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ABSTRACT. In this paper, we establish some composi-
tion theorems of µ-pseudo almost automorphic functions via
measure theory, then derive sufficient conditions for the ex-
istence and uniqueness of pseudo almost automorphic mild
solutions to fractional differential equations with Caputo
derivatives.

1. Introduction. In 1962, Bochner [4] introduced the concept of al-
most automorphic functions as a natural generalization of the classical
concept of almost periodic functions. Subsequently, new concepts such
as pseudo almost automorphic functions, asymptotically almost au-
tomorphic functions, Stepanov-like almost automorphic functions and
Stepanov-like pseudo almost automorphic functions were developed by
Liang and Xiao, N’Guérékata and Pankov, Diagana, et al., respectively.
Many important and interesting properties of these functions, composi-
tion theorems and applications to differential and integral equations are
established. We refer the reader to the monographs [10, 21, 22], pa-
pers [1, 2, 3], [5]–[9], [11]–[20], [26]–[28] and the references therein.

Recently, Blot, Cieutat and Ezzinbi introduced another new notion
of µ-pseudo almost automorphic functions, which generalizes that of
weighted pseudo almost automorphic functions, by applying the mea-
sure theory in [2], and they established some basic properties of these
functions and composition theorems. Moreover, Chang, Zhang and
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N’Guérékata developed this method and discussed the composition the-
orems of µ-pseudo almost automorphic functions and their applications
to abstract equations in [5, 6].

Motivated by the above research, the main purpose of this paper is
to again study compositions of µ-pseudo almost automorphic functions
under conditions which are weaker than the Lipschitz condition. More-
over, under these conditions, we investigate the existence and unique-
ness of µ-pseudo almost automorphic mild solutions to the abstract
differential equations in a Banach space X of the form

(1.1) Dα
t x(t) = Ax(t) + J1−α

t f(t, x(t)), t ∈ R,

where 0 < α < 1, A : D(A) ⊆ X → X generates a resolvent Sα(t), D
α
t

is the Caputo fractional derivative and

J1−α
t h(t) =

∫ t

0

(t− s)−αh(s)/Γ(1− α) ds.

Furthermore, we note that almost periodic solutions, almost automor-
phic and compact almost automorphic solutions to the above equation
have been derived in recent papers [1, 8, 9, 20] by Agarwal, et al.,
Cuevas, et al., Cuevas and Lizama and Lizama and Poblete, respec-
tively. Thus, our main results in this paper generalize and extend
many classical results on almost automorphic functions, pseudo almost
automorphic and weighted pseudo almost automorphic functions.

The paper is organized as follows. In Section 2, we give some
basic definitions and results for pseudo almost automorphic functions
and resolvent operators. In Section 3, we establish compositions of
µ-pseudo almost automorphic functions under conditions which are
weaker than the Lipschitz condition. In Section 4, we derive sufficient
conditions to guarantee the existence and uniqueness of µ-pseudo
almost automorphic mild solutions to equation (1.1).

2. Preliminaries. Throughout this paper, p ∈ [1,∞), and we
denote by N, Z and R the set of positive integers, the set of integers
and the set of real numbers, respectively. Let (X, ∥ · ∥) and (Y, ∥ · ∥Y )
be two Banach spaces. Let BC(R, X) (respectively, BC(R × Y,X))
denote the space of bounded continuous functions with supremum norm
∥·∥∞ (respectively, the space of jointly bounded continuous functions).
Moreover, we denote by L (X) the space of bounded linear operators
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from X to X endowed with the operator topology, B the Lebesgue
σ-field of R and M the set of all positive measures µ on B satisfying
µ(R) = +∞ and µ([a, b]) < +∞, for all a, b ∈ R with a < b.

Now, let us recall the following definitions and basic results about
almost automorphic functions.

Definition 2.1.

(i) A continuous function f : R → X is said to be almost automorphic
if, for every sequence of real numbers {s′n}∞n=1, we can extract a
subsequence {sn}∞n=1 such that g(t) = limn→∞ f(t + sn) is well
defined in t ∈ R, and limn→∞ g(t − sn) = f(t) for each t ∈ R.
Denote by AA(X) the set of all such functions.

(ii) A continuous function f : R × Y → X is said to be almost
automorphic if f(t, u) is almost automorphic in t ∈ R uniformly
for all u ∈ K, where K is any bounded subset of Y . Denote by
AA(R× Y,X) the set of all such functions.

Definition 2.2. A continuous function f : R → X (R×Y → X) is said
to be pseudo almost automorphic if it can be decomposed as f = g+φ
where g ∈ AA(X) (AA(R× Y,X)) and φ ∈ AA0(X) (AA0(R× Y,X)).
Denote by PAA(X) (PAA(R × Y,X)) the set of all such functions,
where

AA0(X) :=
{
f ∈ BC(R, X) : lim

T→∞

1

2T

∫ T

−T

∥f(σ)∥ dσ = 0
}
,

AA0(R× Y,X) :=
{
f ∈ BC(R× Y,X) : lim

T→∞

1

2T

∫ T

−T

∥f(σ, u)∥dσ

= 0 uniformly for u in any bounded subset of Y
}
.

Definition 2.3 ([2]). Let µ ∈ M. A bounded continuous function
f : R → X is said to be µ-ergodic if

lim
T→∞

1

µ([−T, T ])

∫
[−T,T ]

∥f(t)∥dµ(t) = 0.

We denote the space of all such functions by E (R, X, µ).
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Definition 2.4. ([2]). Let µ ∈ M. A bounded continuous function
f : R → X is said to be µ-pseudo almost automorphic if f is written
in the form f = g + φ, where g ∈ AA(R, X) and φ ∈ E (R, X, µ). We
denote the space of all such functions by PAA(R, X, µ).

Definition 2.5. ([2]). Let µ ∈ M. A bounded continuous function
f : R×Y → X is said to be µ-pseudo almost automorphic if f is written
in the form f = g+φ, where g ∈ AA(R×Y,X) and φ ∈ E (R×Y,X, µ).
We denote the space of all such functions by PAA(R× Y,X, µ), where

E (R× Y,X, µ)

,
{
f ∈ BC(R× Y,X) : lim

T→∞

1

µ([−T, T ])

∫
[−T,T ]

∥f(t, u)∥dµ(t) = 0

uniformly for u in any bounded subset of Y
}
.

For µ ∈ M and τ ∈ R, we denote µτ as the positive measure on B
defined by

µτ (A) = µ(a+ τ : a ∈ A), A ∈ B.

For µ ∈ M, we list the following hypothesis ([2]).

(H0) For all τ ∈ R, there exist γ > 0 and a bounded interval I such
that

µτ (A) ≤ γµ(A),

when A ∈ B satisfies A
∩
I = ∅.

Lemma 2.6. [2, Theorem 3.5]. Let µ ∈ M satisfy (H0). Then
E (R, X, µ) is translation invariant ; therefore, PAA(R, X, µ) is also
translation invariant.

Lemma 2.7. [2, Theorem 4.9]. Let µ ∈ M. Assume that PAA(R, X, µ)
is translation invariant. Then (PAA(R, X, µ), ∥·∥∞) is a Banach space.

Remark 2.8. On examples of measure µ and functions in PAA(R, X, µ),
we refer the reader to the reference [2].

Now, let us recall some basic definitions and results on fractional
differentiation, integration and resolvent operators.
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Definition 2.9. ([24]). The fractional order integral of a function
f ∈ L1([0, b], X) of order α ∈ R+ is defined by

Jα
t f(t) =

1

Γ(α)

∫ t

0

(t− s)α−1f(s) ds,

where Γ is the Gamma function.

Definition 2.10. ([24]). The Caputo fractional order derivative of
order α of a function f ∈ L1([0, b], X) given on the interval [0, b] is
defined by (if it exists)

Dα
t f(t) =

1

Γ(n− α)

∫ t

0

(t− s)n−α−1f (n)(s) ds,

where α ∈ (n− 1, n], n ∈ N.

Since f takes values in Banach space X, the integrals which appear
in the above definitions are taken in Bochner’s sense.

In the remainder of this paper we always suppose that 0 < α < 1,
gα(t) = tα−1/Γ(α), t > 0 and A is a closed and densely defined linear
operator on X.

Definition 2.11. ([25]). A family {Sα(t)}t≥0 ⊆ L (X) of bounded
linear operators in X is called a resolvent (or solution operator) gener-
ated by A if the following conditions are satisfied:

(S1) Sα(t) is strong continuous on R+ and Sα(0) = I;
(S2) Sα(t)D(A) ⊆ D(A) and ASα(t)x = Sα(t)Ax for all x ∈ D(A)

and t ≥ 0;
(S3) the resolvent equation holds for

Sα(t)x = x+

∫ t

0

gα(t− s)ASα(s)x ds for all x ∈ D(A), t ≥ 0.

3. Composition theorems. In this section, we will establish com-
positions of µ-pseudo almost automorphic functions under suitable con-
ditions by using pseudo almost automorphic functions and measure
theory.
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Denote by Lp(R, µ) the space of real-valued integrable functions on
R with the measure µ ∈ M and the norm

∥f∥Lp(µ) =

(∫
R
|f(t)|p dµ(t)

)1/p

,

where 1 ≤ p < ∞.

We start with the following characterization of µ-ergodic functions
in terms of the measure µ.

Lemma 3.1. [2, Theorem 2.14]. Let µ ∈ M and I be a bounded
interval (eventually I = ∅). Assume that f ∈ BC(R, X). Then the
following assertions are equivalent :

(i) f ∈ E (R, X, µ).
(ii)

lim
T→∞

1

µ([−T, T ]\I)

∫
[−T,T ]\I

∥f(t)∥dµ(t) = 0.

(iii) For any ε > 0,

lim
T→∞

µ({t ∈ [−T, T ]\I : ∥f(t)∥ > ε})
µ([−T, T ]\I)

= 0.

Theorem 3.2. Let f = g + h ∈ PAA(R×X,X, µ) with g ∈ AA(R×
X,X) and h ∈ E (R×X,X, µ). Assume:

(i) g(t, x) is uniformly continuous on any bounded subset Ω ∈ X
uniformly in t ∈ R.

(ii) There exists a nonnegative function l ∈ Lp(R, µ) (1 ≤ p < ∞)
such that

∥f(t, x)− f(t, y)∥ ≤ l(t)∥x− y∥

for all x, y ∈ X and t ∈ R.

Then f(·, ϕ(·)) ∈ PAA(R, X, µ) provided that ϕ ∈ PAA(R, X, µ).

Proof. Let
ϕ(t) = α(t) + β(t),

where α ∈ AA(R, X) and β ∈ E (R, X, µ). Since

f(t, x) = g(t, x) + h(t, x),
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where g ∈ AA(R×X,X) and h ∈ E (R×X,X, µ), we have

f(t, ϕ(t)) = g(t, α(t)) + f(t, ϕ(t))− g(t, α(t))

= g(t, α(t)) + f(t, ϕ(t))− f(t, α(t)) + h(t, α(t)).

Denote

G(t) = g(t, α(t)),

H(t) = f(t, ϕ(t))− f(t, α(t)) + h(t, α(t)).

In view of [19, Lemma 2.2], we have G ∈ AA(R, X).

To prove that f(·, ϕ(·)) ∈ PAA(R, X, µ), it is enough to show that
H ∈ E (R, X, µ).

Firstly, we show that f(·, ϕ(·)) − f(·, α(·)) ∈ E (R, X, µ). It is easy
to see that f(·, ϕ(·)) − f(·, α(·)) is bounded and continuous on R. We
can assume that ∥f(t, ϕ(t) − f(t, α(t))∥ ≤ M , for all t ∈ R. Since
β ∈ E (R, X, µ), Lemma 3.1 yields that, for any ε > 0,

lim
T→∞

µ({t ∈ [−T, T ] : ∥β(t)∥ > ε})
µ([−T, T ])

= 0.

Thus,

1

µ([−T, T ])

∫
[−T,T ]

∥f(t, ϕ(t))− f(t, α(t))∥dµ(t)

=
1

µ([−T, T ])

∫
{t∈[−T,T ]:∥β(t)∥>ε}

∥f(t, ϕ(t))− f(t, α(t))∥dµ(t)

+
1

µ([−T, T ])

∫
[−T,T ]\{t∈[−T,T ]:∥β(t)∥>ε}

∥f(t, ϕ(t))− f(t, α(t))∥dµ(t)

≤ M

µ([−T, T ])
µ({t ∈ [−T, T ] : ∥β(t)∥ > ε})

+
ε

µ([−T, T ])

∫
[−T,T ]

l(t) dµ(t).

If p = 1, we have

ε

µ([−T, T ])

∫
[−T,T ]

l(t) dµ(t) ≤
ε∥l∥L1(µ)

µ([−T, T ])
.
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If p > 1, we have

ε

µ([−T, T ])

∫
[−T,T ]

l(t) dµ(t)

≤ ε

µ([−T, T ])

(∫
[−T,T ]

lp(t) dµ(t)

)1/p(∫
[−T,T ]

dµ(t)

)1/q

≤
ε∥l∥Lp(µ)

(µ([−T, T ]))1−1/q
,

where q = p(1− p)−1. Hence, we have

lim
T→∞

1

µ([−T, T ])

∫
[−T,T ]

∥f(t, ϕ(t))− f(t, α(t))∥ dµ(t) = 0,

which implies that f(·, ϕ(·))− f(·, α(·)) ∈ E (R, X, µ).

Secondly, we show that h(·, α(·)) ∈ E (R, X, µ). Let ε > 0. Since g
satisfies condition (i), there exists a number δ > 0 such that

∥g(t, x)− g(t, y)∥ ≤ ε,

for all t ∈ R, x, y ∈ X with ∥x− y∥ ≤ δ.

Put δ0 = min{ε, δ}. Then

∥h(t, x)− h(t, y)∥ ≤ ∥f(t, x)− f(t, y)∥+ ∥g(t, x)− g(t, y)∥
≤ [l(t) + 1]ε

(3.1)

for all t ∈ R, x, y ∈ X with ∥x− y∥ ≤ δ0.

Since K = {α(t) : t ∈ R} is compact, one can find a finite open ball
Ok (k = 1, 2, . . . ,m) with center xk ∈ K and radius δ0 small enough
such that

{α(t) : t ∈ R} ⊂
m∪

k=1

Ok.

And, we choose Bk such that

Bk = {s ∈ R : α(s) ∈ Ok}, R =

m∪
k=1

Bk.

Let

E1 = B1, Ek = Bk

\ k−1∪
j=1

Bj (2 ≤ k ≤ m).
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Then
Ei

∩
Ej = ∅, i ̸= j, 1 ≤ i, j ≤ m.

Define the step function x : R → X by x(s) = xk, s ∈ Ek, k =
1, 2, . . . ,m. It is easy to see that ∥α(s)− x(s)∥ ≤ δ0 for all s ∈ R. By
(3.1), it follows that

1

µ([−T, T ])

∫
[−T,T ]

∥h(t, α(t)∥ dµ(t)

=
1

µ([−T, T ])

∫
∪m

k=1(Ek∩[−T,T ])

∥h(t, α(t)∥dµ(t)

≤ 1

µ([−T, T ])

m∑
k=1

∫
Ek∩[−T,T ]

[∥h(t, α(t)− h(t, x(t))∥

+ ∥h(t, x(t))∥] dµ(t)

≤ 1

µ([−T, T ])

m∑
k=1

∫
Ek∩[−T,T ]

[l(t) + 1]εdµ(t)

+
1

µ([−T, T ])

m∑
k=1

∫
Ek∩[−T,T ]

∥h(t, xk)∥dµ(t)

≤ ε+
ε

µ([−T, T ])

∫
[−T,T ]

l(t) dµ(t)

+
1

µ([−T, T ])

m∑
k=1

∫
[−T,T ]

∥h(t, xk)∥dµ(t).

Using the same arguments as above and the fact h ∈ E (R ×X,X, µ),
we obtain that

lim
T→∞

1

µ([−T, T ])

∫
[−T,T ]

∥h(t, α(t)∥dµ(t) = 0,

which implies that h(·, α(·)) ∈ E (R, X, µ). This completes the proof.
�

If p = 1, we can make use of the ergodic boundedness of function l
instead of l ∈ L1(R, µ). In fact, we have the following result.

Theorem 3.3. Let f = g + h ∈ PAA(R×X,X, µ) with g ∈ AA(R×
X,X) and h ∈ E (R×X,X, µ). Assume:
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(i) g(t, x) is uniformly continuous on any bounded subset Ω ∈ X
uniformly in t ∈ R.

(ii) There exist a positive number M and a nonnegative function
l : R → R such that

1

µ([−T, T ])

∫
[−T,T ]

l(t) dµ(t) ≤ M

and
∥f(t, x)− f(t, y)∥ ≤ l(t)∥x− y∥,

for all T > 0, x, y ∈ X and t ∈ R.

Then f(·, ϕ(·)) ∈ PAA(R, X, µ), provided that ϕ ∈ PAA(R, X, µ).

Proof. The proof is similar to that of Theorem 3.2. So, we omit
it. �

Remark 3.4. The above composition theorems generalize those in
[2, 3, 18, 19] by Blot et al., and Liang et al., respectively, where
the composition theorems of pseudo almost automorphic functions and
weighted pseudo almost automorphic functions are established.

4. µ-pseudo almost automorphic solutions. This section is de-
voted to the existence of µ-pseudo almost automorphic solutions of the
following fractional differential equation in a Banach space X:

(4.1) Dα
t x(t) = Ax(t) + J1−α

t f(t, x(t)), t ∈ R,

where 0 < α < 1, A : D(A) ⊆ X → X generates a resolvent Sα(t), D
α
t

is the Caputo fractional derivative and

J1−α
t h(t) =

∫ t

0

(t− s)−αh(s)/Γ(1− α) ds.

By a mild solution of (4.1), we understand a function x ∈ C(R, X)
such that (see [25])

x(t) =

∫ t

−∞
Sα(t− s)f(s, x(s)) ds, t ∈ R.

For our purposes, we need the following assumptions.
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(H1) The resolvent Sα(t) is exponentially stable, that is, there exist
M > 0, ω > 0, such that ∥Sα(t)∥ ≤ M exp−ωt for all t ≥ 0.

(H2) f = g + h ∈ PAA(R×X,X, µ) satisfies conditions (i) and (ii)
in Theorem 3.2.

Theorem 4.1. Assume conditions (H1) and (H2) hold and l ∈ Lp(R).
Then equation (4.1) has a unique µ-pseudo almost automorphic mild
solution.

Proof. Consider the nonlinear operator F given by

(Fx)(t) =

∫ t

−∞
Sα(t− s)f(s, x(s)) ds.

In view of condition (H2) and Theorem 3.2, we obtain that f(·, x(·)) ∈
PAA(R, X, µ) if x ∈ PAA(R, X, µ). Thus, according to [2, Theorem
3.9], we can see that F maps PAA(R, X, µ) into itself.

Firstly, let l ∈ L1(R, µ), and we have

∥(Fx)(t)− (Fy)(t)∥ ≤
∫ t

−∞
∥Sα(t− s)[f(s, x(s))− f(s, y(s))]∥ds

≤ M∥x− y∥
∫ t

−∞
l(s) ds

and

∥(F 2x)(t)− (F 2y)(t)∥ ≤ M

∫ t

−∞
l(s)∥(Fx)(s)− (Fy)(s)∥ ds

≤ M∥x− y∥
∫ t

−∞
l(s)

∫ s

−∞
l(σ) dσ ds

≤ M2

2
∥x− y∥

(∫ t

−∞
l(s) ds

)2

.

Thus, by induction on n ≥ 1, we have

∥(Fnx)(t)− (Fny)(t)∥ ≤ Mn

n!
∥x− y∥

(∫ t

−∞
l(s) ds

)n

.
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Therefore,

∥Fnx− Fny∥ ≤
(M∥l∥L1(R))

n

n!
∥x− y∥,

which implies that Fn is a contraction for sufficiently large n. Hence,
there exists a unique fixed point x ∈ PAA(R, X, µ) of operator F by
the generalized contraction mapping principle, which is just the unique
µ-pseudo almost automorphic mild solution of (4.1).

Secondly, let l ∈ Lp(R) (1 < p < ∞). Put λ(t) =
∫ t

−∞ lp(s) ds.

Then, we define an equivalent norm over PAA(R, X, µ), as follows

∥f∥c = sup
t∈R

∥e−cλ(t)f(t)∥,

where c is a fixed positive number. Then, we have

∥(Fx)(t)− (Fy)(t)∥ ≤
∫ t

−∞
∥Sα(t− s)[f(s, x(s))− f(s, y(s))]∥ds

≤
∫ t

−∞
l(s)∥Sα(t− s)∥∥x(s)− y(s)∥ds

≤ M

∫ t

−∞
e−ω(t−s)l(s)ecλ(s)∥x− y∥c ds

≤ M

(∫ t

−∞
ecpλ(s)lp(s) ds

)1/p

(∫ t

−∞
e−ωq(t−s) ds

)1/q

∥x− y∥c

≤ M(ωq)−1/q

(∫ t

−∞
ecpλ(s)λ′(s) ds

)1/p

∥x− y∥c

≤ M(ωq)−1/q(cp)−1/pecλ(t)∥x− y∥c.

Therefore,

∥Fx− Fy∥c ≤ M(ωq)−1/q(cp)−1/p∥x− y∥c,

which implies that F is a contraction for sufficiently large c. Hence,
there exists a unique fixed point x ∈ PAA(R, X, µ) of operator F by
the generalized contraction mapping principle, which is just the unique
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µ-pseudo almost automorphic mild solution of (4.1). This completes
the proof. �

Remark 4.2. The above results generalize those in [1, 8, 9, 20], where
the existence of weighted pseudo almost periodic, almost automorphic,
compact almost automorphic and pseudo almost automorphic mild
solutions to equation (4.1) are derived.

Acknowledgments. The authors are grateful to the referee for
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periodic and pseudo almost automorphic functions and applications to evolution
equations, Appl. Anal. 89 (2010), 11–27.

8. C. Cuevas and C. Lizama, Almost automorphic solutions to a class of

semilinear fractional differential equations, Appl. Math. Lett. 21 (2008), 1315–
1319.

9. C. Cuevas, M. Rabelo and H. Sot, Pseudo-almost automorphic solutions to a

class of semilinear fractional differential equations, Comm. Appl. Nonlin. Anal. 17
(2010), 31–47.

10. T. Diagana, Almost automorphic type and almost periodic type functions in

abstract spaces, Springer, New York, 2013.



218 ZHENBIN FAN, QIXIANG DONG AND GANG LI

11. T. Diagana, Existence of pseudo-almost automorphic solutions to some ab-
stract differential equations with Sp-pseudo-almost automorphic coefficients, Non-
lin. Anal. TMA 70 (2009), 3781–3790.
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