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SOME GENERATING RELATIONS FOR EXTENDED
APPELL’S AND LAURICELLA’S
HYPERGEOMETRIC FUNCTIONS

HONGMEI LIU

ABSTRACT. In this paper, by the extension of beta func-
tions containing three extra parameters, we generalize Ap-
pell’s and Lauricella’s hypergeometric functions. Some inte-
gral representations, transformation formulae, differentiation
formulae and recurrence relations are obtained for these new
generalizations.

1. Introduction. A generalization of Euler’s beta function is de-
fined by [11]

1
(e, B) — z—10q _ p\y—1 .a._ P

(1.1)  (Re(a) > 0,Re(B) > 0,Re(p) > 0,Re(x) > 0,Re(y) > 0).

When a = 3, it reduces to

Bp('ray) = B;S)D“a)(xvy)
1
= [ "t -yt P la ® 0
[etamgten{ s fat R >0,
which was firstly introduced by Chaudhry et al. [2] in 1997 and has
a connection with the Macdonald, error and Whittakers functions.

Clearly, the classical beta function B(z,y) is given by

B(z,y) := Bo(z,y) = BS* (2, y).
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In 2004, making use of B,(z,y), Chaudhry et al. [3] extended the
Gauss’ hypergeometric function as follows:

o0

B,(b+mn,c—0b)z"

n=0

where p > 0 and Re (¢) > Re (b) > 0. More recently, by appealing to

B,(,a’ﬁ )(gc, y), Ozergin et al. [11] further extended Gauss’ hypergeomet-
ric function by

> B (b+n,c—b) 2"
F(av B) . e j— p ) Z
P (a’ b’ C7 Z) Z(a)7b -B(b7 c— b) n!

n=0

It can be noticed that

Fy(a,b;c; z) = FI,S‘*”*) (a,b;¢;2) and o Fy(a,b;c; 2) = Féa”g)(a,b; ¢ 2).

In 2010, using B, (z,y), Ozarslan and Ozergin [10] generalized Ap-
pell’s hypergeometric functions of two variables, F}(a, b, ¢; d; z,y; p) and
Fy(a,b,c;d, e;x,y; p), as well as Lauricella’s hypergeometric function of
three variables, ngp(a,b, ¢, d;e;x,y, z). Appell’s and Lauricella’s hy-
pergeometric functions arise frequently in various physical and quan-
tum chemical applications (see [13, 5, 6, 8, 9, 12, 14]). Motivated
by Ozarslan and Ozergin’s work as well as the other works mentioned
above, in this paper, we will generalize Appell’s hypergeometric func-
tions and Lauricella’s hypergeometric function by the extended beta
function Bz(aa’ﬁ) (x,y).

Let us define the new extended Appell’s hypergeometric functions
F{Pa,b,c;d;w,y;p) and B0 (a,b,¢;d, e;, 35 p)
and the new extended Lauricella’s hypergeometric function

Fg;pa B) (a, b,c,d;e;x,y, Z)
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by
(1.2)
(e, ) e e B P atmind—a)
F} (a,b,c;d; x,y;p) == 2 Bla,d—a)
By L (max{lal,lyl} < 1),
F& PP a,b, c;d, e, ;)
(1.3)
B i (@B P 0+ n,d = 0)BY) (e + mye — ) am y™
’ ot B(b,d — b)B(c,e — ¢) n! m!
(Jz + [y < 1),
and
(1.4)
Fg’,f’ﬂ)(a,b, c,d;e;x,y, 2)
= B P a+mantre—a)(B)m()n(d), 2™y 2
i B(a,e —a) m! n! r!

(lz] <1, [yl <1, |2] <1),
respectively. It is obvious that

F{* % (a,b, ¢;d; z,y;p) = Fi(a, b, ¢;ds 3,3 p),

F2(Oé, a, o a’) (a7 b, C, d, e, x, y7p) = F2(a, b7 c d’ e, y,p),
Fg;)a,a) (a,b,c,d;e;x,y,2) = ng(a, b,c,d;e;x,y, 2).

The aim of this paper is to obtain some relations for
F Db cidiw,yip),  FS©7 (b, cid, s 3,y p)
and
F5o D (a,b,c,d; 52,y 2),

and the paper is organized as follows. In Section 2, we present
the integral representations for these three generalized hypergeometric
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functions. Section 3 gives some results related to Mellin transforms of
the above new hypergeometric functions and Section 4 discusses the
differentiation formulae of these new functions. Finally, in Section 5,
we present series of recurrence relations for these new Appell’s and
Lauricella’s functions.

2. Integral representations.

Theorem 2.1. For the new extended Appell’s function

FLP(a,b, ¢;d; z,y; p),

we have
21  F*7(abcdayp)

_; ! a—1 _ 4\d—a—1 — —b _ —c
- i | e e

X 1F <a;ﬂ; t(lft)) dt

Proof. By the extended beta function (1.1),

F{*P(a,b,c;d; w, y;p)

& B}ga,ﬁ)(a+m+n,d—a)(b) (© " y™
N = B(a,d — a) TR m)!
oo 1
_ atm+n—1(1 _ pyd—a—1 p N 4
> { [ (1=t (s s ) e

n,m=0

(O)n()m z"ym
B(a,d —a) n! m!’

Interchanging the order of summation and integration, we have
F{*?(a,b,¢;ds 2, y; p)

1 ! 1 d—a—1
= t*7 (1 =)
B(a,d—a)/o ( )

X 1F1<a;ﬂ;t(lft)><i W)(i W> «

n=0
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1 ! a—1 _ pyd—a-—1 — —br1 _ —c
B(a,d—a)/ot (1 — )41 — at) (1 — yt)

><1F1< 5 B 1 —t))dt

which gives the result. |

Theorem 2.2. For the new extended Appell’s function

F{ 5 a,b, i d, s, s p),
we have
(2.2)
F(aﬁa B)(abcdexyp

tb 1 d b—1 §¢— 1(1 S)efcfl
B(bd—b ce—c// 1—xt—ys)

X 1F (01; Bs t(l_—t)) 1B (0/; 8'; 3(1__3)> dtds.

Proof. Using the definition of extended beta function (1.1), we
obtain

Féa’ﬂ’al’ﬂ/)(a, b,c;d,e;x,y;p)
_ f;mmﬂl<>w+nd 0B (et me—c)anym
Lo B(b,d — b)B(c,e — ¢) n! m!
— i m+n

OBbd b) (c,e—¢)

% { / tb-i—n—l(l _ t)d—b—l 1F1 ( aﬁv ( t)) dt}
0 _
1 e e s ym
X{AS+ =9 1ﬁ( ﬁ’ug)“}mmr

Interchanging the order of summation and integration yields

a, 70/7 ’ 1
FQ( B B)(a’b7c;dﬂe;xﬂy;p): B(b d—b)B(C e—C)
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[ et g
x 1Fy (a;ﬁ; t(l_ft)> 1Fy (O/;ﬁ/;s(l_fs))
X ( i (@)msn (x;,)n (y;)!m> dtds.

n,m=0

Taking into account the summation formula

— "y o (z+y)"
SN mam Sl = S pon A
n=0m=0 N=0
we have
S (@) (ys)™ S (at+ys) .
S @m0 = S (@ T = (1t ),
n,m=0 N=0
which gives the final result. O

Similarly to Theorems 2.1 and 2.2, we can establish the inte-
gral representation for the new Lauricella’s hypergeometric function

Fg;)a’ﬁ) (a,b,c,d;e;x,y, z) as follows.

Theorem 2.3. For the function Fg;a’ﬁ)(a,b, ¢, d;e;x,y, z), we have

F52 D (a,b,c,d; 52,y 2)

_ 1 1 a=1(] _pye=a=1(1 _ 20\ =b1 _ o) =C¢(1 — »4) 4
- Fre— | a0 A -y - )
(2.3)

X 1F]_ (04; 6; t(]_—pt)> dt.

3. Mellin transforms. In this section, we will give the Mellin
transforms ofl*"l(o"ﬂ)(a,b7 c;d;x,y;p), Fz(a,,é’,a B )(

F5a D (a,b,c,d;e;2,y, 2).

a,b,c;d,e;x,y; p) and
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Recall that the Mellin transform of function f(z) is given by (see,
e.g., [4, 15]):

Aﬂf@ﬂ@%z@@%:/wx*fﬂ@da

0

and its inverse transform is

1 ico

J@) = M Moo} = 5 [ o () ds
1 J _ico
The Mellin transform is closely connected to the theory of Dirichlet

series and is often used in number theory and the theory of asymptotic
expansions. Because of its scale invariance property, the Mellin trans-
form is also widely used in computer science. Furthermore, the use of
the Mellin transform in the generating function theory is explained by
Ozergin et al. [11].

Theorem 3.1. For the function Fl(a’ﬁ) (a,b,c;d; x,y;p), the following
Mellin transform representation holds:
M{F® D (a,b,c;d,y )} (r)
_T(r)Bla—r,r)Bla+r,d—a+r)
B B(ﬁ—’l",’l")B(a,d—a)

Fi(a+rbc;d+2r;x,y).

Proof. By the definition of the Mellin transform and integral repre-
sentation (2.1), we have

M{F P (a,b, ¢; d; , y; p) Hr)
B 1
- B(a,d—a)

/ooo p?”—l(/o1 11— 1) (1 — ) (L yt)

% 1 Fy (a;ﬂ; t(l_pt)> dt) dp
B 1
B(a,d — a)

1
X /0 21— )41 — at) (1 — yt)

X
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= r— .p._ D
X (/o D 11F1(a’6’t(1—t))dp>dt'

Setting u = p/(t(1 —t)) gives
/ PR (%5; _p>dp = / "M (1 =) 1 Fy(o; 85 —u)du
0 t(1—1t) 0

=t"(1-t)" u" " P (a; B; —u)du.

S—
3

According to [7],

(e ]
/ u Tt 1F1(a; 85 —u) du
0

we obtain

I(B) (e —r)l(r)

MR o esdsaio) 1) = G g rar s

1
% / ta+r—l(1 _ t)d—a-i-r—l(l _ xt)_b(l _ yt)_c dt
0

I'(r)Bla —r,r)Bla+r,d—a+r)
= F : 2 N
B(/B—T',T')B((l,d—a) 1(G/+T,b,c,d+ r,x,y),

which is the desired result. O

Corollary 3.2. By the Mellin inverse formula, we have the following
F(avﬁ)

complex integral representation for the function F} (a,b,c;d; x,y;p):
F{*?(a,b,c;d; x,y; p)
1 i P(r)B(a —r,7)B(a+r,d—a+7)
- 2ni B(B —r,r)B(a,d —a)
x Fy(a+rb,c;d+2r;z,y)p~ " dr.

—ioco

Theorem 3.3. For the function Féa’ﬁ’a/’ﬂ/)(a,b, c;d,e;x,y;p), the
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following Mellin transform representation holds:
M{FS 57D (a,b, ey d, esa,y;p) ) (1)

o (@)n(r)aBb—n,d—b—n)B(c+r+ne—ctr+n)
-
" ;) n!(=1)"(8)nB(b,d — b)B(c,e — c)
X Fyla,b—n,c+r+n;d—2n,e+2r + 2n; z,y).

Proof. By the integral representation (2.2), we obtain
MEFS™ P (a,b,exd, s,y p) Hr)

(o)
/ /1 tb 1 d b—1 §¢— 1(178)67671
1—xt ys)“B(b d—"b)B(c,e —¢)

—1g—p/(s(1=5)) N N S
X (/0 p" 1F1(04,6, t(lt))dp> dtds.

According to [7], there exists the following integral formula for conflu-
ent function 1F7:

i 1
/ t" e F(a;b; —t)dt = ¢ "T(r) o F}y (a, r;b; —).
0 C

Then, setting v = p/(t(1 — t)) and using the above formula, we have

T e /600 b (g ——P ) q
/0 p € 1 1(a7ﬂ7t(1t)> p

_ tr(l _ t)r/ urfleft(lft)u/(s(lfs)) 1F1(04;ﬁ; _u) du
0

= s"(1—8)"T(r )QFl{a r; B; — 8:;)}

Thus,

M{ES 77 a,b i d, s,y p) H(r)

b— 1 d b—1 c+7’—1 _ e—c+r—1
— () // t (1-23s)
l—xt—ys)aB(b d—b)B(c,e —c¢)
s(1—s)
F CAR.
X o 1(a,r,ﬁ, t(l—t))dtds
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I'(r) = (@)n (1)
B(b,d —b)B(c,e —¢) 2 n(=1)"(8)n

n=0

//tbnl )dbnlc+r+n1

yererrt Tl — gt — ys) " dt ds.
By integral representation of Appell’s function F3, we obtain the

result. O

Considering that the parameters b and d are symmetric to ¢ and e

. FZ(a,ﬁya/,ﬁ’)(a’b,c; d,e;xz,y;p), we have

Theorem 3.4. For the function F;a’ﬁ’a,’ﬁl)(a,b, c;d,e;x,y;p), the
following Mellin transform representation holds:
MUED P (a,b i d, ey, y;p) Hr)

= ()p(r)nBlc—=n,e—c—n)B(b+r+n,d—b+r+n)
=T
(r) Z% n!(=1)"(8)nB(b,d — b)B(c,e — ¢)
x Fy(a,c—n,b+r+mn;e—2n,d+ 2r + 2n;x,y).

Finally, we have

Theorem 3.5. For the function Fg;)a’ﬁ)(a,b, ¢, dye;x,y, z), the fol-

lowing Mellin transform representation holds:

M{FSE P (a,b,¢,dse; 2y, 2)}(r)
_ T'(r)B(a—r,r)Bla+r,e—a+r)
B B(ﬂ_T7T)B(a76_Q)

Fg’)(a +r,bc,dye+2r;x,y, 2).

Corollary 3.6. By the Mellin inverse formula, we have the following
complez integral representation:

F* P (a,b,¢,d; e;2,y, 2)

_ 1/100 I'(r)B(a —r,r)Bla+r,e —a+r)
—ioco B(ﬂ -, T)B(a,e _ &)

X Fl()s) (a+rbye,d;e+2r;x,y,2)p~ " dr.

27



HYPERGEOMETRIC FUNCTIONS 1997

4. Differentiation formulae.

Theorem 4.1. For Fl(a’ﬁ)(a,b, c;d;x,y;p), the following differentia-
tion formula holds:

dm+n
dzmdyn
_ @nin®n(n e
(d)’m—i-n

{F{*P(a,b,c;d;w,y;p)}

(a+m+n,b+m, c+n;d+m+n;x,y;p).
Proof. Taking the derivatives of Fl(a’ ﬁ)(a, b, ¢; d; z,y; p) with respect
to x and y gives

dxd L 0, b, s i)

B(a B)(a+m+n d—a) A TUU
; Z Bla,d — a) (0)n(€)m (n—1)! (m—1)"

Then, using the formula B(b,c —b) = (¢/b)B(b+ 1,c — b), and setting
n—n+1,m—m-+1, yields

d?
dzdy

{Faﬂ(abcdxyp)}

ala+1)bc _(a, p)
—— F} 2,b+1 1;d+ 2; 3p).
d(d+1) 1 (a+ 9 + ,C+ ) + 7CU,y,P)

By induction, the result can be derived. |

Similarly to Theorem 4.1, we can establish the differentiation formu-
lae for Féa’ﬁ’a X )(a,b, ¢;d,e;x,y;p) and Fg;a’ﬁ)(a,b, e dye; .y, z).

Theorem 4.2. For Féa’ﬂ’a/’ﬂ/)(a,b,c; d,e;x,y;p), the following dif-

ferentiation formula holds:
am+n {F(a,ﬂ,a’,ﬂ’) (a)m+n(b)m(c)n

dl'mdy" 2 (aa e 767x7y7p)} ) (en

><Féa’ﬁ’a/’ﬂ/)(a+m+n,b+m,c+n;d+m,e+n;:c,y;p).
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Theorem 4.3. For Fg;a’ﬁ) (a,b,c,d;e;x,y, 2), the following differen-
tiation formula holds:

dm-i—n—i—r
dzmdyndz"

(@)msnir(D)m(C)n(d),
(€)mtntr
X Fg;’l’ ﬁ)(a—l—m—i—n—i—r, b+m,c+n,d+r;e+m+n+r;z,y, z).

{F]S‘?’,f’ﬁ)(m be,dye;x,y, z)} =

Now, let us consider the differentiation formulae of the new Appell’s
and Lauricella’s functions with respect to the parameter a. To compute
them, we need the following equation for confluent function 1 F;:

d{iFi(a+15a52)} ze*

4.1 = ——.
(4.1) da a?

Theorem 4.4. For Fl(a’ﬁ)(cyb, ¢;d;x,y;p), the following differentia-
tion formula holds:

d « «
@{Ff T (a,b, ¢ d; x,y;p)}

_pBla—1,d—a—1)

Fila—1,b,¢c;d — 2 D).
O[QB((Z,d—CL) l(a ,0,C 7:U7y7p)

Proof. By the integral representation (2.1), we have

d (e (e
@{Fl( 9 (a,b, ¢ dyx,y;p)}

d 1 ! a—1 _ 4\d—a—1 —r —br1 _ —c
{B( [ ettt e - )

~ da a,d—a

iy P
1F1 (Oé—i—l,Oé, t(l t)) dt}

1

! a—1 —a—1 _ e d
:m/ R e O

(st

which, combined with (4.1), gives

b

d (a+1, @)
—(F 5 b e d: . —
dOé{ 1 (a> , G ax,yvp)} a2B(a,d—a)
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1
X / 721 - )1 — wt) U1 — yt) e P/ gy
0

Then, by appealing to the integral representation of function Fi(a,b, ¢;
d,z,y;p), we obtain the result. O

FQ(a’ B,a’, B,)(

Similarly, the next two theorems for a,b,c;d, e;x,y;p)

and Fl()?”;)a’ﬁ)(a, b,c,d;e;x,y,z), can be established.

Theorem 4.5. For Fz(a’ﬁ’a/’ﬂ/)(a,b,c; d,e;x,y;p), the following dif-
ferentiation formulae hold:

d +1,0, 8,
PR L B

a,b,c;d, e;x,y;p)}
_pB(b—1,d—-b—1)
T a2B(b,d-b)

FQ(avb_ 17C;d_ 276;x7y;p)a

d (o7 «
- PP Betled b ed, e, yip)}
_ pB(c—1l,e—c—1)

a?B(c,e — c¢)

Fy(a,b,c — 1;d,e — 2;z,y;p).

Theorem 4.6. For FS;}Q’Q) (a,b,c,d;e;x,y, z), the following differen-
tiation formula holds:

d .
AL @b e des .y, 2))

_pBla—1l,e—a—1)
~ a?B(a,e—a)

Fgm(a —1,b,¢c,d;e — 2;x,y, 2).

5. Recurrence relations. In this section, we will establish several
recurrence relations for the new functions by using recurrences of the
confluent function 1 Fy. Firstly, let us present the recurrence formulae
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of confluent function 1F; (see [1, 7]).

)

ot
—

(5.

(a—b)1Fi(a—1;b;2) +a1Fi(a+1;b;2) + (b—2a — 2) 1 Fi(a; b;2) =0,

(5.2)

(I=0)b1Fi(a;0—1;2)+ (a—b)z1 Fi(a;b+ 1;2) + b(b+ 2 — 1)
1F1(a;6;2) =0,

(5.3)

(a+z—1)1F1(a;b;2) + (b—a)1Fi(a—1;b;2) + (1 — b)
1F1(a;b0—1;2) =0,

(5.4)

biFi(asb;z) —biFi(a—1;b;2) — 21 F1(a;b 4+ 1;2) =0,

(5-5)

(a—b+1)1Fi(a;b;2) —a1Fi(a+1;b;2) — (1 —b) 1 Fi(a;b — 1;2) =0,
(5.6)

bla+z)1Fi(a;b;2) —ab1Fi(a+ 1;b;2) — (b—a)z1Fi(a;b+ 1;2) = 0,

(5.7 (a—b+1)(b—a)1Fi(a—1;b;2)+ala+2z—1)1Fi(a+1;b; 2)
+O—-1)(b—2a—2)1Fi(a;b—1;2) =0,

(5.8) ab(b+z—1)1Fi(a+1;b;2) + (1 = b)b(a+ 2) 1 Fi(a;b—1; 2)
+(a—=b)(a—b+1)z1Fi(a;b+1;z) =0.

Now we take (5.1) as an example. Based on (5.1), we have

o —

6 ' a—=1¢1 _ p\d—a—1 —r b _ —c
Bmd—axlt (1= )1=0=1(1 — 2t)=>(1 — yt)

1R<a—h&“£fﬂ>&

(0%

! a—1 _ 4\d—a—-1 —r —br1 _ —c
+§@FjaAt (1= )11 — a) (1 — yt)

.g. P
8 — 2«

! -1 d—a—1 —b —
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11 (04;5§ t(l_f t)) dt

p ! a—2 _ 4\d—a—2 —r —br1 _ —c
+7B(a7d_a)/ot (1= 4)4=9"2(1 — 2)(1 — yt)

1 b1 (Oé;ﬂ; t(l_ft)> dt = 0.

From the integral representation of Fl(a’ﬁ)(a, b, c;d; z,y;p), the follow-
ing recurrence relation holds:

(a—B)F 1P 4 ar(*th P 1 (8 - 20)F(*P)
pBla—1,d—a—1)
B(a,d —a)

Fl(a’m(a— Lb,c;d =22, y;p) =0,

where, for the sake of making the contiguous expressions more trans-
parent, we omit the parameters (a, b, ¢;d; z,y; p).

Similarly to the above procedure, for

F{ P a0, cd e;ayip) and Fhi P (a b e dses,y, 2),

the following

(o — B)FS~1B B | (platlBels 8 4 (g oq)FleBe’ B

pBOb—1,d—b—1)
B(b,d—b)

(of — B)F® P& =1B) | ples oS 180 | (g 9q/ e el s BT

pB(c—1l,e—c—1)
B(c,e —c¢)

B0 0 1,ed - 2,62, y5p) = 0,

Fg(aﬁﬁ’alvﬁl)(a,b,c— Lid,e —2;z,y;p) =0,

and

(= BFS ™D +aFG 0 4 (6 = 20) F

Bla—l,e—a—1) (3a
£ (aB(a’:_;) )Fg’,’p76)(@—1,b,c,d;e—2;x,y,2)=0

hold.

By the same method, using formulae (5.2)—(5.8), we can present a
series of other recurrences for the three new functions. Because the
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parameters «, 3, b, d are symmetric to the parameters o', ', ¢, e in

F2(O"B’O/’B,)(a7 b,c;d, e;x,y;p), we only exhibit one relation for it.

Using (5.2), we obtain the recurrences

(1 - B)BE "™ 4 (8 — )F{*?
pla—B)Bla—Ld—a—1) (a p1)
- F -1 -d—2: .
B(a,d—a) 1 (a ’b7c’d 7xayap)
pBBla—1,d—a— I)F(a”@)
N 1
B(a,d — a)
(1= BB P10 4 g5 — 1y Ffn 0.
pla—B)B(b—1,d— b71)F(a 1ol )
B(b,d — b)
_pBB(b—1,d-b-1)
B(b,d — b)

(a—1,b,c;d — 2;2,;p) = 0,

(a,b—1,¢;d—2,e;2,y;p)

FPo ) b —1,¢5d — 2, e5 2,53 p) = 0,

and

(1= BBES P + 58— FL
pla —B)Bla—1l,e—a—1) (3 a, B+1)
B(a,e — a) Fp (a
pﬂB(afl e— afl)F(3 a, 8)
B(a,e —a)

—17b,C,d;€—2;$,y72)

(a—1,b,c,dje—2;x,y,2) = 0.

From (5.3), we have the recurrences

(= DF™D 4 (B —a) "7 4 (1= gy Y
pBla—1,d—a—1) (a,
_ Flef)

(a—1,b,c;d — 2;2,y;p) =0,

B(a,d — a)
(Oé_]‘)FQ(a,ﬂ,a76 “F(,B— ) (Oc 1,8« 76)+(1_IB)F2(OL,B—1,a7ﬁ)
Bb—1,d—b—
P (B(b,d_b) )Fz(a,ﬁ,a,5)(a,b—1,0;d*2,€;$ay§p):O,

and

(a — ]_)FS%;)OL,,B) + (ﬂ o Q)F[(i;)a_l’ﬁ) + (1 . ﬁ)FL()lS’;pa,B—l)
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_pBla—1l,e—a—1)
B(a,e — a)

Fg;a’ﬁ)(a— 1,b,¢,d;e —2;2,y,2) = 0.

By (5.4), the following recurrences can be established:
pBla—1,d—a—1)
B(a,d — a)
Fl(a’ﬁ+1)(a —1,b,¢;d —2;2,y;p) =0,
BEL B ) _ gpla=tifial )

6F1(047/3) _ 5F1((1—1»/3) +

PBO—1d=b—1) (ap41.0.5)
B(b,d —b) 2

(a,0—=1,¢;d = 2,¢e;2,y;p) =0,

and

B — grge
pBla—1,e—a—1)
B(a,e — a)

Fl()g;pa76+1)(a - 1, b, c, d; € — Q;xaya Z) =0.

From (5.5), the following hold:
(@ =B+ 1> —aF*tP (1 - gD =,
(Oé*ﬂ + 1)F2((X7B7(X/7B/) 7O[F2((X+17/3:(X,7B/) *(I*B)FQ((%ﬁ_La/’ﬁ/) -0

)

and
(a— B+ )FSSP —aFyieth P (1 - gFSE*f~D = .

Based on (5.6), we can establish
pBB(a—1,d—a—1)
B(a,d — a)
F{*%(a—1,b,¢;d — 22,3 p)
p(B—a)Bla—1,d—a—1) (o g+1)
Pl —1,be;d— 22,y p) =
J’» B(a’d—a) 1 (a ) ’C’ 7x’y’p) 0’
OZﬁFQ(a”H’a/”B/) _ a6F2(0+17570/7B,)
_pBBMb—-1,d—b— 1)F(a,ﬂ,a’,ﬁ/)(
B(b,d — ) 2

OéﬁFl(a’B) _ OéBFl(aJrl"B) _

a,b—l,c;d—2,e;x,y;p)
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p(A—c)Bl—1,d—b—1)
B(b,d —b)
B ) g

_|_

—1,¢d—2,¢e;2,y;p) =0,

and

(35, B) (3;a+1,8) pBBa—1l,e—a—1)
afFy —afFp), - B(a,e — a)

p(f—a)Bla—1l,e—a—1)
B(a,e —a)

« Fg;}ga,ﬂ)(a_ Lbc,dse —2;2,y,2) +
y Fj(jgz;a,ﬁﬂ)(a_ 1,b,¢c,d;e — 2;2,y,2) = 0.

From (5.7), we have

(a =B+ 1B - a)F" "7 taa~ D" 4 (5 1)(5 —20)
plass=1) _ paBla—1,d—a—1)
! B(a,d —a)
p(B—1)Bla—1,d—a—1)
B(a,d — a)

(a—B+1)(8—a)F 128 | g(a—1)
x Bt 208 (g 1)(8 — 20) ™)
paB(b—1,d—b—1) (at1,8,a', 8
_ F2( +1,8 5)(

FOrYD(q 1.6 c;d — 2,2,y p)

N Fl(a,ﬂfl)(a— Lb,c;d =252, y;p) =0,

a,b—1,¢;d —2,¢e;2,y;p)

B(b,d—b)
p(B—1)Bb—1,d—b—1)
B(b,d— )

x P81 B0 b~ 1 erd — 2,652, y3p) = 0,

and
(a—=B+1)(B~ a)Fg;a_l’m +aa — l)F](DE:;)O‘H’ﬁ)

+ (8- 1)(B-2a)Ff Y
_paBla—1le—a—1) FGiatl,f)
B(a,e —a) D.p
p(B—1)Bla—1l,e—a—1)
B(a,e —a)

(a—1,b,c,dje —2;1,y,2)




HYPERGEOMETRIC FUNCTIONS 2005

X Fg;a’ﬁfl)(a— 1L,bye,dye —2;3,y,2) = 0.

By appealing to (5.8), the next three recurrence relations can be
derived:
aB(B—DFTP 4 ap( - )F* Y

Bla—1,d—a—1
_pafBloLA— 6 Z 1) pei9) (b cid— 2:,y:p)

B(a,d — a)
p(1—B)BBla—1,d—a—1) (ap-1) . N
(ad—a) F ( fl,b,c,de,x,y,p)
pla=B)a=B+1)Bla—1,d—a—1)
B(a,d — a)

F(a,BJrl)( —1,b,c;d — 2w, y;p) =0,
N L B
Bb—-1,d—b—-1) (a o
pOZﬁ ( )F( +1, 8, ﬁ)(a,b—l,c;d—2,e;fc,y;p)

B(b,d —b)
p(1—B)BB(b—1,d—b—1)
B B(b,d —b)

x {08 (0 b 1 e d — 2, 5.2, 3 p)

_pla=B)a—=B+1)Bb—1,d—b—1)
B(b,d — b)

x By 0 — 1, e5d — 2,65, 530) = 0,

and

08B~ DESTD 4 ap(1 - g F Y
B(a—1, -1
_ pap (a e—a )F(3 a+l, ,6)( —1,b,¢,d;e — 2;x,y,2)

B(a,e —a)
— Bla — _ N
(]- ﬁ)BB(ELae _].aj a 1)F(3 , B— 1)( _ ].,b, c, d,e o 2’x’y72)
pla=B)e—B+1)Bla-1le—a—-1)
B(a,e — a)

X Fégjpa76+1)(a' - 17ba ¢, d;e - 2;957?/,2’) =0.
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