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INVARIANT IDEALS FOR UNIFORM
JOINT LOCALLY QUASINILPOTENT OPERATORS

A. FERNANDEZ VALLES

ABSTRACT. In this article we will see sufficient conditions
for which an N-tuple of operators (not necessarily commuting)
have a common nontrivial invariant closed ideal. The results
of this work extend some results of Abramovich-Aliprantis-
Burkinsaw, see [1, 3] to the case of several variables. The
concepts of joint local quasinilpotence and joint compact-
friendly will be basics.

1. Introduction. Let S, B : E — E be two operators on a Banach
lattice E, with B positive. We say that the operator S is dominated
by the operator B provided

1S(z)| < B(lz)

forallz € F.

We say that S is compact-friendly if there exists a positive operator R
in the commutant of .S such that it is dominated by a nonzero operator
which, in turn, is dominated by a positive compact operator.

That is, S is compact-friendly if and only if there exist three nonzero
operators R, K, A : E — FE, with R, K positive and K compact such
that

RS = SR; |A(z)| < R(|z|) and |A(z)| < K(||)

for each z € E.

On the other hand, let S be a positive linear operator defined on a
Banach lattice E. We say that S is local quasinilpotent at © € X if

lim ||S™z||/" = 0.
n—ro0
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The notions of compact-friendly and local quasinilpotence were intro-
duced by Abramovich-Aliprantis-Burkinsaw in [3] to obtain nontrivial
invariant subspaces for positive operators.

The study of these properties gave rise to significant and important
results about the invariant subspace problem for positive operators, see
[2, 3, 4]. These studies have been continued later in [6]. Our interest in
this article is to extend these notions to the case of several variables and
to obtain invariant subspaces for N tuples of operators. Contributions
to the invariant subspace problem for N-tuples of operators can be
found in [6, 7, 8, 9], see [10] for a recent survey.

During this article we will denote T' = (T4,...,Tn) an N-tuple of
not-necessary commuting operators. In Section 2 we will remember
the notion of an N tuple joint local quasinilpotence introduced in [6]
and several of its properties. We will introduce the notion of joint
compact-friendly, and we will study some of its properties.

Section 3 is dedicated to extend some results of [1, 3] for N tuples of
operators. Finally, the article ends with a section of concluding remarks
and open problems.

2. Joint compact-friendly. Let T = (Ty,...,Tn) be an N—tuple
of positive operators defined on a Banach lattice E. Let us denote by
T™ the collection of all possible products of n elements in 7.

Let us recall the following notion introduced in [6].

Definition 2.1. We will say that T' = (T3,...,Ty) is uniform joint
locally quasinilpotent at zg € E if

lim max ||Szo|/*/™ = 0.
n—oo SeTn

The above notion allows us to obtain local quasinilpotence for oper-
ators p(T;,,- -+ ,T;, ), for some polynomials p.

Proposition 2.2. Let T = (T3,...,Tn) be an N-tuple of continuous
linear operators on a Banach lattice E (not necessarily commuting),
and let us suppose that T is uniform joint locally quasinilpotent at
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zg € X \ {0}. Then, for all polynomials p of m wvariables, such that
p(0,---,0) =0, we have

lim ||p(TZ17 '7T )nl‘OHl/n = 07

im
n—oo
where i; € {1,...,N}; j € {1,...,m}, that is, the operator p(T;,,...,

T;. ) is locally quasinilpotent at xg.

Proof. Let us suppose that k& € N is the number of summands of
the polynomial p, and let us denote by ¢ € R, the maximum of
the modulus of the coefficients of p. Let r be the degree of p and
M = max{||Ty|, | 2|, .-, 1T~ |}

Since p has k summands, then the expression p(T;,,...,T;, )" (zo)
has k™ summands like this one

aTilTi "'TiSCE() ij S {1, ,N}
where a is a coefficient of p and n < iy, < r™. If we apply the

triangular inequality in the expression ||p(T},,...,T;,, )" (xo)||, then
each summand is less than or equal to

eM™ T, T x| < eMTT T max [|Szoll;

therefore,

Ip(Ti, .. T3,)" (o) | < k™M™~ max || Sl
Sern
Hence,

lim ||p(Z3,, ..., T

im
n—o0

1/n
n 1/n . nasr”—n
(o) [ < lim (ck" M7 " mas |5z

= kM™! lim max ||Szo||Y/™ =0

n—oo ST

which yields the desired result. a

For complementary results and properties, see [6].
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Definition 2.3. Let T' = (T1,...,Tn) be an N-tuple of positive
operators defined on a Banach lattice £. Then we say that it is
joint compact-friendly if and only if there exist three nonzero operators
R,K,A: E — E, with R, K positive and K compact such that

RT; = TjR; [A(z)| < R(|z]) and [A(z)] < K(]z])

for each z € F and each j € {1,...,N}.

Following, we will see that two compact-friendly operators are not
necessarily joint compact-friendly. Let ® be a function defined on a
compact Hausdorff space 2. Then we define the multiplication operator
Mg : C(Q2) — C(Q) via the formula Mg(f) = ®f. The following
construction (whose proof we can find in [1, page 433]) will be necessary.

Theorem 2.4. Let Mg be a positive multiplication operator on a
C(Q2)-space, where Q is a compact Hausdorff space. Mg is compact
friendly if and only if the multiplier ® has a flat, i.e., there exists a
nonempty open subset V- C ) such that ® is constant on V.

Example 2.5. Let us consider the following functions:

1/2 if0<z<1/2
@1(23 =

x if1/2<z<1

x  if0<z<1/2
Pa(z) = .

1/2 if1/2<z<1.

Since ®; and @, have a flat, then by Theorem 2.4, Mg, and Mg, are
compact-friendly.

Now, if (Mg,, Mg,) were joint compact-friendly, then Mg, + Mg,
would be compact-friendly too. Indeed, since (Mg,, Ms,) is joint

compact-friendly, there exist three nonzero operators R, K, A : C([0, 1])
— C([0,1]), with R, K positive and K compact such that

RMo; = Me; R;  [A(z)| < R(|z]) and [A(z)] < K(|z])

for each x € C([0,1]) and each j € {1,2}. Since R(Mg, + Ms,)
= (Mg, + Mg,)R, we deduce that Mg, + Mg, is compact-friendly.
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Now, Mg, + Mg, = Mg, +s,, and ®; + P, does not have a flat; hence,
it cannot be compact-friendly, a contradiction. u]

In fact, for N-tuples M = (Mg,,...,Ms,), we have a similar
characterization to Theorem 2.4. To see this, it will be necessary to
show the following lemma, whose proof we can find in [1, page 432].

Lemma 2.6. Let {e,} be a norm bounded sequence in a Banach
lattice E, and let S : E — FE be a bounded operator that is dominated
by a compact operator. If E has an order continuous norm and the
sequence Sey, is disjoint, then ||Sey| — 0.

The proof of the following theorem is an adaptation of the main result
in [5].

Theorem 2.7. Let M = (Ms,,...,Ms, ) be an N-tuple of positive
multiplication operators on a C()-space where Q is a compact Haus-
dorff space. Then M 1is joint compact-friendly if and only if there exists
a nonempty open subset V' C § such that ®; is constant on V for each

jed{l,...,N}.

Proof. In one direction, let us assume that there exists a nonempty
open subset V' C Q such that ®;(w) = ¢; for each w € V and each
j€{l,...,N}. Take a nonzero function ¢ € C'(2) such that ¢¥(w) =0
for each w € 2\ V, and fix some wy € V. Now, let us define the
rank-one operator K : C'(Q2) — C(Q2) via the formula Kz = z(wg)y.

We claim that K and Mg; commute for each j € {1,..., N}. Indeed,
for x € C(02), we have

(K Mg, z)(w) = K(®;z)(w) = ®;(wo)x(wo)t(w) = c;a(wo)(w).

On the other hand, since ¥(z) =0 for all z ¢ V and ®; =¢; on V, we
also have

(Mg; Kz)(w) = (Mg, z(wo)¢)(w) = x(wo)y(w)®;(w) = ¢jz(wo)i(w).

Therefore, K Mg, = Mg, K for each j € {1,..., N}, and K is positive.
Hence, M = (Msg,, ..., Mg, ) is joint compact-friendly.
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For the reverse implication, let us assume that M = (Ms,,..., Ms,)
is joint compact-friendly. Then there exist three nonzero operators
R,K,A:C(Q) — C(Q) with R, K positive, K compact Mg, R = RMs,
for each j € {1,..., N} such that, for each z € C'(£2), we have

|Az| < R|z| and |Az| < Klz|.
Taking adjoints, we obtain that ng R* = R*M&;J_, and that
|A*z*| < R*|z*| and |A"z"| < K*|z"|

for each z* € C'(2)*. Now we have the following three properties:

(a) For each w € Q, let us consider the -measure §,, concentrated at
the point w. Then, it immediately follows from the identity

M R*6, = R*Mj 6, = ®;(w)R*6,,

that the support of the measure R*d,, is contained in the sets W7 =
@;1(<I>j(w)) for each j € {1,..., N}, and therefore in W,, = NjL, WJ.

(b) Since A* is dominated by R*, it immediately follows from (a) that
for each w € Q the signed measure A*d,, is also supported by W,,.

(c) Fix any function h € C(2) such that ||h|| = 1 and Ah # 0. Next,
choose a nonempty open set U on which |Ah(w)| > € for some € > 0.
Then, for each w € U, we have ||A*d,|| > €. To see this, note that

(1) [ A% || = [(A%6w, h)| = [(b, AR)| = |AR(w)] = €.

From the definition of the sets W,,, we see that Uy,cqW,, = Q. To
complete the proof, let us assume by way of contradiction that, for each
w € (Q, the set W, has an empty interior. Then, the nonempty open
set U chosen in (¢) must meet infinitely many sets W,,. Pick a sequence
{w,} in U satisfying ®(w,) # ®(wy,) for m # n, and let us consider
en = |A*dy, | for each n. Then |le,|| > e. Furthermore, since each
e, is supported by the set W, and the sequence {W,, } is pairwise
disjoint, the sequence {e,} in C(2)* is also disjoint. Therefore, since
the norm in C(Q)* is order-continuous, it follows from Lemma 2.6 that
llen]] = 0. However, the last conclusion contradicts (1), and the proof
of the theorem is complete. a
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3. Main results. Let us see the main results of this paper.

Theorem 3.1. Let (Ty,...,Tn) be an N-tuple of positive linear
operators (not necessarily commuting) defined on a Banach lattice E.
Assume that there exist positive operators S : E — E such that

(1) ST; <T;8S forall j € {1,...,N},
(2) S is quasinilpotent at some xo > 0, and
(3) S dominates a nonzero compact operator.

Then, the operators {T4,...,Tn} have a common nontrivial closed
tnvariant ideal.

Proof. Let K be the nonzero compact operator where S dominates
K, ie., |[Kz| < S(|z|) for each € E, and let us assume without loss
of generality that |[K|| = 1 and ||T} + --- + Tn|| < 1. Let us denote
B =T, +---+Tx. Then the following operator is defined on FE

n=0

In view of the first condition on S, the inequalities SB* < B*S and
S Ak < A*S hold for each k € N.

For every x > 0, let us denote by J[z] the principal ideal generated
by Az. That is,

Jz] ={y € E : |y| < Mz for some A > 0}.

Since x € J[z|, then J[z] # {0}. Furthermore, J[z| is Tj-invariant for
each j € {1,...,N}. In fact, let y € J[z] and A > 0 be such that
lyl| < AAz. Then

ITyul < Tylyl < B(lyl) < AB(Az) = A3 (B"2) < A,
n=1
whence Ty € J[z] for each j € {1,...,N}. So, J[z] is a nonzero closed
Tj-invariant ideal.
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The proof will be finished if we show that J[z| # E for some z > 0.
Let us assume by contradiction

(2) Jlz] = E for each z > 0.

Without loss of generality, we can assume Kxzy # 0. Indeed,
if it were K(y) = 0 for each 0 < y € J[zg], then K = 0 on
J[zo], and, consequently, by (2), K would be zero, contrary to the
assumptions. Hence, K(yo) # 0 for some 0 < yo € J[zg]. Moreover, S
is quasinilpotent at yo. In fact,

15™ (yo) I/ < [1S™ (AA(zo))IM/™ < XY™ A |S™ (o) I — 0.

Therefore, replacing (if necessary) yo by o, we obtain that there exists
an element zp > 0 at which S is quasinilpotent and K (zo) # 0. Also,
replacing z¢ by az( for an appropriate scalar a > 1, we can suppose
that ||zo|| > 1 and ||Kzq|| > 1. Now, let U = {z € E : ||zg — 2|| < 1}
be the closed unit ball centered at xo. By our choice of xg, we have

(3) 0¢U and 0¢ K(U).

By (2), we know J[z] = E for each = # 0. Now we claim that for
each element y > 0 the sequence {y A nA[|z|]} is norm convergent and
lim,, oo yAnA[|z|] = y. Indeed, if we consider y > 0 and fix e > 0, since
J(zx) is dense in F, there exists some z € J[z] such that ||z —y|| <e.
From the lattice inequality |zT Ay — y| < |z — y|, we see (by replacing
z by 2zt Ay) that we can assume 0 < 2z < y. Now, fix some k such that
0 <z < EkA(|z|) and so z < y AkA(|z|). Hence, if n > k, then from the
inequality 0 <y — y AnA(|z]|) <y — y A kA(|z]) < y — 2z, we see that
lly —y AnA(|z])|| < e. Therefore, ||y —y AnA(|z|)|| — 0. In particular,
for each x # 0 there exists some n such that ||zg — zg A nA[|z]]|| < 1.
Since the function z — o A nAJ|z|] is continuous, we see that the set
{z:||mo — o A nA[|2]|]|| < 1} is open for each n. In view of 0 ¢ K (U),
the above argument guarantees that

K(@U) c |J{z€E:llmo — 20 AnA[lz])]| < 1}.

Now the sequence of sets {z : ||zg — 2o A nA[|z]]|| < 1} is increasing
with respect to the inclusion, and the compactness of K (U) implies

K(U) c{zeE:|zy—xoAmAz]]|]| <1}
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for some m. In other words, there exists some fixed m such that if
z € K(U) then zg A mA[|z|] € U.

In particular, we have x; = xg A mA[|Kxo|] € U. Since K(z;)
belongs to K (U), it follows that x2 = g AmA[|Kxz1|] € U. Proceeding
inductively, we obtain a sequence {z,} of positive vectors in U defined
by @n41 = zo A mA[|Kzy|]. Now, we claim that

0 <z, <MrA"S™(z0)

holds for each n. The proof is by induction. For n = 1, we have the
inequality z; = xop A mA[|Kxy|] < mA[Szy]. For the induction step,
let us recall that SA™ < A™S and that, if 0 < z,, < m™A™S™(z) holds
for some n, then

0 < xpy1 =z AmA[|K(2,)|] < mA[| Kz,
< mA[Sz,] < m"TA[SA™S™ (z0)] < m"HLAMTESMH ().

Thus, we have ||z,|| < m™||A||"||S"zo||, and so

lzal /™ < ml|AJl]|S" o™

1/n |1/n

for each n. Since lim, || S™zo||*/™ =0, it follows that lim,, o || 75|
= 0, and consequently lim,_, ||z,|| = 0. However, since {z,} C U,
this implies that 0 € U = U, contrary to (3), and the proof of the
theorem is finished. ]

Remark 3.2. We do not know presently if we can obtain an analogue of
the previous result replacing the inequality S7; < T;S by the reverse
inequality ST; > 7;S. However, if we assume in addition that the
operator § is quasinilpotent, i.e., lim [|S™||'/® = 0, then we can obtain
an analogue result to Theorem 3.1, whose proof is also similar.

Theorem 3.3. Let (T1,...,Tn) be an N-tuple of positive linear
operators (not necessarily commuting) defined on a Banach lattice E.
Assume that there exists a positive operator S : E — E such that

(1) ST; > 1S for all j € {1,...,N},
(2) S is quasinilpotent, and
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(3) S dominates a nonzero compact operator K.

Then, the operators (T4,...,Tn) have a common nontrivial closed
tvariant tdeal.

Sketch of the proof. The operators B and A are constructed as in
Theorem 3.1. This time, using the reverse inequalities ST; > 1;S for
all j, we obtain that SA* > A¥S for all £ € N. The sequence z, is
constructed as in Theorem 3.1, and the proof finishes if we can show
that lim,,_, o ||Zn]| = 0. This time, we claim that

0 <z, <m"S"A"(z).

The proof follows by induction. If n = 1, then z; = xo A mA[|Kxzo|] <
mA[Sxz], and since SA < AS, then ©1 = g AmA[|Kxzo|] < mA[Szo] <
mS[Axo]. Now, if 0 < z, < m"™S"A"(xg) follows for some n, then
0 < zpt1 = zo AMmA[|K(2,)]] < mA[|Kzy,|]

< mA[Sz,] < m"TLA[SS™ A" (2)]

S mn+15n+1An+1(x0)‘
Therefore, 0 < z,, < m"S™A"(zy), and

a7 < aml 5™ A |zoll "

for each n. However, by hypothesis, lim, , ||S™||*/" = 0; conse-

quently, lim ||z, || = 0, which yields the desired result. o

To prove the next result, we need to introduce the concept of the null
ideal.

Let T : E — E be a positive operator defined on a Banach lattice E.
Its null ideal is defined via the formula

Ny ={z € E:T(z|) =0}.

We need the following the following Lemma, too.

Lemma 3.4. Let J be an ideal in a Banach lattice E. If J is
tnvariant under some positive operator B : E — E, then J is also
invariant under every operator S which is dominated by B.
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Proof. If z € J, then since J is solid, (that is, if y € J and = € E,
|z| < |y| then = € J) |z| € J. Therefore, Blz| € J.

On the other hand, J solid and |Sz| < Blz| implies that Sz € J.
Hence, J is S-invariant. a

Now we will extend the following theorem, whose proof can be found
in [2, page 45].

Theorem 3.5. Let B,S : E — E be two commuting nonzero positive
operators on a Banach lattice E. If one of them is quasinilpotent at
a nonzero positive vector and the other dominates a nonzero compact
operator, then B and S have a common nontrivial closed invariant
1deal.

Theorem 3.6. Let {Ty,...,Tn} be N positive operators on a Banach
lattice E, and let us suppose that there exists an S > 0 such that

(1) T;S = STj for each j € {1,...,N},

(2) (T1,...,TN) is uniform joint local quasinilpotent at zo > 0, and
(3) |K ()| < S(|z]) for each x # 0.
Then {S,Ty,...,Tn} has a common nontrivial closed invariant ideal.

Proof. If T}, is not strictly positive for some jo € {1,...,N}, then
the null ideal N, .47, is the desired nontrivial closed invariant
subspace. So, we suppose that T} is strictly positive for each j €
{1,...,N}. Without loss of generality, we can also assume that
Ty +To+--+Tn+ S| <Ll Pt A=>2 (Tv+--+Tn+9)"
and let J denote the ideal generated by Axy; i.e.,

J ={y € E: there exists A > 0 such that |y| < AAzo}.

Clearly, J is a nonzero ideal that is invariant under 77 +---+7Tn + S.
Since 0 < T4,...,0 < Ty, 0 < S, we have that Ty + ---+ Ty + S
dominates S and T for each j € {1,...,N}. Let us consider = € J.
Then |z| < AAzg for some A; hence, by Lemma 3.4, J is invariant under
Ti,..., T, S.

If J # E, then J is a common nontrivial closed invariant ideal for
Ti,...,Tn,S. So, let us consider the case J = FE. In this case,
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since K # 0, there exists some 0 < yo € J such that K(yo) # 0.
Since (T4,...,Tw) is a uniform joint local quasinilpotent at z, and
0 < yo < kAz, for some k, it is easy to verify that (T%,...,7w)
is also a uniform joint local quasinilpotent at yp, and, therefore,
T = T; + --- + Ty is quasinilpotent at yo (see Proposition 2.2), T
commutes with S and S dominates a compact nonzero operator. Then,
by Theorem 3.5, S, T have a common nontrivial closed invariant ideal,
and this ideal is invariant under {S,T3,...,Tn}. O

To make the work more legible to the reader, we will remember some
basic notions and principal results of [1].

Definition 3.7. Let T : E — E be a positive operator defined on a
Banach lattice E. The super right-commutant [T') is the collection of
all positive operators S : E — E such that ST — T'S > 0. That is,

I)={SeL(E);:ST—-TS >0}
The proof of the following theorem can be found in [1, page 426].

Theorem 3.8. If a nonzero compact-friendly operator B : E — E
on a Banach lattice is quasinilpotent at some xg > 0, then B has a
nontrivial closed invariant ideal. Moreover, for each sequence {T,} in
[B), there exists a nontrivial closed ideal which is invariant under B
and under each T,,.

Theorem 3.9. Let (T4,...,Ty) be an N-tuple of nonzero positive
operators on a Banach lattice E. If the N-tuple is joint compact-
friendly and uniform joint local quasinilpotent at some xog > 0, then

there exists a common nontrivial closed invariant ideal for (11, ...,TN).
Moreover, for each sequence {S,} in N)_,[T}) there exists a nontrivial
closed ideal which is invariant under Ty,...,Tx and each S, .

Proof. Let (T1,...,Tn) be an N-tuple satisfying the hypothesis of the
theorem. Let us consider the operator S =17 + - -+ T). Clearly, S is
compact-friendly and locally quasinilpotent at zo. If {S,} C NIL,[T;),
then {S,} C [S). Then, by Theorem 3.8, there exists a nontrivial
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closed invariant ideal under S and S,, for each n € N, and as in the
proof of Theorem 3.7, we can see that this ideal is invariant under
(Sn,Tl,...,TN). O

For Dedekind complete Banach lattices, Theorem 3.8 was improved
by proving that there always exists a nontrivial closed [B)—invariant
ideal, as the following result shows, whose proof can be found in [1,
page 428].

Theorem 3.10. If a nonzero compact-friendly operator B : E — E
on a Dedekind complete Banach lattice is quasinilpotent at some xog > 0,
then there exists a nontrivial closed ideal invariant under [B).

Now we see an extension of this result to N-tuples of operators.

Theorem 3.11. Let (T1,...,TN) be an N-tuple of nonzero operators
on a Dedekind complete Banach lattice E. If (T,...,Ty) is joint
compact-friendly and (Ty,...,Tn) is uniform joint local quasinilpotent
at some xg > 0, then there exists a nontrivial closed ideal that is
wmvariant under each operator B € ﬂ;vzl[Tﬁ

Proof. Let us consider the operator S = T} + --- + Ty. Clearly
S is compact-friendly and quasinilpotent at xq > 0. Therefore, by
Theorem 3.10, there exists a nontrivial closed [S)-invariant ideal. Since

NI [T;) C [S), this ideal is B-invariant for each B € N, [T). O

4. Concluding remarks and open problems. We have intro-
duced the concept of joint compact friendly to extend some results
about invariant subspaces to the case of several variables. It would
be interesting to investigate if these results are true if the N-tuple
{T1,...,Tn} is compact-friendly and T = (T3,...,Tn) is not joint
compact-friendly.

On the other hand, in [6] the notion of joint local quasinilpotence was
introduced. An N-tuple T' = (T1,...,Tn) is said to be joint locally
quasinilpotent at zy € X if
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lim ||T;,T5, - - - Ty, @0l /™ = 0,

n— oo
for all {i1,...,i,} C {1,... ,N}.

It would be interesting to investigate whether the above results are
true if we suppose that T' = (71, ... ,Tn) is joint locally quasinilpotent
instead of uniform joint locally quasinilpotent.
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