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STANDARD DECOMPOSITIONS
IN GENERIC COORDINATES

DAVID EISENBUD AND IRENA PEEVA

Dedicated to Jürgen Herzog on the occasion of his seventieth birthday.

1. Introduction. Throughout the paper, S = k[x1, . . . , xc] is a
polynomial ring over an infinite field k, graded with deg (xi) = 1 for
each i. We consider a graded finitely generated S-module M .

Let A be a subset of the variables {x1, . . . , xc}. Set k[A] = k[xi |
xi ∈ A]. We say that a homogeneous element m ∈ M is A-standard if
the map

k[A] −→ M

1 �−→ m

is a monomorphism. Let m1, . . . ,ms ∈ M and A1, . . . ,As be subsets
of the variables {x1, . . . , xc}. A direct sum of vector spaces

M =
⊕

1≤i≤s

k[Ai]mi

is called a standard decomposition of M if mi is Ai-standard for each
i. We say that the decomposition is nested if the Ai are nested subsets
of {x1, . . . , xc}, that is, for each i, j one of Ai,Aj is contained in the
other. Easy arguments using “prime filtrations” (these are filtrations of
M whose quotients have the form S/P for various prime ideals P ) show
that every module admits a standard decomposition (see [6, Section 1].)

A well-known combinatorial conjecture of Richard Stanley [9, Con-
jecture 5.1] asserts that a multigraded finitely generated module M
of depth d has a standard decomposition as above where the mi are
multihomogeneous elements and every Ai has at least d variables. The
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conjecture has been studied from an algebraic point of view by Her-
zog, Jahan, Vladoiu, Yassemi and Zheng [4 6], among others. Jahan
[7, Corollary 4.1] observes that, by Alexander duality, Stanley’s con-
jecture is equivalent to the statement that every multigraded finitely
generated module has a standard decomposition in which the mi are
multihomogeneous elements of degrees ≤ reg (M), where reg (M) de-
notes the Castelnuovo-Mumford regularity.

The goal of this note is to show that this form of the conjecture
becomes easy if, instead of the variables xi, we allow ourselves to use
generic coordinates. We prove:

Theorem 1. If M is a graded finitely generated S-module and
z1, . . . , zc ∈ S are sufficiently general linear forms, then there is a
nested standard decomposition

M =
⊕

1≤i≤s

k[Bi]mi

such that Bi ⊂ {z1, . . . , zc} and the mi are homogeneous elements of
degrees ≤ reg (M). If M is multigraded with respect to the xi, then the
mi may be taken to be multihomogeneous with respect to the xi.

To see the relevance of the regularity, consider the case in which M is
a Cohen-Macaulay module of dimension d. By Noether normalization,
M is a finite module over k[z1, . . . , zd] (and it might happen that
M is a finite module over k[x1, . . . , xd]). In this case M is a free
module over k[z1, . . . , zd], so there is a standard decomposition of
the form M = ⊕1≤i≤s k[z1, . . . , zd]mi and reg (M) = max{deg (mi)}.
In particular, if M is Artinian, then it is a finite-dimensional vector
space and we have a standard decomposition M = ⊕1≤i≤s kmi with
reg (M) = max{deg (mi)}.
As the next example illustrates, having a nested standard decompo-

sition is a generalization of a property of Borel fixed ideals; this may
suggest the relevance of generic coordinates.

Example 2. A monomial ideal N is 0-Borel if, whenever i < j and
m is a monomial such that mxj ∈ N , we have mxi ∈ N as well. If
m is a monomial, then we set max(m) = max{i | xidivides m}. It is
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easy to see that, if N is a 0-Borel ideal generated in one degree p by
monomials m1, . . . ,ms, then

N =
⊕

1≤i≤s

k[xmax(mi), . . . , xc]mi

is a nested standard decomposition.

2. Constructing the decomposition.

Proof of Theorem 1. Let p = reg (M). Choose a homogeneous vector
space basis {ni} for the sum of the homogeneous components of M
of degree ≤ p; if M is multigraded (with respect to the variables xi)
we may take the ni to be multihomogeneous. Let z1, . . . , zc be linear
forms that are chosen generally with respect to M , in a sense that
will be made clear in the construction. We will construct a nested
standard decomposition M = ⊕s

i=0k[z1, . . . , zji ]gi, where the gi are
chosen from among the ni and the ji are all bounded by the Krull
dimension d = dim (M).

If d = 0, then M is a finite-dimensional vector space, and the ni form
a basis. In this case, M = ⊕s

i=0k ni is a decomposition of the desired
sort since reg (M) is equal to the maximal degree of an ni.

Now suppose that d > 0. Since the zi are chosen generally, the algebra
S/ann (M) is finite over k[z1, . . . , zd], and thusM is a finitely generated
k[z1, . . . , zd]-module. Since (z1, . . . , zd)+ann (M) has the same radical
as (z1, . . . , zd), each local cohomology module Hi

(z1,... ,zd)
(M) agrees

with the local cohomology module Hi
(z1,... ,zc)

(M), so reg (M) agrees

with the regularity of M as a k[z1, . . . , zd]-module; in particular, M is
generated as a k[z1, . . . , zd]-module by the elements ni.

Choose a maximal subset {g1, . . . , gr} ⊆ {ni} such that the gi
are linearly independent in the vector space k(z1, . . . , zd) ⊗S M , and
let M ′ be the submodule of M that they generate. It follows that
M ′ = ⊕r

i=1k[z1, . . . , zd]gi is a standard decomposition. It also follows
that M/M ′ is a finitely generated torsion module over k[z1, . . . , zd],
so dim (M/M ′) < dim (M). By induction, the hypothesis we may
choose as a nested standard decomposition of the desired formM/M ′ =
⊕s

i=r+1k[z1, . . . , zji ] gi using generators gr+1, . . . , gs that are images of
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some of the ni. It follows at once that M = ⊕s
i=0k[z1, . . . , zji ]gi is a

nested standard decomposition of M , as required.

We will give a second proof, which has a different flavor. The pth
truncation of a finitely generated graded S-module M is the mod-
ule M≥p = ⊕i≥p Mi. It is well known that, if p ≥ reg (M), then
reg (M≥p) = p.

Second proof of Theorem 1. Clearly,M = M≥p⊕M<p as vector spaces
and M<p is a finite-dimensional vector space with basis of elements of
degree < p. Hence, it suffices to give a nested standard decomposition
of the module L = M≥p. Let n1, . . . , nr be a vector space basis of Lp.

Let

F : · · · d2−→ F1
d1−→ F0 = Sr

be a minimal graded free resolution of L over S. Denote by K the
first syzygy module Im (d1). Since p = reg (M), it follows that L has
a p-linear minimal graded free resolution. Therefore, the module K is
generated by elements of degree p+1 and has a (p+1)-linear minimal
free resolution.

Order the variables by x1 > · · · > xc, and consider the reverse lex
monomial order � in S. Let u1, . . . , ur be a homogeneous basis of
F0 = Sr such that d0(ui) = ni for each i. Define the reverse lex
monomial order � in F0 by setting u1 � · · · � ur and declaring that, if
m and m′ are monomials in S, then mui > m′uj if and only if m � m′,
or m = m′ and ui � uj . Consider the generic initial ideal gin (K) with
respect to the reverse lex order; so now we suppose we work in generic
coordinates z1, . . . , zc. By [1] it follows that

reg (gin (K)) = reg (K) = p+ 1.

In particular, gin (K) is generated in degree p+ 1. Since gin (K) is an
initial module, we have that it has the form gin (K) = B1u1⊕· · ·⊕Brur,
where each Bi is a Borel monomial ideal. As deg (ui) = deg (ni) = p, it
follows that each Bi is generated by variables. A linear monomial ideal
I in S is Borel if, whenever q < j and zj ∈ I, we have zq ∈ I as well.
Therefore, for each i, there exists a qi such that Bi = (z1, . . . , zqi−1).
Hence, Sr/gin (K) = ⊕1≤i≤u k[zqi , . . . , zc]ui as vector spaces. The
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quotient Sr/K has the same basis (as a vector space) as Sr/gin (K).
Therefore,

Sr/K = ⊕1≤i≤r k[zqi , . . . , zc]ui.

Finally, note that L ∼= Sr/K, and the isomorphism maps ui to ni for
each i.

Corollary 3. Let M be a finitely generated graded S-module with a
linear free resolution. If z1, . . . , zc ∈ S are sufficiently general linear
forms, then there is a nested standard decomposition

M =
s⊕

i=1

k[Bi]mi,

where Bi ⊂ {z1, . . . , zc} and {mi} is a homogeneous basis of Mreg (M).
In particular, if V is any finitely generated graded S-module and
p ≥ reg (V ), then V≥p has a nested standard decomposition as above
involving a basis of Vp.

3. Hilbert polynomials. Corollary 3 leads to a representation
of the Hilbert polynomial of a graded finitely generated S-module
different from the well-known Macaulay representation. Recall that
hj(t) =

(
j−1+t
j−1

)
is the Hilbert function of k[z1, . . . , zj], where we

interpret
(−1+t

−1

)
as being 1 for t = 0 and 0 otherwise.

Corollary 4. Let V be a graded finitely generated S-module. For
any p ≥ reg (V ), there exist unique nonnegative integers γ0, . . . , γc such
that, for t ≥ p,

dimVt =
∑

0≤j≤c

γjhj(t− p) =
∑

0≤j≤c

γj

(
j − 1 + t− p

j − 1

)
.

In particular, the Hilbert polynomial of V is
∑

1≤j≤c γjhj(t− p).

Proof. Existence follows from the existence of a standard decompo-
sition, while uniqueness holds because, for t > p, the hj(t − p) are
polynomials in t of different degrees.
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We say that the representation in Corollary 4 is the p-representation
of the Hilbert polynomial of V , and we call the numbers γ1, . . . , γc the
p-representation coefficients.

Macaulay’s theorem [8] characterizes all possible Hilbert functions of
graded ideals in the polynomial ring S. The key idea is that for every
graded ideal there exists a lex ideal with the same Hilbert function.
Thus, in order to study the Hilbert polynomials of graded ideals, it
suffices to study the Hilbert polynomials of lex ideals. A monomial
ideal T is called a lex-segment ideal if it is generated by the monomials
in an initial lex segment in some fixed degree (that is, generated by
lex-consecutive monomials in a fixed degree that are starting with a
power of x1). If Q is a lex ideal and

p = reg (Q) = maximal degree of a minimal monomial generator of Q,

then the truncation ideal Q≥p is a lex-segment ideal. Hence, in order
to study the Hilbert polynomials of graded ideals, it suffices to study
the Hilbert polynomials of lex-segment ideals. Let T be a lex-segment
ideal generated in degree p. We will compare the p-representation and
the Macaulay representation of the Hilbert polynomial.

The Macaulay representation of the Hilbert polynomial of T is con-
structed as follows. Let q = dimk (Sp/Tp). There exist unique numbers
sp > · · · > s1 ≥ 0 such that

q =

(
sp
p

)
+

(
sp−1

p− 1

)
+ · · ·+

(
s1
1

)
.

This is called the pth Macaulay representation of the number q. Set
ai = si − i for every i. Then (cf. [1]), the Hilbert polynomial of S/T is

(
t+ ap
ap

)
+

(
t+ ap−1 − 1

ap−1

)
+ · · ·+

(
t+ a1 − p+ 1

a1

)
,

and ap ≥ · · · ≥ a1 ≥ 0; thus, the Hilbert polynomial of T is:

hT (t)=

(
c− 1 + t

c− 1

)
−
[(
t+ ap
ap

)
+

(
t+ ap−1 − 1

ap−1

)
+· · ·+

(
t+ a1 − p+ 1

a1

)]
.

We next consider the p-representation of the Hilbert polynomial
of T . The p-representation is easier to obtain than the Macaulay
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representation because, if γj is the number of monomials m in Tp with
max(m) = j, then by Example 2, it follows that the Hilbert polynomial
of T is

hT (t) =
∑

1≤j≤c

γjhc−j+1(t− p),

where hc−j+1(t) is the Hilbert polynomial of k[xj , . . . , xc]. Note that,
since Tp is Borel-fixed, it follows that γ1 = 1. Thus, in order to obtain
the p-representation, we just need to count how many monomials there
are in Tp with a fixed maximal variable. In contrast, in order to obtain
the Macaulay representation, we need to construct the pth-Macaulay
representation of the number dimk (Tp). We will illustrate the difference
in the following example.

Example 5. Let S = k[x1, . . . , x6], and let T be the lex-segment
ideal (x3

1, x
2
1x2, x

2
1x3). The 3-representation of the Hilbert polynomial

of T is:

hT (t) =
∑

1≤j≤6

γj

(
6− j + t− 3

t− 3

)

= 1

(
6− 1 + t− 3

t− 3

)
+ 1

(
6− 2 + t− 3

t− 3

)
+ 1

(
6− 3 + t− 3

t− 3

)

=

(
t+ 2

5

)
+

(
t+ 1

4

)
+

(
t

3

)
.

Next we compute the Macaulay representation of the Hilbert poly-
nomial of S/T . We have

dimk (S/T )3 = dimk (S)3 − dimk (T3) = 56− 3 = 53.

We have to compute the third Macaulay representation of 53. Since
53 ≤ (

7
4

)
and 53 ≥ (

7
3

)
, we obtain 53 =

(
7
3

)
+ 18, and we have to

compute the second Macaulay representation of 18. Since 18 ≤ (
6
3

)
and 18 ≥ (

6
2

)
, we get 18 =

(
6
2

)
+ 3 and we have to compute the first

Macaulay representation of 3. This is 3 =
(
3
1

)
. Therefore, the third

Macaulay representation of 53 is:

53 =

(
7

3

)
+

(
6

2

)
+

(
3

1

)
.
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Thus, s3 = 7, s2 = 6, s1 = 3. Now ai = si − i, so a3 = 4, a2 = 4,
a1 = 2. Thus, Macaulay’s representation of the Hilbert polynomial of
S/T is

(
t+ a3
a3

)
+

(
t+ a2 − 1

a2

)
+

(
t+ a1 − 2

a1

)
=

(
t+ 4

4

)
+

(
t+ 3

4

)
+

(
t

2

)
.

Hence,

hT (t) =

(
t+ 5

5

)
−
(
t+ 4

4

)
−
(
t+ 3

4

)
−
(
t

2

)
.

A similar approach was used in [3].
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