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The notion of a semi-reductive group was introduced in the pre-

ceding paper. The present note contains two results on semi-reductive

groups.

The first result is as fo llow s: Let G  be a semi-reductive group

contained in  G L ( n , K ) ,  K  being a  fie ld  o f characteristic p  (which

may be zero). Let p  be a rational representation o f G of type ( 1 r ,)0 p  '
p '  being a representation o f degree one less than the degree m  of p.

We consider the action of G  defined by p  on the polynomial ring Pm

in  indeterminates  X1, •••, X . o ver K .  L et a  be a G-stable ideal in

Pm  such that L X ,K  Fla= 0  and let x ,  be the class o f  X ,  modulo a.

The sem i-reductivity o f G  implies the existence of a G-invariant f  in

K [ x 1 ,• • • ,x m ]  such that f  is m onic and of positive degree in x i . N ow

the result is:

Theorem 1. I f  th e re  is  su c h  an  f  o f  degree c l in  x 1 s o  th a t

d is  n o t  a multiple of p  and i f  x ,  is transcendental ov er
1 0x n , ] ,  th en  p  is  equ iv alen t to  ( 0  p ,).

The other result concerns with the case of algebraic linear group,

and can be stated as follows:

Theorem 2 .  If  a n  algebraic  linear g roup  G  is sem i-reductive,

then  the radical of G  is  a  torus.
We shall note in this article that any one of these theorems implies

the following fact:

Proposition. L e t K  be  a f ie ld  o f  charac teris tic  z e ro  and let

G be a subgroup o f  G L ( n , K ) .  T hen G  is  reduc tiv e  if and on ly  i f

G is sem i-reductive.
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1. The proof of Theorem 1.

We set yeO") =xf -Xl for O"EG. Then yeO") EZi22 X i K. We ex­

press f as a polynomial in Xl with coefficients in K [X2, ... , xmJ so that

Then f= P'=xt+ (cf+dy(O"))xt- l + .... Thus we have ct+dy(O")=cI

for any O"EG. Set X*=XI+ (l/d)cI. Then x*O"=x*, and therefore

the representation module ZXi K is the direct sum of representation

modules x*K and Zi22Xi K, and the assertion is proved.

2. The proof of Theorem 2.

We shall make use of the following result of Bialynicki-Birula: 1)

Lemma 1. Let G' be a connected linear algebraic group and

let H be a closed subgroup of G'. Let H. be the unipotent part of

the radical of H If G'/ H is affine, then G'/ H. is affine and

furthermore the following condition is satisfied:

Any finite-dimensional rational H.-module M is an Hu-submodule

of a finite-dimensional rational G'-module N such that the set of

H.-invariants in M coincides with the set of G'-invariants in N.

We shall modify the last condition in Lemma 1 as follows:

If p= (6 ;,) is a rational representation of Hu, p' being a

rational representation of degree one less than the degree m of p,

then there is a rational representation p* of G' such that

and such that the restriction of p* on H. is of the form

(

'I or *)
o p' *
o 0 *,

1) A. Bialynicki-Birula, On homogeneous affine space of linear algebraic groups.
Arner. J. Math. 85 (1963), pp. 577-582.



Note oft semi-reductive groups 381

The proof of this modification is done as follows: Let (11 be the

contragradient represntation to p, and let lvf be a representation module

for Pl. Apply Lemma 1 to this M, and get N as stated. Then P* is

the contragradient representation to the representation of G defined

by N.

Now we shall prove Theorem 2. Let G' be a connected linear

algebraic group which contains G and let H" be the unipotent part of

the radical of G. Since G is semi-reductive, G'IG is affine.2
) Therefore

the condition stated above holds for this pair of G' and H". Observe

the situation as in the modification above. Consider the restriction PG

of P* on G. Then the semi-reductivity of G implies the existence of

a G-invariant f in P.=K[Xl , "', X.J under the action of G defined

by PG (s= degree of P*), such that f is monic and of positive degree

in Xl. Let f' be the polynomial obtained form f removing out all

terms in which some of X m+1' ... , X. appear. Then f' in an H,,-invariant

in Pm under the action defined by P, and we see that H. is semi­

reductive. Thus Theorem 2 follows from the following lemma:

Lemma 2. If U is a connected unipotent linear algebraic group

of positive dimension, then U cannot be semi-reductive.

Proof Since the image of a semi-reductive group under a rational

homomorphism is semi-reductive we may assume that U is of dimension

1. Then U has a faithful rational representation P of degree 2:

Consider the action of U on P2= K [Xl, X 2]. Then X2 is an invariant.

Since U is not a finite group, the set of invariants cannot be larger

than K [X2], and the assertion is proved.

3. Proofs of Proposition.

(1) First we give a proof of Proposition making use of Theorem

2. We note that, letting K be a universal domain,

Lemma 3. Let G be a group contained in GL(n, K), and let

2) See §8 of the preceding paper.
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G-be the  c losure  o f  G  in Z arisk i topology  o f G L ( n ,K ) .  T hen (i)
G  is reductiv e if a n d  o n ly  if  —G  is reductiv e  and  ( i i )  G  is semi-
reductiv e if and only  if  so  is  G .

The proof of Lemma 3 is easy and w e omit it.

Now, by Lemma 3, in order to prove Proposition, we may assume

that G  is algebraic. Then Theorem 2 shows that the radical of G  is
a torus i f  G  is semi-reductive, whence G is reductive as is well known.
The converse is obvious. ,

( 2 )  Next we give a proof of Proposition making use of Theorem
1 . W e know  that reductivity of a matric group G  is equivalent to

the condition that every rational representation of type ( 1  r , )  is equiv-0 p
1  0aient to  ( 0  p ,). 3) T h erefo re , in the zero characteristic case, the semi-

reductivity o f G implies the  reductivity o f G  by virtue of Theorem 1.
Thus Proposition is proved.
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