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ABSTRACT. The present work deals with some spectral
properties of the problem
Dﬁ,(p(?)D3,+y)(fja+ M(z)y(z) =0, a<z<b,
(P) lim (z —a) " %y(z) =0 =y(b),
>
where p,q € C([a,b]), p(z) > 0, g(z) > 0, for all = € [a,b] and
1/2 < a < 1. Dy_ and Dg , are the right- and left-sided

Riemann-Liouville fractional derivatives of order a € (0,1),
respectively. ) is a scalar parameter.

First, we prove, using the spectral theory of linear com-
pact operators, that this problem has an infinite sequence of
real eigenvalues and the corresponding eigenfunctions form a
complete orthonormal system in the Hilbert space Lg[a, bl.
Then, we investigate some asymptotic properties of the spec-
trum as o ? 1. We give, in particular, the asymptotic ex-

pansion of the first eigenvalue.

1. Introduction. Sturm-Liouville theory has an important role in
mathematics, physics and engineering. During the last few years,
fractional Sturm-Liouville problems have appeared in the literature.
They were introduced by Klimek and Agrawal [7, 8]. Both Riemann-
Liouville and Caputo derivatives were used. These authors proved that
the eigenvalues are real and the eigenfunctions are orthogonal by using
a Green-type formula as in the classical case.
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Another important research area concerns the inverse problem in
diffusion equations with fractional derivatives, namely, the problem of
recovery of the diffusion potential from spectral data and the initial
condition. Recently, much progress has been made in this direction by
Tuan [18] and Bas [3], where one can find a wide number of references
on the subject and many interesting comments. In [16], more problems
have been presented. Also, similar problems to our (P) have been
considered by Bas et al. [2, 4] with singular coefficients p(-) as in
Bessel-type equations.

The purpose of this paper is to investigate some basic spectral prop-
erties of the fractional Sturm-Liouville problem (P) with generalized
Dirichlet conditions. By generalized Dirichlet conditions, we mean
(1.1) lim (z — a) " y(x) = 0 = y(b).

r—a

>

Note that this kind of condition involves continuous as well as non-
continuous functions at the point a. For example,
lim In(z—a)=—-0c0 but li_r}n(x—a)l_o‘ In(x—a)=0.

Obviously, Dirichlet conditions are a particular case of the generalized
ones, and the limit in equation (1.1) implies that y is in L!.

We start by considering the problem (P) on the domain Dom where
y € Dom if and only if y verifies the following conditions:

(C1) yeC(a,b) and lim(z—a)' *y(z)=0

r—a

>
(C2) D;,yeC(ab]) and lim(b—x) 1o D; y(x) exists,

z—b

with the aim of transform (P) into an integral equation problem, which
can be analyzed by classical tools of operator theory. Condition (C1) is
nothing but the generalized Dirichlet condition at x = a. The second,
(C2), will appear naturally further on in the calculation of the integral
operator.

The number X is said to be an eigenvalue for problem (P) if there
exists a function in Dom, not identically zero, which satisfies the frac-
tional regular Sturm-Liouville equation and the generalized Dirichlet
conditions.
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In what follows, we prove that the set of eigenvalues of (P) is real
and infinite. This result partially answers a question in [16, page 9,
Remark 1], where the situation is quite similar. However, the simplicity
of the eigenvalues is still an open problem.

The corresponding eigenfunctions form a complete orthonormal sys-
tem in the Hilbert space L?[a, b] endowed with the usual scalar product
and the associated norm:

b [
<u,v>q:/u(x)v(x)q(x)d:r, lullq = <u,u>q.

This result follows from the theory of linear compact operators and the
fractional Green’s function properties, following the approach in [10]
adapted to our generalized boundary conditions. The second result
investigates the asymptotic behavior of the first eigenvalue of (P) when
« ? 1. This can be the starting point to put the classical and the

fractional cases in the same theory.

2. Basic concepts. In this section, we recall some definitions
and properties of Riemann-Liouville fractional integrals and fractional
derivatives used below. For more details see [11, 14, 15, 17].

Definition 2.1 ([11, 15]). Let f € C([a,b]). The right- and left-
sided Riemann-Liouville fractional integrals of order o > 0 are defined,
respectively, by

b
(2.1) Iy f)(x) %/t—xalf t) dt
and
(2.2) (12, () = ﬁ / (-0 f (1) dt

a

where I' is the Euler gamma function.
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Definition 2.2 ([11, 15]). The right- and left-sided Riemann-Liouville
fractional derivatives of order « € (0,1) are defined by:

(23) (D5_f)(w) =~ (L= F)(x)
and

(24) (D5 1)) = UL )@),
respectively.

Proposition 2.3 ([11, 15, 17]). Let 0 < a <1 and f € C((a,b)).

(i) [(Dg_ o Iy ) fl(x) = f().
(ii) If Ibl;o‘ f e AC([a,b]), then we have

(iil) [(Dg+ 015 4)f)(x) = f ().
(iv) If Iiyff € AC([a,b]), then we have

O (125 ().

>

(15 10 Dg ) fl(z) = f(x) -

Lemma 2.4 ([11, page 151, Lemma 3.2]). Let 0 < o < 1 and y(x) be
a Lebesgue measurable function on [a,b].
(i) If there exists a limit

-«

lim (z —a) " “y(x) =¢, ceC,

Tz—a

>

then the following limit also exists

(L:5%) (a+) = lim (I3 7"y) (2) = cT(a).

(ii) Symmetrically, if there exists a limit

lim(b—2)' " *y(z) =d, deC,

x—b
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then the following limit also exists

(Ib{:a ) (b-) := lim (I;j_ay) (z) = dT(a).

Finally, we recall the following fractional integration by parts for-
mula, proved in [17, page 46, Corollary 2] (with simple sufficient con-
ditions).

Proposition 2.5. Let f,g,(Dg f), (Dy'_g) € C([a,b]). Then

b

b
(2.5) /(D3,+f)(x) g(x) de = /f(x) (Dy,-9)(x) d.

a
3. Main results.

3.1. Spectral properties. In this subsection, we prove that prob-
lem (P) admits an infinite sequence of eigenvalues, which are real and
negative. Also, the normalized eigenfunctions form an orthonormal
basis in L?[a, b].

Proposition 3.1. Let o € ((1/2),1]. Then
(i) for all y € Dom, problem (P) is equivalent to
y(x) = AMTay)(x),
where Ty, is the linear operator defined by

T, : Dom — Dom
b
v Taw)@) = [ Galrr)atr)u(r) dr

G (z,7) is the fractional Green’s function defined by
p(b,x) (b, 7)  d(x,7)

— , fa<lt<zx
o(b,0) ()  T'(a)
obz) o) _plrr) o
¢(0,0)T(a)  T(a)’ -

(3.1) Go (z,7) =
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_ a—1
B2 ewo =1z (U )w
_ L Y _ a—1 _ afld;
= ey [, T
(ii) T, extends to a compact, self-adjoint operator on Lg [a,b] and
Ker(T,) = {0}.

(iii) All the eigenvalues of problem (P) are negative.

Proof.
(i) By applying Ij'  to the equation

Dy (p(z) DG L y)(x) + Aq(x) y(x) = 0,
we obtain
o _ (b — l‘)a_l : 11— o
(Da,+ y> ($> - F(Ot)p(l‘) llgi(lb’7 p('r)DanLy)(x)

- S U 0@ ) o),
Now, we apply the operator I¢’ . Then
(x —a)* !
I'(a)
-0z (s Bt (o) ) o),

where, according to Proposition 2.3 (ii), we have

(3.3) y(x) = lim(I2%y) (@) + —o )

C =lim(l, ~*p(2) Dy y)(@)
<

and ¢(b, z) is defined in equation (3.2).
e Note that the generalized Dirichlet condition

lim (2 — )" ~"y(x) = 0

>
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implies that
lim (1}5"y)(2) = 0.
>

according to Lemma 2.4.
e The application of the second boundary value condition y(b) =

0 gives

= AL (o) im I L ~ qg(x)ylx T
N (b(b,b) alclzblav"" <p($) (Ib,—Q( )y( )))( )7

where ¢(b,b) = lim,_,, ¢(b, x) exists for 1/2 < o < 1, since the
<
integral

b

(3.4) / (b— z)2o2 Z%

a

converges if and only if 2a —1 > 0.

Let us compute the constant C. By using Fubini’s theorem, we obtain:

1

35 12 (0t o)) @) = i [ ot autr)dn

Then we have

C =

AC(e) o (1,
o(5,0) " Lt (p(x)(fb,_q(w) y(%))) ()

b
- (b(jb) / o(b, 7)a(r) y(r) dr.

Thus, by substituting the first boundary value condition, the constant
C' and the integral (3.5) into equation (3.3) we obtain the first impli-
cation.

We can easily verify that, for all y € Dom,
Twy € Dom.
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Then, the equivalence stated above follows immediately.

(ii) We can obtain the results from the properties of the fractional
Green’s function. The operator T, defined on Dom can be continu-
ously extended to Lg[a, b] because Dom is dense, since it contains the
space of infinitely differentiable functions with compact support. The
compactness of T, follows from the properties below. In fact,

(a) for all (z,7) € [a,b] X [a,b], Gq (z,7) is a continuous function
because ¢(x,7) is a continuous function in the domain a <
7 < o < b and limGq (2z,7) = limGq (2,7), the kernel

< >
Ga € L2y, (la,b] x [a,b]) therefore T, is a Hilbert-Schmidt
operator, and thus compact (see [5, 19]).

(b) For all (z,7) € [a,b] X [a,b], Gy (z,7) = Gq (7,2), then G
is a symmetric function on [a,b] X [a,b] so the operator T, is
self-adjoint in LZ2[a, b].

(¢) To prove that the kernel of T, is reduced to {0}, it suffices to
solve the equation

(Toy)(z) =0, forall x € [a,b].

By application of the left- and right-sided Riemann-Liouville
fractional derivatives, respectively, we obtain the result after
some simple calculations.

(iii) Let us consider the fractional Sturm-Liouville equation

Dy, _(p(z)Dg 1y)(x) + Ag(z) y(x) = 0.
By multiplying this equation by y(z) and integrating it on [a, b] we get

b b
/ D (p(e)D2 1 y)() y(x) do + A / 4(x)y (@) dz = 0

a

Now, by applying Proposition 2.5 (2.5), which is also satisfied with the
generalized Dirichlet conditions (1.1), we obtain

b

b 2
/ p(a) (D2, )? () da + A / a(@)y? () di = 0;

a

hence, A must be negative.
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Theorem 3.2. Let us consider the fractional regular Sturm-Liouville
problem (P) for 1/2 < a < 1. Then

(i) The problem (P) has an infinite countable set {\,}n>1 of real

negative eigenvalues such that lim X\, = —oo, which can be
n—oo

ordered as:
<Ay << A3 < A < A <0

(ii) The normalized eigenfunctions {¢y, }n corresponding to the eigen-
values {\,}n are orthogonal in Lg [a,b], that is, for all i # j,

b
/¢i($)¢j (x)q(z) dz = 0.

(iii) Let {¢n; }?;1 be an orthonormal basis of E,, the eigenspace
corresponding to A, (d, = dim E,)). The eigenfunctions {¢n j}n,;
form an orthonormal basis of the Hilbert space Lg [a,b], that is, for
ally € LZ[a,b],

N d,

y= Jlim DD <Y bug >q buge

n=1j=1

Proof. Let A be a non-zero eigenvalue of (P) and p a non-zero
eigenvalue of T,,. Then, according to Proposition 3.1, we have

1
(7’)<=>Xy=Tay

and

D (@) D3 9)(a) + ~ala) @) = 0

lim(z — o)~ y(x) = 0 = y(b).

py =Tay <

The homogeneous problem does not have a non-zero solution; hence,
zero is neither an eigenvalue of (P) nor an eigenvalue of Tj,.

Then, the non-zero eigenvalues of (P) are exactly the inverses of
those of T,. These last inverses are real countable, negative, tend to
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zero when n — co and they can be ordered as:
(| = |pel = |psl =+ = || = -~ =0

because Ty, is self-adjoint and compact in Lg[a, b]. We can also compute
the properties of the eigenfunctions.

Now, we prove the infinity of eigenvalues by contradiction. Let us
assume that T, has a finite sequence of non-zero eigenvalues. The
spectral theorem of compact self-adjoint operators gives:

L[a,b] = (Ker T,) (EBE)

Since the corresponding eigenspaces Fi, ..., E, are finite-dimensional
and, according to Proposition 3.1 we have Ker T, = {0}, then LZ[a, b]
must be finite-dimensional, which is a contradiction. O

Remark 3.3. The integral (3.4) converges if and only if a > 1/2.
Thus, the operator T, remains compact and self-adjoint even if o > 1.
But the corresponding fractional Sturm-Liouville problem must contain
many more boundary conditions.

Recall the expression of the Hilbert-Schmidt norm of a compact
integral operator on L2[a,b] [19]. If

b
- / Kz t) y(t)a(t)dt,
then

b b
(3.6) ISls = [ [ 10 Pa(oa(o) de

Proposition 3.4. All of the eigenvalues of problem (P) verify:

1

Al >
”TaHHS

Proof. If X is an eigenvalue, then there exists a y # 0 such that
y=Tay
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SO

19llq = Al 1 Tayllg < AL 1Tall - llylle < M-I Tallas - l[yllq-

Then
1

Al > ———.
”TaHHS

O

Remark 3.5. The optimal disc free from eigenvalues has 1/||T,|| as
the radius. But the operator norm is more difficult to compute than
the Hilbert-Schmidt. In our case,

b b
HTaqus:/ / |Go(z,t)q(t)q(x) dt dx

can be computed for explicit functions p and q.

3.2. Asymptotic behavior. In this section, we prove that the first
eigenvalue of Ty, is close to the first eigenvalue of the following problem

—(p@)y) () + Mg(@) y(z) =0, a<z<b
P {y(a) =0=y(b),

when o — 1.
<

To prove this result, we need some lemmas and propositions.

Lemma 3.6. The nth derivative of 1/T'(a) and T'(«) have the following
properties. For all n > 0 there exists M, > 0, for all « € [1/2,1],

(o)

and

()™

<M,

(3.7)

< M,,.

Proof. The functions 1/T'(-), I'() € C*°(]0,+oc0[), then they are
bounded on compact sets, as well as all of their derivatives. (|
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Lemma 3.7. Fora <t <z <b, we have the following property for all
e >0 and for all 0 < j < k, there exists Cy, j(e) >0 /1/24+e<a <1,

(3.8) ‘ / (x—7)*! In’ (x —7)(t — T)ail 1nk_j(t —7)dr| < Cg;(e).

Proof. Let us consider the function f,, (¢, 8) = €% In™ (&) withm € N
and 0 < 8 < a—(1/2). Tt is not hard to see that f,,(§, ) is uniformly
bounded in [0, ¢] x [0, — 1/2]. Therefore,

‘L%x—ﬂ“1qu—ﬂU—TW1h#ﬁ@—TMT

= ‘/ (@ =) fi((@ = 7),8) (=) fioj((t—7),8) dr

= Ak’j(g)/ (l' — T)a_ﬁ_l(t _ T)a_’B_l dr

Apk.j(€) Y — —
< Gt -t = e gt fi e

Ag,i(g) a—2—
= (2af26—1) (b= a7

where we used the Cauchy-Schwartz inequality. By choosing 28 =
a—(1/2), we get

‘ /at(x —n)* (@ —7)(t—7)* T (t— 1) dT‘ < Anie) <1>

€ 2
= Ck,j (5)3

where

[0 itbzat
VTV 0—a) ifb<atl.

Lemma 3.8. Let g be the function defined by

b
o) = / (b— o2

p(7)
Then g has the following properties:
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(i) for all e > 0, there exists

Kin, Kimax > 0/(1/2) + e < a <1 = Kpuyin < |9(@)] < Knax-

(ii) For alle >0 and n > 0, there exists

M >0/(1/2) +e<a<1= |g(a)] < np.

(ili) For alle >0 and n > 0, there exists

60 >0/(1/2) +e<a<1=|1/g(a))™]| < d,.

Proof. Let

Since p € C([a,b]) and p(t) > 0, then

L1 11
M max p(t) ~ p(r) = min p(r) m’
T€[a,b] T€[a,b]
hence,
(b _ a>2a—1 (b _ Cl)2 a—1
- < <
MEza—1) = 9I= 50—

Letting € > 0/(1/2) + ¢ < a < 1, we conclude that

Ce d. (1)
2 S lole)] < m2e)

where
(b—a)?c ifb>a+1
C =

: b—a if b<a+1,

which gives the first property.
For g™ (a), we have
dr
p(7)
b

- / 2" f(b— 7, B) (b — 1) 4T

b
9(")(@) = / 2" In" (b — 1) (b — T)Qa—2

p(r)’

471
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and then ( J2a—p1
2" b—a)** P~

(n) ‘ Py RS Gl

’g (@) = m n(€) 20— —1

Now, we choose 5 =« — 1/2 to obtain

(39 @] < 2@ dc5) =

me 2

Finally, we can compute (1/g(a))™ by application of the nth
derivative of composite functions (see [13]) to the following functions:

= l an o) = ' — 2a72d77'
fla) =5 and (o) = [ G=rpeiL
Thus,
(n) - (k) : (=D 1 (n)
(3.10) (fog) ™ (a)=>_f (g(a))zmg (@) (g'(a))™,
k=1 1=0
where for all k/1 < k <mn,
0oy (CDE
(3.11) o) = SR

and for all [/0 <[ < n, jo =0 and j;y; = n, we have

(3.12)

J1 J2 Js Jit1 ) )
l (”) Z Z Z Z |:H ((]z+1> ))(Ji+1_]'i)>:|’
Jo=071=052=0 J1=0 ~i=1

which can easily be proved by induction.

By substituting (3.11) and (3.12) into (3.10) we obtain:

(Foo)™( Z()”)Z

k=11=0 "
Z [11 (%) ttan ) .

where for all 1/0 <1 <mn, jj;1 =n.
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Using triangular inequality, the first property of g(a) and prop-
erty (3.9), we conclude that, for all € > 0 and n > 0, there exists:

1
(3.13) 6n>0,/2+€<a§1:>‘(fog)(n)(a) < 0. O

Proposition 3.9. Fora <t <z <b and

1 ¢ dr
(;SIE,t:i/ t— ) g — )t ,
O A T
we have for all e > 0 and n > 0, there exists:
1 n
- < <
Kn>0/2+5<oz_1:> 9o (;S(x,t)‘ K,

For all e > 0 and n > 0, there exists

1 1
Bun0/brecasim |2 ()]

Proof.

by twice applying Leibniz’s formula, we obtain

5@ () (o)
n k 1\ @k
22 () ()

7=0

/af(a:—T)a (2 —T)<t—r>a-11nk*f(t_7)p‘(’: )

7 N

Then, according to the triangular inequality, we obtain

o] = () ()|(w)

‘ / (& — 1) i ( — )t — 1) It T)I% .
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The facts that p € C([a,b]) and p(7) > 0 give
1 1 1
< —
p(r) — min p(r)  m
T€la,b]

Then, by Lemmas 3.6 and 3.7, we obtain for all € > 0 and n > 0 that

there exists
n k
1 Z n k
Kn - E =07=0 |:(k> (j> Mn_kc}ﬂ,j] ~ 0/

k=0j

n

1

e We have

B S o L =)
000 = 177 | O~ = 565 = ey

Then, by application of Leibniz’s formula, we obtain

N ,§ (1) e (g(looyk)'

Hence, from properties (3.7) and (3.13) we obtain the desired result. [

Proposition 3.10. Consider once more the operator T,

b
~ [ Galwmalr)uir)ar,

where G, is defined in equation (3.1). Then M = O™/ (Da™)Ty is
uniformly bounded for (1/2) + ¢ < a < 1, that is, for all e > 0 and
n > 0, there exists:

1
(3.15) bu>0/5+e<a<l— HTQW <0,

Proof. We have

(T, (™) /GW:” Yy(r) dr
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and

e for a < 7 < z, then

m=0
[E(@)erreaz@een () )
- ¢<m>(z,r>}
and
o for x <7 < b, then
(3.16)

G (x,7) = mzi:o (:1) (F(z))(nm)
[g (Gl) e ”Z; </Z~c> o170 (b,z) (qs(;, b>>(k))

— ¢ (r, x)],

obtained by Leibniz’s formula.

Then, by the Cauchy-Schwartz inequality, the fact that ¢ € C([a,b])
and ¢(7) > 0, we can easily prove that

1T < T s, < bup q(t // a”) (z, r dea:

T€a,b

Thus, by application of Lemma 3.6, Proposition 3.9 and formula (3.16)
of GV, we obtain result (3.15). O

Now, we can state the second main result.

Theorem 3.11.

(i) Let m > 0 be a fized integer. Then, T, is an (m + 1)th differ-
entiable operator with respect to o at a = 1, and we have the
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following expansion

m (k)
Ty = Z %

(3.17) X o=l -1+ R, (a)y,

k=0

where the Lagrange reminder is expressed by

a — m—+1
(3.18) Rmmw_(anfnl(ﬂﬁﬂwﬂ . a<é<l,

and
IR ()]l = o(ja = 1]"), o= 1.

(i) If uy (@) is the first negative eigenvalue of the operator Ty, then

(3.19) lim g5 (@) = 15 (1),

a—1
<
where py (1) is the first negative eigenvalue of the operator Tj.

Proof.

(1) From expression (3.1) of the kernel G,(x,T), one can see that
Go(z,7) is C* in any small neighborhood of &« = 1. So we can write
the Taylor formula with Lagrange reminder at this point as:

m @ﬁ@ﬂ@

(Tag) () = 3 o= (0 = 1) 4 Ron(a),
k=0
where ,
(z9) @] _, = [ 60| _ anvean

a

and R,,(«) is the Lagrange reminder defined in equation (3.18).
Then,

m—+1
m+1 |a_ 1|
|Bm(@ll < 1TV 5 a<é<t
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By applying property (3.15), we obtain that there exists:
|a _ 1|m+1

Omt1 > O/ || R ()| < Ompr - ECESIE

which gives
IR (@)l = ol =1]™), o= 1.

(ii) Let us take the previous expansion of T, equation (3.17) with
m = 0. Then
(Tay) (z) = (Try) (2) + (a = 1) - (Tey) (@)

= [(Taysw), — (Tiy),| =l =11 [(Tey, ), |-

However,

(Tty.w),| < ITE -l < 2| for all y/lyll, = 1.

)

Hence,
< o= 1] |||

‘(Tay,wq — (T, y),
= —lo— 1| |T|| < Ty, ), — (D), < la—1]- | T
= —la—1]- || Z¢|| + (T, ), < (Tayy), < (T1y,9),

o= 1] - || Ze |
/ : :
= —|a—1]- ||T§H + Hyllnf:1 (Thy,y), < IIylHrif:l (Toy.v),

g

and

inf (T,y,y) < inf
nynq:1<“ Ja lyll,=1

= —Ja— 1 | T + pr (1) < py (@) < pr (1) + o — 1] - | 77|

(Tyy,y), + la—1]-||T¢|

From this and the fact that T/ verifies (3.15), we obtain

lim g5 (@) = 15 (1),

a—1
<

and consequently,
lim A7 () = A7 (1).

a—1
<
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Remark 3.12. We think that the previous expansion of T, can be
of great importance in the expression of the next terms in asymptotic
development of p7 ().

4. Illustrative example. Let us show a simple example with p = 1,
g =1 and [a,b] = [0,1]. Then, our regular fractional Sturm-Liouville
problem reduces to

(D§_D§ ) y(z) +Ay(z) =0, I<a<l, 0<z<l
limz! ™% y(x) = 0 = y(1),

x—0

>

and the “inverse” compact operator defined in L?([0, 1]) is
1
(Ta)@) = [ Galarr)y(r) dr
0

where the fractional Green’s function is

G ({E 7_) _ (2a—1)@(1,:5)90(1,7)_90(5577-) if0<7 <z,
YT @a - Dol a)e(l,1) —p(r,e) ifr <<,

with
o(r2) = —— /m(az el — el gy
’ F(a) 0
L 11—« , 1
_ ¥ 7 .z
T T4t e
1+ «

where 5 F} is the Gauss-hypergeometric function which can be defined
by its Euler representation, see [12],

@b I'(c) Lo c—b-1 —a
oFy . ;Z F(b)F(c—b)/O s H1—s) (1—2zs)"%ds.

Thus, this problem has an infinite sequence of real negative eigenvalues.
The Taylor expansion up to order 1 gives

(Tay) (@) = (Tay) (@)]oey + (T09) @)] (@ =1+ Ri(@)

a=1
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where the kernel Gy (¢, 7)|a—1 = &7 —min(z, 7) is the classical Green’s
function of the (P;) problem corresponding to our data.

CN}’S)(:C, 7)|a=1 can be computed by integration by parts

a0 _
27 + 2(y — Dar — u(x) — u(t) + u(z — 1)
_ +u(zr) —zu(l—7) —7(1 — x) if0<r <z,
2z +2(y — Drz — u(7) — u(@) + u(r — 2)

+u(tz) — Tu(l — ) — zu(l — 1) ife <7<1,

where u(z) = zlnz and + is the Euler constant.

We remark that the linear operator associated to this Green’s func-
tion which contains logarithmic functions is not connected to any clas-
sical differential operator. Finally, we have

_ .2
alinl)\l( ) = —7°.

Acknowledgments. We are grateful to the referees for their careful
reading of the manuscript. Their comments, questions and some
additional suggestions for references were of great importance in helping
to improve the quality of the paper. We thank them warmly.

REFERENCES

1. O.P. Agrawal, Generalized variational problems and euler-lagrange equations,
Comp. Math. Appl. 59 (2010), 1852-1864.

2. E. Bas, Fundamental spectral theory of fractional singular Sturm-Liouville
operator, J. Funct. Spaces Appl. 2013 (2013), 1-7.

3. , The inverse nodal problem for the fractional diffusion equation, Acta
Sci. Tech. 37 (2015), 251-257.

4. E. Bas, R. Yilmazer and E.S. Panakhov, Fractional solutions of Bessel
equation with N-method, The Scientific World J. Math. Anal. 2013, (2013), 1-8.

5. M.S. Birman and M.Z. Solomjak, Spectral theory of self-adjoint operators in
Hilbert space, D. Reidel Publishing Company, Amsterdam, 1987.

6. N. Dunford and J.T. Schwartz, Linear operators, Vol. 11, Spectral theory,
self-adjoint operators in Hilbert space, Interscience Publishers, New York, 1963.

7. M. Klimek and O.P. Agrawal, Fractional Sturm-Liouville problem, Comp.
Math. Appl. 66 (2013), 795-812.



480 FATIMA-ZAHRA BENSIDHOUM AND HACEN DIB

8. M. Klimek and O.P. Agrawal, On a regular fractional Sturm-Liouville problem
with derivatives of order in (0, 1), Slovakia IEEE Explore Digital Library, (2012),
3284-289.

9. M. Klimek and M. Blasik, Regular Sturm-Liouville problem with Riemann-
Liouville derivatives of order in (1,2): Discrete spectrum, solutions and applica-
tions, Lect. Notes Electr. Eng. 320 (2015), 25-36.

10. , Regular fractional Sturm-Liouville problem with discrete spectrum:
Solutions and applications, IEEE (2014), 1-6.

11. A.A. Kilbas, H.M. Srivastava and J.J. Trujillo, Theory and applications of
fractional differential equations, Elsevier, Amsterdam, 2006.

12. N.N. Lebedev, Special functions and their applications, Prentice-Hall, Inc.,
New York, 1965.

13. M. Mckiernan, On the nth derivative of composite functions, Math. Notes
63 (1956), 331-333.

14. K.S. Miller and B. Ross, An introduction to the fractional calculus and
fractional differential equations, Wiley and Sons, New York, 1993.

15. 1. Podlubny, Fractional differential equations, Academic Press, San Diego,
1999.

16. M. Rivero, J.J. Trujillo and M.P. Velasco, A fractional approach to the
Sturm-Liouville problem, Centr. Eur. J. Phys. 11 (2013), 1246-1254.

17. S.G. Samko, A.A. Kilbas and O.I. Marichev, Fractional integrals and deriva-
tives, Theory and applications, Gordon and Breach Science Publishers, Amsterdam,
1993.

18. V.K. Tuan, Inverse problem for fractional diffusion equation, Fract. Calc.
Appl. Anal. 14 (2011), 31-55.

19. J. Weidmann, Linear operators in Hilbert spaces, Springer-Verlag, New
York, 1980.

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TLEMCEN, B.P. 119-TLEMCEN
13000, ALGERIA
Email address: fz_bensidhoum@yahoo.fr

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TLEMCEN, B.P. 119-TLEMCEN
13000, ALGERIA
Email address: h_dib@mail.univ-tlemcen.dz



