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WHEN IS THE COMPLEMENT OF THE ZERO-DIVISOR
GRAPH OF A COMMUTATIVE RING PLANAR?

S. VISWESWARAN

ABSTRACT. Let R be a commutative ring with identity
admitting at least two distinct zero-divisors a,b with ab #
0. In this article, necessary and sufficient conditions are
determined in order that (I'(R))¢ (that is, the complement
of the zero-divisor graph of R) is planar. It is noted that,
if (I'(R))¢ is planar, then the number of maximal N-primes
of (0) in R is at most three. Firstly, we consider rings
R admitting exactly three maximal N-primes of (0) and
present a characterization of such rings in order that the
complement of their zero-divisor graphs be planar. Secondly,
we consider rings R admitting exactly two maximal N-primes
of (0) and investigate the problem of when the complement
of their zero-divisor graphs is planar. Thirdly, we consider
rings R admitting only one maximal N-prime of (0) and
determine necessary and sufficient conditions in order that
the complement of their zero-divisor graphs be planar.

1. Introduction. All rings considered in this article are nonzero
commutative rings with identity. Unless otherwise specified, we con-
sider rings which admit at least two nonzero zero-divisors. For any
ring R, and for any R-module M, the set of zero-divisors of M as an
R-module denoted by Zgr(M) is defined as Zr(M) = {r € R | rm =
0 for some m € M \ {0}}. In the special case when M = R, Zg(R) is
simply denoted by Z(R). We denote by Z(R)* the set of all nonzero
zero-divisors of R.

Let R be a ring which is not an integral domain. Recall from [5] that
the zero-divisor graph of R, denoted by I'(R), is defined as the graph
whose vertex set is Z(R)* and distinct x,y € Z(R)* are joined by an
edge in this graph if and only if xy = 0. Many interesting and inspiring
theorems are known about zero-divisor graphs. Several researchers
investigated in the area of zero-divisor graphs, and the theorems proved
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in this topic either characterize rings R such that I'(R) has a specific
graph theoretic property or describe the relationship between the ring
theoretic properties of R and the graph theoretic properties of T'(R).
Among many interesting research papers that appeared in this area,
we mention the following research papers which mainly motivate the
present work [1, 4, 5, 8, 9, 15, 16].

First, it is useful to recall the following definitions from the theory of
graphs. Let G = (V, E) be a graph. Recall from [7, Definition 8.1.1]
that G is said to be planar if G can be drawn in a plane in such a way
that no two edges of GG intersect in a point other than a vertex of G.

Let n € N. A complete graph on n vertices is denoted by K,,. For
any set A, we denote by |A|, the cardinality of A. A graph G is said
to be bipartite if its vertex set can be partitioned into two nonempty
subsets V7 and V5 such that each edge of G has one end in V; and the
other in V5. A bipartite graph with vertex partition V; and V5 is said
to be complete if each element of V; is adjacent to every element of
Va. Let m,n € N. Let G = (V, E) be a complete bipartite graph with
V =ViU V. If V3| = m and |Va| = n, then G is denoted by K, ., [7,
Definitions 1.1.12].

Recall that two adjacent edges of a graph G are said to be in series
if their common end vertex is of degree two [11, page 9]. Two graphs
are said to be homeomorphic if one graph can be obtained from the
other by insertion of vertices of degree two or by the merger of edges
in series [11, page 100]. It is useful to note from [11, page 93] that the
graph Ky is referred to as Kuratowski’s first graph and the graph K3 3
is referred to as Kuratowski’s second graph. The celebrated theorem of
Kuratowski states that a graph G is planar if and only if G does not
contain either of Kuratowski’s two graphs or any graph homeomorphic
to either of them [11, Theorem 5.9].

Let G = (V,E) be a simple graph. Recall from [7, Definition
1.1.13] that the complement of G denoted by G¢ is defined by taking
V(G*¢) =V and making two vertices u and v adjacent in G€ if and only
if they are not adjacent in G.

Let R be a commutative ring with identity, and let |Z(R)*| > 2.
Suppose that (I'(R))¢ contains at least one edge. Motivated by the
research work done on planar zero-divisor graphs which is presented
in the research papers [1, 4, 9, 15, 16], in this article, we make an
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attempt to determine all rings R such that (I'(R))¢ is planar. For
an excellent survey of zero-divisor graphs in commutative rings and a
clear history on the problem of planar zero-divisor graphs, the reader
is referred to [3].

Let G = (V,E) be a graph. By a clique of G we mean a complete
subgraph of G [7, Definition 1.2.2]. Let G = (V, E) be a simple graph.
By the clique number of G, denoted by w(G), we mean the largest
positive integer n such that G contains a clique on n vertices [7, page
185, Definition]. If G contains a clique on n vertices for all n > 1, then
we set w(G) = oo.

We now proceed to describe the results that are proved in this article.
First, it is convenient to name the following conditions satisfied by a
graph G = (V, E) so that it can be used throughout this work.

Let G = (V, E) be a graph.

(i) We say that G satisfies (Cy) if G does not contain K5 as a
subgraph (that is, equivalently, if w(G) < 4).

(ii) We say that G satisfies (C2) if G does not contain K33 as a
subgraph.

Next, we recall the following definition from commutative ring theory.
Let I be an ideal of a ring R, I # R. A prime ideal P of R is said to be
a maximal N -prime of I if P is maximal with respect to the property of
being contained in Zr(R/I) [13]. Note that maximal N-primes always
exist by theorems of Zorn and Krull [14, Section 1-1]. Thus, a prime
ideal P of R is a maximal N-prime of (0) if P is maximal with respect to
the property of being contained in Z(R). Let { P, }aca be the set of all
maximal N-primes of (0) in R. It is well known that Z(R) = Uyepa Pa
[14, Theorem 2].

This article consists of five sections. Let R be a commutative ring
with identity. Initially it is observed in Section 2 (see Proposition
2.1) that if R has more than three maximal N-primes of (0), then
(T(R))¢ does not satisfy (C7) and it does not satisfy (C3). The main
result of this section is Proposition 2.4 which determines necessary and
sufficient conditions in order that (I'(R))° be planar where R is a ring
with exactly three maximal N-primes of (0).

In Section 3, we consider commutative rings R with identity such that
R admits exactly two maximal N-primes of (0) and focus our study on
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the problem of characterizing when (I'(R))° is planar. With the help of
Lemma 3.1, Remark 3.2, Lemmas 3.3 and 3.4 and Proposition 3.5, the
main result of this section is deduced in Remark 3.6, which provides,
up to isomorphism of rings, a complete list of rings R such that (I'(R))®
is planar.

In Section 4, we consider commutative rings R with identity such that
|Z(R)*| > 2, R has exactly one maximal N -prime of (0), and determine
necessary and sufficient conditions in order that (I'(R))¢ be planar
under the assumption that (I'(R))¢ contains at least one edge. The
main results proved in this section are Propositions 4.15 and 4.19 and
Corollary 4.20. We prove in Proposition 4.15 that (I'(R))€ satisfies (Cs)
implies that (I'(R))€ satisfies (Cy). It is shown in Proposition 4.19 that
(T(R))¢ satisfies (C2) if and only if |R| = 8 or 16 and (T'(R))¢ is planar.
With the help of Proposition 4.19, [5, Theorem 3.2], and relevant results
from [9, 10], in Corollary 4.20 we provide, up to isomorphism of rings,
a complete list of rings R such that (I'(R))° is planar.

Let T be a commutative ring with identity which has a unique
maximal N-prime of (0). Let P be the unique maximal N-prime of (0)
in T. Suppose that (T'(T"))¢ contains at least one edge. In Section 5,
we attempt to answer the question of determining rings 7" such that
(I(T))° satisfies (C1). The main result of this section is Corollary 5.5
in which it is proved that (I'(T))¢ satisfies (C2) if and only if (I'(T))¢
satisfies (C1) and |P/P?| < 4.

Let R be a commutative ring with identity which admits at least
two nonzero zero-divisors. This article determines, up to isomorphism
of rings, all rings R such that (I'(R))¢ is planar(see Proposition 2.4,
Remark 3.6 and Corollary 4.20). We observe from the results proved
in this article that, if a ring R is such that (I'(R))¢ is planar, then R
must be finite (except in the case where R has exactly one maximal
N-prime of (0) such that (I'(R))° has no edges) and, moreover, |R| €
{4,6,8,9,10,12, 15,16, 20, 25}.

2. Characterization of rings R such that R has exactly three
maximal N-primes of (0) and (I'(R))¢ is planar. Let R be a
commutative ring with identity which is not an integral domain. The
following proposition gives a bound on the maximal N-primes of (0)
in R so that (I'(R))¢ satisfies either (C7) or (C2). We make use of
the following observation in the proofs of several results of this article.
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Suppose that a graph G contains K¢ as a subgraph. Then G admits
K5 as a subgraph and it also contains K3 3 as a subgraph. Hence, G
does not satisfy (C) and it does not satisfy (C2).

Proposition 2.1. Let R be a commutative ring with identity. If R
has more than three maximal N-primes of (0), then (I'(R))¢ does not
satisfy (C1) and it does not satisfy (Cs).

Proof. In view of the hypothesis on the set of all N-primes of (0) in R,
it is possible to find a subset { Py, P, P3, Py} of the set of all maximal
N—primes of (O) in R. Let 1 < ) < 4. Let x; € P1 \ (Uj€{1,2,3,4}\{i}Pj)-
Let x5 € (PLNP)\ (P3UPy), and let zg € (PoNP3)\ (PLUPy). It is easy
to verify that z; # x; and z;x; # 0 for all ¢,j € {1,2,3,4,5,6} with
i # j. Hence, the subgraph of (I'(R))¢ induced on {z1, z2, x3, T4, 5, T6 }
is a clique. This implies, as is observed in the beginning of this section,
that (I'(R))¢ does not satisfy (C1) and it does not satisfy (C5). O

Let R be a commutative ring with identity which has exactly three
maximal N-primes of (0). Let {Pi, Py, P3} be the set of all maximal
N-primes of (0) in R. Our aim is to determine necessary and sufficient
conditions in order that (I'(R))¢ be planar. In order to achieve that
aim, we next have the following lemma.

Lemma 2.2. Let R be a commutative ring with identity which has
exactly three mazimal N-primes of (0). Let {Py, Py, P3} be the set of
all mazimal N-primes of (0) in R. If N3_, P; # (0), then (I'(R))¢ does
not satisfy (C1) and it does not satisfy (Cz).

Proof. Let € M}_P;, @ # 0. Let ; € P; \ (Ujeq1,2,30 (i3 Fj). Let
yi = x; +x. If i # j, then x; € P, \ P; and y; € P, \ P;. Hence,
x; # %, Y # Yj, and z; # y;. Moreover, there is a k € {1,2,3} such
that z;,z; ¢ Py and v;,y; ¢ Px. Hence, z;x; # 0, y;y; # 0 and
x;y; # 0. For any ¢, as © # 0, ; # y;. As x;,y; ¢ P for any j # ¢, it
follows that z;y; # 0. Hence, we obtain that the subgraph of (I'(R))®
induced on {x1,z2,23,y1,y2,ys3} is a clique and hence it contains Kj
and K3 3 as subgraphs. Thus, if N?_; P; # (0), then (I'(R))¢ does not
satisfy (C7) and it does not satisfy (C2). O

Let R, {P1, P>, Ps} be as in the statement of Lemma 2.2. If |[R/P;| > 3
for some ¢ € {1, 2,3}, then we show in Proposition 2.4 that (I'(R))¢ does
not satisfy either (C7) or (C2). We need the following result for proving
Proposition 2.4.
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Lemma 2.3. Let Ry, Ro, and R3 be integral domains. Let T =
Ry X Ry X Rs. If |R;| > 3 for some i € {1,2,3}, then (I'(T))¢ does not
satisfy either (C1) or (Cs).

Proof. We may assume, without loss of generality, that |Ry| > 3.
Let 2 € Ry \ {0,1}. Let t; = (1,0,0), t» = (1,1,0), t5 = (1,0, 1),
ty = (2,0,0), t5 = (x,1,0) and tg = (x,0,1). Since R; is an integral
domain, it follows that 2? # 0 and so the subgraph of (I'(T))¢ induced
on {t1,to,ts,ts,t5,t6} is a clique. Hence, we obtain that the (I'(T))°
contains K5 and Kj3 as subgraphs. Thus, if |R;| > 3 for some
i € {1,2,3}, then (I'(T"))¢ does not satisfy either (C1) or (C2). O

Let R be a commutative ring with identity. Suppose that R has
exactly three maximal N-primes of (0). The following proposition is the
main result of this section, and it determines necessary and sufficient
conditions in order that (I'(R))¢ be planar. For any n > 1, we denote
by Z.,, the ring of integers modulo n.

Proposition 2.4. Let R be a commutative ring with identity which
has exactly three mazimal N-primes of (0). Let { Py, Py, P3} be the set
of all mazimal N-primes of (0) in R. The following statements are
equivalent:

(i) (T(R))° satisfies (C1).

(ii) R = Zgo X Zgo X Zy as rings.

(iii) (T'(R)) satisfies (C2).

(iv) (T(R))€ is planar.

Proof. (i) = (ii). It follows from Lemma 2.2 that N3_; P; = (0).
Since (I'(R))¢ satisfies (C1), w((I'(R))¢) < 4. Now it follows from
[17, Proposition 4.4] that R is finite. Hence, each prime ideal of R
is a maximal ideal of R. Now we obtain from the Chinese remainder
theorem that R = R/(0) = R/ N3_, Pi & R/P; x R/P» x R/P; as
rings. On applying Lemma 2.3, we obtain that |R/P;| = 2 for each
i € {1,2,3}. Hence, we arrive at R = Zy X Zg X Zy as rings.

(il) = (iii). Let T' = Zgo X Zo X Zy. Since R = T as rings, it is
enough to show that (I'(T"))¢ satisfies (C2). Note that Z(T)* = {z1 =
(17 0, 0)7 2 = (07 1, 0)7 23 = (07 0, 1)7 R4 = (15 1, O)a 25 = (Oa 1, 1)) 26 =
(1,0,1)}. Since |Z(T)*| = 6 and as (I'(T"))° admits vertices of degree



COMPLEMENT OF THE ZERO-DIVISOR GRAPH 573

two (indeed deg(r))e(2;) = 2 for i = 1,2,3), it follows that (I'(7'))*
satisfies (C2).

(iii) = (ii). Suppose that (iii) holds. Then w((I'(R))¢) < 5. Hence, it
follows from [17, Proposition 4.4] that R is finite. Note that (ii) follows
as in the proof of (i) = (ii) with the help of Lemmas 2.2 and 2.3.

(ii) = (i). Let T be as in the proof of (ii) = (i4i). Since R = T as
rings, it is enough to show that (T'(T))¢ satisfies (C1). It can be easily
verified that w((I'(T))¢) = 3. Hence we obtain that (I'(T))¢ satisfies
(C1).

(iv) = (i) is clear since a subgraph of a planar graph is planar and it
is well known that K5 is nonplanar.

(i) = (iv). It follows from (i) = (ii) that R & Zy X Zg X Z2 as rings.
Let T = Zo x Zio X Zy. Tt is easy to verify that (I'(7T'))€ is the union of the
cycles I'; for i = 1,2, with I'; : (1,1,0) — (1,0,0) — (1,0,1) — (0,0,1) —
(0,1,1)—(0,1,0)—(1,1,0)and I's : (1,1,0)—(1,0,1)—(0,1,1)—(1, 1,0).
The cycle I'y can be represented by means of a hexagon. The vertex
set of the cycle I'y is a subset of the vertex set of the hexagon that
represents I';. Hence, the cycle I's can be drawn inside this hexagon

in such a way that there is no crossing over of the edges of (I'(T"))c.
Hence we obtain that (I'(T))¢ is planar and so (I'(R))° is planar.

3. Determination of rings R such that R has exactly two
maximal N-primes of (0) and (I'(R))¢ is planar. Let R be a
commutative ring with identity, and suppose that R has exactly two
maximal N-primes of (0). Let {P;, P} denote the set of all maximal
N-primes of (0) in R. Our aim in this section is to determine ring
theoretic necessary and sufficient conditions in order that (T'(R))¢ be
planar. If (I'(R))¢ is planar, then (I'(R))¢ must satisfy (C7) and (C3).
Hence w((T'(R))¢) < 5. Therefore, we obtain from [17, Proposition 4.4]
that R is finite. Since any prime ideal of a finite ring is maximal, it
follows from [14, Theorem 84] that any prime ideal of R is a subset of
the set of zero-divisors of R. Hence, it follows that {Py, P»} is the set
of all prime ideals of R. Let (0) = g1 N g2 be the irredundant primary
decomposition of (0) in R where ¢; is P;-primary for ¢ = 1,2. Since
Py + P, = R, it follows that g; +¢o> = R. Therefore, we obtain from the
Chinese remainder theorem [6, Proposition 1.10] that R = R/q1 X R/qa
as rings. In view of the above discussion, in this section we consider
rings R of the form R; x R; where R; admits exactly one maximal
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N-prime of (0) for ¢ = 1,2 and study the problem of when (I'(R))° is
planar. We initially prove several lemmas and present the main result
of this section in Remark 3.6. We start with the following lemma.

Lemma 3.1. Let Ty and T be commutative rings with identity such
that each of them admits a unique maximal N-prime of (0) (that is,
equivalently, Z(T;) is an ideal of T; for i = 1,2). Let T = Ty x Ts.
Then the following hold:

(i) If both Ty and Ty are not domains, then (I'(T))¢ does not satisfy
either (C1) or (Ca).

(ii) If T; is a domain for some i € {1,2} with |T;| > 6, then (I'(T))°
does not satisfy either (Cy) or (Cs).

Proof. (i) Let us denote Z(T;) by N; for i = 1,2. Since T; is not an
integral domain for ¢ = 1,2, it follows that |N;| > 2 for ¢ = 1,2. Let
a € N1\ {0} and b € Ny \ {0}. Note that 1 +a ¢ Ny = Z(T1) and
14+b¢ Ny = Z(T>). Hence, it follows that the subgraph of (I'(T))¢
induced on {(a,1),(a,b), (a,1 + b),(1,0),(1,d),(1 + a,0)} is a clique.
Thus, (I'(T))¢ contains Kg as a subgraph. Hence, (I'(T))¢ does not
satisfy either (C1) or (Ca).

This proves that, if both 77 and T are not domains, then (I'(T))¢
does not satisfy either (Cy) or (Cb).

(ii) We may assume, without loss of generality, that T} is a domain
with |T1| > 6. We claim that |7h]| must exceed 6. This is clear
if 71 is infinite. If T3 is finite, then as the number of elements
in any finite field is a prime power, it follows that |T1| > 6. Let
{z:]i € {1,2,3,4,5,6}} C Ty \ {0}. Observe that the subgraph of
(I(T))° induced on {(x;,0) | i € {1,2,3,4,5,6}} is a clique. Hence,
(I(T"))¢ does not satisty either (Cy) or (Cs). This proves (ii). O

Remark 3.2. Let R = R; X Ry where R; is a finite local ring with
unique maximal ideal M; for ¢« = 1,2. Note that Z(R;) = M, for
i = 1,2. Suppose that (['(R))¢ satisfies either (Cy) or (C3). Then
it follows immediately from Lemma 3.1 (i) that either R; or Ry is a
field. O

Let F} and Fy be fields, and let R = F; x F5. The following
lemma provides necessary and sufficient conditions on F; and F5 so
that (I'(R))€ is planar.
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Lemma 3.3. Let Fy and F; be fields. Let R = Fy x Fy. Then the
following statements are equivalent:

(i) (T(R))° satisfies (C1).

(ii) |F;| <5 fori=1,2.

(iii) (T'(R)) satisfies (C2).

(iv) (T(R))¢ is planar.

Proof. (i) = (ii) and (iii) = (ii) follow immediately from Lemma
3.1 (i).

(ii) = (iv). Observe that (I'(R))¢ consists of exactly two components
H,,Hy with V(H1) = {(¢,0) | @ € F1 \ {0}} and V(H3z) = {(0,5) |

B € F» \ {0}}. Since |F;| < 5, it follows that |V(H;)| < 4 for ¢ = 1, 2.
Hence, H; is planar for ¢ = 1,2 and so we obtain that (I'(R))° is planar.

(iv) = (i) and (iv) = (iii) follow because any subgraph of a planar
graph is planar and, moreover, K5 and K3 3 are nonplanar. ]

Let Fy be a field and Re a commutative ring with identity which is
not an integral domain. Suppose that Ry has exactly one maximal N-
prime of (0). Let R = F} x Ry. We determine in Proposition 3.5 when
(I'(R))¢ is planar. We make use of the following lemma in the proof of
Proposition 3.5.

Lemma 3.4. Let F be a field and S a commutative ring with
identity which is not an integral domain. Suppose that S has exactly
one mazimal N-prime of (0). Let P be the unique maximal N-prime
of (0)in S. Let T =F x S. Then the following hold:

(i) If |F| > 4, then (T(T))¢ does not satisfy either (Cy) or (C2).
(ii) If |S'\ P| > 4, then (I'(T))¢ does not satisfy either (C1) or (Ca).
Proof. (i) As |F| > 4, it is possible to find a subset {a, 3,7} of F'\{0}.

Let x € P \ {0} Let A = {(O[, O)a (6; 0)7 (r)/a 0)7 (O[,J?), (ﬁvx)v (7) Z‘)}
Note that A C Z(T)* and the subgraph of (I'(T))¢ induced on A is a
clique. Hence, (I'(T))¢ contains K¢ as a subgraph. Therefore, (T'(T))¢
does not satisty either (C7) or (Cs).

(ii) By assumption, |S'\ P| > 4. Hence it follows from [12, Theorem
1] that P = Z(S) must contain at least three elements. One can
also appeal to [5] to conclude that |P| > 3. Indeed, if |P| < 2,
then since S is not an integral domain, |P| = 2. Hence, it follows



576 S. VISWESWARAN

from [5] that S is isomorphic either to Z4 or to Zs[z]/2?Zs[z]. This
implies that |S \ P| = 2. This is a contradiction. Hence, |P| > 3.
Let {s1,82,83,84} C S\ P, and let {z,y} € P\ {0}. Let B =
{(0, 1), (0, s2), (0, 83), (0, 84), (1, ), (1,4)}. Observe that B C Z(T')*.
Since s; ¢ Z(S) for all i € {1,2,3,4}, it follows that the subgraph of
(I(T))° induced on B is a clique. Thus, if |S\ P| > 4, then (I'(T"))°
contains Ky as a subgraph, and hence we obtain that (I'(7))¢ does not
satisfy either (C7) or (Cs). O

The following proposition characterizes rings R = Fj; X Rs such
that (I'(R))¢ is planar where F; and R, are as in the paragraph just
preceding the statement of Lemma 3.4.

Proposition 3.5. Let Fi be a field and Rs a commutative ring with
identity which is not an integral domain. Suppose that Rs has ezractly
one mazimal N-prime of (0). Let R = Fy X Ry. Then the following
statements are equivalent:

(i) (T'(R))¢ satisfies (C1).
(i) |F1] < 3 and |R2| = 4.
(iii) (T'(R)) satisfies (C2).
(iv) (T(R))€ is planar.

Proof. (i) = (ii) and (iii) = (ii). Let N denote the unique
maximal N-prime of (0) in Ry. If either (i) or (iii) holds, then it
follows from Lemma 3.4 that |Fy| < 3 and |Rz \ N2| < 3. Since
1+ ax € Ra\ Ny, for all x € Ny, it follows that |Na| < 3. Thus,
|R2| = |N2| + |R2 \N2| S 3+3=6. Since R2 is not a ﬁeld, 4 S |R2|
Hence, 4 < |R2| < 6. Now Ry is a finite ring with Ns as its unique
maximal N-prime of (0). Since any prime ideal of a finite ring is
maximal and any prime ideal of a finite ring is contained in its set
of all zero-divisors, it follows that Rs is a finite local ring with Ny as its
unique maximal ideal. Therefore, | Ra| must be a prime power. Hence,
we obtain that |Rz| = 4. This proves (i) = (ii) and (iii) = (ii).

(ii) = (iv). Observe that |Z(R2)*| = 1, |R2 \ Z(R2)| = 2. Let
Z(Ry) = {0,a}. Note that Ry = {0,1,a,1+ a}. Now either |F;| = 2
or |F| =3.

Let |Fy| = 2. Then F; = {0,1}. Now Z(R)* = {(0,a),(0,1),(0,1+
a),(1,0),(1,a)}. Tt is easy to verify that (I'(R))¢ is the union of the
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cycle I': (0,1) — (0,a) — (0,1 +a) — (1,a) — (0,1) and two edges eq, ez
where e; : (0,1) — (0,1 +a) and ez : (1,a) — (1,0). The cycle I" can be
represented by means of a rectangle. Note that e; is a diagonal of the
rectangle that represents I'. Now it is clear that (I'(R))¢ can be drawn
in a plane in such a way that there is no crossing over of the edges, and
hence we obtain that (I'(R))° is planar.

Let |Fy| = 3. Let F; = {0,1,a}. Note that Z(R)* = {(0,1), (0, a),
0,1+ a),(1,0),(1,a),(«,0),(a,a)}. Observe that the subgraph Hy of
(T'(R))¢ induced on {(1,a), (a,a),(1,0), (e, 0)} is a complete graph on
four vertices and the subgraph Hs of (I'(R))¢ induced on {(1,a), (o, a),
(0,1),(0,1+ a)} is also a complete graph on four vertices. Moreover,
(I'(R))¢ is the union of Hy, Hy and the cycle I' : (0,1 + a) — (0,a) —
(0,1) — (0,1 + a). Observe that the edge (1,a) — (a, a) is the only edge
which is common to both H; and H;. Note that the cycle I' has no
edge in common with H; and (0,1) — (0,1 + a) is the only edge which
is common to both Hs and I'. Since K, is planar, it follows from the
above description of (I'(R))¢ that it can be drawn in a plane in such
a way that there is no crossing over of the edges. This proves that
(T'(R))¢ is planar.

(iv) = (i) and (iv) = (iii) follow as in the argument given for (iv) =
(i) and (iv) = (iii) of Lemma 3.3. O

The following remark determines up to isomorphism of rings, the
commutative rings R with identity such that R has exactly two maximal
N-primes of (0) and (I'(R))° is planar.

Remark 3.6. Let R be a commutative ring with identity. Suppose
that R has exactly two maximal N-primes of (0). If (I'(R))¢ satisfies
either (Cy) or (C2), then it is noted in the beginning of this section
that R is necessarily finite and, moreover, if (0) = ¢1 N g2 is the
irredundant primary decomposition of (0) in R, then it follows from the
Chinese remainder theorem that R = R/q1 X R/g2 as rings. Observe
that it follows from Lemma 3.1, Remark 3.2, Lemmas 3.3 and 3.4 and
Proposition 3.5 that (I'(R))€ satisfies (C4) if and only if (T'(R))¢ satisfies
(Cy) if and only if (I'(R))¢ is planar if and only if R is isomorphic to
exactly one of the rings given below:

(i) F1 x Fy where Fy and F are fields with |F;| <5 for i =1,2.
(11) ZQ X Z4.
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(iii) Zo x Zo[z]/2%Zo[x] where Zy[x] is the polynomial ring in one
variable over Zs.

(IV) Z3 X Z4.
(V) Zg X ZQ[{E]/{EQZQ[x] ]

4. Characterization of rings R such that R has exactly one
maximal N-prime of (0) and (I'(R))¢ is planar. Let R be a
commutative ring with identity and suppose that R has exactly one
maximal N-prime of (0). Let P be the unique maximal N-prime of
(0) in R. We assume that (I'(R))¢ contains at least one edge. That
is, there exist a,b € P such that a # b and ab # 0. It is useful to
mention here that (I'(R))¢ contains at least one edge equivalent to the
condition that P2 # (0) [5, Theorem 2.8]. The aim of this section is
to determine all such rings R such that (I'(R))° is planar. We prove
in this section that, for such rings R, (I'(R))¢ is planar if and only if
(I'(R))¢ satisfies both (C4) and (Cy). It is worth mentioning here that
[11, Figure 5.9 (a)] illustrates that a graph satisfying both (C;) and
(C3) need not be planar.

It is noted in Section 2 that, if T is a commutative ring with identity
with exactly three maximal N-primes of (0), then (I'(T))¢ satisfies
(C4) if and only if it satisfies (C2) if and only if (I'(7"))¢ is planar. In
Section 3, it is proved that, for any commutative ring S with identity
which has exactly two maximal N-primes of (0), (I'(S))¢ satisfies (Cy)
if and only if it satisfies (Cq) if and only if (I'(S))¢ is planar. The
following example illustrates that there exists a commutative ring R
with identity such that R has exactly one maximal N-prime of (0)
with the property that (T'(R))¢ satisfies (C7) but it does not satisfy
(Co).

Example 4.1. Let T = Zs[x1,z2,23] be the polynomial ring
in three variables over Zs. Let I be the ideal of T generated by
{22, 2% 23, 2zox3, 2371 }. Let R = T/I. Then (I'(R))¢ satisfies (C1)
but it does not satisfy (Cs).

Proof. Observe that R is a finite local ring with unique maximal
ideal M = N/I where N = Ty + Tas + Txs. Moreover, M? # (0),
but M3 = (0). We show that (I'(R)) satisfies (C1) by proving that
w((I'(R))%) = 3.
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For any element f(x1,z2,z3) € T, we denote f(z1,22,23)+ I by
f(x1,72,73). Note that ZT17s # 0. Let 11 = T1,r9 = X1 + 02,73 =
x2 + 3. Observe that the subgraph of (I'(R))¢ induced on {ri,rs, 73}
is a clique. Hence, w((I'(R))¢) > 3. Let A C Z(R)* = M \ {0} be
such that A contains exactly 4 elements. We claim that the subgraph
of (I'(R))¢ induced on A is not a clique. Suppose that the subgraph of
(I'(R))€ induced on A is a clique. Let A = {a1,a2,as3,a4}. Note that
a; = a;1T1 + a;2%2 + ;3T3 + a;12T122 where a;1, a;2, a3, @12 € Zg for
i = 1,2,3,4. Since a;a; # 0 for all 4,5 € {1,2,3,4} with ¢ # 7, it
follows that a;2 must be 1 for at least three values of ¢ € {1,2,3,4}.
We may assume, without loss of generality, that ai12 = age = ase = 1.
Since ajas # 0, it follows that exactly one between ay; and az; must
be 0. We may assume that a11 = 1 and as; = 0. Now either ag; = 1 or
as1 = 0. If az; = 1, then ajaz = 0 and this is impossible. If a3, = 0,
then agas = 0. This is also impossible. This proves that the subgraph
of (I'(R))° induced on A cannot be a clique. Hence, w((I'(R))¢) < 3
and so w((I'(R))¢) = 3. Therefore, we obtain that (I'(R))° satisfies
(Ch).

We next verify that (I'(R))¢ does not satisfy (C2). Let r1 = 77,
ro = T3, T3 = T2+T3, T4 = T+ T2, T5 = T+ T2+ x172 and
r¢ = T1 + @3 +x3. Let Vi = {r1,re,r3}, Vo = {ry,r5,76}. Observe
that the subgraph of (I'(R))¢ induced on V; U V; contains K33 as a
subgraph. Hence, (I'(R))¢ does not satisfy (Cs). o

We prove in Proposition 4.15 that if a commutative ring R with
identity is such that R has exactly one maximal N-prime of (0), (I'(R))®
contains at least one edge and, if it satisfies (C), then it satisfies (C1).

Let T be a commutative ring with identity with exactly one maximal
N-prime of (0). Let P be the unique maximal N-prime of (0) in 7. It
was shown in [17, Proposition 4.21] that if w((I'(T"))¢) < oo, then P is
nilpotent. Indeed, it was shown in [17, Proposition 4.21] that P™ = (0)
where n = (w((I'(T))¢))? + 1. The following lemma is an improvement
of [17, Proposition 4.21] and, moreover, we need this lemma to prove
other results in this note.

Lemma 4.2. Let T be a commutative ring with identity which has
exactly one maximal N-prime of (0). Let P be the unique mazimal

N-prime of (0) in T. Let n > 4. If w((T(T))¢) < n, then P"~! = (0).
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Proof. Note that Z(T') = P. We first show that, for any
a,ai,...,an_3 € P,a’a;---a,—3 = 0. Suppose that a?a; - - - an_3 # 0.
Let

t1 =a,
to =a+aa; = a(l+a1),
ts = a + aay + aajas = a(l + a1 + ajasz),. ..
th—o =a+aay +aaias+ -+ aaias - ap_3
=a(l+a+aaz +---+aaz---ap_3),
th—-1 =a+aay +aaias+---+aajas---ayp_3+ a2a1a2 c e p—3

=a(l4+ a1 +aray +---+aaz---ap_3+aaraz---a,_3),

tn = a+ a’ajaz---a,_3 = a(l + aajaz---a,_3), and t,.1 = aai.
Using the assumption that a%a;---a,_3 # 0, and the fact that, for
any x € P, 1+x ¢ P = Z(T), it can be easily verified that ¢; # ¢;
and t;t; # 0 for all 4,5 € {1,2,...,n+ 1} with ¢ # j. Hence, the
subgraph of (I'(T))¢ induced on {tx|k = 1,2,...,n+ 1} is a clique.
This is impossible since, by hypothesis, w((I'(T))¢) < n. Therefore, we
obtain that a?a; ---an_s =0 for all a,a1,... ,an_3 € P.

Let z1,22,...,2n—1 € P be such that z; # =z; for all i,j €
{1,2,...,n — 1} with ¢ # j. We claim that z129--- 2,1 = 0.
Suppose that z1zo---x,_1 # 0. We assert that xi = 0 for each
k=1,2,...,n— 1. Suppose that 22 # 0 for some k € {1,... ,n —1}.
We may assume without loss of generality that 27 # 0. For i €
{1,2,... ,n+1}, let y; € P be defined by y; = z; fori =1,2,... ,n—1,

Yn = @1 + 1T Tpg = T1(1 + 22+ Tp_2), and yp41 = 1 +
T1T2 - Tpo1 =1 (1 + 22+ xp—1). We know from the first paragraph
of this proof that a?a; - - - a,_3 = 0 for any a,a1,... ,an—3 € P. Using

this and the assumptions that 22 # 0, 2172 -+ 2,1 # 0, and the fact
that, for any « € P, 1 +a ¢ P = Z(T), it can be easily verified
that y; # y; for all distinct 4,7 € {1,2,... ,n + 1} and the subgraph
of (T(T))¢ induced on {yx | k = 1,2,...,n + 1} is a clique. This
contradicts the hypothesis that w((I'(T"))¢) < n. Hence, we obtain that
3 =0foreach k=1,2,... ,n—1.

Let z; € P for i = 1,2,...,n 4+ 1 be defined by z; = z; for
1=1,2,... ., n—1l,zp,=x1+ 223 Tp_oand 2,411 =1+ T2 Tp_1.
Using the fact that xi = 0 for each £ = 1,2,...,n — 1 and the
assumption that z1z2---z,—1 # 0, it can be shown that z; # z;,
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and zz; # 0 for all 4,5 € {1,2,...,n+ 1} with ¢ # j. Hence, the
subgraph of (T'(7))¢ induced on {z; | i = 1,2,... ,n + 1} is a clique.
This is impossible since w((I'(T"))¢) < n. Thus, for any (n — 1) distinct
elements z; € Pfori=1,2,... ,n—1, x120---xp_1 = 0.

This proves that, if w((I'(T))¢) < n, then P"~1 = (0). O

As an immediate consequence of Lemma 4.2, we have the following
corollary. We state this as a separate corollary for the sake of convenient
reference.

Corollary 4.3. Let T be a commutative ring with identity which
has exactly one mazimal N-prime of (0). Let P be the unique mazimal
N-prime of (0) in T. Then the following hold:

(i) If (T(T))¢ satisfies (Cy), then P3 = (0).
(ii) If (D(T))¢ satisfies (Cz), then P* = (0).
Proof. (i) Assume that (I'(T))¢ satisfies (C1). Hence, (T'(T))¢ does

not contain K3 as a subgraph and so w((I'(T))¢) < 4. Now, on applying
Lemma 4.2 with n = 4, we obtain that P3 = (0).

(ii) Assume that (I'(T"))¢ satisfies (Cz). Therefore, (I'(T))¢ does not
contain K3 3 as a subgraph. As K¢ admits K3 3 as a subgraph, it follows
that (I'(T'))¢ does not contain Kg as a subgraph. Hence, w((I'(T))¢) < 5
and so, on applying Lemma 4.2 with n = 5, we obtain that P* = (0). O

Let T, P be as in the statement of Lemma 4.2. Suppose that P? # (0).
If (T'(T))© does not contain any infinite clique, then it was shown in [17,
Lemma 4.14 (iii)] that P = ((0) :7 ¢), for some ¢ € P\ {0}, and in [17,
Lemma 4.14 (ii)], it was shown that T/P is finite. We now proceed
to show below that |T'/P| = 2 if (I'(T"))¢ satisfies either (C1) or (Cs).
Towards that goal, we first have the following result.

Lemma 4.4. Let T be a commutative ring with identity. Suppose
that T has only one mazimal N-prime of (0), and let it be P. If
w((T(T))¢) < oo, and if there exists an a € P such that a®> # 0, and
|T/P| > 3, then w((I'(T))¢) > 6.

Proof. By hypothesis, |T/P| > 3. Hence, there exist t,s € T \ P
such that t —1¢ P, s—1¢ Pandt—s ¢ P. As w((I(T))°) < oo, it
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follows from Lemma 4.2 that P is nilpotent. Moreover, by hypothesis,
a® # 0 for some a € P. Hence, P? # (0). Let m > 3 be least with the
property that P™ = (0). Then, for any ¢ € P\ {0}, P = ((0) :7 ¢).

Let v1 = a, va =at, v3 =as, vy =a+ ¢, v5 = a+ ct and vg = c + at
where ¢ € P\ {0} is such that P = ((0) :1 ¢). Using the assumption
that a® # 0, it follows from the choice of t,s that, for all distinct
i,j € {1,2,3,4,5,6}, v; # v; and v;v; # 0. Hence, the subgraph of
(T(T))¢ induced on {vi|k € {1,2,3,4,5,6}} is a clique. This implies
that w((T(T))¢) > 6. O

We next have the following useful lemma which is a consequence of
Lemma 4.4.

Lemma 4.5. Let T, P be as in the statement of Lemma 4.2. Suppose
that P? # (0). If w(I'(T))¢ <5 and if |T/P| > 3, then 2 € P.

Proof. By hypothesis, P2 # (0). Hence, by [3, Theorem 2.8], there
exist a,b € P such that a # b and ab # 0. Moreover, by assumption,
w((T(T))¢) < 5 and |T/P| > 3. Hence, it follows from Lemma 4.4, that
2?2 = 0 for each x € P. Therefore, a? = b*> = (a + b)? = 0. Hence, we
obtain that 2ab = 0. Since ab # 0, it follows that 2 € Z(T") = P. O

The following lemma is also used in proving that if (T'(T"))¢ satisfies
(C1), then |T/P| = 2.

Lemma 4.6. Let T, P be as in the statement of Lemma 4.2. Suppose
that P? # (0). If w((T(T))¢) < 4, then |T/P| < 3.

Proof. Since P? # (0), there exist a,b € P such that a # b and
ab # 0. Suppose that |T/P| > 3. Let t,s € T\ P be such that
{t-—1,s—1,t —s} C T\ P. Since w((I'(T))°) < 4, it follows from
Lemma 4.4 that a> = b> = 0. Consider the elements of P given
by wi = a, wa = a+ bt, w3 = a+ bs, wy = b and ws = a + b.
Since a? = b? = 0 and ab # 0, it follows from the choice of ¢, s that
w; # wj for all distinct 4,5 € {1,2,3,4,5}. Moreover, it follows from
Lemma 4.5 that 2 € P and, as {t —1,s — 1,t — s} C T\ P, we obtain
that {t +1,s+ 1,t + s} C T\ P. Using these facts, it can be easily
verified that w;w; # 0 for all distinct 7,5 € {1,2,3,4,5}. Hence, the
subgraph of (I'(T"))¢ induced on {wy|k € {1,2,3,4,5}} is a clique. This
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contradicts the assumption that w((I'(7"))¢) < 4. This proves that
|T/P| < 3. O

We next have the following lemma which we use in the proof of
Propositions 4.8 and 4.10.

Lemma 4.7. Let T, P be as in the statement of Lemma 4.2. Suppose
that P # (0) and w((T'(T))¢) < co. If|T/P| =3, then w((T'(T))¢) > 6.

Proof. By hypothesis, w((T'(T))¢) < oco. Hence, it follows as in
the proof of Lemma 4.4 that there exists a ¢ € P\ {0} such that
P = ((0) :7 ¢). Moreover, by assumption, |T'/P| = 3. Therefore, there
exists a t € T\ P such that t — 1 ¢ P. Since P? # (0), there exist
a,b € P with a # b and ab # 0. As |T/P| =3, 2 ¢ P. Hence from
ab # 0, it follows that 2ab # 0. Now it is clear that one among a?, b?
and (a +b)? must be nonzero. Either renaming a and b or on replacing
a by a + b, if necessary, we may assume without loss of generality that
a,b € P are such that a # b, ab # 0 and a®> # 0. Consider the
elements of P given by z1 = a, 20 = ta, z3 = a+ ¢, 24 = ta + c,
25 = a+tc and zg = ta +te. Since a? # 0, it follows from the choice of
t that the elements 21, 22, 23, 24, 25, and zg are distinct and, moreover,
ziz; # 0 for all distinct 4,5 € {1,2,3,4,5,6}. Hence, the subgraph of
(T(T))° induced on {z1, 22, 23, 24, 25, 26} is a clique. This implies that
W(T(T)") >6. b

Proposition 4.8. Let T, P be as in the statement of Lemma 4.2.
Suppose that P% = (0). If (T'(T))¢ satisfies (C1), then |T/P| = 2.

Proof. Assume that (I'(T))¢ satisfies (Cy). That is, equivalently,

w(([(T))¢) < 4. Tt now follows from Lemmas 4.6 and 4.7 that
|T/P| = 2. o

The following lemma is also used in the proof of Proposition 4.10.

Lemma 4.9. Let T, P be as in the statement of Lemma 4.2. Suppose
that P%2 # (0). If (T(T))¢ satisfies (Cy), then |T/P| < 3.

Proof. By hypothesis, (I'(T))¢ satisfies (C2). Hence, w((I'(T"))¢) < 5.
Suppose that |T/P| > 3. Then, it follows from Lemma 4.4 that a®> = 0
for each a € P. Let t,s € T\ P be such that {t—1,s—1,t—s} C T\ P.
From Lemma 4.5, we obtain that 2 € P.
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Since P% # (0), there exist a,b € P such that a # b and ab # 0.
Let W1 = {a,a + tb,a + sb}, and let Wo = {b,a + b,a + b + ¢} where
¢ € P\ {0} is such that P = ((0) :7 ¢). Since 2 € P, it follows that
{t+1,s+1,t+s} C T\ P. Since a? = b*> = 0 and ab # 0, it can be easily
verified with the help of the choice of the elements t, s that W1NW, = &
and, moreover, each element of W is adjacent to each element of W5 in
(I'(T"))°. Hence the subgraph of (I'(7"))¢ induced on W; U Wy contains
K33 as a subgraph. This is in contradiction to the assumption that
(T'(T))¢ satisfies (C). Hence, we obtain that |T/P| < 3.

This completes the proof of Lemma 4.9. O

Proposition 4.10. Let T, P be as in the statement of Lemma 4.2.
Suppose that P2 # (0). If (T(T))¢ satisfies (Ca), then |T/P| = 2.

Proof. Assume that (T'(T))¢ satisfies (C3). Then it follows immedi-
ately from Lemmas 4.9 and 4.7 that |T'/P| = 2. O

The following lemma is another step that we need to prove that if
(T(T))° satisfies (Cs), then it satisfies (Cy).

Lemma 4.11. Let T, P be as in the statement of Lemma 4.2.
Suppose that (I'(T))¢ satisfies (Ca). If there exists an ideal I of T
with I C ((0) :7 P) and |I| =2, then (I'(T))¢ satisfies (Cy).

Proof. Suppose that (I'(T"))¢ does not satisfy (C7). Then there exists
a subset A = {a1,a2,a3,a4,a5} C P\ {0} such that the subgraph of
(I(T))¢ induced on A is a clique. Hence, a;a; # 0 for all distinct
i,j €{1,2,3,4,5}.

Let i € {1,2,3,4,5}. We assert that there exists a j € {1,2,3,4,5}\
{i} such that a; — a; € I. Suppose that it does not hold. Then, for
somei € {1,2,3,4,5},a,—a; ¢ I forall j € {1,2,3,4,5}\{i}. Without
loss of generality, we may assume that a1 —a; ¢ I for all j € {2,3,4,5}.
Let I ={0,c}. Let Vi = {a1,a1 + ¢,as} and Vo = {as, aq,a5}. Then it
is clear that V1 NV> = @ and, moreover, using the fact that a;a; # 0 for
all distinct 4,5 € {1,2,3,4,5} and the hypothesis that I C ((0) :x P),
it follows that the subgraph of (I'(T))¢ induced on V3 U V, contains
K33 as a subgraph. This is in contradiction to the assumption that
(D(T))¢ satisfies (C2). Thus, for each i € {1,2,3,4,5}, there exists a
Jj€41,2,3,4,5}\ {i} such that a; — a; € I.

Since |I'\ {0}| = 1, it follows that such a j is necessarily unique. We
may assume, without loss of generality, that a1 —as € I. Then a3z — a3
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and ag — as cannot be in I. Hence, either a3 — a4 € I or ag — a5 € 1.
We may assume, without loss of generality, that ag — aq € I. Observe
that a5 —a; ¢ I for all j € {1,2,3,4}. This is a contradiction. This
proves that, if there exists an ideal I of T with I C ((0) :x P), |I| = 2,
and if ([(T))€ satisfies (Cy), then (T'(T))¢ satisfies (C1). O

Lemma 4.12. Let T,P be as in the statement of Lemma 4.2.
Suppose that P2 # (0). If P is a principal ideal of T, and if (T(T))¢
satisfies (C3), then P? = (0) and |P%| =2, and (I'(T))¢ satisfies (C1).

Proof. Assume that (I'(7"))¢ satisfies (C2). We know from Corollary
4.3 (ii) that P* = (0) and, moreover, from Proposition 4.10, we know
that |T/P| = 2. We are assuming that P is a principal ideal of T. Let
x € P be such that P = Tz. We first show that P3 = (0).

Suppose that P3 # (0). Then 2® # 0. Let Vi = {z,z + 22,z + 23}
and Vo = {22, 2% + 23,2 + 22 + 23}. Tt is clear that V; UV> C P\ {0},
Vi NVa = @, and the subgraph of (I'(7"))¢ induced on V; UV, contains
K33 as a subgraph. This contradicts the assumption that (I'(T"))¢
satisfies (Cy). Hence, P? = (0).

So, the T-module structure on P? induces a T/ P-module structure
on P2, and hence P? is a vector space over the field T//P. Since
P? is a nonzero principal ideal of T, it follows that dimp, pP? = 1.
As |T/P| = 2, we obtain that |P?| = 2. Now P? = (0), and so
P2 C ((0) :x P). Since |P?| = 2, it follows from Lemma 4.11 that
(I(T))° satisfies (Cy). O

We also need the following lemma in the proof of the assertion that
if (T(T))¢ satisfies (C3), then (I'(T))¢ satisfies (C1).

Lemma 4.13. Let T,P be as in the statement of Lemma 4.2.
Suppose that P?> # (0). If T/P is a field, P is nilpotent (hence
P is the only prime ideal of T), and if dimy,p(P/P?) > m with
m > 2, then there exist ai,as,... 0, € P such that aias # 0 and
{a1 + P?,as + P?%,... [am + P?} is linearly independent over T/P.

Proof. Let {aq}aca C P\ {0} be such that {a, + P?},ep forms a
basis of P/P? as a vector space over T/P. Let I = Y,eaTa,. Note
that P = I+ P2. Hence, P = I+ (I +P?)? = I+ P*. Proceeding in this
way, we obtain that P = I + P?! for all t > 1, and hence P = I + P*
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for all k > 2. We are assuming that P is nilpotent. Hence, P™ = (0)
for some n € N. As P? # (0), it follows that n > 3. As P =1+ P,
we obtain that P = I.

Suppose that aqa,aq, # 0 for some distinct ay,0 € A. Let A C
A\ {a1,as} be such that |[A] = m — 2. Let A = {a3,...,am}. Let
a; = Gq; for i = 1,2,...,m. Then it is clear that ajas # 0 and
{a; + P?,as + P?%,... |ay, + P?} is linearly independent over T/ P.

Suppose that anag = 0 for all distinct a, 8 € A. Then, from
P = I = Y,eaTa,, we obtain that P? = I? = Y,caT(aq)%
Since P? # (0), it follows that (as,)? # 0 for some a; € A. Let

{ag,...,am} C A\ {a1}. Let a1 = an,,02 = @ay + G4y, a; = g, for
1 =3,...,m. Then it is clear that the elements ai,as,... ,a,, satisfy
the conclusion of the lemma. a

We next have the following lemma which is also needed for proving
some results of this paper.

Lemma 4.14. Let T, P be as in the statement of Lemma 4.2. Let
I be an ideal of T such that I C ((0) :p P). If (T'(T))¢ satisfies (Ca),
and if there exist a,b € P\ {0} such that ab # 0 and a —b ¢ I, then
7] < 2.

Proof. Suppose that |I| > 3. Let ¢1,c2 € I'\ {0} be such that ¢; # ca.
Let Wy = {a,a+c1,a+ca} and Wy = {b,b+c1,b+c2}. Sincea—b ¢ I,
it is clear that a # b. Using the hypotheses that ab # 0,a — b ¢ I and
I C ((0) :7 P), it is easy to verify that the subgraph of (I'(7"))¢ induced
on Wi UW5 contains K3 3 as a subgraph. This is in contradiction to the
assumption that (T'(T"))¢ satisfies (Cy). Hence, we obtain that |I| < 2. O

With T, P as in the statement of Lemma 4.2, we prove below in the
following proposition that, if (I'(T"))¢ satisfies (C2), then it satisfies
(C1).

Proposition 4.15. Let T, P be as in the statement of Lemma 4.2.
Suppose that P2 # (0). If (I(T))¢ satisfies (Ca), then P3 = (0),
|P?| = 2, and moreover, (D'(T))¢ satisfies (C1).

Proof. Assume that (I'(7"))¢ satisfies (C2). We know from Corollary
4.3 (ii) that P* = (0). Since P # (0), it follows that P # P?. It
is shown in Proposition 4.10 that |T/P| = 2. Note that P/P? is a
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nonzero vector space over the field T/P. Let {aq}aca C P be such
that {an + P?}aca is a basis of P/P? as a vector space over T/P.
Then P = Y, caTaq, as is noted in the proof of Lemma 4.13. We
consider the following two cases.

Case (i). dimg,p(P/P?) = 1. In this case, P is principal. Hence,
we obtain from Lemma 4.12 that P? = (0), |P?| = 2 and, furthermore,
(I(T))¢ satisfies (Cy).

Case (ii). dimg,p(P/P?) > 2. We know from Lemma 4.13 that
there exist a,b € P such that ab # 0 and {a + P?,b+ P?} is linearly
independent over T//P. Hence, a — b ¢ P?. Since P* = (0), it follows
that P3 C ((0) :7 P).

Suppose that P3 # (0). Then |P3| > 2. As a —b ¢ P2, it follows
that a — b ¢ P3. Now we obtain from Lemma 4.14 that |P3| = 2. On
applying Lemma 4.11 with I = P3| it follows that (I'(T'))€ satisfies (C1).
This implies by Corollary 4.3 (i) that P = (0). This is a contradiction.
Hence, P3 = (0).

So P2 C ((0) :x P). Now a,b € P,ab# 0 and a — b ¢ P?. Hence, on
applying Lemma 4.14 with I = P?, we obtain that |P?| = 2. It now
follows immediately from Lemma 4.11 that (I'(T))¢ satisfies (C).

This shows that, if P? # (0) and if (I'(T))¢ satisfies (Cs), then
P3 = (0), |P%| = 2, and, moreover, (I'(T))¢ satisfies (C1). o

Recall that a commutative ring R with identity is called a chained ring
if the principal ideals of R are comparable under the inclusion relation
(equivalently, the ideals of R are comparable under the inclusion
relation). Let R be a chained ring with M as its unique maximal
ideal. If M? # (0), then it is known that (I'(R))¢ does not contain any
infinite clique if and only if w((T'(R))°) is finite if and only if R is finite
[17, Proposition 4.16]. Thus, if a chained ring R is such that (I'(R))©
contains at least one edge and if it satisfies either (C1) or (C2) (and
hence satisfies (C1) by Proposition 4.15), then R must be finite.

Let R be a chained ring with M as its unique maximal ideal. Suppose
that M? # (0). The following proposition characterizes when (I'(R))°
is planar.

Proposition 4.16. Let R be a chained ring which is not an integral
domain. Let M denote the unique maximal ideal of R. Suppose that
M? # (0). The following statements are equivalent:
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(1) (T(R))® satisfies (C1).
(i) |R| = 8.
(iii) (T(R))¢ satisfies (Cs).
(iv) (T(R))°

Proof. (i) = (ii). We know from Corollary 4.3 (i) that M3 = (0).
Moreover, we know from Proposition 4.8 that |R/M| = 2. Since
w((T'(R))°) < 4, it follows from [17, Proposition 4.16] that R is finite.
As R is a finite chained ring, M must be a principal ideal of R. Since
M? = (0), M? is a vector space over the field R/M. As M is principal
and M? is nonzero, it follows that dimp /M 2 =1 and, moreover, as
M # M?, we obtain that dimpg/p (M/M?) = 1. Since |R/M| = 2, it
follows that |M?| = 2 and |M/M?| = 2. As |[M| = |M/M?||M?|, we
obtain that |M|= 4. Thus, |R| = |R/M||M]| = 8.

(ii) = (iii) and (ii) = (iv). Since |R| = 8, Lagrange’s theorem implies
that |[M| < 4. As M? # (0), it follows from [5, Theorem 2.8] that there
exist a,b € M with a # b such that ab # 0. It is clear that a # ab and
b # ab. Hence, M contains at least 4 elements and so |[M| = 4. Thus
(I'(R))¢ is a graph on 3 vertices. Now it is clear that (I'(R))° satisfies
(C2) and (I'(R))¢ is planar.

(iv) = (i) and (iv) = (iii) follow immediately since K5 and K3 3 are
nonplanar and a subgraph of a planar graph is planar.

s planar.

(iii) = (i). This follows immediately from Proposition 4.15.
This completes the proof of Proposition 4.16. O

With the help of Proposition 4.16 and [4, Theorem 3.2], we determine
in the following remark all chained rings R such that (I'(R))¢ contains
at least one edge and is planar.

Remark 4.17. Observe that if R is one of the rings from the collec-
tion {Zs, Zs[r]/23Z2[2], Zs[x]/ (20 Z4[x] + (2 — 2)Z4[x])} (Where Zs[z],
respectively Z4[z], denotes the polynomial ring in one variable over
Z,, respectively over Z,), then it is easy to verify that R is a chained
ring with the property that the number of elements in its unique max-
imal ideal equals 4, square of its unique maximal ideal is nonzero and
|R| = 8. Hence, (I'(R))¢ is a graph with at least one edge and as it is
a graph on three vertices, it is clearly planar.
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We next verify with the help of [4, Theorem 3.2] that if R is any
chained ring with the property that (I'(R))¢ admits at least one edge
and is planar, then R is isomorphic to one of the rings mentioned in
the preceding paragraph. Let R be chained such that (I'(R))¢ admits
at least one edge and is planar. Hence, (I'(R))° satisfies (C}) and (C2).
As was remarked before the statement of Proposition 4.16, we obtain
that R is finite. Let M denote the unique maximal ideal of R. It
follows from the proof of (i) = (ii) of Proposition 4.16 that M3 = (0),
|[M| = 4, |R| = 8. Let a,b € M be such that a # b and ab # 0.
Observe that ab ¢ {a,b}. Thus, M = {0,a,b,ab}. Moreover, as ab # 0
and a?b = ab?® = 0, it follows that w((I'(R)) = 2. Now it follows from
[4, Theorem 3.2] that R is isomorphic to exactly one of the following
rings: Zs, Zo[z]/23Zs[z], Za[7]/(22Z4[7] + (2 — 2)Z4[z]). Thus, if R
is a chained ring satisfying the conditions

(i) (T'(R))° contains at least one edge and
(ii) (I'(R)) is planar,

then R is isomorphic to one of the rings mentioned above. i

Let T, P be as in the statement of Lemma 4.2. Suppose that
P? # (0). It is proved in Proposition 4.8 that, if (I'(T))¢ satisfies
(C1), then |T'/P| = 2 and in Proposition 4.10 that, if (I'(T"))¢ satisfies
(Cs), then |T/P| = 2. If (T'(T))¢ satisfies (C3), then in the following
lemma we show that dimy,p(P/P?) < 2.

Lemma 4.18. Let T be a commutative ring with identity, and
suppose that T' has only one mazimal N-prime of (0). Let P be the
unique mazimal N-prime of (0) in T. Suppose that P2 # (0). If
(T(T))¢ satisfies (Ca), then dimp,p(P/P?) < 2.

Proof. Assume that (I'(T"))¢ satisfies (C3). We know from Proposi-
tion 4.10 that |T'/P| = 2. Moreover, we know from Proposition 4.15
that P? = (0), |P?| =2 and (I'(T))¢ satisfies (C1).

Suppose that dimT/p(P/PQ) > 3. Then it follows from Lemma 4.13
that there exist a, b, c € P such that ab # 0 and {a+ P?,b+ P? c+ P?}
is linearly independent over T//P. Observe that we have one of the
following possibilities:

(i) bc = ca =0,
(i) be # 0,ca = 0,
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(iii) bc = 0,ca # 0, and
(iv) be # 0, ca # 0.
We now discuss the above-mentioned possibilities separately.

Case (i). ab # 0, bc = ca = 0. In this case, we assert that a? # 0,
b2 # 0 and ¢® # 0. Suppose that a> = 0. Let V; = {a,a + ab,a + c},
Vo = {a+ b,b,b+ ab}. Tt follows from the choice of the elements a, b,
and c that V1 NV, = @. Now, using the fact that P? = (0) and the
assumptions that ab # 0, bc = ca = a? = 0, it can easily be verified that
each element of V; is adjacent to every element of V5 in (I'(T'))¢. Hence,
we obtain that the subgraph of (I'(T))¢ induced on V; UV, contains K3 3
as a subgraph. This contradicts the assumption that (I'(T"))¢ satisfies
(C3). Thus, a? # 0. Similarly, if b> = 0, it can be shown that the
subgraph of (I'(T))¢ induced on Wy UWs (where Wy = {b,b+ab,b+c}
and Wy = {a,a + b,a + ab}) contains K33 as a subgraph. This is
impossible and so b?> # 0. Similarly, if ¢2 = 0, then the subgraph
of (I(T))¢ induced on A; U Ay (where A; = {b,b + ab,b + ¢} and
Ay ={a,a+c, a+ab}) contains K3 3 as a subgraph. This is impossible,
and so ¢ # 0. Let Uy = {a,a+ ¢,b+ ¢} and Uz = {b,b + b, a + *}.

It can easily be verified that the subgraph of (I'(T"))¢ induced on
U; U U, contains K3 3 as a subgraph. This contradicts the assumption
that (I'(T))¢ satisfies (C2). This shows that Case (i) cannot hold.

Case (ii). ab # 0, be # 0, ca = 0. We claim that a? # 0 and ¢ # 0.
Suppose that a? = 0. Let U; = {a,c,a+ab} and Uy = {b,a+b,b+bc}.
Using the choice of the elements a, b and ¢, it is straightforward to
show that U; N Uy = @. Moreover, using the fact that P3 = (0) and
the assumptions that a?> = ac = 0, ab # 0 and bc # 0, it follows
that each element of Uy is adjacent to every element of Uz in (I'(T))C.
Hence, the subgraph of (I'(T"))¢ induced on Uy U Uy contains K3 3 as a
subgraph. This is impossible. Hence, a? # 0. Similarly, it follows that
2 #0. Let Vi = {a,c,a+ab} and Vo = {a + ¢,b,b+ ab}. It is easy to
show that the subgraph of (I'(T"))¢ induced on V; UV, contains K3 3 as
a subgraph. This is impossible. Hence, Case (ii) cannot hold.

Case (iii). ab # 0, ca # 0, be = 0. Proceeding as in Case (ii), it can
be shown that Case (iii) is impossible.

Case (iv). ab # 0, bc # 0, ca # 0. We claim that at least one
among a2, b2 and c? must be equal to 0. Suppose that a? # 0,
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b> # 0 and ¢ # 0. Then the subgraph of (I'(T))¢ induced on
{a,b,c,a+ab,b+ab, c+ab} is a clique. This is impossible since (I'(T'))°
satisfies (Cy). Hence, at least one among a?, b? and ¢? must be equal
to 0.

We may assume, without loss of generality, that a®> = 0. We next
claim that either b> = 0 or ¢® = 0. Suppose that b? # 0 and ¢ # 0.
Let Vi = {a+b,a+¢,c} and Vo = {a,a + ab,a+ b+ c}. Now we have
a? =0, b2 # 0 and c? # 0. Moreover, we know from Proposition 4.15
that |P?| = 2. Thus, ab = bc = ca. We know from Proposition 4.10 that
|T/P|=2. As P? = (0), it follows that ab+bc = be+ca = ca+ab = 0.
Using these facts, it can be easily verified that the subgraph of (I'(T))¢
induced on Vi U V5 contains K3 3 as a subgraph. This contradicts the
assumption that (I'(7"))¢ satisfies (Cy). Hence, either b2 = 0 or ¢? = 0.

We may assume without loss of generality that 4> = 0. Let W, =
{a,b,a+ab} and Wy = {a+b, ¢, c+ab}. It can be easily verified that the
subgraph of (I'(T"))¢ induced on Wy UW; contains K3 3 as a subgraph.
This is in contradiction to the hypothesis that (I'(T))¢ satisfies (C2).
This shows that Case (iv) cannot hold.

It is now clear from the above discussion that dimy,p(P/P?) < 2. O

Let T, P be as in the statement of Lemma 4.2. Suppose that P? # (0).
The following proposition characterizes when (I'(T"))¢ satisfies (Cs). We
verify in the following proposition, among other equivalent conditions,
that (I'(T"))¢ satisfies (C2) if and only if (I'(T))¢ is planar. Moreover,
the following proposition is one of the main results in this paper.

Proposition 4.19. Let T be a commutative ring with identity which
admits exactly one maximal N-prime of (0). Let P be the unique
mazimal N-prime of (0) in T. Suppose that (I'(T))¢ admits at least
one edge. Then the following statements are equivalent:

(i) (T(T))° satisfies (C3).

(ii) (T'(T))¢ satisfies both (C1) and (C2).
(iii) P? = (0), |T/P| =2, |P?| =2 and dimy,p(P/P?) < 2.
(iv) |T| is either 8 or 16 and (T(T))¢ is planar.

(v) (T(T))¢ is planar.
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Proof. (i) = (ii). We know from Proposition 4.15 that (I'(7))¢
satisfies (C1). Hence, (i) = (ii) holds.

(ii) = (iii). By hypothesis, (I'(T"))¢ admits at least one edge. Hence,
there are elements a,b € P,a # b, and ab # 0. Therefore, P? # (0). It
is now clear that (ii) = (iii) follows immediately from Propositions 4.8
and 4.15 and Lemma 4.18.

(iii) = (iv). Since dimg,p(P/P?) < 2 and |T/P| = 2, it follows that
|P/P?% < 4. Since P # P2, and |T/P| = 2, we obtain that either
|P/P?| =2 or |P/P?| = 4. We have |P?| = 2. Thus, either |P| =4 or
|P| = 8. As |T'/P| = 2, we obtain that either |T'| = 8 or |T| = 16. If
|P| =4, then (I'(T"))€ is a graph on three vertices and is clearly planar.
Suppose that |P| = 8. Then dimy,p(P/P?) = 2. Let a,b € P be such
that {a+ P2, b+ P?} forms a basis of P/P? as a vector space over T/ P
with ab # 0. Thus, P = {0,a,b,a+b,ab,a+ ab,b+ ab,a + b+ ab} and
P? = {0,ab}. Since P = (0), ab is an isolated vertex of (I'(T))¢. We
need to consider the following cases.

Case (i). a®> = b? = 0. In this case it is easy to verify that, except
for the isolated vertex ab, each of the other vertices are of degree 4
in (T'(T))°. Moreover, it is easy to show that (I'(T))¢ is the union
of the cycles I'y : a —b— (a+ b+ ab) — (b + ab) — (a + b) — a,
Iy : a—(a+b+ab)—(b+ab)—a, I's : (b+ab)—(a+b+ab)—(a+ab)—(b+abd),
the edges €1 : (a +b) —b,ea: b— (a+ ab), es : (a+ ab) — (a + b), and
the isolated vertex ab. The cycle I'y can be represented by means of
a pentagon. Note that the cycle I's is a triangle enclosed by one side
and two diagonals of the pentagon representing I';. Observe that I's
has only one edge in common with I';. The vertex a 4+ ab of I's can be
plotted outside this pentagon. It is easy to see that the cycle I's and
the edges e, es, e3 can be drawn outside this pentagon without any
crossing over of the edges. The above discussion shows that (I'(T))¢
can be drawn in a plane without any crossing over of the edges. This
proves that (I'(7))¢ is planar.

Case (ii). a? # 0,b%> = 0. Now a? + ab € P? = {0,ab} and, as a? # 0,
it follows that a? + ab = 0. In this case, in (I'(T))¢, it can be easily
verified that deg (a) = 3, deg (b) = 4, deg (a + b) = 3, deg (a + ab) = 3,
deg (b+ab) = 4, deg (a+b+ab) = 3, and deg (ab) = 0. It is easy to verify
that (I'(T))€ is the union of the cycles I'y : a—b—(a+b+ab)—(b+ab)—a,
Iy :b—(a+b)— (b+ab) — (a + ab) — b, the edges e : a — (a + ab),
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e2 : (a+b+ab) — (a+0), and the isolated vertex ab. Observe that the
cycle I'; can be represented by means of a rectangle. It is not hard to
verify that the vertices a 4+ b, a + ab can be plotted inside the rectangle
representing 'y in such a way that the cycle I'; and the edges e; and
ez can be drawn inside this rectangle so that there is no crossing over
of the edges. This proves that (I'(T"))¢ is planar.

Case (iii). a® = 0,b® # 0. It follows as in Case (ii) that (I'(T))° is
planar.

Case (iv). a® # 0,b% # 0. Note that, as a® # 0,b% # 0, it follows as
in Case (ii) that a® + ab = b*> 4+ ab = 0. Moreover, in (I'(T))¢, it can be
easily verified that deg (a) = deg (b) = deg (a + ab) = deg (b + ab) = 3,
and deg (ab) = deg (a+b) = deg (a+b+ab) = 0. Furthermore, it is easy
to verify that the subgraph of (I'(T"))¢ induced on {a,b,a + ab,b+ ab}
is a clique. Hence, (I'(T"))¢ is K4 together with three isolated vertices.
Hence, (I'(T"))¢ is planar.

(iv) = (v). This is clear.

(v) = (i). Since a planar graph cannot contain K33 as a subgraph,
(v) = (i) follows immediately. O

The following corollary is an immediate consequence of Proposi-
tion 4.19, [4, Theorem 3.2] and the list of all finite commutative local
rings with identity of order 16 given in [9, page 475]. The list of rings
given in [9, page 475] are listed with the help of the theorems proved
n [10]. Let n > 2. In the list of rings given below Z,[z] (respectively
Z,[x,y]) denotes the polynomial ring in one variable (respectively the
polynomial ring in two variables) over Z,.

Corollary 4.20. Let R be a commutative ring with identity. Suppose
that R has exactly one mazimal N -prime of (0), and let it be P. Suppose
that (T'(R))¢ contains at least one edge. Then (I'(R))¢ is planar if
and only if R is isomorphic to exactly one of the following rings. In
particular, if R is infinite, then (T'(R))¢ is not planar.

(a) Zs.

(b) Zo[z]/2*Zsx].
(¢) Zy[x]/(22Z4]x] + (22 — 2)Zy[x]).
(d) Zo[z, yl/(z° 222, y] + y*Zaz, y]).



594 S. VISWESWARAN

e) Za[z,yl/(x*Zalx, y] + y*Zala, y] + (vy — 2)Za[z,y]).
Zy|x) /22 Zy7).

Zo[z,y]/((2* — y*) 2oz, y| + 2yZa[z, y]).

Zy[z,y]/ (2% =2)Za[z, y|+2yZalz, y|+(y°—2) Za[2, y|+220Z4[z, y]).
Z4[x) /(2% — 22)Z4[2].

1) Za[z,y)/((2* = 2)Zala, y] + wyZa[z,y] + y*Za[z,y] + 20Za[z, y)).
m) Zy[x]/ (23 Z4[z] + 20Z4[2]).
n) Zs[z]/(22Zs[x] + 22Zg[z]).

Proof. Observe that the each of the rings given in the list from (a)—(n)
in the statement of the corollary is a finite local ring where the square
of its unique maximal ideal is nonzero whereas the cube of its maximal
ideal is zero. Hence, each one of the above rings admits exactly one
maximal N-prime for its zero ideal. Moreover, the complement of the
zero-divisor graph of each of the above rings admits at least one edge.
Furthermore, it can easily be verified that each of the rings mentioned in
the list from (a)—(n) satisfies condition (iii) of Proposition 4.19. Hence,
it follows from (iii) = (iv) of Proposition 4.19 that the complement of
the zero-divisor graph of each one of them is planar.

Suppose that R is a commutative ring with identity which has exactly
one maximal N-prime of (0). Let P be the unique maximal N-prime of
(0) in R. Suppose that (I'(R))¢ admits at least one edge and is planar.
We now verify with the help of [4, Theorem 3.2] and the results from
[9, 10] that R is isomorphic to exactly one of the rings from the list of
rings given in the statement of the corollary. Since (I'(R))¢ admits at
least one edge, there exist a,b € P such that a # b and ab # 0. Thus,
P? #£0. As (I'(R))¢ is planar, it must satisfy (C). Hence, we obtain
from (i) = (iii) of Proposition 4.19 that P3 = (0), |P?| = 2, |R/P| = 2,
and dimp,p(P/P?) < 2. Since P # P?, dimp,p(P/P?) > 1.

If dimR/p(P/Pz) =1, then R is a chained ring and, in this case, it
is already verified in Remark 4.17 that R is isomorphic to exactly one
among the rings mentioned in the statement of the corollary against

(a), (b) or (c).
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Suppose that dimp,p(P/P?) = 2. Now it is clear from Lemma 4.13
that there exist a,b € P such that {a + P% b+ P?} forms a basis of
P/P? as a vector space over R/P with ab # 0. Then, as noted in the
proof of (iii) = (iv) of Proposition 4.19, P = {0, a, b, a+b, ab, a+ab, b+
ab,a + b+ ab}. Note that R is a finite local ring with |R| = 16.

We now consider the following cases.

Case (A). a®? = b? = 0. In this case it follows from the list of finite
local rings of order 16 given in [9, page 475] that R is isomorphic to
one of the following rings:

Loz, y)/ (2* L[z, y] + y*Zalz, y)),

Zalw,y)/(2*Zalz, y] + y* Zalz,y] + (zy — 2)Zaz, y)),

Zy|x) /22 Zy7).
Thus, in this case, R is isomorphic to one among the rings mentioned
in (d), (e) or (f).

Case (B). a®> # 0, b*> = 0. It follows from [9, page 475] that in this
case R is isomorphic to one of the following rings:

Loz, y)/ (2 — y*)Zalx,y] + 2yZaz, y)),

Zalz,y]/ (2% = 2)Zualz, y] + 2y Zalz, y] + (y* — 2)Za[z, y] + 22Z4[z, y]),

Z4[e)/ (2 — 20)Z[a],

Zs|x]/((2® — 4)Zg[x] + 22Zg[7]).
Thus in this case R is isomorphic to exactly one of the rings mentioned
in (g), (h), (i) or (j).

Case (C). a® # 0, b2 # 0. Now it follows from [9, page 475] that in
this case R is isomorphic to exactly one of the following rings:

Zo[z,y]/(x*Zo[z,y] + xyZslz, y] + y*Za[z, y]),

Zy[z,y]/((2* = 2)Zalz, y] + 2yZa[z, y] + y* Za[z, y] + 22Z4[z, y)),
Z4[x) /(23 Zy[z] + 220Z4[2]),

Zs|x)/ (2% Zs[z] + 20Zs[z]).

Hence, in this case R is isomorphic to exactly one among the rings
mentioned against (k), (1), (m) or (n).

Thus, if R is a commutative ring with identity which has exactly
one maximal N-prime of (0), (I'(R))¢ admits at least one edge, then
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(I'(R))¢ is planar if and only if R is isomorphic to exactly one of the
rings mentioned against (a)—(n) in the statement of the corollary. Now
it is clear that, if R is an infinite ring which has exactly one maximal
N-prime of (0), and, if (T'(R))¢ admits at least one edge, then (I'(R))®©
is not planar. This completes the proof of Corollary 4.21. a

5. Rings 7 with exactly one maximal N-prime of (0) such
that (I'(T))° satisfies (Cy). Let T,P be as in the statement of
Lemma 4.2. That is, T is a commutative ring with identity which has P
as its unique maximal N-prime of (0). Suppose that (I'(T))¢ admits at
least one edge. It is shown in Proposition 4.19 that, if (I'(T"))¢ satisfies
(C2), then T is necessarily a finite ring and, indeed, |T| is either 8 or
16. The following example illustrates that this is not the case for a ring
that satisfies (C1).

Example 5.1. Let S = Zs[z1,22,23,...] be the polynomial ring
in an infinite number of variables over Z,. Let I be the ideal of
S generated by {(zx)?lk = 1,2,3,...} U{zizx | k = 3,4,5,...} U
{z;z;]i,j € N,2 < i < j}. Let T = S/I. Let M be the maximal
ideal of S generated by {z;|i = 1,2,3,...}. Let P = M/I. Note that
T is an infinite quasi-local ring with P as its unique maximal ideal.
Moreover, 1 + I, x5 + I are distinct zero-divisors of T' with z1xo ¢ I.
Hence, it follows that (I'(7))¢ admits at least one edge. Observe that
P3 = (0). It was verified in [17, Example 4.22] that w((I'(T))¢) = 3.
Hence, (I'(T))¢ satisfies (C1). o

Let T, P be as in the statement of Lemma 4.2. Suppose that (I'(T))¢
admits at least one edge. That is, equivalently, P? # (0) by [5, Theorem
2.8]. If (T'(T))¢ satisfies (C1), then it is proved in Corollary 4.3 (i) that
P3 = (0). However, the following question remains.

Question 5.2. For which rings T" will (I'(T"))¢ satisty (C1)?

In Proposition 5.4 we provide a necessary condition for a ring in order
that the complement of its zero-divisor graph satisfies (C1). We begin
with the following lemma which is used in the proof of Proposition 5.4.

Lemma 5.3. Let T, P be as in the statement of Lemma 4.2. Suppose
that P? # (0). If (T(T))¢ satisfies (Cy), then the following hold:
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(i) P*=(0), |T/P|=2.

(ii) Let A C P/P? be such that A is linearly independent over T/P.
If a,b € P are such that {a + P%,b+ P?} C A and if ab # 0, then
a?,b% € {0,ab}.

(iii) Let A be as in (ii). Let a,b,c € P be such that{a+ P? b+ P? c+
P2} C A. Suppose that ab # 0. If ¢ # 0, then ¢* = ab. Moreover,
ac, be € {0, ab}.

(iv) Let A be as in (ii). Let a,b,c € P be such that {a+ P? b+ P? c+
P?} C A and ab # 0. Then ac,bc € {0,ab}.

(v) Let A be as in (ii). Let a,b,c,d € P. If {a+ P% b+ P% c+
P?2.d+ P?} C A with ab # 0, then cd € {0, ab}.

Proof. (i) By hypothesis, (I'(T"))¢ satisfies (C1). Hence, it follows
from Corollary 4.3 (i) that P3 = (0). Moreover, we know from
Proposition 4.8 that |T/P| = 2.

(ii) Suppose that a? ¢ {0,ab}. Then {0,a? ab} C P2, and hence
|P?| > 3. Since P? = (0), P? is a vector space over the field T/P
and as |T/P| = 2, it follows that dimy/pP? > 2 and so |P?| > 4. Let
t € P2\ {0,a? ab}. Since {a + P?,b + P2} is linearly independent
over T/P, and as {a?,ab,t} C P?\ {0}, it follows that the elements
a,b,a+ ab,a + a?,a +t are all distinct. Moreover, it is easy to verify
that the subgraph of (I'(T))¢ induced on {a,b,a+ ab,a+a? a+t} is a
clique. This is in contradiction to the assumption that (I'(T))¢ satisfies
(C1). Hence, we obtain that a® € {0,ab}. Similarly, it follows that
b% € {0,ab}.

(iii) By assumption, {a + P2, b+ P2 ¢+ P?} is linearly independent
over T/P with ab # 0. Suppose that ¢? # 0. We claim that ¢? = ab.
Suppose that ¢? # ab. Then {0,ab,c?} C P2 Hence, it follows as
in the proof of (ii) that there exists a t € P2\ {0,ab, c?}. If ac # 0,
then the subgraph of (I'(T))¢ induced on {a,c,c+ ab,c+ c?,c +t} is
a clique. This contradicts the assumption that (I'(T))¢ satisfies (Cy).
Hence, ac = 0. Similarly, if bc # 0, then the subgraph of (I'(T))¢
induced on {b, ¢, c+ab,c+c? c+t} is a clique. This is impossible since
w((T'(T))¢) < 4. Thus, bc = 0. Observe that the subgraph of (I'(T"))°
induced on {c,c + ab,c + c?,c +t,a + b+ c} is a clique. This is in
contradiction to the assumption that (I'(T))¢ satisfies (C1). Hence, it
follows that ¢? = ab.
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We next verify that ac,bc € {0,ab}. Suppose that ac # 0. Now
{a+ P?%, c+ P?} is linearly independent over T/ P and, by assumption,
ac # 0. Hence, we obtain from (ii) that ¢* € {0,ac}. As ¢ # 0, it
follows that ¢ = ac. Thus, ab = ¢?> = ac. This shows that ac € {0, ab}.
Since {b + P? ¢ + P?} is linearly independent over T/P, it follows
similarly that bc € {0, ab}.

(iv) Suppose that ac ¢ {0,ab}. Hence, it follows from (iii) that ¢* = 0.
Moreover, if b2 # 0, then it follows from (iii) that ab,bc € {0, ac}.
Since ab # 0, it follows that ab = ac. This is in contradiction to the
assumption that ac # ab. Hence, it follows that b = 0. If a® # 0,
then it follows from (ii) that a? = ab = ac. This again contradicts the
assumption that ac # ab. So it follows that a? = 0. Note that either
be =0 or bec # 0.

Case (I). Suppose that bc = 0. Since P? = (0) and 2 € P (indeed,
|T/P| = 2), it follows that = + x = 0 for each x € P?. As ac # ab, by
assumption, it follows that ab + ac # 0. Observe that the subgraph of
(T(T))¢ induced on {a,b,a+b,a+ b+ c,a+ c+ ab} is a clique. This
contradicts the hypothesis that (T'(T"))¢ satisfies (C4). Hence, this case
cannot happen.

Case (II). Suppose that be # 0. We assert that be € {ab, ac}. Suppose
that be ¢ {ab,ac}. Then ab + be # 0,bc + ac # 0, and already by
assumption, ab + ac # 0. This implies that the subgraph of (I'(T))¢
induced on {a,b,c,a + b,a + b+ ¢} is a clique. This contradicts the
hypothesis that (I'(T"))¢ satisfies (C1). Hence, either bc = ab or bc = ac.
If bc = ab, then bc # ac and hence bc+ ac # 0. Note that the subgraph
of (T(T))¢ induced on {a, b, c,a+b,b+c} is a clique. This is impossible.
If bc = ac, then be 4 ab # 0. Moreover, it is easy to verify that the
subgraph of (I'(T"))¢ induced on {a, b, c,a+ c,b+ ¢} is a clique. This is
impossible. Hence, Case (IT) cannot happen.

Thus, if ac ¢ {0,ab}, we arrive at a contradiction. Therefore, we
obtain that ac € {0,ab}. Similarly, it can be shown that bc € {0, ab}.

(v) Suppose that cd ¢ {0, ab}. We claim that ac = bc = ad = bd = 0.
Suppose that ac # 0. Since {a + P?,b + P? ¢ + P?} is linearly
independent over T'/P with ab # 0, it follows from (iv) that ac = ab.
Note that {a + P2, ¢+ P?,d + P?} is linearly independent over T/P
with ac # 0. Hence, it follows from (iv) that ad,cd € {0,ac}. Since
cd # 0, by assumption, we obtain that c¢d = ac. Hence, we arrive
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at ¢d = ac = ab. This contradicts the assumption that cd # ab.
Hence, ac = 0. Similarly, as ab # cd, it follows using (ii) and (iii) that
b? = ¢ = d?> = 0. In addition, it can be shown with the help of (iv)
and the assumption that cd # 0 that bc = ad = bd = 0. Moreover,
if a®> # 0, it follows from (ii) and (i) that a*> = ab = cd. This
contradicts the assumption that cd # ab. Hence, a®> = 0. Since,
by assumption, ab # cd, we obtain that ab + c¢d # 0. Using the
facts that ac = bc = ad = bd = a®> = b? = ¢ = d®> = 0 and
ab 4+ cd # 0, it follows that the subgraph of (I'(7))¢ induced on
{a+ca+da+b+c,a+b+d,a+b+c+d}isa clique. This is
in contradiction to the hypothesis that (I'(T"))¢ satisfies (Cy). This
proves that cd € {0, ab}.

This completes the proof of Lemma 5.3. mi

The following proposition provides a necessary condition in order that
(I(T))° satisty (Ch).

Proposition 5.4. Let T, P be as in the statement of Lemma 4.2.
Suppose that P? # (0). If (T(T))¢ satisfies (C1), then |P?| = 2.

Proof. Assume that (I'(T'))¢ satisfies (C1). We know from Corollary
4.3 (i) that P?® = (0). Moreover, we know from Proposition 4.8 that
|T/P| = 2. Observe that P? is a nonzero vector space over the field
T/P. If P is a principal ideal of T, then it is clear that | P%| = 2. Hence,
we may assume that P is not a principal ideal of T'. Let {ao+P?}aen be
a basis of P/P? as a vector space over T/P. Since P3 = (0), it follows as
in the proof of Lemma 4.13 that P =), T'as. As P is not principal,
it follows that dimy,p(P/P?) = |A| > 2. Moreover, since P? # (0),
it follows as in the proof of Lemma 4.13 that there exists a basis
{ao + P%*}aca of the (T/P)-vector space P/P? such that an,aa, # 0
for some distinct a1,a2 € A. Since P = ) .\ Ta,, it follows that
P? = 3, sen Tanas. By hypothesis, (I'(T))° satisfies (C1). Hence,
we obtain from Lemma 5.3 (i) and (iii) that a? € {0,aqn,0a0,} for
each o € A. Moreover, it follows from Lemma 5.3 (iii) and (iv) that
O, 00 € {0,00,00,} for any o € A and for ¢ = 1,2. Furthermore, it
follows from Lemma 5.3 (v) that, for any distinct o, 8 € A\ {a1, a2},
aqag € {0, o, Ga, }-

It is now clear that P? = T'(aq,@q,). Thus, P? is a one-dimensional
vector space over the field T/P and, as |T/P| = 2, it follows that
|P?| = 2. This completes the proof of Proposition 5.4. o
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Suppose that (I'(T"))¢ satisfies (C1). The following corollary deter-
mines necessary and sufficient conditions in order that (I'(T"))¢ satisfy
(Cs). (It is shown in Example 4.1 that (I'(T))¢ satisfies (C) need not
imply that it satisfies (C5).)

Corollary 5.5. Let T,P be as in the statement of Lemma 4.2.
Suppose that (I'(T))¢ contains at least one edge. Then the following
statements are equivalent:

(i) (T(T))° satisfies (C3).
(ii) (T(T))¢ satisfies (C1) and |P/P?| < 4.
(iii) (D(T))¢ is planar.
Proof. (i) < (iii) is the same as (i) < (v) of Proposition 4.19.

(i) = (ii). We know from Proposition 4.15 that (I'(T"))¢ satisfies (C4).
Moreover, it follows from (i) = (iii) of Proposition 4.19 that P? = (0),
|T/P| = 2, |P?| = 2 and dimy,p(P/P?) < 2. Hence, we obtain that
|P/P? < |T/P” < 4.

(i) = (i). We know from Corollary 4.3 (i) that P3 = (0). Since
(T(T))¢ admits at least one edge, it follows that P? # (0). We know
from Proposition 4.8 that |T/P| = 2. Moreover, we obtain from
Proposition 5.4 that |P?| = 2. As |T/P| = 2 and, by assumption,
|P/P?| < 4, it is clear that dimp,p(P/P?) < 2. Thus, if (ii) holds,
then P3 = (0), |T/P| = 2, |P?| = 2 and dimy,p(P/P?) < 2. Now it
follows from (iii) = (i) of Proposition 4.19 that (I'(T"))° satisfies (Cs).

This completes the proof of Corollary 5.5. O
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