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SYMMETRIC DERIVATIVES DEFINED BY
WEIGHTED SPHERICAL MEANS

M. J. KOHN

ABSTRACT. We consider, for functions of several variables, sym-
metric derivatives defined by taking weighted spherical averages.
We apply these derivatives to establish theorems of Lebesgue type
for multiple trigonometric series.

1. Introduction. Let f{t) be a function defined in a neighborhood of
t, € R. We say f has a first symmetric derivative at t, with value s [9,
vol. I, p. 59] if

1

(L1) o (fito + 8 = fitg — B} = st + o)

as t— 0. This definition has the following applications to formally in-
tegrated trigonometric series [9, vol. I, p. 322 and p. 324].

THEROEM A. Let T:2*__ c,e™ be a trigonometric series with
¢, = O(1/n). If T converges at 8, to finite sum s then
(12) f6) = o + = o gino
in

has at 8, a first symmetric derivative with value s.

THEOREM B. Suppose the coefficients of T: 2 c,e'™ satisfy ¢, — 0 as
n— oo. If T converges at 0, to finite sum s, then the function f(f) de-
fined by (1.2) has at 8, a first symmetric approximate derivative equal
to s. That is, the limit in (1.1) exists as it tends to O through a set hav-
ing 0 as a point of density.

A two dimensional version of (1.1) and of Theorems A and B appears
in [5] and [6]. In two dimensions let us write x = (x,, x,) = te'® and
n = (n,, n,). Let

(1.3) Q(0) = cos @ + sin 8.

Let L(x) be defined in a neighborhood of x, € E, and integrable over
each circle |x — xy| = ¢, for ¢ small. We say L(x) has at x, a first gener-
alized symmetric derivative with value s if
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st + ot) ast—0O.

loln—-

(14) % I Lixg + te9)6) db =

Observe that for C? functions, s = (3L/9x,) + (dL/3x,). See Theorem 1
below for details. If the limit in (1.4) exists as ¢ — O through a set hav-
ing 0 as a point of density, we say L(x) has at x, a first generalized
symmetric approximate derivative at x, with value s.

Let

(1.5) T: X c,e"

nez,

be a double trigonometric series. If 8 =0, we will say T is (BR, f8)
summable at x, to s if

lim ¥ c.eim <l—<ﬁl—)z )ﬁzs.
R InI<R " R

We will denote the Fourier series of a function L(x) by S[L].

THEOREM A’. Suppose the series (1.5) is (BR, B) summable at x, to fi-
nite sum s for some B with 0 = B < I. Suppose the coefficients of (1.5)
satisfy

2 Infle,®+ 3 Inltng + ny)7F zle,|* < oo
oF

ny+n,=0 ntn

for some number a > 1. Then the series

1 . —ic, .
— (x + C, em-z + n em-z
nl+§,:0 2 ( 1 xg) " n+n,£0 n, + n,
converges spherically a.e. on T, to a function L(x) which has at x, a
first generalized symmetric derivative equal to s.

THEOREM B'. Suppose the series (1.5) converges spherically at x, to fi-
nite sum s. Suppose there are functions L,(x) and L,(x) such that

> c,em* = S[L]

n+n,=0
and
—ic,
ny+ n,

en: — S[Lz].
ny+n20
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Li®) = 3 (5 + %)Ly(®) + Lala).

Then L(x) has at x, a first generalized symmetric approximate derivative
with value s.

The purpose of this paper is to establish some p-dimensional analo-
gues of the above results. We begin in § 2 with a natural extension of
the definition in (1.4) to p dimensions and analogues of Theorems A’
and B'. We are able to show that, as the dimension p increases, the hy-
pothesis on the order of summability required in the analogue to Theo-
rem A’ becomes weaker, (although the growth conditions on ¢, become
stronger).

In § 5 we consider definitions of “symmetric derivative” for functions
L(x) defined for x € E,, p = 2, based upon some weighted spherical
means of L. We are able to establish different theorems of Lebesgue
type for multiple trigonometric series by using different weights.

2. In this section we extend the definition of (1.4) of p dimensions
and give analogues of Theorems A’ and B'. In p dimensions, p = 2, we
write x = (x;, *++, x,) and n=(n,, ---, n,). We set n-x =
nx, + - +nx, and |x| = (x - )2 We let ' = x/|x| and
2 ={x €E) |x| = 1}. We write ds(n) to indicate the surface element
in (p — 1)-dimensional surface integrals.

DEFINITION. Let
2.1 Xx) =2 + -+ + x,.

Let L(x) be defined in a neighborhood of x, € E,. We will say L(x) has
at x, a first generalized symmetric derivative if L is integrable over
each sphere |x — xy| = ¢, for ¢ small, and if

@ f Ly Lizo + tn)n) ds (n)
2.2)

s
2T ((p + 2)/2)

t + oft)

ast—0.

If the limit in (2.2) exists only as ¢ tends to O through a set having 0
as a point of density, we will say L(x) has at x, a first generalized sym-
metric approximate derivative equal to s.
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THEOREM 1. Suppose that L(x) and all partial derivatives of L(x) of
order = 2 exist and are continuous in a neighborhood of x, € E,,.
Then L(x) has at x, a first generalized symmetric derivative with value

()
- ox, ox,

P
THEOREM 2. Let
(2.3) T: ¥ c,ém*

nez,

Lzo

be a trigonometric series in p variables. Let B be a non-negative number
with B < (p — 1)/2. Suppose Tis summable (BR, B) at a point x, to fi-
nite sum s. Suppose, in addition,
Ic"|2(n1 + -+ np)—2|n|9—1+(
ykebn 20
(2.4)
2> leal?n[P~1*e < oo
et e

for some € > 0. Then the series

n ein-:
”l+...+”'¢0 nl + “ee + np
2.5)
1 .
+ = (x+ - +x) > c, €™
P nyt+n,=0

converges spherically to a function L(x) which has at x, a first general-
ized symmetric derivative equal to s.

THEOREM 3. Suppose the series (2.3) converges spherically at x, to fi-
nite sum s. Suppose there are functions L,(x) and L,(x) such that

—iCy enT — S[Ll]
Byteen 20 n+ - +n
and
¢, €7 = S[L,].
nyt++n,=0
Let

L@ = L) + %(xl + o+ 1) Lyfa)
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Then L(x) has at x, a first generalized symmetric approximate derivative
with value s.

3. Before we give the proofs of the theorems we obtain some pre-
liminary results. We derive some formulae with more generality than
immediately needed in order to facilitate the proofs of later results. The
author is indebted to Professor Richard Wheeden for a suggestion that
has greatly simplified the computations.

By a surface harmonic of degree v, S,(n), we will mean the restriction
to the unit sphere of a homogeneous harmonic polynomial of degree ».
We will denote the Bessel’s function of order » by J,(x).

LemMA 1. Let S (n) be a surface harmonic of degree v and let £ be a
unit vector in E,. Then
em2 f,, & nsmdst)

1 .
— { 29721 ((p + 2)/2) S, ifr=1
) 0 ifv+#1.

@3.1)

LEMMA 2. Let Qx) = x; + -+ + x,. Forn € Z,, |n| # 0, define

i if #0
02 gwo d mToEm ST
;—(x,+ e x) e ifng + -0 + 0, =0
Then for t > 0,
t,
(3.3) (2m)~#/2 J;ez 2,(tn)Q(n) ds(n) = 'nlI’ /2$‘|pn_|2)) R

ProoF. Suppose fih) is defined and has » continuous derivatives for
h € [—1,1]. Let { be a unit vector in E,. The Funk-Hecke Theorem [3,
p- 181] says

.ﬁ,ez fi& - m)S,(n) ds ()

_ ggt-v2
- T -1/?

where P,(h) is the Legendre polynomial of degree » in p dimensions,

3.4)
S0 7, fWP,mYL — K2ye-372 an,

(3.3) P(h) = (—2)" I‘(zI"(-?(; i)/l ?}2) (1 — h2)3-9/2Dr(1 — h2p+e-3/2,
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Substituting (3.5) into the right side of (3.4) and integrating by parts »
times we get

J;ez £ - m)S,(n) ds(n)

(_ l)v 2—v+1,”(p—1)/2

=% T re- 0
(3.6) J:ll fWD*(1 — h2p+e-372 gp
~ 5@ 9—r+1gm—1)/2

Ty + )px1)s2

J: FOR)(1 — h2y+® =372 dp,

To prove Lemma 1 we let f(h) = h. Clearly, if » # 1, the integral on
the right of (3.6) vanishes. Thus

j;ez £-nS,mdsm) =0

ifv#1,
If » = 1, then (3.6) becomes

Joo £ nSimdst

ao-1/2
[((p + 1)/2)
The integral on the right of (3.7) may be computed by reduction for-

mulae (using different formulae for the cases when p is even or odd).
We get

3.7)

= S, {1 (= mype-vzan

L mye-vrgh =2 L4 D/2)
S

Thus,
2—p/2

(2mm)—?72 j,;ez §-mS(mds(n) = W

5,(6)-
This completes the proof of Lemma 1.

To prove Lemma 2 we again use (3.6). Here we fix n = (n;, -+, n,)
and fix ¢ > 0. We let f(h) = exp(i|n|t h) and set £ = n’ = |n|~In. Then
(3.6) becomes
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Jox ™ s,m)ds )

= J:,ez (n” - m) S,(n) ds (n)

, 9—r+1 fip—1)/2 , o
=S§,(n') ot o 172 fl FO(R)(1 — h2p+e-372 gp
, gt go-2
=547 Tt — Ty il

.[-11 eilnlth(l — h2)v+(ﬁ—3)/2 dh
9—v+1 77(”—1)/2(i|n|t)"
v+ (p — 1)/2)

% T+ (p — /2]y p_a(nl0)
7,.-1/2(1 /2|n|t)"'*'(‘°‘2)/2

= 5,(n)

by formula 7 from [1, p. 81]. Hence,

@m f e s,m)ds ()
(3.8)

ny _Plysg-a(nlt)
- s gl

We now complete the proof of Lemma 2. If n, + --- + n, # 0, we
apply (3.8) with » = 1, S,(x) = Q(x).

em? f. . etm@n) ds (n)

-—-——-——-_-i — in:
= i g @ Jies emmm) ds ()

ny D
—i il (|nJt)
= Qn’ p/2
nl + o+ np ( ) (Intt)(ﬁ—z)/2
_ —i n+ o+ 0, il (nlf)
Tat o tm, (nlt(e=22

— |n|—D/Zt-(ﬂ—2)/2]p/2(|n|t)‘

Ifn, + -+ + n, =0 then
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em 2 f, ., g ds ()
— (27)—11/2 ‘I:,ez %(ml + -+ mp)ein't"(n1+ e 4 -np) dS('f]}

= p~1(2m)~*/2 .J:;ez My + -+ + n,)%em ds (n)

P
— p—lt{ S (@m)r2 J;ez 72 ¢t ds ()
i=1
+ X @m)? J;ex iM% et ds (77)}
i#k
=p Ay + Ay
To compute A; we apply (3.8) with » = 0, sy(n) = 1.
p :
A, = 2m)*"2 J:,ez 3 et ds (n)
=
(3.10) = (2m)~?/2 J;Ez e ds ()
= (Inlt)= =22 Iy _g)alInft).

To compute A, we use (3.8) with » = 2, 5,(n) = n;n;.
(2m)—?/2 .f;ez: 0y, et ds(n)

nny (=Dl o.(n)f)
nf2 (nltye-272

Recall that n, + --- + n, = 0. Hence

14
O=(n + - +n)f= 3 n2+ 3 nn
¥=1 i#k
= [n2+ X nyn,
i®k

Thus, 2, n;n,

3 - |n|2.
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A= 3 @0 fl, wnedsa)

=3 n; ny (=W ps(nft)

ik |nf? (Inlt)*-272
(3.11)
_ Jo122(In10) (=)
= (|:|t)(p-2)/2 Inf? ,-Z;; n; 0y
— Jps212(I0]2)
(o572

We now return to (3.9).

@m2 . e ds ()

=p (A + Ay

Jo—212(|n%) Joi2y/2(I0l0) }
(o2~ + ol

= |n[~?7 2~ 022 o(Inft)

= p—lt

by formula 56 from [1,p. 12]. This completes the proof of Lemma 2.

Now suppose we have a numerical series 2,5 c,. We set

and for 8 > 0, we set ’
1 R
S = —— R — u)f-1
R ) j; S, ( u)f-1ldu

and say Z¢, is (BR,B) summable to s if I8 + 1)R-BS,B —s as
R — oo. It can be shown [2] that the series 2 c, is (BR, B) summable to
finite sum s if and only if

lim 3 c,,( —%)B:s.

R-+x [nI<R

Hence, if 2 c, is (BR, B) summable to 0, then
(3.12) 5.2 = o(RF)

as R — oo.
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LEMMA 3. Suppose the series 2,5 c, is (BR,m + 1) summable to 0.
Suppose, in addition,

2 epf(ng + -+ ) Fnfrrite
nyte+n#£0
(3.13)
+ lea?nfP~1*e < o0
nyt+n,=0

for some € > 0. Then
(3.14) St = O(r™+1)
forv=0,1---,m+ 1

Proor. Since |n; + -+ + n | <pln|,

2 ey + e 4 ny)Fnfpite
nyte4n 20
=k > lep[?InfP=3+<.
ny++n #0

2 Icnlz|n|p—3+c < 00.
nez

Applying Holder’s inequality,

2 el = T Aley] In|e=3+ 2} {|n|--3+a72)
Inl<R In|l<R
172 1/2
= (3 linp-s 3 e )
InI<R In|l<R

= C(R-PH3-e+p)1/2
= o(R%?)

as R — oo. Having established this, the proof of Lemma 3 is identical
to the proof of Lemma 1 of [6].

4. Proof of Theorems 1, 2, and 3.

PRroor oF THEOREM 1. We use Taylor’s Formula. Let



SYMMETRIC DERIVATIVES 361

i= (2L —5’5 e ).

ox,
We may assume, by normalizing, if necessary, that |§| = 1.
. oF
Flxy + tn) = Flxg) + t 3 ‘a_(xo)
i=1 xi
£ 2 02F
+ 5 u2=1 W o (%o + ™)

j
for some r € (0, t). Then,

@m>2 §,_; Pl + m)Qn) ds(n)

=@n? [ . Fa)m)ds(n)

vgmr 3 n e (g0 dst)
(4.1)
+ % (2m)—P/2

.J;ez 2w %’(“0 + m)S(n) ds(n)

i,j=1
=0+t (@2m)*? .£ ez M+ §8n) ds(n) + Rx).

Clearly R(x,) = #O(1) = o(t), as t — 0. Also, by Lemma 1,

@m>2 o £ 90 dsta)
1
P7T(p + 2/2)

_ 1
— 27T((p + 2)/2)

1 oF oF
2°21((p + 2)/2) ( ox, Fo) + 00+ 5 ") )

D

(¢

4.2)

(§1+ .'.+£p)

Returning to (4.1),
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@m>2 ) . Flo + mQm) ds ()

$
2T ((p + 2)/2)

where s = 9F/0x, (xy) + - -+ + 0F/9dx, (x). This proves Theorem 1.

t + o(t),

Proor oF THEOREM 2. Having established Lemma 2, the proof of The
orem 2 is very similar to the proof of the theorems in [6]. Write
B = m + a where m is an integer and 0 = a < 1. We first prove The
orem 2 in the special case a = 0. We may assume without loss of gen
erality that x, = 0,¢, =0, s = 0.

Write S = SR(O) =23 <RCn+ Then

In|

R R
SRl — L‘ sudu, cee SRm — j(; Sum—l du.
By (3.12), we may assume
(4.3) Sg™ = o(R™),
as R — oo.
The condition (2.4) in the coefficients {c,} insures that the series de
fining I(x) converges spherically a.e. on each sphere |x| = t [4, Theo

rem 1]. Moreover, by Theorem 2 of [4], we may integrate this series by
term over each sphere |x| = ¢. Thus

@m>2 § . Linn) dsin)

=lim 3 @n)*2 fﬂ ez CnBa(tn)Sn) ds(n)

R-o |n|<r

- Jo2|nl?)
hm —Ip/2A1T
Reoo i<k " |n[P2t0—2/2

by Lemma 2. We set
(4.4) ¥(z) = 27721, 5(2).
Then

@m2 f . LenQm) dstn)

(4.5)
= limt X c,y(n|t)
R-0  In|<B

We change the last sum to an integral and integrate by parts m times.
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S cv(nlt) = Spv(Re) — f s, ——'yut ) du
u

Inl<R

= Spv(Rt) — gt d

IR v(R?)

(4.6) . ”
+ ﬁ S,! 92 y(ut) du

d
= Spr(Re) — Sp! —v(RY)

dm
+ o (DTS e v(RY)

R dm+l
+ (— 1)m+1 j‘; S“m W ‘y(ut) du.

By repeatedly using formula (51) of [1, page 11] and the estimate
J(23) = O(z71/2) as z— oo, it is clear that

dr
4.7 — —(1/2)—(p/2)
(4.7) o @) = 0z )
asz— oo, forr =0, 1,2, - --. Hence, with Lemma 3,
Sg” d_I;; Y(Rt) = O(R-W2-6/2)Q(Rm+1)

= 0(1)
forr=20,1, -+, m, since m < (p — 1)/2. Returning to (4.5),

@n2 [ LemQmdsm) = tlim 3 c,y(lnly)
nEZ R-oo |n|<R
= f—1)m+ f s,m m+ly ut) du
=0-t+t-A).

To prove Theorem 2, we must show A(t) tends to 0 as ¢ tends to 0.

dm+1

Alt) = (— 1ym+1 j;‘” s, d—T”TlY( ut) du

dm+1
+ (=1 J:t 8" dum+1 Y(ut) du

=A(f) + A2).
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To estimate A,(t) we use the fact that y(z) is an entire function, s
for || < 1, [y™+1(z)| = C.

1/t dm+1

A=y f 1 s T

y(ut) du

— (_m)m+1 ﬁ” O(um) tm+1 . Cdu

To estimate A,(t), we use (4.7), obtaining

© dm+1
) = =1y f 7 s Bty d

= (=1)m+1 j:’; . o(u™) tm+10((ut))—(1/2)—(p/2)) du

= o(tm+(1/2-0/2) j: um—1/2-0/2) dy,
t

Note that we needed the hypothesis m << (p — 1)/2 to compute the last
integral. This completes the proof of Theorem 2 when 8 = m is an in-
teger.

We now prove Theorem 2 for the case B =m + a, 0 < a < 1. We
proceed as in the proof above, but at step (4.6) we integrate by part:
once again. After showing that the integrated terms tend to zero, we
get

@2 f . LimQn) dstn)
(4.8)

dm+2

S e vut) du

=0t 4+ tA(f).

If f(u) is a function defined for u > 0, and 7 is a positive number, we

denote

I'flz) = ﬁ 17 @ - wr flu) du,

the fractional integral of order 7 of f [7]. Then
S, ™+l = Im+Y(S ) = P—e[m+o(S, ) = [1-oS, m+e)

1 * —a—
= Ta-a J; (u — 2)l-a-1§ mta dz,
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Then
A(t)

dm+2
(—1m [ spe ) du
(—1)'” gomta dm+2
= 1 - a) ‘L‘*’ J: (u — =Sy dz T y(ut) du
= lim ———— 1 ~ a) j(; Sm+a { f (u — z)—

R-o0

s y(ut) du }dz

(" [

= Ll_{ilo I‘(l—__a) ‘fo S;""'"H(z, t, R) dz
/t 'R

im0 L

= A,(t) + Ayt).

We use the estimates

1 —a
(o) i z gm+1 ifz=1/t
H(z t, R) = {

O(tz)~#+1/2gm+1+a ifz =1/t

The proofs are similar to proofs of corresponding estimates in [6] and
are omitted. We refer the reader to that paper for details.

A ) = ]im(_—l)m_ ‘fl” S,m+e¢ H(z, t, R)dz
BT o Tl —a) YO0 72 "

1/t 1 —-a
= f oz"t) 0| ——z tm+ldy
0 t

Ay(t) = lim S,"+*H(z, t, R)dz

Reo T —a) 1t
— ﬁ zm+a —(ﬁ+1)/2) tm+a—(—1)/2 dz

— o(tm+a—(p—1)/2) ‘Et zmta—@+1)/2 dz

= o(1).

The hypothesis 8 = m + a < (p — 1)/2 is needed here to make the last
integral converge. This completes the proof of Theorem 2.
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ProoF oF THEOREM 3. Having established Lemma 2, the proof of
Theorem 3 is identical to the proof of Theorem 3 of [5] and is omitted.

5. We now investigate extensions of Definition 1 formed by replac-
ing the (x) in equation (2.2) by an arbitrary surface harmonic.

Let Q(n) = S,(n)) be a surface harmonic of order ». Let L(x) be de-
fined in a neighborhood of x, € E, and integrable over each sphere
|x — x| = t for t small. We will say L(x) has at x, a first Q-derivative
with value s if

(5.1) (2m)—P/2 j,;ez L(xy + tn)Q(n) ds(n) = ul )t + oft)

22T ((p + 2)/2
ast— 0.

It is clear that if » # 1, equation (5.1) does net have any value for
us. For if » # 1 and L(x) is smooth enough, then s = 0 by Lemma 1.
(However, if » # 1 and r is an integer such that r = » and r has the
same parity as », then we may define an r-th order Q-derivative for L(x)
by expanding the left side of (5.1) into a Taylor’s series o even or odd
powers of ¢, depending upon the parity of ». It is reasonable to expect
that p-dimensional analogues of the theorem in [9, volume II, page 66]
will hold with this definition.)

If » =1, then Q(n) must be of the form an, + -+ + a,n,. In this
case we are able to derive analogues to Theorems 1, 2 and 3.

Let « = (a,, -*, a,) be a fixed element of E, with |a| # 0. For
n € 2 let
(5.2) Qo) = amy + -+ + ayn,.

We will say a function L(x) has a first §,-derivative equal to s if equa-
tion (5.1) holds with Q(n) = Q,(n).

THEOREM 1’. Suppose that L(x) and all partial derivatives of L(x) of
order at most 2 exist and are continuous in a neighborhood of x, € E,.
Then L(x) has at x, a first Q,-derivative with value

o= (- v gl )
- 1 axl P axp L(z .
THEOREM 2'. Let

(5.3) T: 3 c, e

nez,

be a trigonometric series in p variables. Let B be a non-negative number
with B < (p — 1)/2. Suppose T is summable (BR, B) at a point x, to a
finite sum s. Suppose, in addition,
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leal*(@rny + -+ + ayny)~*nfPri*e
an+-+amn #0

+ > |y |PIn[P~t+e < oo
amn+tan =0

for some € > 0. Let

—ic

L,(x) = n ene
ﬂ( ) a["1+"§annﬂ¢0 alnl + oo + apnp
+ |a|"3ax; + - + a,x,) > c, e

amn++an =0

Then L,(x) has at x, a first Q,-derivative with value s.
THEOREM 3'. Suppose the series (5.3) converges spherically at x, to fi-

nite sum s. Suppose there are functions L,(x) and Ly(x) such that

—ic, .
2 n einT — S[LI]
amtan #£0 an, + o+ ap"p

and

inr _
c, € = S[L,)].
amn+tamn =0

Let Ly(x) = Ly(x) + |a|™? (ayx; + -+ + a,x,)Ly(x). Then L,(x) has at x,
a first Q -derivative with value s.

ReEMARk. One “disadvantage” of Theorems 2 and 3 is that the hy-
pothesis requires a different standard of behavior for the terms c, of the
series T which correspond to n situated on the hyperplane
o4+ 4 x = 0. In the hypotheses of Theorems 2’ and 3’ we require
a different standard of behavior for the terms ¢, when n is situated on
the hyperplane a,x; + --- + a,x, = 0. Perhaps, in applications of The-
orems 2’ or 3 to a specific series T, the hyperplane
a;x; + + -+ + a,x, = 0 can be chosen to optimize this situation.

6. The proof of Theorem 1’ is identical to the proof of Theorem 1.
To prove Theorems 2’ and 3’ we establish the following lemma. After
the lemma is proved, the proofs of Theorem 2’ and 3’ are essentially
identical to the proofs of Theorems 2 and 3 and are omitted.

LEmMMa 2. Let a = (a;, ---, a,), |af #0. Let Q.,(x) =
ax, + - + ayx, Forn € Z, |n| #+ 0, define
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—1 ein'e
ifan, + - +an #0
alnl+ e +apnp s
Ban(n) = .
P ’2 (@x + -+ + ax)e
Then for t > 0, ifan, + - + a,n, = 0.

6.1)  (2m)~*? f,,ez Ba,n(t) () ds (n) = ﬁ%.

Proor. (i) Suppose first ajn; + -+ + a,n, # 0. Then using formula
(3.8) with » = 1,

@m " f . Eanltm@yln) ds (n)

= o @ o e ds (o)

alnl + .. oM
— —i . alnl + o+ apnp . i]p/Z(lnlt)
uny + 0+ an, In| (|njt)e—22
F¥(|n]t)

|n|p/2t(p—2)/2

(ii) Suppose now a,n, + --- + a,n, = 0. This situation is more com-
plicated. Consider first the special case a = (a;, 0, - -, 0), with a; # 0.
Then (n,, ---, n,) = (0, ny, - -+, n,). We may assume n, # 0.

@M J L Gant)Quln) ds (n)
(6.2) = (2m)?/2 L s —aﬁlnlét emta . ds (n)

= H2m) P2 Lez n,2e™ 1 ds (n).

We convert the last integral to hyperspherical coordinates (see [1, p.
233], where p has a different meaning).

M = sinb, sinf, ---sinf, _, sing,
my = sinf, sinf, ---sinf,_, cosq,
My =sinf, sinf, ---sinf,_; cosd,_,,

Ny = sinf,; sinf, ---sinf,_, cosf,_,
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Mp_y = sin f;cos 6,
m, = cosf,,
ds(n) = (sin0,)P=2 - -- (sinf,_,)'df, --- df

p—2 dfp.
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Note that since n, = 0, when we write ¢ in hyperspherical
coordinates we can “separate out” the term involving ¢:

vty — eit(n2n2+~~+nﬂn,)

— gitnysing singysing,_Lcosp . Hith6,7)

Hence,
j; Eznlz emtn ds (n)
= fow e J;” J;Z”(sin 6, - - - sinf,_,sin )?
. gitn;sing sing,sing,_cosp . ith8,n)
(6.3) - (sin6,~% --- sinf, ,dodd, --- df,_,

£ g
b " Jo p sin‘@
eitnzsinalsinoz---sinop_zcosqa d(p }
. sin%f. - - - sin2 itf6
sin®6, sin®f,_,e'*M6yn)

- (sin@,)P~2 .- sinf,_,df, ---df,_,.

We integrate the innermost integral by parts.

2” : . 3
.I(; (sin q))(sin Q ettnzsmol"-smop_zcosw) d(p

20 £itnosing -sinf,_,cosg
b (coso) de.

itn,sin@, -- - sing,_,

Returning to (6.3),

J; es ME™ ds(n)

1 T a 20 .
itn, J‘; o J(: j(; sind,-- - sinf, ,cosg
2

- €"(sin 0,)°~2 - - - sin6, ,ded6, --- df,_,

1 -
. j;ez ng€"™*7s ).
2
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We can now apply equation (3.8), with » = 1, S,(n) = n,.
@M J. L, gunlt)Rlm) ds (m)

1 .
itn,

=t- (277.)—13/2 Lez nzein-tn ds ("7)

1 my il
i, Tl T (mige>?
R /97" (L L
|n|p/2t(p-2)/2

This completes the proof of (ii) in the special case when a = (a;, 0,
-+, 0).
We now prove (ii) for general a = (a,, - -, a,).
By a rotation we choose a new orthonormal coordinate system {,,
-+, ¢} for E, so that ¢, = |a|'a. Let n = (n,, ---, n,) have coordi-

nates (n,* ---, n,*) in this new coordinate system. Then
O=an, +---+an,=a-n = |an*+0-n*+ - +0-n*
Hence n,;* = 0. Thus, in our new coordinate system, a = (|a|, 0, - - -,

0), and n = (0, n,* ---, n,*, which reduces to the special case above.
Thus the lemma is proved.
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