+|20||}

converges to 2||zo||*> + 1 — (1/2™). By the choice of 2y we have
2[|20]|> + 1 — (1/2™) < 1. Therefore, lim, yo0 ||z — 20| = 1 =
lim;, s o0 ||2n||, and the proof is complete.

By Proposition 3.4 (respectively, 6.3) we know that X (respectively,
Y") contains subspaces which are isometrically isomorphic to 2. There-
fore, there are infinite dimensional subspaces of X (respectively, Y)
satisfying the Opial condition. However, we expect that Theorem 7.2
can be expanded to a wider class of subspaces of X (respectively, V).
So, we state the next problem.

Problem 7.3. Does any subspace of X (respectively, Y) with non-
separable dual fail the Opial property?

Remark 7.4. As it was mentioned in the introduction, the class of
separable Banach spaces not containing ¢; with non-separable dual
was established by two well-known examples: the James tree space
(JT) and the James function space (JF'). The first one satisfies the
Opial condition. We now prove that the space JF' does not satisfy this
condition. In order to do this, we use the fact that JF' is isometric to
the space V3 (see [2, 11]). We also use the notation from [2].
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Theorem 7.5. The space JF does not satisfy the Opial condition.

Proof. We set R, (t) = 2"/? fot rn(z) dx, where {r,}52, denotes the
sequence of Rademacher functions. Then, we have ||R,| = 1 and
IRn]lcoc — 0. Since the weak and the pointwise topology coincide on
bounded subsets of V7, it follows that {R,},en is weakly null. We
now consider the identity map f(z) = x on [0,1], and we show that
liminf || f + R, || < 1.

Given € > 0, we fix § > 0 such that, for any family Z of pairwise
disjoint open intervals of [0, 1] with |I]| < § for every I € Z, va(f,Z) < e.
For every n € N, we choose a family Z, of pairwise disjoint open
intervals of [0, 1] such that

If + Rall? = v

v

(f +Rn,I,)
(f + R, I7°) + 03 (f + Ru, I7°),

NN NN

where Z2° = {I € Z,, : |I| > 6} and ;0 = {I € T, : |I| < §}.
Since ||R.llc — 0O, there is ny € N, such that, for every n > ng,
va(R,,Z2°) < e. We also make use of the following inequalities
U%(Rmzsé) < )‘(UIn<6)7 U%(fv-’[%é) < A(UIE(S), U2(f+RmIr%6) <
UQ(fvl.nZé) + UQ(RMIE(S)’ UQ(f + Rmzrfé) < 'UQ(f?Irfé) + UQ(RMI;&)?
where A\(A) denotes the length (that is, Lebesgue measure) of the set
A C[0,1]. Finally, we get

If 4 Rull? < MUZZ%) + MUZS%) + 262 4 4e < 1+ 6Ge,

for every n > ng. Therefore, liminf || f + R, || < 1. O
In view of Theorem 7.5, it is natural to ask the following.
Problem 7.6. Does the space JF satisfy the fixed point property?

Remark 7.7. An important member of the class of separable Banach
spaces not containing ¢; with non-separable dual is the so-called Hagler
tree space (HT) (see [6]). This space is ¢o-saturated, that is, any closed,
infinite dimensional subspace of HT contains an isomorphic copy of
co- It is easily verified that HT does not satisfy the Opial condition.
However, we do not know if HT has the fixed point property.
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