J. Math. Kyoto Univ.
3-3 (1964) 287~294.

On orbit spaces by torus groups

By

Kayo Otsuka

(Communicated by Prof. Nagata, June 15, 1964)

Let V be an affine variety with universal domain K and let 7
be a torus acting on V in the usual sense.

Consider the set U of points of V whose orbits are of maximal
dimension. Then we can think of orbit space U/7T, which may not
be a variety in general but is a prescheme. For simplicity, we denote
by V/T the orbit space U/T. Let R be the coordinate ring of V
over K. Then T acts also on R. The set I;(R) of T-invariants in
R is finitely generated over K, hence defines an affine variety W.

The main result of our present article is that V/ 7 is covered by
a finite number of projective varieties over W."®

The writer wishes to express her thanks to Prof. M. Nagata for

his valuable suggestions.

1. Formulation of the result

Let V be an affine variety with coordinate ring R=K[xy, ***, Z.] .
A variety X is called a projective variety over V if there is a set
of elements uy, **+, m of a field containing R such that X is covered
by affine varieties X; defined by R[wuo/uts, -+, um/u;) (1=0, 1, ---, m).
If one u; (hence every w«; which is not zero) is transcendental over
the function field of X then R[uo, -, un) is called a homogencous

coordinate ring of X. Rluo, -+, um] is a graded ring in which (1)

1) The definition will be recalled in §1 below.
2) Though we treat the case of usual varieties for the simplicity of formulation,
this can be adapted easily to the case of affine schemes whose rings are finitely generated

over K. The reason is that Theorem 2.1 in [2] can be adapted to the case.
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elements of R are of degree 0 and (2) the u; are of degree 1. For
the necessity in order to apply induction argument on the dimension
of a torus to treat with, and for a generality in appearance, we con-
sider the case where a torus 7T acts on the projective variety X over
the affine variety V.

The action of 7 is assumed to induce an automorphism group of
a homogeneous coordinate ring R [uo, ***, ttm) =K [Z1, ***; Ty toy ***» Unm)
of X. Under the circumstance, we may assume that x; and u; are
all Tsemi-invariants, because every rational T module is generated by
semi-invariants. Then, in particular, 7" acts on each affine variety X,
where we can think of X;/7T in the sense we stated in the introduction.
Therefore we can consider orbit space X/7T,” as a prescheme which
is covered by X./T.

On the other hand, we consider the set I;(R) of 7-invariants
in R. This is an affine ring over K, hence defines an affine variety
W. Now our main theorem is formulated as follows:

Main Theorem. X/7T is covered by a finite number of pro-
Jjective varieties over W.

Excat meaning of this theorem is that: if P€X is such that its
orbit has a maximal dimension, then there is a 7'stable open subset
U of X, such that U/ T exists in the usual sense and such that U/7T

is a projective variety over W,

2. Preliminary lemmas.

Before proving the theorem, we explain some lemmas. One basic
result we use often in this article is the following well known fact:®

Lemma 1. Let a torus T acts on an affine variety V with
coordinate ring R. If every T-orbit on V is closed, then V/T is
the affine variety defined by I:(R). In particular, if dim T'=1,
and if there is no T-invariant point on V, then V/T is the affine
variety defined by I:(R). In the general case, the set of closed

3) X/T is not the set of all orbits but is the set of orbits of maximal dimension.
4) The first and the last assertion can be generalized to the case where 1" is a
semi-reductive algebraic group, see [3].
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orbits on V is naturally identified with the affine variety defined
by I(R).

Lemma 2. Let V be an affine variety and let I be a torus
acting on V. Then for PEV the orbit PT has a maximal dimen-
sion if and only if the dimension of PT is equal to the dimension
of T/H, where H={s|6E T, P°=P for YPEV}.

Proof. We may assume that H= {1} and that every element ¢
of the torus T is a diagonal matrix. Let H,= {¢t|P'=P, PEV},
then dim PT=dim7—dimFl,. If t=<ta.0>er and P= (pu, -+, pn).
then P'= (p1t1, patss *** Pntn) =P. So (i)f t;i#O then #;,=1. Namely,
if Tp,*0, then Hr= {1} hence dimH,=0. It is clear that the orbit

PT has a maximal dimension.

3. Reduction to one dimensional case

Now we shall go back to our main theorem. We may assume
that some orbits have dimension equal tc dim7. We use the induction
argument on the dimension of 7% Let 7; and T be tori such that
T=T X Ty withdim7T;=1, dim7T;=dim7T— 1. Let Ir,(R) = Tyinvariants
in R. Then by the induction assumption we can assume that the orbit
space X/T; is covered by a finite number of projective varieties X;
over W', where W' is the affine variety defined by I,(R). On
the other hand we can see that X/1T'=(X/T:)/1Ti=UX,/T, and
I;(R)=I,(I;,(R)). Therefore if we can prove that each X./7T: is
covered by projective varieties over W, then our proof come to an
end. Namely it is sufficient to prove the assertion in the case where

the dimension of 7" is one.

4. One dimensional case

From now on, we shall assume that dim7'=1. Let PEV be
such that dimP7'=1. When f is a 7Tisemi-invariant, f defines a
character x so that f°=x(s)f. Since 7" is a torus of dimension !,

there is an isomorphism ¢ from 7" onto multiplicative group of K and
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x =t% with a natural number @. a is called the exponent of z. Now
we take one of u; (i=0,1, .-, m) whose character has minimal
exponent, say #,. Then we may assume that u, is a 7*invariant and
then the character defined by each u; has non-negative exponent.

When M is a homogeneous element of positive degree, say d,
of Rluo, -+, tm], we denote by Ry the affine ring of the affine variety
X — (closed set defined by M=0), which is denoted by X,. Namely,
Ry is the ring generated by all elements of the form (homogeneous
form of degree d)/M.

We call a monomial M=uf!--fr zji---xj is of type (1) if xj
(=1, -+, s) are invariants and a;="‘--=a;, where a;, are exponents
of character defined by w;, (k=1,---,7). We call M is of type (2)
when M is not of type (1).

Lemma 3. If M is of type (2), then Xy has no fixed point.

Proof. Assume that M=u%"--2f  2]}+--2): and assume that z;, is
not invariant. If there is a fixed point in X, then the proper semi-
invariants in Ry can be specialized to zero simultaneously on X,,.
But x;, can not be zero on Xy if s=>1. Otherwise, there is a pair
(k, 1) such that BB, (%, [<r) and the proper semi-invariant u;/u;,
can not be zero on Xy. Therefore X, has no fixed point.

Let X be a projective variety over V and let K [xy, ***, Zn, 2o, *** Um)
be a homogeneous coordinate ring of X, where the degree of each
x; is zero and the degree of each u; is 1.

Let P be a projective variety defined by Ir(R) [M,, -+, M;] where
M, are the monomials on x and «# which have same character and
of the same degree (in u).

We consider the set Mp of monomials A; such that Py,=P—
(the closed set in P defined by A;=0) is defined by Ir(Ry,). Now
we consider the union of such affine open set Xy, (M;E9Rp), and
denote it by Up.

Lemma 4. When PEV is given so that dim P1T'=1, then there
is a P such that PE Up.

Proof. Since P is not a fixed point, there is a monomial M of
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positive degree and of type (2) such that M(P)=0. Then, we
consider Ir(R,). This is generated by a finite number of elements
of the form M;/M* (M; being monomials, i=1,---,2). Then the
projective variety P with homogeneous coordinate ring Ir(R) [M",
M, -+-, M,] contains a point which corresponds to the orbit of P.
We consider the set of P such that P€ Up and chose a member
in the set which has a maximal Up. We denote it again by the
same P. Then we wish to prove that PC Up/T.
Assume that P5Q& Up/T and assume that M;(Q)=0. First
we consider the case where M; is of type (2). Then by Lemma 3,
Xu; has no fixed point. We consider I:(Ry;). This is generated by
elements of the form M'/M?} where M’ is of same degree and defines
the same character as M?Y. Let a set of generators be M, /M?, -,
M,/M?Y. Next we consider the projective variety P’ which defined
by M, -+, M,’, and all monomials of degree y in M, :--, M,, say
‘v o, M. Now we can see that M, /M?, -, M,//M?} are all T:
invariants, hence I;(Ry;,) =K[M, /M7, ---, M,//M?]. Therefore M
Mpr. On the other hand, when M;EMp, then MIEeMp and Py,=
Py as is easily seen. Therefore UP'SF Up, and then this fact contra-
dicts to the maximality of P. Next consider the case where M, is
of type (1). We consider the set A= {M; M| M; or M, is of type (2)},
and let P’ be the projective variety over W with homogeneous
coordinates {M;M,|M;M,=A}. Then all members of A are of type
(2). If M;eMp, then MicA, and P’M§=PM, as is easily seen.

Thus we can reduce to the first case, and we complete the proof.

5. Remarks

Orginal motivation of the present study was to observe the
following question:

Let G be a connected linear algebraic group and let H be an
algebraic subgroup of G. Is it true that G/H has no everywhere
regular non-constant rational function if and only if G/H is a projec-

tive variety (i.e., if and only if H contains a Borel subgroup of G)?
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As will be shown later, the answer of this question is not affir-
mative. But, because of the following lemma, we see a rather close
connection between the above question and our main result, as will
be shown below.

Lemma. 5. When G acts rationally on a module M, then an
element a of M is G-invariant if and only if a is B-invariant with
a suitable Borel subgroup B of G.

Proof. We may assume that M is a finite module over the
universal domain K of G, and we regard M as an affine space on
which G acts. Then G-orbit of a is quasi-affine. On the other hand,
since a is B-invariant, G-orbit of a is projective. Hence a is G-
invarisnt.

Now, in the above question, we can replace I with its connected
component of the identity, and we assume that H is connected. Then,
applying Lemma 5 (for I acting on G), we see that G/H has a non-
constant regular function if and only if G/By does with a Borel sub-
group By of H. Let U be the unipotent part of By. Then G/U is
a quasi-affine varity (see [1|) on which the torus By/U acts. Thus
G/U is an open subset of an affine variety V on which By/U acts.
Therefore we see that, under the assumption that G/H is not a pro-
jective variety,

Proposition 1. If V can be chosen so that every point P of
V which is not in G/U has Bu/U-orbit whose dimension is less
than dim By/U, then G/H has a non-constant regular function.

Now, we shall give a counter-example to the question stated above.
Set G=SL(3,K) and let H be the subgroup of G consisting of all

matrices of the form

t a b
0 ¢t ¢
0 0 ¢?

H is properly contained in a Borel bubgroup of G. With this
pair of G and H, we have:
Proposition 2. The fucter space G/H={gH|gEG} has no
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non-constant everywhere regular rational function.
Proof. Let
I Tz T
To1  Toz Lo

X31 Xz s

be a generic point of G. Then the affine ring R of G is K[z, *+, Zs)
with the unique relation det |z,;|]=1. Let H, be the unipotent part
of H. We first consider H,-invariants in R (under the right multi-

plication by elements of H,). Obviously, xnu, Za, s,

V1= Lo Xzl Y2 |Ts1 Ts2

> ys=|xu ML)

Za1 Ts2 I T Ta1 T2

are H,-invariants. We want to show that

Lemma 6. K|[xnu, Zo, Zat, Y1, V2, Vs| is the set of H,invariants
in R.

Proof of the Lemma 6. One sees easily that if, for two P, Q€G,
xa(P)=z4(Q) and y:(P)=y:Q) for i=1, 2,3, then PH,=—QH,.
Therefore these xy, Tm, Za, Y1, ¥s, s separates all cosets from each
other. Since dimG/H,=8—5, the obvious relation >x,y:;=0 is a
unique relation for these elements, and we see that K[xu, Zau, Za, y1,
3, 5] is a normal ring. Furthermore, K(xu, Zu, Zu, Y1, Y2 ¥s L1z, L1,
Zey) is the function field K(G) of G, as is easily seen. Thus K(G)
is purely transcendental over K(zxu, Zai, Za, Y1, V2, vs) and therefore
the normality of K [xu, Zu, Ts, Y1, Vs, ¥s] implies that this affine ring
is integrally closed in K(G). Thus we prove the lemma.

Now we go back to the proof of Proposition 2. The action of
H on R induces and action of the torus H/H,. We denote by (z)

the class of

t a b
0 ¢t ¢
0 0 ¢*

in H/H,. Then x,(¢t)=txy and y;(#)=ty:. Therefore there is no

non-constant H-invariant in K [xu, Tu, Zsa, Y1, Y2, Ys). Since H-
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invariants are H,-invariants, we complete the proof of the proposition.
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