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As for the 14th problem of Hilbert, we know that th e  answer

is negative (see [2]). But there are several known sufficient con-

ditions for the affirmative answer (those in  [6 ] and  [8 ] are impor-

tan t). In the present paper, we are to give some sufficient condi-
tions of a  new type but related to the one given in  [ 4 ] .  We shall
treat th e  problem in  a  generalized fo rm . Namely, we consider a
pseudo-geometric integral domain K, satisfying two conditions (K, 1)
and (K, 2 ) below, a s  a  ground ring. 1 )

(K, 1 )  The altitude formula holds for K.
(K, 2 )  Normal spots over K  are analytically irreducible.

Let A 1,•••, A,. be normal affine rings over K  and let A  be the
direct sum o f them . L et R  be a n  integral domain containing K
and contained in  A  such that (i) the field of quotients Q (R ) of R
is a  subring of the total quotient ring of A  (i.e., the natural homo-
morphism from R  into A, (given by multiplying the identity of AO
is injective (=isomorphism in to )) and  ( i i )  R =A  f lQ (R ) .  Our aim
is to give some sufficient conditions for this ring R  to be an  affine
ring over K .  In our treatment, we assume one more condition for

1 )  As for the words pseudo-geometric, altitude formula, affine rings, height,
depth and so  on , th ey  a re  understood as  those in  our book [ 5 ] .  A s  fo r  these
conditions (K , 1 ) and (K , 2), we may start with the derived normal ring of K  instead
o f K  itself. Then (K , 1 )  follows from (K , 2) (See [ 3 ] ) .  Therefore it is really enough
no assume (K , 2 )  only. Spot locality.
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R .  Namely, we assume that for every prime ideal p of R , there is
a prime ideal p' o f A  which lies over p. Then our main results
can be stated as follows:

Theorem 1. I f  mRtit h as a f inite basis f o r  every maximal
ideal m of R , then R  is f initely  generated over K .

Theorem 2. Assume that f o r  ev ery  pair o f  maximal ideal
nt and a prime ideal p o f  height 1  in  R  such  that pgm, the.
maximal ideal mRnt/PRm has a f inite basis and that every  normal
spot over K  contains a prime element unless the spot is a field, 23'
then R  is f initely  generated over K.

We shall show also in this paper that the main theorem in [4]
can be simplified if the ground rings are restricted to such one in
the present paper.

§ 1 .  The main theorems.

We shall make use of the following lemma of Zariski [7] : 3 )

Lemma 1. I f  a  norm al spot P  ov er K  is dom inated by
another spot Q  over K , then P  is  a subspace o f  Q  (under their
natural topologies).

Now we shall prove Theorem 1. So, we assume that mRm has
a finite basis for every maximal ideal m of R .  Since A , are normal
rings and since R =A  (1Q(R), there is a normal affine ring B  over
K  with an ideal a such that R  is the a-transform T(a) o f B  (see
[4 ] ) .  Assume for a moment that R  is not finitely gederated over
K .  Then, as was shown in the proof o f Theorem 4 in [1] or in
that of Lemma 2.7 in [4], there is a sequence of normal affine rigns.
B =B o c B i c••• E B , c • • •  with ideals a c a i  c • • c a r  c • • • such that (1)
R =U ,B , and (2) each a, is different from B , and is  the intersec-
tion of prime ideals of height 1 in B , which contains a. L e t a *  be

2) This second condition is satisfied by fields.
3) Though Zariski stated this result for spots over a field, his Theorem 1 in

[7] is good for the general case and we have no difficulty in  proving this lemma..
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the union of all a, and let in  be a  miximal ideal o f R  containing

a * .  Since ntRm has a  finite basis, B  may be replaced by one

which contains a basis for m Rm . Thus we may assume that m"

Trt (1B  generates mRm ( in  R m ). Since there is a prime ideal m' of

A  which lies over n t, we see that R/m  is finite algebraic over
B /m ". Now we consider the rings Bm , , ,  R m  and Am, . B tu, '  and
A m ,  are normal spots over K , and therefore B in, '  is  a  subspace of
A m ,  S ince R m is  in  between o f them, we see that Rm i s  a local
ring which may not be Noetherian and B in ' ,  i s  a  subspace o f R m .
Namely, the completion (B m " ) *  of B uy, can be regarded as a sub
ring of the completion (Rm)* of R .  S in c e  n i"  generates mRm

and since R/m is finite algebraic over B /m " , we see that (R tn )*  is
integral over (B a , , ) * .  Since Rm is contained in the field of quoti-
ents of B , it follows now that Rm is integral over Bm , ,  and there-
fore Rm —Bm, ,  (see [5 ] (3 7 .4 )) . This contradicts to the infiniteness
of the sequence B c B i c • • • c B ,c • • •  and the proof o f Theorem 1  is
completed.

Now we shall prove Theorem 2. By virtue o f Theorem 1 , we
have only to show that mRm has a  finite basis for every maximal
ideal m of R .  Take a normal affine ring B  with an ideal a  such
that R  is  the a-transform T (a )  o f B  and set m" n  B .  Then
Btu' ,  is  a normal spot, hence it has a prime element, say p .  Then
p  is a prime element in  Rnt. Therefore our assumption say that
mRm/pRm has a finite basis, which implies that ntRm had  a  finite
basis. This completes the proof of Theorem 2.

§ 2 .  Supplementary remarks.

( 1 )  On the proof of the main theorem o f  [4] . The main
theorem o f  [4 ] is as follows:

L e t K  be a  pseudo-geom etric rin g  an d  le t  A  be  a  f initely
generated rin g  over K .  I f  a  r in g  R  w hich is in  between K  and
A  is strongly  subm ersiv e  in  A ,  th e n  Rrea = R / (the  radical o f  R )
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is  a finite K-algebra.

What we want to remark here is that i f  K  is such one as in
§1, and if furthermore K  satisfies the condition that every normal
spot over K  has a semi-prime element unless the spot is  a field,
then the assertion can be proved in  much simpler way.

In deed, it is easy to reduce the assertion to the case as in the
begining of this p ap er . Take B  and a as in  the proof o f Theorem
2, and we take a semi-prime element s  o f B m ». Then s  is semi-
prime in  R iii and Rm/sRm. is a  subdirect sum of a  finite number of
Noetherian rings (using induction argument on height ni), hence is
Noetherian. Therefore niRnt has a  finite basis, and R  is a  finite K-
algebra. One should note that in  this case, among th e  preliminary
results in  §1 o f  [4], we need only Lemma 1.2 which asserts that if
R  is strongly submersive in  A  and  if a  is an ideal of R , then R/a
is strongly submersive in  A/aA.

By the w ay , we like to note here that th e  above mentioned
proof really yields

Theorem 2 * .  L et K  and R  be as  in  th e  beginning o f  this
p ap e r. I f , f o r ev ery  pair of  m axim al ideal ni of  R  and a prim e
ideal p o f  height 1. in  R  contained in ni , t h e  rin g  R u t/P R u t  is
Noetherian an d  if  ev ery  norm al spot o v er K  h as a semi-Prime
element unless the spot is a f ield, then it follow s that R  is f inite-
ly  generated over K.

( 2 )  On the height of prime ideals of R.
For an integral domain I, we consider the following chain con-

dition: 4 )

( C )  If p is a prim e ideal of /, then every descending chain of
prime ideals in  / which begins with p and ends with 0 can be re-
fined so that its length is equal to the height of p.

We begin with an easy

4 )  One can show easily that the chain condition (C ) is satisfied by K  in the

be g inning o f the present paper.
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Lemma 2 .  L et I be a N oetherian integral dom ain f o r which
the  altitud e  f o rm u la an d  th e  chain condition (C ) hold good.
Then these conditions hold f o r every affine ring  over I.

Since the proof is easy, we omit it.

Now we come to the main remark:

Theorem 3. L e t  I  b e  a N oetherian integral dom ain for
w hich the  altitude  f o rm ula and  the  chain condition (C) hold.
L e t A  be an  af f ine  ring  o v e r I  an d  le t R  be a su brin g  o f  A
w hich contains K .  I f  p is  a prim e ideal o f  R  f o r which there
is  a Prim e ideal p' of  A which lies over p, then

height p+ trans. degu ( pn i ) R /P=height(prin+ trans. deg,R .

P ro o f. I f  p=o, then the aesertion is obvious, and we use in-
duction argument on height P. L e t  I *  be an affine ring over I
which is contained in R .  Then, by the altitude formula applied to

P*  = ip nr*, we have

height P* + trans. deg ,, (40,-,0 /*/P*— height (p (- II) + trans. deg, I*.

Therefore the assertion is equivalent to the formula for I *  instead
of I. Therefore I  may be replaced by any of such I*  by virtue of
Lemma 2. In particular, we may assume that R/P is algebraic over

/ / (P (1 / ) . Considering /( m ) instead of I , we may assume that P r1/
is the unique maximal ideal of I.  N ow , le t 13 be the set of prime

ideals of A which lie over p. We may assume that p ' is  maximal
in 13. Since R/P is a field by our assumption and since A/P' is an
affine ring over the field R/P, we see that p' is a maximal ideal of
A  and A /P ' is algebraic over the field R / P . Let q ' be a prime
idea l o f A  such that ( i )  q 'c P ' .  ( i i )  depth q '= 1  and (iii) PACrq r .
Set q = qr n R.

Case 1 .  Assume that q nr=4)nr. Then, since A /g ' is an affine
ring over the field 'Apr. -i n ,  we see that trans. degi(n,)24/qr=1.
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Since R/q is a subring of A/q' and since q*1.), we see that trans.
degm pr,,)R /q = 1. Now, by induction assumption, we have: height
q+trans. degion i) R/q =height (p fl I) + trans. d e g ,R . Since height p,

(height q) +1, we see that height p +trans. degm pn i)R /P heigh t
(PnI) +trans. d e g ,R . The converse inequality holds obviously be-
cause / is Noetherian and we settle this case.

Case 2 .  Assume that q n / + P n r . Since A/q' is an affine ring
over the ring / / (qn / ) and since V/q' is a maximal ideal of height
1  which lies over the maximal ideal (P n i)/ (q  n / ) , we see that
A/q' is algebraic over i l ( c in / )  and that ( P n i ) / ( c i n / )  is  of height
1. By the chain condition (C ), we see that height (pnr)=1-F
+height (q  n/ ), and therefore we settle this case similarly as in
Case 1 above. Thus the proof of Theorem 3  is completed.
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