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TOPOLOGICAL PROPERTIES OF PATH CONNECTED
COMPONENTS IN SPACES OF WEIGHTED
COMPOSITION OPERATORS INTO L

KEI JI IZUCHI, YUKO IZUCHI AND SHUICHI OHNO

ABSTRACT. This paper demonstrates equivalence amongst
the topological structures of path connected components in
the spaces of weighted composition operators from L°°, H*°
and the disk algebra into L°° on the unit circle.

1. Introduction. Let D be the open unit disk in the complex plane
and 0D its boundary. Let S(D) be the set of all analytic self-maps
of D. For an analytic function v on D and ¢ € S(D), we define the
weighted composition operator M, C,, as the product of multiplication
and composition operators by (M, Cy)f(z) = u(z)f(¢(z)) for analytic
functions f on D and z € D. The properties of (weighted) composition
operators have been extensively studied over the past few decades. See
[6, 23] for an overview of these results.

Some of the most long-standing open questions are related to the
topological structure of the space of (weighted) composition operators
on the Banach space of analytic functions on D endowed with the
operator norm and the essential operator norm, which was originally
considered on the classical Hardy space H?. In 1981, Berkson [2]
first studied the component structure of the space of all composition
operators on H? in the operator norm topology, and MacCluer [16]
continued. Shapiro and Sundberg [24] further investigated and raised
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the problems on the component structure in the operator and the
essential operator norm topologies.

Then, MacCluer, Zhao and the third author [17] considered these
problems on H* (also see [11]), where H* is the Banach space of
bounded analytic functions on D with the supremum norm. The first
and third authors together with Hosokawa investigated the component
structure in the space of weighted composition operators on H*° and
determined path connected components ([10, Theorem 4.1]). Refer to
1, 3, 4, 7, 18, 19] for results on various analytic function spaces.

On the other hand, by Sarason [22] C, can be viewed as an integral
operator acting on d via Poisson extension. Let m be the normalized
Lebesgue measure on 9. For f € LP = LP(ID,dm) (1 < p < o0), let
P,[f] be the Poisson extension of f onto D. Then P,[f]ow is a harmonic
function and has a radial limit (P,[f] o ¢)* almost everywhere on 9D.
We have (P,[f] o ¢)* € LP. Hence, we may define the composition
operator C, on L? by

Cof = (P:[flog)".

Let L™ = L*°(0D) be the Banach space of all bounded measurable
functions f on 0D with the essential supremum norm ||f|lo. For
u € L*>, we may define the weighted composition operator M, C, on
L. For f € L™, let f# be the function on D that takes the value of
P,[f] in D and the value of f on D. Then M, C,f = u(f#op*) almost
everywhere on dD. The authors have extended the investigation of
(weighted) composition operators on L™ ([12, 13, 14] and see [20, 25]
also).

Let A = A(D) be the space of continuous functions on D that are
analytic on . Usually A(D) is called the disk algebra. For each
f € H, we identify f with its radial limit function f* on 0D. We
may consider that A(D) C H>® C L. We denote by C,,(L>, L>°) the
space of nonzero weighted composition operators on L, that is,

Co (L, L®) = {M,C,, : u € L™, u#0,p € S(D)}.

For M, C, € Cy(L>, L), we denote by ||[M,Cy||(re, L) its operator
norm. Restricting the operator M,C, on H* and A(D), we may
consider that M,C,, are bounded linear mappings from H*> and A(D)
into L>°. For these operator norms, we write ||M,Cy| (g~ r~) and
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| MuCyll(a,1), and we have the spaces Cy,(H>, L) and Cy (A, L*>).

We note that, as sets,
Cw (L™, L) = Cy(H*, L) = Cy (A, L™).

Naturally, the question occurs as to whether the topological structures
in Cyp(L®, L), Cu(H®>,L*®) and Cy(A, L) are the same. The
topologies in these spaces deeply depend on the norms of differences of
the two weighted composition operators on them.

Trivially, we have

”Mucsa - MvaH(A,LW) < ||Muctp - MUOwH(H“’,Lw)
< [MuCyp — MyCypll(r, 1<)

However, we note that generally the inequality
| M.Cyp — MyCyl| (o, 1oy < [[MuCyp — MyCyl| (e, L)

is strict. For example, see [12, Theorem 4.1] and [15, Theorem 4.1].
Also refer to [5, page 172] and [17, Proposition 4] in the unweighted
case.

So the main theme of this paper is to consider the question
whether the topological structures of path connected components in
Cw(L®, L), Cyy(H>, L) and Cy, (A, L) are the same. In Section 2,
we shall show that

[MuCyp — MyCyll(a,p) = [MuCyp — MyClypll (s, Lov).-

So path connected components in C, (L, L>°) are path connected
sets in Cy, (H°, L*), and the topological structures of path connected
components in Cy,(H>,L>) and C,(A, L*) are the same. Moreover,
we shall also show that if ||M,,Cy,, — MyCy|(mee 1) — 0, then
| My, Cyp, —MyCyll (1o, 1) —+ 0. This fact shows that the structures of
path connected components in C,,(L*, L>) and C,,(H*, L*°) are the
same as sets. But it is unclear whether the topological properties of
path connected components in C,, (L, L) and C,,(H>°, L*°) are the
same (is an open and closed path connected component in Cy, (L, L™)
open and closed in C,,(H*>, L*>°)?).

We denote by Cy,,0(L>, L) the space of operators in C,, (L, L)
which are not compact. Similarly we have the spaces Cy 0(H™, L™)
and Cy (A, L*). In [13], the authors determined the structures of
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path connected components in C,,(L>, L>) and C,, o(L>°, L*°). In Sec-
tion 2, we shall show that the topological structures of path connected
components in Cy, (L%, L) and C,,(H>, L>) are the same. We shall
also prove that Cy, o(L%,L>®) = Cuo(H™,L>®) = Cyo(A,L>®) and
topological properties of path connected components in them are the
same.

Let H = L* or H*® or A(D). We denote by ball (#) the
closed unit ball of H. For a bounded linear operator T from H to
L, let ||T||(3,1,e) = infx |T — K||(3,100), where K moves in the
space KC(H, L) of all compact operators from H into L*>. Usually
| 7| (24,0 ) is called the essential operator norm of 7. We denote by
Cuw.0,e(H, L) the space Cy, 0(H, L) with the essential operator norm.
Since

K(L*®, L) | g C K(H®,L>*) and K(H*,L>)|4 C K(A4,L*>),
we have

(L1)  |[MuCyp — MyCyll(az ey < [MuCyp — MyCyll(rros 1o )
< | MuCyp — MyCipll(roo, L5 e)-

So it is also unclear whether the topological structures of path con-
nected components in Cy, g,e (L%, L), Cy,0,e(H™, L) and Cyy,0.c (A, L)
are the same. In [14], the authors determined the structure of path
connected components in Cy0.(L°,L>). In Section 3, we shall
prove that the topological structures of path connected components
in Cy0,e(L™, L), Cyoe(H>®,L>®) and Cy0,(A4,L>) are the same.
The authors think that equalities hold in (1.1), but at this moment it
is unclear.

Let
Co(H®, H®) ={M,C,:u€ H®,u+#0,p € SD)}.

Similarly, we have the spaces Cy,0,e(H*, H>) and Cy0,(A, H™). As
sets, we have Cy 0, (H>, H®) = Cy 0,e(A, H*). Since K(H>, H*)|4 C
(A, H*®), we have

||Mu0go - Mvcd)”(A,Hoc,e) < ||MHCSO - MUC?/)”(HOCaHoov@)'

The authors determined the structure of path connected components of
Cuw,0,e(H™, H*) in [14]. In Section 4, we shall prove that the topolog-
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ical structures of path connected components in Cy, g .(H>, H*) and
Cuw,0,e(A, H®) are the same.

2. Path connected components. Let C = C(9D) be the space of
continuous functions on dD. Similarly, we have the space C,,(C, L>®) =
Cw(L>®, L®)|c and

IM,Cy — MuCylliciomy < [MuClo — MuCyl (1 ).

Lemma 2.1.

(1) |MyCp = MyCyll(a, Loy = |MuCyp = MyClyll(rros, <)
(ii) HMquo - Mvcll)”(C,LOO) = ||Mquo - MvaH(LOO,LOO)-

Proof. (i) Let a = [|[M,Cy, — MyCyl| (o, ). For e > 0, there is
a function f € ball (H>) such that o — e < [|[uCy f — vCy fl| -
Then there is a function F' € ball (L') such that

a-c< (/{W(U(fw)*—v(fow)*)de-

By Lindelof’s theorem, we have (f o p)* = f# o ¢* almost
everywhere on 9D (see [6, page 31], [12, 21]). For 0 < r < 1
and z € D, let f.(2) = f(rz). Then it is easy to check that
frow* — f#op*, fro* — f# o4* almost everywhere on 0D
as r — 1. By the Lebesgue dominated convergence theorem,

o-c< ‘/E)D(U(froso*) o(f, 04" Fdm

for r sufficiently close to 1. Since f, € ball(4), o« —¢ <
| M Cyp — MyCiyll(a, Loy Thus, we get (i).

(ii) Let 8 = [|[M,Cy, — MyCyl|(poo ). For € > 0, there is a function
f € ball (L) such that § — e < [|[uCy,f — vCyf|s. Then there
is a function F € ball (L') such that

Boc< ]/ (W(f* o 0*) — o(f# 0 ¥*))F dim.
oD

Since P.[f], o ¢* — f# o ¢* as r — 1 for almost every e € 9D.
In the same way as (i), we get (ii).

O
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By Lemma 2.1 (i), we have the following.

Corollary 2.2. The topological structures of path connected compo-
nents in Cy,(H®, L) and Cy,(A, L) are the same.

For (z,w) € ﬁz, let

1, (z,w) €D\ D? 2 # w
p(z,w) = S ; z,w) €D? 2 £ w

1 —wz

0, z=w.

For e € 0D such that ¢*(e?) and 1)*(e??) exist, we define
da(p™ (@), 0" () = sup |f(e"(€7)) = f(&7 ()]

feball (4)

and

do(p* (), 0" (e?)) = sup [fF(*(e?)) — fF(v"(e"))].

feball (C)

The following is a known fact (see [5, 17]).

Lemma 2.3. We have that
p(e™ (%), 4% (")) < da(@* (), 4 (")) < do (9™ (), 4 (7))
< 20(¢" (), 9" ("))
almost everywhere on JD.

Lemma 2.4. If |M,,Cy,, — M,Cyl|(zr ) — 0, then [|M,, C,, —
M, Cyl[(Le, L) = 0.

By Lemma 2.1, || M,, C,,, — M,Cyl| (1) — 0. Hence, |[un,—v]|oc —
0 and
My, —vCop, |l(a,L) = | Mu,—+Co,ll(c,L) = 0.

Since
”Mv(csan - Cw)H(A,Lw) < HMunC n
+ HMun—UCSOn||(A,L°°)7

— M,Cyll(a,L~)



PATH CONNECTED COMPONENTS 947

we have || M,(Cy, — Cy)ll(a,L) — 0. Hence,

HMMHCWH - MUCw”(LOO,LOO)
= ”Muncgon - MqupH(qLoo) by Lemma 2.1
S N Mu,—oCo, ll(0,n2) + 1Mo (Cyp,, — Cy)ll(c )
= [ Mu,—0Co, ll(0,Lo0) + esssupgiscopv(e”)de (¢}, (€7), 4" ("))
< Mo, —oCo, ll(0.oe) + 2688 Supioconlv(e™)|dale} (), " ()
by Lemma 2.3
= [|Mu,—vCo, ll(c,L) + 2| Mu(C,, — Cy)ll(a,L)
— 0 as n — o0. O

Corollary 2.5. The structures of path connected components in Cy,
(L%, L), CyWw(H®>,L*®) and Cy(A, L) are the same as sets.

We shall study topological properties of path connected components
in Cy(A, L>®). Let M(H*) and M (L) be the maximal ideal spaces
of H>* and L, respectively. We denote the Gelfand transform of a
function f in H> (and L) by f. We may think of M(L>®) C M (H>)
and M (L) is the Shilov boundary of H*. Then, for the normalized
Lebesgue measure m on 9D, there exists the probability measure m on

M (L) such that
fdm = / fdim
oD M (L)

for every f € L. Refer to [8, 9] for properties of the maximal ideal
spaces of H>® and L°°.

Let ¢ € S(D). For each z € M(H®), the mapping H*® > f —
f/o\go(x) is a nonzero multiplicative linear functional on H*°. Hence,
there is a point @(x) € M(H®) such that f/o\go(:z:) = f(&(w)) for
every f € H*®. It is easy to show that ¢ : M(H*>®) — M(H>) is a
continuous map (see [10, page 514]). Considering f(z) = z, we have
?(x) = Z(p(z)). Hence, if |p(z)| < 1, then @(z) = P(z) € D. One
easily checks the following.
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Lemma 2.6. For each ¢ € S(D) and f € A(D), f/O\QD(%) = f(p(2))
for every x € M(L).

For ¢ € S(D), let
E(p) ={x € M(L™) : [p(x)] = 1}

and E°(¢) be the interior of E(p) in M(L*>). By [8, page 18], E°(¢)
is an open and closed subset of M (L>°). For 0 < r < 1, we write

{lel >rt ={z e M(L>):|o(z)| >}
and
{r<|pl<1}={ze M(L®):r <|p(x)| < 1}.

Lemma 2.7. For u,v € L™ and ¢,v € S(D) with ¢ # 1, we have

M,Cy — MyClylla poor > ().
1M Cy wlla,r )2 Dax ()|

) # 0. We have m(E°(p)) > 0.
(x }) = 0. Hence,

m(E°(¢)).

Proof. We may assume that E°
Since ¢ # ¢, m({z € M(L>) : ¢(x )
O(x)}) =

(¢
)=
m({z € E°(p) : (x) # ¢(x)}
Let z € E°(y) such that @(x) # ¥(z). We have |p(z)| = 1. Since
@(z) € 0D is a peak point for A(D), there is a function g € A(D) such
that ||g]lec = 1, g(@(z)) = 1 and g(¥(x)) = 0. By Lemma 2.6, we have
[MuCp — MyClylla,e) = [lu(g o )" = v(go¥) |l

> [i(2)g(@(x)) - D(a)g(P(x))]
)l

)

>

= |u(z
Hence,

[MuCyp — MyCyll(a,L) 2 sup  [u(z)].
T€E°(p);@(x)#Y(x)

Since {x € M(L*®) : p(z) # 12(30)} is dense in M (L), we get the
assertion. O

Lemma 2.8. Let ¢ € S(D). Then {M,Cy, € Cy(A, L) : u € L™®} is
closed in Cy(A, L>°).
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Proof. Let {u,}, be a sequence of nonzero functions in L* such
that M,,,C, — M,Cy € Cyy(A, L>) as n — co. Then |[up, — v|[oc = 0
and |Ju,p* — v*|lc — 0. Hence, v(p* —¥*) = 0, so p* = P*
almost everywhere on {e¢? € 9D : wv(e®) # 0}. Since v # 0, by
Jensen’s inequality (see [9, page 51]) we have ¢ = 1. Thus, we get the
assertion. ]

For ¢ € S(D), we write {|¢*| = 1} = {e¥ € ID : |p*(e)| = 1}.
Similarly, we may define {r < |¢*|} and {r < |¢*| < 1} for every
0 < r < 1. The following is given in [13, Theorem 3.6].

Lemma 2.9.

(i) Ifp € S(D) and m({|¢*| = 1}) = 1, then {M,C, € C,, (L>, L) :
u € L>®} is open and closed, and a path connected component in
Cow (L, L).

(ii) The set

{M.Cy € C\y(L®,L®) :u e L®, ¢ € SD), m({|p*| =1}) < 1}

is open and closed, and a path connected component in C, (L,
L*).

Theorem 2.10. The topological structures of path connected compo-
nents in Cyy (L, L), Cyp(H™, L) and Cy(A, L) are the same.

Proof. By Corollary 2.2, the topological structures of path connected
components in C,(H*,L*>®) and C, (A, L*°) are the same. As men-
tioned in the introduction, path connected components in C,, (L, L)
are path connected sets in C,, (A, L*). To show the assertion, it is suf-
ficient to prove that each path connected component in C,, (L, L*) is
open and closed in C,, (A4, L?).

Let ¢ € S(D) satisfy m({|¢*| = 1}) = 1. Then E(y) = E°(p) =
M(L*>). Let u € L* with u # 0 and M,Cy € Cy,(A, L) with ¢ # ¢.
By Lemma 2.7,

MG, = MuColliaa) = max_ [ia)] = e >0
This shows that {M,Cy, € Cyy(A, L) : v € L™} is open in Cy, (A, L™).
By Lemma 2.8, {M,C, € Cy,(A, L>) : u € L=} is closed in Cy, (A, L™).
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Next, we shall show that
X .= {MuC¢ €CW(A,L®):ue L* ¢ e SD),m{|p*| =1}) = 1}

is open and closed in C,, (A4, L°). By the last paragraph, X is open in
Cw(A, L>). Let {M,,C,, }» be a sequence in X such that M, C,, —
M,Cy € Cyy(A, L*>®). Then |un—v|lcc = 0. If M,,Cy, ¢ X, then ¢,, # ¢
for every n > 1. Hence, by Lemma 2.7, we have ||up||cc — 0, so v = 0.
This is a contradiction. Thus, X is closed in C, (A, L*).

By the above facts,
{MuC’w €Cyw(A, L) :ue L™ ¢ e SD),m{|v*] =1}) < 1}

is open and closed in C,, (A, L*°). By Lemma 2.9, we get the assertion.
|

We shall give the equivalence of the compactness of weighted com-
position operators from L™, H>* and A(D) to L*°.

Lemma 2.11. Let v € L*® with u # 0 and ¢ € S(D). Then the
following conditions are equivalent.

(i) MCyp : L>® — L™ is compact.
(ii) M,Cy : H>® — L™ is compact.
(i) M,Cy : A — L™ is compact.
(iv) luxqe*;>rilloc = 0 as r — 1.

Proof. It is trivial that (i) implies (ii) and (ii) implies (iii). By
[12, Theorem 3.2], the equivalence of (i) and (iv) holds. To show the
implication (iii) = (iv), suppose that [|[ux{|p+|>r} [l > 01 > 0 for every
r with 0 <r < 1.

First, assume that [Jux{jo+|=1}/lcc = 0. We have (M,C,)z" =
u(p*)™ — 0 almost everywhere on 9D as n — oo. By (iii),
[l[u(e*)"|lc — 0. Hence, there is a positive integer n such that
[lu(e*)|loc < d1/2. Take 1/2 < R < 1. We have

01/2 > [Ju(¢™)"[loc = Rllux{jpxn>Rrylloo

This is a contradiction.
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Next, assume that ||ux{js+=1}[loc > 2 > 0. Then m({|o*| = 1}) >
0, so m(E(p)) > 0. Since ¢ € H™, §(E(p)) is an uncountable set.
Hence, there is a sequence {x,}, in E(p) such that (x,) = « € D
as n — o0, ¢(z,) # a and |u(x,)| > 62 for every n > 1. Since
|@(z,)| = 1 and @(x,) is a peak point for A(D), there is a function

In € A(ﬁ) such that || fnllec = 1, fu(@(2n)) =1 and | f,| < [@(2n) —
on the set

{ei‘g c oD : |ei9 —o(zn)| > |p(zn) — a|}.

Then f,(z) — 0 as n — oo for every z € D. Hence, f,, — 0 weakly in

A(D). By (iii), [|MyCy fnllcc — 0. We have

|MoCop f(n)| = [@(2n) Fr © @)
= |u(xy) fu(@(z,))] by Lemma 2.6
= |@(2n)| > 6.

This shows that |M,Cy,fnllec > 02 for every n > 1. This is a
contradiction. ]
By Lemma 2.11, as sets we have
Cu,0(L®, L) = Cypy,o(H™, L) = Cy,0(A, L™).
Let A be the set of ¢ € S(D) satistying
0 <m({le*| =1}) = m({[¢"| > r})
for 0 < r < 1 sufficiently close to 1. Then ¢ € A if and only if
E(p) = E°(¢) # 0. The following is proved in [13, Theorem 3.11].
Lemma 2.12.

(i) If ¢ € A, then {M,Cy € Cipo(L>,L>®) : u € L} is open and
closed, and a path connected component in Cy, o(L>, L>).
(ii) The set

{M,C, € Coo(L°, L)t u € L, p € S(D),
m({lp*| = 1}) <m({|¢*| > r}) for anyr,0 <r <1}

is open and closed, and a path connected component in Cy, (L,
L*>).
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Now we shall study the topological structures of path connected
components in Cy, o(H, L™) and C,, o(4, L™).

Theorem 2.13. The topological structures of path connected compo-
nents in Cup,o(L, L), Cy,o(H*®,L®) and Cyo(A, L) are the same.

Proof. As the proof of Theorem 2.10, path connected components
in Cy (L%, L*>) are path connected sets in Cy o(H>, L*), and the
topological structures of path connected components in C,, o(H>, L)
and Cy,0(A, L) are the same. In Lemma 2.12, path connected
components in C, (L, L) are given. We shall show that each
path connected component in C, (L, L>) is open and closed in
Cuw,0(A, L™).

Let ¢ € A. Then E(p) = E°(p). Let M,Cy, € Cyo(A,L*). By
Lemma 2.11, [Jux{4*j=1}]lec > 0. For M,Cy € Cyuo(A, L) with
1 # p, by Lemma 2.7, we have

M, C, — M,C. oy > m
MG, = MuCollaao) = max [a(a)
= lluxqies =13 ll= > 0.
This shows that {M,C, € Cuo(A,L>®) : v € L>*} is open in
Cw,o(A,L>). By Lemma 2.8, {M,C, € Cyo(A,L>®) : u € L®} is
closed in Cy0(A4, L>).
Let
X ={M,C, € Cypo(A,L>*):ue L>® ¢ec A}

To prove the rest of the assertion, it is sufficient to show that X is closed
in Cy,o(A4,L>®). Suppose that {M,, C,, }, is a sequence in X and
M,,C,, = M,Cy € Cyo(A,L>*)\ X. We shall show a contradiction.
Since M, C,. € X, E(pn) = E°(pyn) # 0. Since ¢, # 1 for every
n > 1, by Lemma 2.7, we have

(2.1) max |un,(x)] — 0 asn — oco.
z€EE(pn)

We also have

(2.2) [ty = v]]oo —> 0 as n — oo,

so || My, Cy, — M,Cy, ||(a,L) — 0. Hence,

(2.3) IMo(Cy, — Oy —3 0 51— oo,
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Since M,Cy : A — L* is not compact, by Lemma 2.11, there is
a positive number 0 such that |[vx{jy|s>rillec > 0 for every r with
0 < r < 1. This is equivalent to

sup  |u(z)| >0 (0<r<1).
ze{|$[>r}

By (2.1) and (2.2), we may assume that
(2.4) Bl <8/2 on Blgn) (n>1).

By (2.3) and Lemma 2.7, we have ¥ = 0 on E°(¢y). Since M,Cy
does notAbelong to X, v does not belong to A. Hence, we have
m({r < |¢] <1}) >0 for every 0 < r < 1 and

sup [O(x)] >d (0<r<1).
ze{r<||<1}

Therefore, there is a sequence {z)}, in {0 < [¢| < 1} such that
(2.5) lp(zr)] — 1 as k — oo

and |0(zy)| > 6 for every k > 1. By (2.4), we have |p,(zx)] < 1 for
every n,k > 1. Since ¢, € A,

(2.6) On i =sup|Pn(zr)] <1 (n>1).
k>1

Then, for each fixed n, we have

I1My(Co,, = Cy)llaey = sup [lo((gown)” = (g09) ) oo

geball (A)

> sup  [0(zk) (9(Bu(zn)) — 9 (@)
geball (A)

>0 sup  |g(@nlar)) — g(P(x1))]
geball (4)

— 2§ as k — oo by (2.5) and (2.6).

This contradicts with (2.3). Thus, X is open and closed in C,, o (A, L>).
]

3. The essential operator norm topology. To study the topo-
logical properties of path connected components in the essential oper-
ator norm topology, we need the following lemma.
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Lemma 3.1. For M,Cy,, M,Cy € Cy,0(A, L) with ¢ # 1, we have

M, C, — M,C ~ o) > max |u(z).
MG, = MuCullaaoe. > max [ala)

Proof. We may assume that m(E°(¢)) > 0. Since m({p = A}) =0
for every A € 9ID, there is a sequence {z,}, in E°(¢) such that
o(zn) = a € OD and §(z,) # « for every n > 1. Since ¢ # 1,
we may assume that @(x,) # ¥(x,) for every n > 1. Moreover, we
may assume that

u(xy,)| — max |u(z)|.
[@(zn)l —  max ()|
Since @(r,) is a peak point for A(D), there is a sequence {g,, }, in A(D)
such that [|gnllec =1, gn(@(2n)) = 1, gn(¢(2n)) = 0 and
l9n(€”)] < 1B(0) — o
for any € € oD with le?® — B(zn)| > |@(zn) — a| and n > 1. Then
gn — 0 weakly in A(DD).
Let € > 0. Then there is a compact operator K : A — L such that
HMUCLP — Mv0w|‘(A7Loo,e) +e> ||MUC¢ — Msz/; — K||(A7Loo).
It is well known that ||Kgp|lec — 0 as n — co. Hence,
||MUC<P - MvaH(A,LOO,e) +e
> limsup || M,Cypgn — MyCygnllo

n—oo

> limsup [@(20) g (B(n)) = Ban)gn (W ()]

n— oo

= lim sup |u(x,)|
n— oo

= max |u(z)|
e [u(@)]

Thus, we get the assertion. O
The following is given in [14, Theorem 3.11].

Lemma 3.2.

(i) Let ¢ € A. Then {M,Cy, € Cypo(L>,L®) :u € L>(0D)} is open
and closed, and o path connected component in Cy 0,e(L>, L°).
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(i) The set {M,Cy € Cu (L%, L®) 1 u € L, ¢ € A} is open and
closed in Cy0,e(L, L™).
(iii) The set

{MuC’gJ € Cyu (L™, L) :ue L, p e S(D),
m{|e*| =1}) <m{|e*| > r}) foranyr,0<r< 1}

is open and closed, and a path connected component in Cy0e(L,
L*>).

Theorem 3.3. The topological structures of path connected compo-
nents in Cuy0,e(L, L), Cyo,e(H>®,L>®) and Cy,o.c(A, L) are the

same.

Proof. As mentioned in the introduction, we have

IMuCo = MuCollare,e) < 1MuCp = MuCosll e, 10,01
< | MuCyp — MyCopll (o, o0 e)-

Hence, path connected components in Cy 0.(L°, L) are path con-
nected sets in Cy, 0, (H*, L>), and also path connected components in
Cuw,0,e(H™, L™) are path connected sets in Cy0.¢(A, L°). In Lemma
3.2, path connected components in Cy, 0,.(L>, L™) are given. We shall
show that each path connected component in Cy, g (H, L>) is open
and closed in Cy 0,e(A4, L™®).

Let ¢ € A. By Lemmas 2.11 and 3.1, for ¢ # 1, we have
HMqu - MvaH(A,LOO,e) > sup |17,($)|
zEE(p)
= |lux{jp+|=1}llec > 0.

This shows that {M,C, € Cuo(A,L>®) : v € L>*} is open in
Cuw,0,e(A, L>). To prove the closedness, let {M,, C,}, be a sequence
in Cy,0(A, L) such that [|M,, C, — M,Cy|(a,r.e — 0 for some
M,Cy € Cyo,(A,L>®). Suppose that ¢y # ¢. By Lemma 3.1,
lunx{p|=1}lloc — 0. Let

gy _ [0 el =1
e ={ e, g (21l
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Then p, € L*°. Since ¢ € A, by Lemma 2.11 M, C, : A — L™ is
compact, so

HM(un*pn)Cw — MUCwH(A,Lm,e) — 0.

Since |[up — pnlle — 0, we have ||M(,,—p ) Coll(a, =) — 0. Then
|M,Cyll(a,rey = 0. Hence, M,Cy : A — L* is compact, and
this contradicts the fact that M,Cy € Cy0(A, L>). Thus, {M,C, €
Cw,0(A, L) :u € L*} is closed in Cy 0,6 (4, L™).

Let X = {M,C, € Cyo(A,L>®) : u € L*,p € A}. To prove the
assertion, it is sufficient to show that X is closed in Cy, 0,6(A, L°). Let
{M,,, C,, }n be asequence in X such that || My, Cy,, —M,Cyll(a, L) =
0 for some M,Cy € Cyo(A,L*°). Suppose that M,Cy ¢ X. Then
Y # pn, for every n > 1. By Lemma 3.1, we have [|unx{|px =1} [loc — 0.

a 0 ¢ (lgn| =1}
; 0 e’ ed{lpr| =1
0 ) n
an\€ ") = i i *
@)=L e, gl
Then ¢, € L*. Since ¢, € A, by Lemma 2.11, M, C,, : A = L* is
compact. Hence, we have

[Mu,Cp, — MuCypll(a,rx.e) = [[MuCyplla,ze=,e) = 1M (u,—q,)Con ll (4,252 e)
> IMyCylla,n=,e) = ltn — @nlloo
= [MyCyll(a,L=.e) = lunX ez =1} loo-
Letting n — oo, we have || M,Cyl|(4,r~ ) = 0, but this contradicts the

fact that M,Cy € Cyo(A,L*). Thus, X is closed in Cy 0.(A, L>).
This completes the proof. O

4. Spaces of analytic functions. By Lemma 2.11, we have the
following.

Lemma 4.1. Let u € H*® with u # 0 and ¢ € S(D). Then the
following conditions are equivalent.

(i) M,Cy,: H>* — H> is compact.
(ii) M,Cyp: A— H™ is compact.
(iii) ||UX{\¢*\>7~}||00 —0asr— 1.
iv)

(iv) max |u(x)] =0 asr — 1.
ze{|@|>r}
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By this lemma, we have Cy, o(H*>, H®) = Cy 0(A, H®) as sets. By
Lemma 2.1, we have

[MuCyp — MyCyll(a ) = [MuClp — MyCyll(proe 1)
Hence, the topological structures of path connected components in
Cuw,o(H>®,H*®) and Cy (A, H*®) are the same. In the same way as
the proof of Lemma 3.1, we have the following.

Lemma 4.2. For M,Cy,, M,Cy € Cy (A, H>) with ¢ # 1, we have

| M.Cyp — MyCylla, o) > max |u(x)].
zEE°(p)

Recall that A is the set of p € S(D) satisfying

0 <m({le*| =1}) = m({[¢"| > r})
for 0 < r < 1 sufficiently close to 1. In [14, Theorem 4.9], the authors
proved the following.

Lemma 4.3.

(i) Let ¢ € A. Then {M,C, € Cypo(H®,H®) : v € H®} is open
and closed, and a path connected component in Cy 0..(H™, H>).
(i) The set {M,Cy, € Cyo(H>®,H>) :u € H*, ¢ € A} is open and
closed in Cy0,(H™, H®).
(iii) The set
{MuC@ € Cuo(H™,H®):ue H*, p € S(D),
m({l¢*| =1}) <m({|e*| > r}) for any r,0 <r <1}
is open and closed, and a path connected component in Cy o, (H>,

).

Theorem 4.4. The topological structures of path connected compo-
nents in Cy0,e(H, H®) and Cy,0,.(A, H>®) are the same.

Proof. Since

[MuCyp = MyCyll(a,me ey < [MuClp — MyCyll(rroe o e
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path connected components in Cy ..(H™, H>) are path connected
sets in Cy 0,e(A, H*). In Lemma 4.3, path connected components in
Cuw,0,e(H™, H*) are given.

Let ¢ € A. We shall show that {M,C, € Cy (A, H®) :ue H®}is
open and closed in Cy, (A4, H>). We have m(E°(¢)) > 0. By Lemma
4.2, for ¢ # 1 we have

M,Cy — M,,C w ) > max |u(z)| > 0.

|| anm > max [0

This shows that {M,C, € Cuo(A,H*) : u € H™} is open in
Cuw,0,e(A, H®).

To prove the closedness, let {M,,, Cy, }r be asequence in C,, o (A, H*>)
such that || M, C,—M,Cy||(a,mee,e) — 0 for some M,Cy, € Cy0(A, H>).
To show ¥ = @, suppose that ) # ¢. By Lemma 4.2,

max [v(z)]| = 0.
max [o(z)

Since v € H* and v # 0, this shows that E°(¢)) = (. Since
M,Cy € Cyo(A, H®), we have

m({r < [0l <1}) =m({r < [¢| <1}) #0

for every r with 0 < r < 1. By Lemma 4.1, there is a positive constant
0 such that
0 < sup [v(2)]
ze{r<|¥[<1}

for every r with 0 < r < 1. Then there is a sequence {zj} in M (L)
such that 0 < [¢(zx)| < 1 and [6(x))| > 6 for every k > 1, and
l(xx)] — 1 as k — oco. We may assume that ¢(z;) — o € ID.
One may show that there is a sequence {gx}r in ball (A) such that
gr. — 0 weakly in A(D) and gk(qz(xk)) — 1 as k — oo (see [14, Lemma
4.8]). Since ¢ € A, there exists a constant R, 0 < R < 1, such that
0 <m({|g| =1}) = m({|@] > R}). Hence, we may assume that either
|p(xk)| = 1 for every k > 1 or |p(x)| < R for every k > 1. For each
n, we have

My, Cp — MyCopll (a1 e) > lim sup [|tn(gk 0 )" —v(gr 0 ¥)*
1S
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First, we assume that |@(x)| = 1 for every k > 1. Then we have
[Mu, Co = MyCypll(a, 15 e)

> Tt sup [ (21)gn (Ple)) — D(wx)gn (1))

> limsup |U(zx ) gr (Y (zx))| — [tn(2r)gr(@(21))]

k—o°

>0 — sup [un(2)]
zEE(p)

Since p € A, E°(p) = E(p). By Lemma 4.2, we have

sup |tp(z)] =0 asmn — oco.
zEE(p)

Therefore, we get
= 1 - Rl > N
0= lim [[M,,Cp— MCyll(am.c) >0

This is a contradiction.

Next, we assume that |p(xy)| < R for every k > 1. We also have

M, Cp = MyCplla,me.e) 2 0 = [lun]l ‘S‘tipngk(Z)L

Since gi, — 0 weakly in A(D), letting k — oo, we have
||MunC‘P - MUC’QZ)H(A,HOC,G) Z 6'

This also leads to a contradiction. Thus, we get ¢y = . Therefore,
{M,C, € Cypo(A, H®) : uw € H*} is open and closed in Cy 0,e (A, H*).

Let
X ={M,C, € Cpo(A, H®) :u € H™,p € A}.

We shall prove that X is open and closed in Cy ..(A, H>). We have
already proved that X is open. We shall show that X is closed
in Cy,0,e(A, H®). Let {M,,C,,}n be a sequence in X such that
| M., Cyp, — MyCylla,pe,ey — 0 as n — oo for some M,C, €
Cuw,0(A, H*®). We assume that M,Cy, ¢ X. Hence, ¢, # 1 for every
n > 1. By Lemma 4.2, we have

(4.1) max |u,(z)] — 0 asn— oo
z€E(pn)
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and

4.2 v =0.

(4.2) e V()]

Since ¢ ¢ A, {r < || < 1} # 0 for every r with 0 < r < 1. Since
M,Cy € Cyo(A, H®), by (4.2) and Lemma 4.1 there is a positive
constant J such that

0 < sup  [0(2)]
ze{r<|y|<1}
for every r with 0 < r < 1. Then there is a sequence {zj}, in M (L)
such that 0 < |1Z(mk)| < 1, |[v(zy)| > 6 for every k > 1 and \@(mkﬂ —1
as k — oo. We may assume that J(ajk) — «a € 9D. One may take
a sequence {gi}x in ball (4) such that g — 0 weakly in A(D) and
gk(i(azk)) — 1 as k — oo (see [14, Lemma 4.8]).

For each fixed positive integer n, since ¢,, € A there exists a constant
R,, 0 < R, < 1, such that 0 < m({|pn] = 1}) = m({|&n| > Rn}).
Hence, there is a subsequence {xy,, ;}; of {x}}, satisfying that either
|Pn(2k, ;)| = 1 for every j > 1 or [Py (2k, ;)| < Ry, for every j > 1. We
have

M, Co,, = Mo Cyll (4,1 ey > limsup [[un (g, ;00n) " —v(gh, ;0%)"| .-
j—o0

First, we assume that |@,, (2, ;)| = 1 for every j > 1. Then we have

[Mu, Copy = MuClyplia, e c)
= limsup [0(zx,, )9k, , (Y( @k, ;)| = [Un Tk, ;) gk, ; (Pn(Th, ;)]
j—o0
Since [v(zg, ;)| > 0, by (4.1) we have

lim (|M,,Cy, — M,Cyll(a ) > lim (5— sup |ﬂn(x)|) = 0.
n—oo ® ¥ ( ) n—oo IGE(APn)

This contradicts the fact that || My, Cy,, — M,Cyll(a,m,e) — 0.
Next, assume that |@, (z, ;)| < R, for every j > 1. We also have

J

1M0,C = MuColl(ar,c) 2 limsup (8= [funlloc sup g, (2)]).
j—oo [2|<Rn
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Since gk, , — 0 weakly in A(D) as j — oo, we have

HMunC n MvaH(A,HOO,e) > 0.
This contradicts the fact that || My, Cy, —M,Cy||(a, ) — 0. Hence,
X is closed in Cy,0,. (A, H*). This completes the proof. O
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