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COHEN-MACAULAYNESS OF REES ALGEBRAS
OF DIAGONAL IDEALS

KUEI-NUAN LIN

ABSTRACT. Given two determinantal rings over a field
k, we consider the Rees algebra of the diagonal ideal, the
kernel of the multiplication map. The special fiber ring of
the diagonal ideal is the homogeneous coordinate ring of the
secant variety. When the Rees algebra and the symmetric
algebra coincide, we show that the Rees algebra is Cohen-
Macaulay.

1. Introduction. Determinantal rings and varieties have been a
central topic of commutative algebra and algebraic geometry. We
investigate blowups in the products of determinantal varieties, i.e.,
the Rees algebras of ideals in the determinantal rings. Rees algebras
correspond to the blowups of varieties along the subvarieties in algebraic
geometry. More precisely, we are interested in the Rees algebras of
diagonal ideals of the determinantal rings. In this particular case, the
special fiber rings of the diagonals are the homogeneous coordinate
rings of the secant varieties of the determinantal rings. Therefore
understanding this particular case not only lets us understand the
blowup but also the secant variety.

It turns out that, for some cases, the Rees algebras and the sym-
metric algebras of the diagonal ideals coincide [12]. It is natural to ask
if the Rees algebras are Cohen-Macaulay in those cases. In general,
for a given ideal, it is very difficult to show the Cohen-Macaulayness
if the ideal does not fulfill the needed hypotheses to apply the well-
known general criteria [1]. There have been various works on knowing
the Cohen-Macaulayness of an ideal. Showing Cohen-Macaulayness of
the Rees algebra of an ideal is even more difficult due to the general
complexity of the defining ideal of the Rees algebra. There are vari-
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ous techniques to see the Cohen-Macaulayness of Rees algebras such
as using the reducing number, the analytic spread, a-invariant and the
depth conditions of power of ideals [2, 5, 10, 7, 8, 9, 11]. In this
paper, we use the known defining equations of the Rees algebra in the
work of [12] to understand the Cohen-Macaulayness of Rees algebras.
The determinantal rings have nice structures; therefore, we are able to
prove the Cohen-Macaulayness by looking at its initial ideal then pass-
ing it to an Alexander dual ideal. This paper continues the work of
Simis and Ulrich [13], Sturmfels and Sullivant[14], and of the author
[12].

We describe the ground settings of this work and outline the proof
of the main theorem in Section 1. We will go through the detailed
settings of this work and some basic facts of our cases in Section 2. In
Section 3, we will recall some basic combinatorial properties and finish
the proof of the main theorem in Section 4.

Let k be a field, 2 < m < n integers, X = [z; ;] an m x n matrix
of variables over k, and I} = I,,(X), Ir = I,,,(X) the ideals of k[X]
generated by the u; X u; minors of X and the us X us minors of X.
Let Ry = k[X]/I; and Ry = k[X]/I> be two determinantal rings. We
consider the diagonal ideal D of S = Ry ®j Ro, defined via the exact
sequence

0— D — 8™ k[X]/(I1 + Is) — 0.

The diagonal ideal D is generated by the images of z; ; ® 1 — 1 ® x; ;
in S. Those elements are homogeneous of degree 1. The homogeneous
coordinate ring of the embedded join variety J (I1, Is) C P! of the
determinantal varieties V' (I1), V(I2) in P{*"~' can be identified with
R(D) ®s k = F(D) regarding k as S/m where m is the homogeneous
maximal ideal of S.

The scheme Proj (F(D)) is the special fiber in the blowup Proj (R(D))
of Spec (S) along V(D). In this work, we study, more broadly, the
blowup rather than the special fiber.

Theorem 1.1. The Rees algebra R(D) is Cohen-Macaulay if I; and
I5 are generated by the maximal minors of submatrices of X.

In [12], the defining ideals of Rees algebras of diagonal ideals have
been determined in the setting of Theorem 2.1. Let K be the defining
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ideal of the Rees algebra of D. By the proposition below, we deduce
that IC is Cohen-Macaulay once we show in (K), the initial ideal of K
via a term order, is Cohen-Macaulay.

Proposition 1.2.

(a) [4, 15.15] Let R be a polynomial ring over a field k, > a
monomial order on R, I an ideal of R and in(I) the initial
ideal of I with respect to the term order >. Let a1,...,a, be
polynomials in R such that in(aq),...,in(a,) form a regular
sequence on R/in(I). Then ay,...,a, is a regular sequence on
R/I.

(b) [4, 15.16,15.17] If R/in(I) is Cohen-Macaulay, then so is R/I.

We use combinatorial commutative algebra to show in (K) is Cohen-
Macaulay. With respect to a suitable term order, in (K) is generated
by square-free monomials [12]. Square-free monomial ideals in a
polynomial ring are also known as Stanley—Reisner ideals. This leads
us to consider Alexander dual ideals:

Theorem 1.3 ([3]). Let J be a square-free monomial ideal in a
polynomial ring R. The ring R/J is Cohen-Macaulay if and only if
the Alexander dual ideal J* has a linear free resolution.

It is sufficient to show that (in (K))*, the Alexander dual ideal of
in (K), has a linear free resolution. To do this, we find a suitable
filtration starting from the Alexander dual ideal of in (K).

2. Rees algebras of diagonal ideals. In this section, we start
with the notations and write down the generators of the initial ideal
of the defining ideal of diagonal ideal. Let k be a field, 2 < m < n
integers, Xy = [Zij], Yin = Wi, Zm.n = [2i;], m X n matrices of
variables over k. Let s; and ¢; be integers such that 2 <'s; <t;,1=1,2
and X, 4 and Y;, ;, are the submatrices of X and Y coming from the
first s; rows and first ¢; columns. I; = I, (X, ¢, ) and Io = I, (X5, 1)
are the ideals of k[X] generated by the maximal minors of Xy, ;, and
the maximal minors of X, ;,. Let Ry = k[X]/I; and Ry = k[X]/I5 be
two determinantal rings. We consider the diagonal ideal D of R ®j Ra,
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defined via the exact sequence

The ideal D is generated by the images of z; ; ® 1 —1®z; ; in R ®j Ro.
We write the diagonal ideal D = ({z; ; — v;,;}) in

S= k[XmmvYm,n]/USl(XShh)a 182 (Y82,t2)) = R Q Ra.

Let R(D) be the Rees algebra of D over S which is a subalgebra
of S[t]. There is a natural map from S[Z,,,] to R(D) C S[t] via
sending z; ; to (z;; — i ;)t. Let K be the kernel of this map, and write
R(D) = S[Znn]/K. We consider ¢, a presentation matrix of D and
the following exact sequence:

st 2y §m D — 0
From this, we obtain a presentation of the symmetric algebra of D,

0 — (image(¢)) = J — Sym(S™") = S[Z,,.n] — Sym(D) — 0.
Here J is the ideal generated by the entries of the row vector
(21,1, 21,2 - -+, Z1ms - - - s Zm,n] - . Hence,

Sym (D) 2 S[Z,,..]/J,

where J is generated by linear forms in the variables z; ;. It is clear that
J C K. In general, K is not generated by linear forms. If J = K, we say
D is an ideal of linear type. We can rewrite Sym (D) = S[Z,,..]/J =
EXmns Ymn Zmn)/ T and R(D) = k[ X n, Yin, Zmnl/K.

Theorem 2.1. [12] Notation as above. Let X(ll’lk.uas1 be the (k — 1+
1) x 81 submatriz of X with rows 1, l+1,... k and columns ay,...,as,,
and similarly for Y and Z. Let

Zi,j 21,k
Gijlk = J
Tij — Y5 TLk — YLk
s2 VA
_ § q+1 1,q—1
fa1~,~~;a31 - (_1) Y ! ’
g=1 Xqul,m

ar--as,

wherel < ay < ag < -+ < as, <min(ty,ta) and1 <i<m,1<1<m,
1<j<nandl <k<n.
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(1) Then IC = (Isl (XS1,t1)7 132(}/:927%)’ G5k fal,m,asl) = '-77 i.e.,
D is an ideal of linear type.

(2) The initial ideal of K with respect to lexicographic term or-
der and the variables ordered by z;; > xir > Ypgq for any
05,0 kD,q and x5 < Tyg, Yij < Yk if 1 >1ori =1 and
J<kandz;<zypifit>1lorifi=10andj >k is generated
by square-free monomials.

The generators of the Grobner basis are collections of classes of
polynomials. Each class of polynomials is complicated, and it is a huge
collection. Since the main idea of this work is not about the defining
equations of Rees algebra, we refer the reader to the paper [12] for
detailed notation of polynomials. To simplify the notation, we write h,
as the class of initial monomials of the class of polynomials “x.” For
example, we write hx as the class of initial monomials of I, (X, ¢,)
and hy as the class of initial monomials of f,, ..

©Qsq t

Corollary 2.2. The initial ideal of

K= (hx +hy +hyg+hs+hy+hw + hyeat + hy+
hvl,k,w —+ th,k,q —+ h]l,k,q —+ hk,wll,k,q),

( ) hX - ({xlaleag t 'x81a51| 1 S Agy < Ag,—1 <---<a S tl})y

( ) hY = ({y1a1y2a2 t 'yszas2 1 < Ag, < Agy—1 <---<a < t2})7

(3) hg = {zjaw|i <lori=1andj<k,}),

( ) hf:({zlqlzl"!‘l(JH»I...quk:xlal...xl_lalflylbl'.'yk—lbkflyk"rlbkﬁ»l

o Ysib 1S @ <@g <o < g <bsy < <bpyr <bgor <

-~-<b1<al_1<-~<a1§t1, 1§l<k§52}),

(5) hv = ({#zpgT1a, * TpapYp+lapyr * " Ysias, [P = 1,...,s1—-1,1<
q<n, ]'Sa’sl <ag—1 <---<ap <ty apgq})}

(6) hW = ({zpql'lal ©  Tpap,Y1by 'yslbsl b= 1a ceey 81— 17 1<q

D, 1 <bgy <o <bgyyr <ap < ---<ap <tg, 1 < by,

<
<
boyo1 < o <bpra <bp <bpoy <o < bipr < bppr < b <
<
)7

by <ty 1< by, <o <bpia<by < <bipg <apy

e <ay <ty by #Fap, L=i+1,... 51, ap_1 < by, ap < g}
(7) hweat = ({2pgT1ar -~ Tpa, Y16y~ Yp—1b,_1 Ypb, Yp+1bp1Yprrp!

 Yuby Youp! Yot 1bugr " Ysibe, N <p<m1<qg<nov=
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P+l 50— 1,1 < by < - <bgyyy <ap < - <a
t1, ap < gq, b52+1 < b52 < -0 < bv+2 < b; < -0 < b;D+1
bp—1 < - <big1 <ap—1 <bpp1 <by <---<by <tg, 1 <40
Py by # ap, 1> 041, b < byyr, bey < o0 < bayrr < by
cos < bygo < bys1 < by < by—1 < -+ < bpro < bpy1 < aqp
ap—1 < bp, b, <bpyo <bpy1, T=p,...,0—2}),
(8) hy = ({Zlq12l+14l+l...Zkaxlal...‘/L‘l*lal—lylbl...ykflbk—l Ykby,
Yktibry *  Ysibo, | 1 S U<k <89, 1 < < qup1 < -+ <
Qe <bgy < oo <bpyo <bp <bgp_1 <--<by<a_1<--<
a; <ty, bp—1 by <tp—k+1},
(9) hyiew = ({Zlql"'qukxlal'"xl—laz—lylbl'"yk+1bk+1yk+1b;+1
Yy Yo Ywtlbysr Ysiby, | LS TS k< s, 1 < pp <
< pe < b81 < e <K b52+1 < e K bk+1 < b1 < b <
by o< - <bhh<a1<-<a1<t;,w=k,...,s9—-1,1<
bay < -+ <buya <by <by 1 < <b, <bp1 <bpog-<
by <tg, by 1 <buwyr, by, <bpyg <bpgr, r=k,...,1—2}),
(10) hH”WZ = ({Zl—lﬂzl,qz' ©Rkqlar” Ll—2,a-1 Y1by T Yk—1bj
Yktibyr Usiby, | 1 ST <k <55, 1 <g<mn 1< gq<
L <bg, < <bpyy <bp1 < <by<ag <<
a; <ty, q <a—1 <q<b}),
(11) hﬂ*’“’q = ({Zlfl,qzl,tn' © kg Llar” " Tl—2,a 1 Y1b1 " Yk—1by 1 Ykby,
yk+1bk+1...y51bsl ‘1 SlSkSSQ; 1 ngny 1 Sql < e <
Qi < bgy <o <bpgpr <bp_1 <bp <bp_a<---<b <a_a<
e<ar <ty <aoy < q<bi}),
(12) hewpire = ({Zl—l,qu,ql"‘qukiﬂlal"‘Zl—2,al,1y1b1'"ykbkykb;
"'ywbwywb;}yw+lbw+1"'yslbsl ‘1 < l < k < S2, 1 < q <
n, 1 <q < - <qp <bs, <o <bpy1 <bpo1 <bp <bp_2 <
b <ao <o <a <t <a1 <qg<b,w=

VANVAN VANWANR VAN

ky-oo 82— 1,1 <bgy < <byyo<by, <b, | <-<b <
br—1 <bg—g---<bi <to, by <byy1, b, <bppo <bppq, 7=
Boee L 2)).

3. Alexander dual. We turn our focus on finding the Alexander
dual of given monomial ideals in this section. Also we show techniques
needed for the proof of the main lemma including how to use a filtration
of a square-free monomial ideal to show it has linear free resolution.
Notice, from Corollary 2.2, the initial ideal of K is generated by square-
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free monomials since each class of monomials is a product of variables
and those variables either coming from different rows or at the same
row with different column indices. We know that an ideal generated by
square-free monomials defines a Stanley-Reisner ring. Hence, we can
find the Alexander dual ideal of this ideal [1]. We recall the definition
of the Alexander dual ideal.

Definition 3.1. If I is an ideal of R = k[z1,...,z,] generated by
square-free monomials (fi,..., f;), then the Alexander dual ideal I*
of I is N;Py,, where for any square-free monomial f = z;, ---x;,,
Pf = (l‘il,. .. ,x“).

From Corollary 2.2, the initial ideal of I is generated by classes
of monomials having very similar forms as the ones in the following
lemma; hence, we find Alexander dual ideals of those kind first. Then
the Alexander dual ideal of in (K) is generated by the intersection of
similar forms by the definition of Alexander dual ideals.

Lemma 3.2. Let R = k[X], where X = [2;5], 1 = 1,...,m, j =
1,....nand 1 < ag <1 <m < n. Let I be the ideal generated by
{1,0,%2,05%3.a5 *** Tman, } With 1 <ag < a1 <ag < - <a < ap41 <
coo <y <. Then I, the Alexander dual ideal of I, is generated by

k1 ko
{ 1 e ] 2
11=ao io=k1+2
ky k141 kiyo
H T4, H Tl 14, H Tig2i,
iy=k;_1+2 ipp1=k+1 iiy2=ki41+2

n

i =Km_1+2

whereagflgkl<k2<k3~~<kl§kl+1<~~<km_1<n.

Proof. Without lost of generality, we may assume [ = 1. Inducting
on m, we consider m = 2 and m = 3 first. When m = 2, I =
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({21,0,%2,05] a0 < a1 < az < n}). Now

I = m (zl,ala 552,(12)

ap<ai<az<n

— ﬂ ( ﬂ (zlval,xz,@))

ap<ai<n “ai1<az<n

n
= ﬂ (xl,ap H .%‘271‘2)

ap<ai<n ia=a1
<{H$111 H x212|a0—1<k‘1<n})
i1= io=ki+1

When m = 3, we have I = ({Z1,4,22,0,%3,a5 | a0 < a1 < a2 < ag < n}).
Now

r= N (N (N @)
ap<ai<n “ar<az<n “az<az<n
n
=N (N e IT o)
ap<ai<n “ai1<az<n iz=as+1
kz n
= ﬂ <$1,a1,{ H$2,¢2 H x37¢3|a11§k2<n})
ap<ai1<n t2=a1 i3=ko+2
n
({ Hﬂcul H 2,4, H $3,i3|a0—1§k‘1§k2<n}>~
i1= io=k1+1 ig=ko+2

When m > 3, we have

I = N

ap<ai;<as<az<--<am<n

( ﬂ (l'l,alv $2,a2a R 'r"%am))

a1<as<az<--<am<n

ap<a1<az<az<--<am<n

ks n

k2
(Il,al,{ H X2,iy H L343 " H T, i,

io=a1 ig=ko+2 i =km—1+2
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a1—1§k2<k3<-~-<km_1<n}>

k1 k2 k3 n
({Moe I on T oo IT o

i1=ag io=k1+1 iz3=ko+2 i =km_1+2
a0—1§k1§k2<k3<~--<km1<n})

where the second equality comes from the induction. ]

Having the Alexander dual ideal of in (), we can use Theorem 1.3 to
show that in (K) is Cohen-Macaulay once we show that the Alexander
dual ideal has a linear free resolution. We recall the definition of a
linear free resolution and the regularity of an ideal.

Definition 3.3.

(a) Let
¥: - —F —FK 11— - — I

be a minimal homogeneous free resolution of an ideal I in a
ring R = k[z1,...,2,] with F; = ®;R(—a;;). We say I has a
linear free resolution if a;; = a; and a;4+1 = a; + 1.

(b) The regularity of I is defined as reg (I) = max; ;{a;; — i}.

Fact 3.4. If all the minimal homogeneous generators of I have the same
degree, d, then I has a linear free resolution if and only if reg (I) = d.

We will show that (in (K))* is generated in the same degree as d
and reg (in(KC))* = d. The structure of (in (KC))* is very similar to the
one in the following proposition, and we show its Alexander dual has
a linear free resolution. Later, we will use the same technique again
and again to show (in(K))* is generated in the same degree d and
reg (in (K))* = d. In this way, we can reduce the confusion of complex

notations from (in (K))*.

Proposition 3.5. Let R = k[X]|, where X = [z;;], i = 1,...,m,
j=1,...,n. Let I be the ideal generated by {x1,4,%2,a5%3,a5 * * * Trm,am
with 1 < a1 < ag < - < ap < ap1 < -+ < Ay < n for some
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1<l <m-—1. Then I*, the Alexander dual ideal of I has a linear free
resolution.

Proof. From Lemma 3.2, we see that I* is generated by elements of
degree n — (m — 2), denoted by deg (I*). Using Fact 3.4, it’s sufficient
to show that reg (I*) = deg (I*) = n — (m — 2). We will induct on n to
show that there is a filtration on I* such that the quotient is linear up
to degree shifting.

We write down I* first,

ky ki1
(o (e 0 T o

io=k1+2 iy=k;_14+2 G p1=ki+1

n
T xmm}>
im=km_1+2

Withogkj<k2<"'<kl§kl+1<"'<k‘m_1 <n.

When m =n, we have 0 < ky < ko <--- <k <kip1 <---<kp_1<
m. Without lost of generality, we assume [ = 1. Hence,

I = (10212, {T1025 |1 =2,...,m},

{xi7i_1xj,j|z=2,...,m, Vi :2,...,m}>.

Now look at x, .,; the terms z;; 1%y, for ¢ = 2,...,m — 1 and
Z11Tm,m are multiples of ©p, . Also, x;;_12z;; for i = 2 -1,
j =14,...,m — 1 is divisible by x;,-1 and z1;212 and x; 1x“ for
1= 2, .. — 1 is divisible by z1,;. We can rewrite

I* = ({xi,i—l(xi,h“wzm,m) ‘ Z = 27...,m7 ].},

151,1(551,27582,2, cee 7xm,m))'
Let Jl = ({xi,ifl(xi,i; e 7xm,m) | Z = l, cee, M — 1},%171,1'271,1'3’2, ey
Zj—1,—2) where | = 1,...,m and I* = J;. One can see that J,, =
({wii—1 | i =2,...,m — 1},211) is generated by a regular sequence

of degree 1; hence, it has reg.J,, = 1. Furthermore, J; O J;41 for
l=2,....,m—1.
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We claim that those J;’s are the filtrations we need and show
reg (Ji41/J;)) = 1 for I = 1,...,m — 1. Therefore, reg(J;) = 2 =
m—(m—2)forl=1,...,m— 1. Notice J; can be rewritten as

Jl = ({xi)i,l(:vi’i, e ,l’m,m)‘ ‘ 7= l, e, — 1},

X1,1,22,1,L3,25-- - 733[—1,1—2)
={ziic1(Tigs o, Tm) |i=1+1,...,m—1},
T11—1(Z11y - o s Tonm)s
T1,1,22,15 03,2, - -+, T1—1,1-2)-

Then

Jl-',—l/Jl = (xl7l_1)/(xl7l_1ﬂ({mm_l(xi,i, .. ,xmm) |i=l+1, . ,m—l}),
1N (21,1, 2,1, 23,25 -5 T1—1,1-2), T1i—1(T105 - -+ Trnm)

= (xz,171)/$l,zf1($z,l, vy Tmym, 1,1, 22,1, 23,25 - - - 7551—1,172)-

Since x;,;_ is regular over

R/(xl,b <oy Tmymy 1,1, 2,1, 3,25 -+ - 733171,172),
we obtain
feg((fﬂl,lq)/xl,lq(ﬂﬁl,l, vy Tmymy 1,1, 22,1, 23,25 - - - 730171,172))
=reg(R/(x11,. o, Tmym, 1,1, T2,1, 3,2, -, T1—1,-2)) + 1 =1,

and therefore reg (Jy41/J;) = 1 for alll = 1,...,m — 1. We are now
done with the case m = n.

For the induction part, we write I* := I} when X is an m x n
matrix. We assume reg (I ;) =n—1— (m —2) = deg(I}_;) and

m < n. Before we write down the filtration, we state some facts of
relations of generators of I,

k‘l k‘g k?l kl+1
i1=1 io=k1+2 iy=k;_1+2 1=k +1

n
H xm:im, } .

im=Kkm—1+2
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Those relations will help us show quotients of the filtration are what
we need. Let’s consider the variable z,, ,. When k,,—1 =n —2,

ko k3 km_1=n—2

i1=1 io=ki+1 i3=ko+2 fm—1=Kkm_2+2

is divisible by x;, , and we write

a={(Toe 11 oo T s
io=Fk1+1 ig=ko+2
n—2

/
H l‘m—l,iml)xm,n} =A Tm,n,

i —1=km_2+2

where 0 < k1 < kg <ks<---<kyu_1=n—2. When k,,_1 =n—1,

k1 k2 ks n
i1=1 io=k1+1 ig=ko+2 im=km—1+2

is not divisible by x, ,, we write

k}2 k?3 n—1

i1=1 io=ki+1 ig=ko+2 im=Km_2+2
where 0 < k1 < kg < ks < ...<kp_2 <kpn_1=n—1. One can see
B= A/({xj,j71+(nflf(m72)) | 1<j<m}, 1 n_1—(m-2))-

When k,,_1 < n — 3, we write

k1 ko ks n—1
c:{nxl,n I o0 I[ we- [I xm,im>xm,n}

11=1 ig=ki+1 i3=ka+2 i =km_1+2

where 0 < k1 < ko < k3 < -+ < ko < ko1 < n — 3. Hence,
= (A,B,C). Let

kg n—1

i1=1 io=k1+1 i3=ka+2 im=Km_1+2
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where 0 < k1 < ks <ks3 < - <kp_o <kmn_1<n—3;then C can be
written as

C=C"tmn({Z) -1+ (m-1-(m—2))—1 | 1 <J <m}, &1 5 1_(m—2))-

Notice I, = (A',C") and the elements of A’ and C’ have the same
degree. Let

n—2
+2

io=k1+1 ig=ko+2 im=Km_2

where 0 < ki1 < ko <k3<--+<kp_o<kyn_1=mn—23. Then we write

A =A"{xj 5 19n—m—1 |1 <J <m}, 212 (m—2))-

Now, looking at C’, we obtain

k1 ko k3

!/

= ({(Toa T o TT oo
i1=1

ig=ki1+1 i3=ko+2

n—2
) A
Ty | Tmn—1 (> Tm,n—1 |

i =km—1+2

where 0 < k1 < kg <ks < - <km_o<kn_1<n—3. Hence,

(A)N(C") = (A" ({a;, j71+n7m71 [ 1<j<m}zin 2 (m-2)))N

(oo T oo T0 o

11=1 io=k1+1 ig=ko+2
n—2
H xm,im>xm,nl }7
im=km—1+2
AI/({xj7.7—1+n—m—1 | I<y< m}7x1,n727(m72))
N (A,/xm,n—l)
= (A/xm,n—l)
= (Cl({xj,j—1+n—nz—1 ‘ 1 <] < m}a£1,n—2—(m—2)))~
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On the other hand, we have

(AN (C'emp) = (A) N (C" T ({755 14m—ml |
1<j<m}, o1 -1-(m—2)))
C(A({xjjm14n-—m |1 <j<m},21n—mi1))-
Consider the following filtration:
I, = (C,B,A) = (C/xm,nv A/({xju’—l-ﬁ—n—m

|1<j<mbzin—mt1), ATmn)

C (C'xppn, A7)

c(ch AY=1I:_,.

By using the intersections we obtain above, the relations of regularity
follow:

reg (€, A') /(C'wm,n, A))
=1eg ((C")/((C") N (A), C'zp,n))
=1eg ((C")/(C"({zj,j-14n-m—1
| 1<j<m},Tin_2_(m-2)Tmn))
=reg (R/({7jj-14n-m-1|1<j<m}, T1 2 (m—2), Tmn)
+ deg (C")
= deg (C)
=n—(m—-2)—1.

Since reg (C', A’) = reg(I:_1) = n—1— (m — 2), by the induction

hypothesis, we use the short exact sequence of regularity to obtain
reg (C'@m n, A’) = n — (m —2). Similarly,
reg ((C"am,n, A')/(C"Tmm, A'({2)5-14n-m |
1<j<mlzin-mt1), ATmn))
=reg ((4")/((A") N (C"zmn), A ({25 14n—m |
1<j<mlzin-mt1), ATmn))
= reg ((A)/(A' ({2 j-14n-m | 1 < j <m},
T1n—m+1, Tm,n))

= reg (R/(A/({mj,jflJrn*m | 1< ] < m}vxl,nerla
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Tm,n))) + deg (A)
=deg(A)=n—(m—2)—1.

Hence reg (1Y) = n — (m — 2). O

4. Proof of the main theorem. In this section, we find the
Alexander dual ideal of in(K), and we find the regularity of the
Alexander dual in Lemma 4.2. Then we finish the proof of the
Theorem 1.1 and end this section by Example 4.3. In order to simplify
the notations of the Alexander dual ideal of in (K) which comes from
several intersections of ideals, we define the following notation.

Definition 4.1. If we have (1,1) > (1,2) > --- > (1,n) > (2,1) >
(2,2) >--->(2,n) > > (m,n—1) > (m,n), we write

_ (a1,a0+1) if as<mn
(al,aQ)H_’Jl—{ (a1+1’1) if as=n )

and similarly,

(a13a2+2) if as<n-—1
(al,a2)L+J2: (a1+1,1) if aa=n-1
(a1 +1,2) if ax=n.

We are now ready to show (in (K))* is generated in the same degree d
and reg (in (K))* = d as the main lemma of this paper.

Lemma 4.2. The Alexander dual of in (K), (in (K))*, is generated by
square-free monomials with degree mn —1+ty— (s —1)+1t; — (s1—1)
and reg (in (K))* =mn —1+ty — (s — 1) +t1 — (s1 — 1).

Proof. We prove this lemma by inducting on n. Since the proof
is long, we state the steps of the proof here. We will show the case
of m = n first. We list the Alexander dual ideal then use the same
technique as Lemma 3.5 to show it has the right regularity. Then
assume the statement is true for the case of m x (n— 1) size matrix and
find a filtration starting from the Alexander dual of the case m x n
ending at the Alexander dual of the case m x (n — 1). Using the
fact that this filtration has good quotients, we show the Alexander
dual has the right regularity. One key point is to find the filtration;
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therefore, the proof will emphasize picking the right filtration. We may
assume s1 > sg; then the generators of the ideal (in (K))* do not involve
variables x; j, Y1k, Zp,q When i,1,p > s1. Hence, we can further assume
S1 = m.

When m = n, we have m = s1 < t; < m. We list the generators of
(in (K))* here. Tt is easy to see there is a pattern, and it makes sense to
find a filtration of (in (K))*. Let B = (Ba, Bs, ..., Bs,) be such that 0 <

. t B,
B, < --- < By <y, and write Yp = HbZI:B2+2 Y1,b, "'Hb;:l Ysa,bey -
Then

(u1,u2) (m,n)

ey =({ T = I1 swgamen

(i,j):(l,l) (l,k):(uhu2)w2
(up,uz) < (m—1,m—-1),1<qg< m}7

(ul 7“2) (m’n)

II = II T1kY pTqm—q-+1]

(2,7)=(1,1) (1,k)=(u1,u2)¥2
mLmnswmmsmanﬂqum@,

(u1,u2) (m,n)

H %5 H LikY gYm,1 \

(i,7)=(1,1) (Lk)=(u1,u2)w2
(m—1,m-—1) < (up,u2) < (m—1,1),5 < m},

{ (u1,u2) (m,n)

I = 11 T kY pYm,2|

(i,7)=(1,1) (Lk)=(u1,u2)w2
(m—1,m-—1) < (up,us) < (m—1,1),80 = m},

{ (u1,u2) (m,n)

H Zi,j H L1,kY pLgm—q+1 |
(i,9)=(1,1) (k) =(u1,uz2)w2

(p+1,m—p+2) < (ur,u2) < (p,m —p),

1Squ§m—2},
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{ (u1,u2) (m,n)

IT = 11 T1kY 5T uz)et |

(2,7)=(1,1) (1,k)=(u1,u2)¥2
(p+ 17m_p+2) S (u17u2) S (pvm_p)y

H Zi,j H T1kY gYm—q+1,q |

(2,7)=(1,1) (1,k)=(u1,u2)¥2
(p+ 17m_p+2) S (u17u2) S (pvm_p)7

{ (u1,u2) (m,n)

1<p<m-21<qg<m-—np, 52<m},

(u1,uz2) (m,n)
{ H Zi,j H T1,kY gYm—q+1,q+1 ‘
(

4,7)=(1,1) (Lk)=(u1,u2)w2
(p+ 17m_p+2) S (u17u2) S (pvm_p)7

1<p<m-—-2,1<qg<m-p, SQm}>

Notice that all the elements are in the same degree mm — 1+ 1+ t5 —
(s2 —1). We find a filtration starting from (in(K))* and ending at
(Tm,1s Tm—1,2,---,T1,m). Bach quotient of this filtration will have the
form P/PL, where P is an ideal generated in the same degree and L is
an ideal generated by variables such that those variables form a regular
sequence modulo P. Then we use the same technique in the Lemma 3.5
to find the regularity of the Alexander dual ideal.

We look at the variable ys, 1. The elements in (in (K))* that are di-
visible by ys,1 must have By, > 0. The elements in (in(K))* that
are not divisible by ys,1 must have B;, = 0. Hence (in(K)*) =
(A1 (Ysp,15 - Ysa—1,2, " Y1,55)), C1Ys,,1), where the elements in C
have By, > 1. Also, all the elements of A; and C are in the same
degree. Furthermore, 41 NCy = C1({a1.4}), (Ysy.1,---,Y1,5,) IS & regu-
lar sequence modulo A; and (ys,.1, {@1,;}) is a regular sequence modulo
C1. We look at the following filtration

(in (K))* C (A1,C1ys,1) C (A1, Ch).

Using the proof of Lemma 3.5, one can see that the quotients are:
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A1/A1(Ysz15 -5 Y1,s,) and C1/C1({a1,:}, ys,,1). Notice the following
equalities: reg (A1/A1(Ysy,15---,Y1,s5)) = reg (A1) and reg(C1/C1({a1,:},
Ysp,1) = reg (C1).

Next, we look at ¥, 2 and write

(A1,C1) = (A2(Ysp,2, - > Y1,50+1)5 C2Ysy 2)-

As before, we have the filtration
(Ahcl) - (A2a02y82,2) - (A27C2)7

and the quotients are Az /A2(Ys, 2, - -+, Y1,5,+1) and Ca/C2({az,i}, Ys, 2)-
We can continue with ys,3... until ys, 1, —(s,—1); We will reduce
(in (K))* to an ideal J; which is generated in the same degree mm—1+1.

Now we look at the variable z; ;. When an element has (uq,uz2) =
(0,0), 21,1 is not a factor of this element. When (uq,us) < (1,1), then
71,1 is a factor. The ideal J; can be written as (D1,1(21,1,{d11,:}),E1,121,1)
where {dy1,} is a set of variables and is a regular sequence modulo
D1 1. Hence, we have the filtration

J1 C (D11, Erpz10) C (D, Erp)

with quotients 19171/D1,1(Z1717 {d1717i}) and E171/E1,1({61717i}, 2’171).
We look at 21 2 next and reduce Jy to an ideal (D1 2, Eq 2); we continue
with Zp, m—1. We can find a filtration from Jy to (Dmm—1, Em.m—1) =
(.’Iim’h e ,.’L’lm).

Since reg (Tm,1,---,T1,m) = €8 (Dm.m—1, Emm—1) = 1, it follows
that reg (D m—1) and reg (E,, m—1) are equal to 1. Also, the final
quotient

(Dm,mfb Em,mfl)/(Dm,mfla Em7mflzm7mfl)
has regularity equal to the regularity of E,, ,,—1. It follows that
reg (Dm,mfla Em,mflzm,mfl) =2.

Since the quotient (Dymm—1, Emm—12m,m—1)/(Dmm—2, Fm m—2) has
regularity equal to the regularity of D,, ,,—1, which is 1, we have
reg (Di,m—2; Em.m—2) = 2. Continuing the same argument, we obtain
reg (J1) = 1+mm—1. Hence, reg ((ink)*) = 1+mm—1+t3—(s2—1).
This finishes the case of an m X m size matrix.
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For the induction steps, we write I,, for the Alexander dual ideal
(in (K))* in the m xn matrix case. We assume, by induction hypothesis,
that reg (I,—1) = deg (In—1) = m(n—1)—1+t; —(s1—1)+ta—(s2—1).
We will show that we can build a filtration from I,, to I,,_1 such that
the quotients are in the form P/PL where P is an ideal and L is an ideal
generated by variables such that they are a regular sequence modulo P.

We know that each summand of in(K) is generated by mono-
mials satisfying the assumption of Lemma 3.2. For a fixed vari-
able y; ;, we can write (hy)* = (AYy,;, AY ({a)}),BYy; ;). Also,
AY N BY = BY ({bY'}), where {b) } are variables such that (y; ;, {b })
is a regular sequence modulo BY and (y;;,{a)}) is a regular se-
quence modulo AY. Similarly, (hy)* = (AYi;, AY({al}), BYvi5),
(hw)* = (AWy; ;, AV ({a}V}), BYy; ;), and all other components of
(in (K))* involving y; ;. For (hx)* that does not involve y; ;, we leave
as it is and similarly for others that do not involve y; ;.

Claim. Let I, ; be the ideal coming from (in(K))* deleting the
variable y;;. Then I, , contains (in (K))*. Assume reg(ly, ;) =

deg (I, ;). Then there is a filtration from in (KC)* to the ideal
Iyi,j = (hX)* N (AY»BY) N (hg)* n (AUa BU) AN (va BW)

such that the quotients are the form P/PL where P is an ideal and L
is an ideal generated by variables such that they are a reqular sequence
modulo P. Moreover, the relation of the regularity is reg (in (K)*) =

With this claim, we can continue picking another variable and reduce
(in (K))* to a bigger ideal that does not involve the new variable. By
picking the right variables at each step, we reach an ideal that does
not involve any 2 n, Tjn Or ¥; . This ideal is I,,_1, and we can use
induction to show the lemma. We prove this claim first then find the
right variables such that the filtration has quotients we need.

Proof of the claim. Without loss of generality, we just need
to show that there is a filtration from (AY (y;;,{a}}), BYyi;) N
(AY (yi j,{al}), BVy; ;) to (AY, BY)N(AY, BY) with quotients in the
form P/PL as above. For convenience, we write AY ({a}'}) = AYC
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and AY({aV}) = AUD. Consider the following filtration:
(AYy; 5, AYC,BY y; ;) N (AYy; ;, AYD, BYy; ;) =: Jo
C (A" N Ay 5, (AY N AY)C, (BT 0 AY)y, 5, (A N BY )y, ;,
(BY nBY)y;;) = /i
AY N AY), (BY N AY)y, j, (AY nBY)y, ;,(BY N BY)y, ;) =: Ja
AY N AY) (BY nAY),(AY N BY)y, 5, (BY nBY)y; ;) = Js
AY N AY),(BY nAY),(AY nBY),(BY nBY)y; ;) =: Ju
AY N AY),(BY n AY), (AY n BY),(BY n BY))
AY BY)n (AY, BY) =: J;.

(
(
(
(

—_ — ~— —

C(
C (
C(
C(

= (

The quotient
Ji/Jo = (AY n AYYC/((AY n AY)C(D, y; j), (AY N BY)
NAYCy; ;,(AY n AY n BY)Cy; ;,
(AY nBY)n (AY n BY)Cy, ;)
= (AY N AY)C/((AY N AY)C(D, i ).

Similarly, J;11/J; has the form P;/P,L; with L; variables that form a
regular sequence modulo P, for [ =1,2,3,4. For | =1,

Jo/Jy = (AY N AY) /(A" N AY)(Coyij), (AY N BY N AY)y,;,
(AY N AY N BY)y,;,
(AY NnBY)n (AY nBY)y,;)
= (AY N AY)/((AY n AT)(C,yj))-
Hence, reg (Jo/J1) = reg (AY N AY). For | = 2,
J3)Jo = (BY nAY)/((BY N AY)y,;, (BY n AY n AY),
(BY N AY)n (A n BY)ys,
(BY nAY n BY)y;;)
= (BY nAY)/((BY n AY)({b] },yij))-
Thus, reg (J3/J2) = reg (BY N AY). For [ = 3,
J1/Js = (AT N BY) /(A" N BY)(yi;, {67 }))-
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Therefore, reg (J4/J3) = reg (AY N BY). Finally, for | = 4,
Js/Js= (B N BY)/((BY N BY)(yi;, {b7 }, {67 }).
We obtain reg (J5/J4) = reg (BY N BY). By assumption,
reg (AY, BY) N (AY, BY) = d = deg (AY, BY) n (AY, BY),
it follows that
deg (AY N AY) = deg (BY n AY)
= deg (AY NBY) =deg(BY NnBY) =d
and
reg (AY N AY) = reg (BY n AY)
=reg(AY NBY) =reg(BY NBY) =d.

Also notice that reg (AY NAY)C > deg (AY NAY)C > d+1. We use
the regularity of the quotients of the filtration to obtain the regularity
of Jy. From the short exact sequence of regularity, we obtain reg J; =
reg(Js)+1=d+1andregJs =d+1=regJy =d+1=regJ; =d+1.
Notice reg Jy > degJy > degJ; +1 = d+ 1. Assume regJy > d + 2.
Then reg J; = max{reg Jo,reg J;/Jo = reg(AY N AYV)C} > d+ 2, a
contradiction. Hence reg Jy = deg Jy = d+ 1. This completes the proof
of the claim.

We now focus on finding the right variables for the filtration. Since
$1 > 82, we assume s; = m and observe that (in (K))* does not involve
Zmmn. If to = n, by using the claim above, we can find a filtration
starting from (in (KC))* to an ideal Jy, ,, where yi , is not a factor of
the minimal monomial generators of Jy,, ; otherwise, we find a filtration
to an ideal J,, such that y , is not a factor of the minimal monomial
generators of J,, . The next step is to look at 2,1, and find a
filtration until an ideal J.,,_ ., such that z,_1, is not a factor of
Jem_1..- Next we consider 2z, 2, and continue to 2y, -3, ... until z1,.
Finally, we consider x;,. Then we will get the ideal I,,_; if to = n;
otherwise, we continue with x5 ,, and get the ideal I,,_;. We will have

a filtration as the following:

C J

Zm—2,n

ITL C Jylm - Jy2,n cJ

Zm—1,n

Co C oy Cayy = Ina
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or

C J

Zm—2,n

I,CJy,,CJ

Zm—1,n

C--CJy,, Cday, Cay, =In_1.

Assume that {Jl}ﬁl is the sub-filtration from Jy, = I,_1 to
Jer,m = J1 and Ji11/J; has the form P,/ P, L; with L; variables that form
a regular sequence modulo P, for all . Hence, reg(Ji+1/J;) = reg P,
foralll =1,...,k — 1. In particular, we obtain reg (l,—1/Jk,—1) =
reg (I,—1) = deg (I,,—1) where the last equality coming from the induc-
tion hypothesis. It follows that

veg (P1) = deg (P1) = reg (T, 1)
for all [.

By using a similar argument as in the proof of the claim, we have
reg (Juy,n) = deg(Jpy ) = reg(l,—1) + 1. By induction again, we
obtain
regl, =regl, 1+24+m—1+1

:m(n—l)—1+t1—l—(51—1)+t2—1—(82—1)+m+2
zmn—1+t1—(51—1)—|—t2—(52—1)

=degl, 1+24+m—-1+1

=deg,.

The proof of Lemma 4.2 is now complete. ]

We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. We know that k[X,Y, Z]/(in (K)) is Cohen-
Macaulay by Lemma 4.2 and Theorem 1.3. Hence, R(D) = k[X,Y, Z]/K
is Cohen-Macaulay [4]. O

The following example is computed by [6], and it shows how the
filtration of the Alexander dual ideal looks.

Example 4.3. Let X, Y, Z be a 2 x 3 matrices, X3, Yoo are 2 x 3
and 2 x 2 submatrices of X and Y, and let K be the defining ideal of the
R(D) in the ring k[X, Y, Z]. The initial ideal of K via the lexicographic
order with z; ; > ;1 > yp,q for any 7,5,0,k,p,q, 2z;; > 215 if ¢ <1 or
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i=1land j <k, and x;; >z and y;5 > yix if 4 <lori=1and
j > k is generated by
{222$237 221%22, 221223, 221L13Y22, 213221, £13L22, 213123,
213T12Y21, 213T12Y11Y22, 213T12Y11Y23, 213T13Y21,
213T13Y22, 21221, 212X22, 212223, 212L11Y23, Z12L12Y21,
212%12Y23, 212X12Y11Y22, 212213, £11Y22, 211Y12Y23;
211221, 211222, 211223, £11L11Y23, 211212, Z11L13,

Y12Y21,T12T21, T132T21, $13£L’22}.

The Alexander dual ideal is I3, and I3 is minimally generated by
square-free monomials in degree 8. The generators are:

{2’112122’132’21222$13$12y12, 211%212713%221213212223Y12,
211212213T13212223L22Y12, 211212213221222L13L21Y12,
211212213221 713723721Y12, 211212213221222722L21Y12,
211%212%213221%23722L21Y12, 211212213L13L23L22L21Y12;
211212213%12223222X21Y12, 211L13L12L11L23L22L21Y12,
211T13T12723T22T21Y12Y23, 211212213L23L22L21Y12Y22,
L13T12X11023T22221Y12Y22, L13T12X23T22L21Y12Y23Y22,
211%212213%21222213L12Y21, 211212213221 L13L12L23Y21,
211212213213212223T22Y21, 5, Z11212213221222L13L21Y21,
211212213221 713223221Y21, 211212213221222T22X21Y21,
211212213221123222X21Y21, 211212213L13L23L22L21Y21,
211212413%12223L22X21Y21, 211L13L12L11L23L22L21Y21,
211212213%23222221Y11Y21, 211L13L12L23L22T21Y23Y21,
211213723T22X21Y11Y23Y21, £11212213L23L22L21Y22Y21,
211%212412X23T22X21Y22Y21, 211212L23L22XL21Y11Y22Y21,
211212423%22221Y23Y22Y21, 211L13L23L22L21Y23Y22Y21,

$13$12!E23£C223?21y23y22y21}-

The filtration to I, the Alexander dual ideal in the 2 x 2 matrix
case is listed here.

Jy23 = ($13$12$23$22$21y22y21,$13$12$239022$21?/12y22»
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211%13T23T22X21Y22Y21, £11X13L23L22XL21Y11Y21,
211213211223%22L21Y21, £11L13L12L23L22L21Y12,
2112122232221 Y22Y21, 211212213123 T22T21Y12Y22,
211%212212213223L22L21Y21, £11212213L13L23L22L21Y12,
211%212213213212X23T22Y21, £11212213L13L12X23L22Y12,
211212213221 %23L22L21Y21, £11212213221223L22X21Y11,
211212213221 713723721Y21, 211212213221 L13TL23L21Y12,
211%211213%21213212X23Y21, 211211213221 L13L12L23Y12,
211%212713%21222222X21Y21, Z11211213221222L22L21Y12,
211212213%221222213T21Y21, £11212213%221222L13L21Y12;

211212213%21%222213%12Y21, 2’11212213221222$13$12y12)~

Jos = ($13$12$233€223321y22y21, T13712223122721Y12Y22,
211713223222X21Y22Y21, £11L13L23L22L21Y11Y21,
211213212223 %22221Y21, £11L13L12223L22L21Y12,
211212223222L21Y22Y21, 2112127232221 Y12Y22,
211212413223 T22L21Y21, £11212L13L23L22L21Y12,
211212213%12223L22Y21, £112122L13L12L23L22Y12,
211212221223X22221Y21, 211212221L23L22L21Y12,
Z11212221213T23%21Y21, 211212221L132232L21Y12,
211%212221213212X23Y21, 211212221L13L12L23Y12;
211212221222222721Y21, £112122212222L22221Y12,
211212221222713721Y21, £11212221222213721Y12,

Z211%212%221222213L11Y21, 211212221222$13$12y12)~

Joy = ($12$23$22$21922y217I12$23$22$21y12y22,2119623562233212/22?/217
211%23T22221Y11Y21, 211L12X23L22L21Y21, 211L12L23L22L21Y12,
211212223L22L21Y21, £11212223T22XL21Y12, 211212X12L23T22Y21,
211212212223%22Y12, 211212221L23L21Y21, 211212221L23L21Y12,
211212221 212223Y21, £11212221L12223Y12,
211%12221222221Y21, 211212221222021Y12;

211%212%221222%12Y21, 211212221222$12y12)-
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Iy = Jppy = (T12292T21Y22Y21, T12T22T21Y12Y22,
211T22221Y22Y21, 211L22L21Y11Y21, 211L12L22L21Y21,
211212222T21Y12, 211212L22X21Y21, 211212L22T21Y12,
R11%212212722Y21, £11212L12L22Y12,

211%212221221Y21, Z11212221221Y12, 211212221L12Y21, 2112’12221$12y12)~
The filtration of I is the following:

Jyor = (T12T22T21Y22, 211 T22T21 Y22, 211 L22T21 Y11,
211212222T21, £11212L22T21, £11212L12X22, 211,

212221221, 2112122211‘12)-

Jy22 = (371235225521; 211722721, 21121212222,

211212221221, 211212221-7312)-

oy = (X221, 212T12%22, 212221 %21, 212221 %12).-
J 12

= (3322332173?12332272’21332172’2@12)7 Jzﬂ = (1‘2173312)-
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