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SOME APPLICATIONS OF
GASPER’S BIBASIC SUMMATION FORMULA

YUSEN ZHANG AND TIANMING WANG

ABSTRACT. A new bibasic summation formula for hyper-
geometric series is found by a special inversion formula and
it is applied to derive a class of transformation formulas and
summation formulas for basic hypergeometric series only by
elementary methods. The ordinary hypergeometric limits of
these formulas are also obtained.

1. Introduction. All the notation and terminology is adopted from
[9]. The (generalized) hypergeometric series is defined by

A1y... ,Qp [e's) (a) (a)

F, 2| = A \Br)n on

r+14r 3 ,
bi,... b, nZ:()n!(bl)n”'(bs)n

where the rising factorial (a),, is given by
(a)ni=ala+1)(a+2)---(a+n—1), n>1, (a):=1.

The gamma function can be used to extend to rising factorials by
defining (a)g = limy_,, I'(y + 8)/T'(7), B arbitrary. A hypergeometric
series ,41F, is called very well-poised if a; + b; = 1 4 a¢ for i =
1,2,...,r, and among the parameters a; occurs 1 + ap/2. We use
the standard abbreviation for very well-poised hypergeometric series,
r+lv;"(a0; a2, a3, ... ,0r; Z)

a0,1+a0/2,a2,a3,... ) Qr
::r-l—lFr X
ap/2,14+ag —as,1+ag —as,...,1+ag— a,
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We shall also use the compact Gasper-Rahman notation

(a1,a2,...,0r)n = (a1)n(a2)n - (ar)n,

Given a (fixed) complex number ¢ with |g| < 1, the basic hypergeomet-
ric series is defined by

_ = al q (ar;Q)n n_ (%)\s—r+1_n
_z:: o (br; ) (o Y By,

where, as before, the rising g-factorial (a;q),, is given by

(a;@)n:=(1—a)(1—aq)---(L—ag"™"), n>1, (a;q):=1.

The infinite g-factorial (a;¢)es = [[reo(1 — ag" ') can be used to
extend (finite) g-factorials by defining (a;q)s := (a;¢)o0/(aq%;q) oo, B
arbitrary. A basic hypergeometric series ,11¢, is called very well poised
if a;b; = qag for i = 1,2,...,r, and among the parameters a; occur
both ¢,/ag and —g¢,/ag. We use the standard abbreviation for very
well-poised basic hypergeometric series,

’I‘Jer’l“(a/O; a3,q4,... ,0r;4, Z)

a0, 4/ @0, —q4+/Q0, A3, A4, ... , Ar
=r41 ¢77« 145 %

V@0, —4/Q0, an/a'37 an/a47 v 7qa0/ar

We use short notations in the basic hypergeometric context which are
analogous to the hypergeometric ones.

All identities in our paper are subject to suitable conditions on the
parameters such that the involved hypergeometric or basic hypergeo-
metric series converge. We shall not state these conditions for each
identity. The reader should consult [9]. And we use some elementary
identities in [9] to prove the identities in our paper.

Our new bibasic summation formulas are stated in equations (3.4)
and (3.5) below.
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2. Inverse series relation. In this section, we provide some
background information for this paper. Gasper [7] showed that some
bibasic summation formulas derived by Carlitz [3], Al-Salam and Verma
[1], and William Gosper could be extended to the indefinite bibasic
summation formula

(2.1) z": (1—ap®d")(1 —bp*q™*)  (a,b;p)k(c,a/bc; ) 4
= (1—a)(1-0) (¢, aq/b; q)x(ap/c, bep; p)k
_(ap, bp; p)n(cq, aq/bc; )n
(¢,aq/b;q)n(ap/c, bep; p)n’
where p and ¢ are independent bases and a, b, ¢, are arbitrary parame-

ters. And he also derived some summation formulas containing at least
two parameters.

n=20,1,2,...,

When ¢ =q¢ ",n=0,1,..., formula (2.1) reduces to

- (1 — apkg®)(1 — bp*qF)
2.2
(2:2) k:Z:O (1-a)(1-0)
(a,b;p)k(g™ " ag”™ /b; @)
(g,aq/b; q)r(apg™, bpg=;p)
By replacing n, a,b and k by n —m, ap™q™,bp~™¢™ and j—m in (2.1),
we find that

(23) Z anjbjm = (5n,m7
j=m

= 5n,0-

with
(=1)"7(1 = ag’p?)(1 — bg~7p?) (apq”, bpq‘";p) _

a = )
" (g5 9)n—j(apg™, bpg=";p); (bg*~2" /a; q)n—
b — (ap™q™, bg~™p™; D) m < B gq1+2m>qu2(J~2m)
! (¢, aq* 2™ /b5 q)j—m b
where n =0,1,... and 6, ., is the Kronecker delta function.

By using (2.3), it is easy to prove that the system of equations

Z( DR - aqkpk)(l ba_ *p*)(apg™,bpg "ip)n— LG (k)

(4:9) n—r (apg™,bpg=";p) 1 (bg* 2" /a;q) n—k

(2.4)
n=20,1,2,...,
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is equivalent to the system of equations

n) = - (a'qkpkabqikpk;p)nfk —a n—k (n27k2)
(2.5) G(n) = kZ:O (2,30 2% /by Q) (—a/b)" "q F(k)
n=20,1,2,....

! (=1)"(g; 9)

_ EVNG D

_ (4 @)nlag™/b;q)n .

9ln) = (aq”/b)”(apq”,bpq*”;p)n_lF( )

then

- n] (apg®,bpg *;p)p—1(1 — ag®* /b
- g st
o(n) = i(il)k m (1 — ag"p*)(1 — bg *p*)g\">") (ag" /b; g)s fk),

(apq™, bpg="; p)k

m __ (@Dn

kly  (@60)k(aa)n-k

Now we get a pair of inverse series relations including two independent
bases:

(2.6) f(n) =2 (1) 9(k),

[n] (1— Ag**/B)(Apg*, Bpg=*;p)p_1
k=0 q

k (A¢*/B; q)n+1

n n . . - "/ B:q)k (";k)
o(n) :Z(_l)k[ ] (1 - Ap*¢*)(1 — Bp*q~*)(Aq"/B; 9)xq £k):

(Apg™, Bpg=";p)k

here it is assumed that f(0) = 1.

For the general inverse relations in one dimension, their applications
to combinatorial identities and hypergeometric evaluations may be
found in [2, 4-6, 10, 11, 16, 24].
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The multivariable case involving U(n+1) multiple basic (and bibasic)
hypergeometric series first arose in [2, 14, 15, 17] and then continued,
for other root systems, with the works in [12, 13, 18, 20-23|.

In Section 3, 4 and 5, we shall give several applications of the special
inverse relation (2.6), (2.7).

3. A bibasic summation formula. In [8], Gasper and Rahman
showed that (2.1) could be extended to

(3.1)

) (1 — adp*q*)(1 - bp*/dg*)  (a,b;p)k(c, ad?/bc; q)x 5
= (—ad)(l-0b/d)  (dg,adq/b;q)k(adp/c,bep/d;p)k
_ (1 —a)(1=0)(1—c)(1—ad?/bc)
(1 — ad)(1 = b/d)(1 — ¢/d)(1 — ad/bc)
. { (ap, bp; p)n(cq, ad?q/be; @)
(dg, adq/b; q)n(adp/c, bep/d; p)n
_ (c/ad, d/bc;p)m+1(1/d, b/ad; ¢)mi1 }
(1/Ca bc/adZ; Q)m+1(l/aa l/b;p)erl

where n,m = 0,£1,42,..., and then use this formula to derive some
rather general summation and transformation formulas.

Note that whenm = 0,c=¢ ", n=0,1,2,..., formula (3.1) reduces
to

(3.2)
z": (1 —adp®q®)(1 — bp*/dd*)  (a,b;p)k(q7", ad?q" /b; q)iq"
(1 —ad)(1 —b/d) (dg, adq/b; q)r(adpg™, bp/dg™; p)s

_ (1 =d)(1 —ad/b)(1 —adg™)(1 — dg"/b)
(1 —ad)(1 —d/b)(1 — dg™)(1 — adg™/b)’

k=0

n=0,1,2,....

Gasper and Rahman have already noted in [8, 9] that (3.1) is
equivalent to its m = 0 special case in (3.2). Equation (3.2) is also
a special case of equation (2.22) of [2], and Theorems 2.27 and 2.29,
due to Macdonald, [2].
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In order to use (2.6) and (2.7), we find that (3.2) can be written in

the form

3.3
(3:3) k (adpg™, bp/dq™; p)k

(9, )r(a,b;p)k
(dg, adq/b; q)

i(il)k m (1~ adpq") (1 — bp* /dg*)(ad’" /b g)g">")

k=0

_ —b(1 — d)(1 — ad/b)(1 — adg™)(1 — dq" /b)q(%)

d(1 —dg")(1 — adg"/b)
n=0,1,2,....

Let
_ —b(1—d)(1 - ad/b)(1 — adg")(1 — dg" /b)g%)
9(m) = (1 — dg)(1 = adg™/b) ’

_ (9,9)n(a,b5p)n
ftm) = (dg,adq/b; q)n

then we have

n n _ Ag2k k ko)
-] A

where A = ad, B = b/d. By using (2.6) and (2.7) to get

(@ )n(abip)e  Sheo(—D)*[3] (ad?/b;0)x(add" ,b/dg"; p)na

k;l)

(dg, adq/b; q)n (ad?/b; Q) nrhi1
(1- ad2q2k/b)(1 —d)(1 - ad/b)
(U —dgh)(1—adgFb)

That is,

(a,b;p)n
(dg,adq/b; q)n

O LYYy P Plngl 3

k+1

)

(1—-dg*)(1—adq® /b)(¢;0)k (¢:0) n—k (ad? /b;@) nt k41

n=20,1,2,....

I
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It should be noted that when p = ¢ formula (3.4) reduces to Jackson’s
sum (4.4). Hence, formula (3.4) is a bibasic extension of Jackson’s sum
(4.4).

4. A unified form of some summation formulas. Formula (3.4)
can be rewritten as the form

(q,ad?/b; q)n(a,b;p)n
(dg, adq/b; q)n

i (1—d)(1— ad/b) 1 ad?®q®* /b)(q~ ™ ,ad?/bjq) (adq” ,b/dq" ;p), ¢" "1
q*)(1—adq® /b)(q;q)k (ad?q™ /b;q) k41 ’

(4.1)

We can use this bibasic sum to derive a very well-poised series formula.
Take ¢ = p* in (4.1), A = 1,2,..., then replace p by ¢ to get

(g%, ad?/b;¢*)n(a, b3 q)n
(dg*, adg* /b; ¢*)n

n
§ : (1-d)(1—ad/b)(1—ad®¢*** /b) (¢~ "*,ad? /bjq* )ik (adq®* b/dg"* ;q) ng" (T
k=0

(1—dg**)(1—adgk* /b)(g*;q* )k (ad2q™* /b;g™ k41

So,

(a*,ad? /b5 n(a,b30)n
(dg> aqu/l%q Jn(ad,b/d;q)n

E (1—d)(1—ad/b)(1—ad> 2ch/b)(aaz2/z> q "¢k (adq™,dq/b;q) kaq">
- (1—dg**)(1—adg®* /b)(g* ;™ )k (ad?q™> /b;q* ) k11 (ad,d/bg™~1;q) kA

that is,
(¢*,ad?q* /b; ¢*)n(a, b;q) s,
(dg*, adg*/b; ¢*)n(ad,b/d; q)n

& (dyad/big™)k (dgN/a/b,—dg™/a/b;q* )k (ad? /b,g™ " 5q™ )k (adq™ dg/bq) kag">
n=o(da*ada*/b;q*)i(dr/a/b,—d\/a/b;aM(g*ad?¢(" T 1A /bqY) w(ad,d/bg™ = 5q)ix

By using the multiplication formula

n

(a;9)kr = (a,aq,... ,aq" ' ¢M ),
the resulting summation can be written as
(4.2)  axr6Wanys(ad®/b;d,ad/b,q~ ™, dq/b,dg? /b, ... ,dg* /b,
adg™,adg"*", ... ad¢"™ 1 ¢, )
_ (¢} ad®q*/bq)n(a, big)n
(dg*, adg* /b; ¢*)n (ad, b/d; q)»n’

=1,2,....
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Note that by replacing a, b, d, in (4.2) by ¢%,¢%, ¢%, and letting ¢ — 1,
we obtain the limit cases
(4.3) 2xt6Varss(a+2d —b;d,a +d - b,
d—b+1,d—b+2,---,d—b+ )\ —nX1)
(@)n(b)n [Ty kA (@ +2d — b + kX)

= = , oA=1,2,....
@+ d)n(d— d)n iy (d+ kN (a+2d — b+ kN)

Now let us see some examples.
First, let us take A = 1 in (4.2). The summation in this special case
reads
(44) 8W7(ad2/b; da (Ld/b, qina dq/ba adqn; q, Q)
(4,ad°q/b; ¢)n(a,b;9)n
(dq,adq/b; q)n(ad, b/d; q)y,
Now observe that by replacing a,b,c,d and e by ad?/b, dq/b, ad/b, d

and adq™ in Jackson’s g-analogue of Dougall’s 7 F sum, see [9], we also
can get (4.4). Next, we choose A = 2; the summation (4.2) now reads

(4.5) 10Wo(ad?/b;d,ad/b,q~",dq/b,dq*/b,adq", adq"; ¢*, ¢%)
(¢®, ad*q?/b; ¢*)n(a, b; q)n
" (dg?,adg?/b; ¢2),(ad,b/d; q)r

Finally, we take A = 3; equation (4.2) then reads

(4.6) 12W11(ad?/b;d,ad/b,q~%",dq/b,dq? /b, dg> /b,

n+1,adqn+2; q3’ qs)

_ (¢%,ad*¢®/b;¢*)nla, b;9)n
"~ (dg?, adg? /b; ¢3)n(ad, b/d; q)

adq”™, adq

5. Another limits case derived from (3.4). Letting ¢ = p* and
then replacing p by ¢ in (3.4), we obtain

(a,b;q)n
(dg*, adg*/b;¢*)n
k:+1)

= zn: (_1)k(1—d)(1—ad/b)(1—ad2q2kk/b)(ad2/b;qk)k(aqu\b/dq“;q)nqk( 2
k=0

(1—dg**)(1—adq** /b)(¢*;9* )k (¢*:9* ) n—1 (ad? /b;¢> ) it k41
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Let n — oo; we get after some simplification the following formula

(5 1) i (d,ad/b,ad2/b;q*)k(aquA/b;q*)z,c(dq/b;q)M(,1)k(>\+1)(b/d)k)\q,(;)kz
| (@* dg™ ada™ /5™ ) (ad? /biq™ )2k (adi) kx
k=0

(¢, ad?q* /b, ¢*) oo (a, b5 ) oo
 (dg*, adg*/b; ¢* ) (ad, b/d; @)oo’

when A = 1; (5.1) can also be obtained by replacing a,b, ¢ and d by
ad?/b, dq/b, ad/b and d in the sum of a very well-poised ¢¢5 series,
see [9]. Note that, by replacing a,b,d, in (5.1) by ¢%, " ¢% and letting
q — 1, we obtain the limit cases

(5.2)

asVasa(a+2d—bidja+d—bd—b+1,d—b+2,--- ,d—b+ \1)
_ T(a+dD(b—d)T(L+d/NT(L+ (a+d—b)/)\)
T T()T () T(1+ (a+2d —b)/X)
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