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§ 1 .  Introduction

The compact simply connected simple Lie groups are classified
as follows:

A „=S U (n+1), B „=S Pin (2n+1), C „=S P(n), D „=S Pin (2n)

G„ EG , E„ E,,

where that is, S U (2 )  SPin (3) s p  ( i ) ,
B2 - C2 that is, S Pin(5)=S P(2),

and A 3 =  D, that is, SU(4) —  Spin (6).
The first four types are called the classical Lie groups, and the last

five are called the exceptional Lie groups.

The purpose o f this paper is to determine the first 23 homotopy
groups o f G„ F 4 ,  and  o f B„ and D„ o f low rank.

This paper is divided into two parts. The first part consists
of §2 and §3. In  §2 we calculate the cohomology groups of the 3-

connective fibre space over G, and F 4 .  In  § 3 ,  we compute the odd

primary components of the homotopy groups o f  G , and F 4  b y  the

killing-homotopy method [61.

We study in §4 some properties in the homotopy theory of the
fibre spaces, especially, of the bundles. These are used in  §6 for
the determination of n,(G2)•

Section 5 is an intermediate one. I t  is  the preparation for the
second part, which consists of §6, §7, §8 and §9. In §6 we deter-
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mine the 2-primary components o f  n1 (G 2 )  by making use of the
exact sequence associated with the well-known fibering G2 /SU(3)=
S6 . F 4 operates transitively on the octonionic projective plane H, and

the isotropy group is isomorphic to Spin ( 9 ) .  Hence F 4 /Spin (9)
= I I .  The homotopy groups of H will be determined in § 7 .  The 2-pri-

mary components o f Tri (F 4 )  will be computed in  § 8  by making use
of the exact sequence associated with the homogeneous space F,/ G2 .

The last section, § 9 , is devoted to the determination of the
homotopy groups o f spinor groups o f low rank.

The results are summarized in the following table:

ri(G)

1 2 3 4 5 6 7 8 9 10 11

Spin(7) 0 0c o 0 0 0 00 (2) 2 (2) 2 8 .0+2
Spin(9) 0 0 00 0 0 0 00 (2) 2 (2) 2 8 , 0+2

G2 0 0 C O 0 0 3 0 2 6 0 00+2

F4 0 00 0 0 0 0 0 2 2 0 .0+2

17

i
G

0

12 13

0 0

14

0 0

15

0 0 00

16 17

2 2 24

18

Spin(7) 0 2 2520+8+2 (2) 4 (2)7 (8) 2 +(2) 2 945+16+8+2

Spin(9) 0 2 8+2 00+(2)3 (2) 68 + ( 2 ) 2 2835+16+8+2

G2 0 0 168+2 2 6+(2)7 8+2 240

F4 0 0 2 00 (2)2 2 720+3

H 0 0 2 120 (2)4 (2)4 24+2

G 19 20 21 22 23

Spin(7) 2 (2)2 24+4 10395+(8)2 + (2) 4 G+(2)5

Spin(9) 2 2 12 11!/32+8+(2)2 G+(2)2

G2 6 2 0 1386+8 G+2

F. 2 0 (3)2 27 or 9 G+00

504+2 0 6 4 0.+120+(2)2

where G =4  o r (2) 2 .
In the above table an integer n  indicates a cyclic group Zn of

order n , the symbol "Do" an infinite cyclic group Z ,  the symbol

" + "  the direct sum o f th e  groups, and (2 )*  indicates the direct
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sum o f k-copies o f Z2
For the other spinor groups o f  low  rank w e have the iso-

morphisms

ni(SPin(3)).--==:ni (S 3),

(SPin (4)) = -. ni (SPin (3) x S3 ),

ni (SP in (5 ))=--z i (sp(2)),

7-c,(SPin (6) ) =- 7r; (S U(4)),

ni (Spin (8)) -- -=n i (Spin(7) x S 7 ) ,

so that the homotopy may be obtained from the known results;

[13], [14], [15], [16], [18].
For the convenience of the reader we indicate the various fiber-

ings used in this paper in the following diagram.

v7,

SU(3)
S'

G,
S' S7 \S7 s i ,

Ss= sp (i) =  sU (2 )—  Spin (3) S U(4) SPin (6) --->SPin (7)—>SPin (9)
.57 \ S Sc iu
Sp (2 )= Spin (5) F4

Here F-->E denotes the fibering E--->B with fibre F.
All spaces considered in the present work are those which have

the homotopy groups o f finite type. Let X  be such a space. Then

n ,(X ) is isomorphic to the direct sums of free parts F  and p-
primary components o f  n ,(X ) fo r  every prime p .  We denote by

n,(X: p )  the direct sums of a certain subgroup F ' and the P-primary
components o f  n,(X ) , where the index [F :  F ' ]  i s  prime to  P.
Given an exact sequence for such spaces A, B  and C:

• • • - >  (A ) —> 7r (B) - ->  l r  ( C )

we can form the following exact one in our cases by suitable choice

o f n,( :p):
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• • • 2 T ,( A : It , ( B :  p) 7C, ( C  :p) .
The notations and the terminologies of [14] , [15] and [18] are

carried over to the present work.

The author wishes to thank Professor A. Kom atu for his en-

couragement and Professor H. Toda fo r  his advices and criticism

throughout the preparation of the manuscript.

§ 2 .  The cohomology of the 3-connective fibre space
of G , and F 4 *

Borel [3 ] calculated the cohomology groups o f G, and F , and

their results are stated as follows.

Theorem 2. 1.

(i) H* (G2; Z2)-=fZ2[x3] / (4)0 A (S e x 3)
H* (G 2 ; x „ )  f o r each P rim e  P>3,

where Sq'Sq2x3, Sqix, i s  triv ial f o r th e  o th e r cases, g 'x ,
=x 1 1 an d  2 ', i s  triv ial f o r  the  o th e r cases.
(ii) H* (F4; Z,) Z 2 [x 3 ] (x1)0A(SeX3,x12,Sq 8 X15).

H* (F,; Z3)=Z3[a2 1x3]/((a9ix3) 3) 0A(x3, x11, g31x11).
H * (F ,;  Z ) A(x 3 , x„, x„, x ,,) f o r each p rim e  P>5,

w here g3 x3 = x„ and  9 x3,-= x15.
Note that the following relations hold:

(2.1)S q 4 S q 2 x 3 —  0  i n  H* (F,; Z2).

(2.2) 33.21x3= 0 in  H *  (F4; Z3).

(2. 1) follows from Théorème 19. 2 of [3] and (2. 2) follows from

the fact that there are no primitive elements in H 1 9 (F4 ; Z3).
Recently Kumpel [12] has proved the following

Proposition 2. 2.

(i) gj,X13 -  X23 in H* (F,; Z5).
(ii) § x j l = X23 in TT (F 7 ),_ 4 , -  7. •

(iii) g 3 11 X3 -  X23 in H* (F4; Zn).

Denote by G, the 3-connective fibre space over G 2 , so that,
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 (G O  fo r
) o f o r  i < 4 .

Then we have two fiberings

(2 . 3) K (Z , 2) > G7,

(2.4)' 6 2 - ) "  G - > K (Z , 3) ,

where G; has the same homotopy type as G2 a n d  K (Z , m ) is  the

Eilenberg-MacLane space of type (Z, m).
L e t {E :}  be the cohomology spectral sequence with Z r coeffi-

cient associated with (2 . 3 ). Then we have

= H* (G 2 ; ZOOH* (Z,2; Z2)

(Z2[x311 (4)0A (Sq 2 x3))0Z 2[u].

Clearly d 2 = 0  and we have W e have d2 (10u) = x 2 ,  since—
G, is  a 3-connective fibering over G , .  This implies

= H ( E :) -- - -=Z 2 [10u 2 ] OA (Sq 2 x3®1, 4®u).

d ,  is tr iv ia l b y  th e  dimensional reason, a n d  hence E 5*-=----E :.
Next we get d5 (10u 2 ) = Sq 2 x ,® 1, since the transgression commutes

with Sq2 and since S e u =u 2 . It follows that

E : = H (E :)=- Z, [ le T e j  OA (S ex ,® u 2 , .x S u )

By the dimensional reason d ,=0  for r > 6  and hence As

E _* is associated to H* (6 ' 2; Z2), we have obtained

H* (G-
2 ; Z Z2 [y81 OA (ye, Yii) •

To investigate the relations among these elements we consider
the spectral sequence {E }  associated with (2. 4). Then

E: = H* (Z, 3; ZOO H* (G2; Z2)•

It is known that

H* (Z, 3; Z2) -=- - - Z2[u, S eu , S eS eu ,--],

where u  is  a fundamental class o f 113 (Z, 3; Z 2 ). It is easy to see
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that d (1Ø y8) = 0 fo r r< 8 , whence .E","*O. L et p  be the projec-
tion G2—›-K(Z, 3 ) .  Then we have p*Sq4Sq2u= Sq4 Sq2 x3 = 0  by Theo-
rem 2. 1, whence Sq4 Sq2 uS1 must be a dr-image, that is, d 9 (10y8)
=Sq 4 Sq2 u01. B y  th e  A d em 's re la tio n , Sq'Sq 4 Seu=Sq 5 Sq2 u=
(Sq 2 u) 2 . A s Sq'y, is also transgressive, so we have

c110(10Sqly8)=Sq 1 (Sq 4 Seu)01= (Seu) 201.

Here (Sq 2 u) 2 ,3 1  0  in E ,  since it is not a d,-image fo r  r< 9 . Thus
Sq1y8 =y 9 . Moreover, by Adem's relation we have SeSq'Sq 4 Sq7 u=
Sq2 SeSq 2 u—SeSq'Sq 2 u=SeSq 3u=u 4 . As Sq2 Sq'y8 is also transgres-
sive, we have

c11 2 (1®SeSq'y8)=SeSq 1 Sq4 Sq2 u01=u 4 01.

T he fact that u4 0 1 * 0  in  E*2 implies the relation Y u= Sq2 Sq1y8.
Thus we have shown

(2.5) H* (d,; z 2 ) Z2 [y81 0 A (s q iy 8 ,s q 2 s q ly s )

Next we will calculate H *  ( 2 ; Z p ) for p t 2 , 5 .  For this, we
consider the spectral sequence over Z , associated with (2 . 3 ) . We
have

E = H * (G 2 ; Zp)OH*(Z, 2 ; Z  4(X 3, x11)0Z ,[11_1.

Clearly cl2 =0, whence E t - - E 2*. We may choose UE H 2 (Z , 2;
Z , )  so that cl3 (1®u)= x 30 1 .  Then

Ete -= - Z,[10uP]® A (X 3 ® 1 2 ' ,  x1101).
Obviously, d ,= 0 f o r  r > 4 . Hence

Thus

H* (6- 2 ; Z ,)  Z P[Y 2A ® A (Y u, Y2p+1)•

One can easily see that ay_ 2P Y 2 P + 1  by the same argument as above.
Thus we have shown

(2. 6) H* (2; Zp)-- =----Zp[Y2p] OA (y 1 1 , 6Y2p) f o r  p*2,5.

Finally consider the case p=  5. T h e  calculation of the spectral
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sequence is quite similar to that o f th e  case  p * 2 ,5  until E :.
Namely, for the spectral sequence o f  (2. 3), we have

E4*-- - - - -_- Z 5 [1®u 5 ]®A (x 3 ®u 4 , x11 01).

Obviously d ,= 0  fo r  4 < r < 1 0  and hence E := E A .  The relation

.T1 x 3 = x n  implies d5 1 (1® u 5 )  x11® 1, since u 5 = .OE'u is also transgres-

sive. It follows

.E = - Z 5 [10 u 2 5 ]® A(X 5 'F,u 4 , x51® u2 0 ).

B y the dimensional reason 0  fo r  r > 1 2 ,  and hence

Thus we obtain

(2. 7) H* (6 2 ; Z5) —=- Z 5  531 ® A(Yn , Y51) •

The relation y 5 4 =8y 5 3 is easily seen.

Thus we have shown the following

Theorem 2. 3. Let G, be  the 3-connectiv e f ibering ov er G2.

T hen w e have

(  i  )  H * ( -6 2 ; Z 5 ) -=-_-_-Z 2 [y51 0  A (Sqiy5,SeSqly8).

(ii) H* (G-
2 ;

-

 [ y , i ]  Ø A , aY5a).

(iii) H* (d2;

-

[ V 1(7)1. A ( V  a v2PJ -  1 1  - f o r a Prime p+2,5,

w here deg.y ; =

Next we study the cohomology o f th e  3-connective fibering
over F4 . We have two fibering

(2.8)K ( Z ,  2) F4,

(2.9)P 4 - >  F---).K (Z , 3) ,

where F4'  has the same homotopy type as F4 •

First we consider the spectral sequence {E7 } o ve r  Z , associated
w ith (2. 8).
Then

E:=H*(F4; Z 2)® H*(Z ,2; Z 2)
(Z 5 [x 3 ] /(x )® A(Sq 2 x 3 , x15 , S ex i5))0Z [u]
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A s  th e  degree o f  x 1 9 i s  1 5 , so  the computation o f  this spectral

sequence is done by the same way as that o f G , .  That is,

E A=Z,[1(g tt 4 ] OA (Sq.' x3(3 u2 , u, x 1 5 ®1, Sq 8 x,,(01)

But by the dimensional reason it is easily seen that d r = 0 for r>15.
Thus E E t5 ,  and hence

H *  (f4 ; Ey81 OA ( y 9 ,y 1 1 , Ya5 Sey15)•

By the same argument as that o f G ,, one can obtain the relations

y 9 = Sq 1y8 and S e S q 1y 8 = y . .  Thus

(2.10)H *  ( P 4 ;  Z ) —  Z, [y8] OA (Sq.'3, 8, Sq 2 Sqly8, yn , S eyn )•

Now we introduce the transgression theorem due to Kudo [11].
L e t {E,*}  be the cohomology spectral sequence over Z ,  associated
with a fibre space (E, p, B , F)  in the sense o f Serre. Fcr  E 7 : : „
let 0 = 0 ( a )  be defined as follows:

cl„,(a)= 0  f o r  p = r , r + 1 , • • • , 0 - 1 ,

* 0  f o r  p= O.

a  is called trangressiv e if (a) b = D F(a) (the fibre degree). If
a  is transgressive, there exists a base element S'E.E' 1 - ') such that

db+I(a)=

Theorem 2. 4. (K u d o ) L et a  E E.,n." be transgressive, then we
have

i  ) g k a =  a . P  an d  z- a ® û '  a re  also transgressiv e
( i i )  the follow ing relations hold:

(2.11) (1O ttP ) .T h ra®1,

(2. 12) c/2(p_i,k+1(rozOct.P.-1) = —  8g) k raS )1 ,

w here ô denotes the B ockstein operator associated w ith an ex act
sequence 0 - ->Z ,- ->Z „ , --->Z , >0.

For the proof see [11].
Let us consider the spectral sequence {E ;`}  with Z,-coefficient

associated with ( 2 .  8 ) .  Then
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E: = H* (F4; Z3)(gH*(Z, 2; Z3)

(Z 3 [8g) 1 x3] (a g ' -x3) 3 )

OA (x 3 , 2 1 x 3 , x „,g' l x „))0Z 3[u].

Clearly (12 =0  and hence  We may choose u  112 (Z, 2; Z 3 )
so that d3 (10u) =  x 3 0 1 .  It follows that

E .:=Z 3 [10 u 3 , 8g)1 x3 01] / ((a.T 1 x 3 0 1 ) 3 )

ØA (x 3 ®  u2 , g) l x3 ®1, x 1 1 01, g'lx 3 1 0 1 ) .

Clearly cl2 = 0  and hence E :-- -- --E : .  It follows from Theorem 2.4
that d 3 (x 3 0 ye) = 89) 1 x3 0 1 .  Hence

E Z3 [10 u 3 ] 0A ((ÔÇP1 x3 ) 3 x3 ® u2 , g3 1 x3 01, x 11 O1, g' l x3 1 01).

, since ( 4 = 0 .  As the transgression commutes with we
get d7 (1gu 3 ) = 2 1 x 3 (g1  and hence

E :-- - -- - Z 3 [1Eu 9 ] OA (2 1 x 3 ® u6 , (69) 1 x3 ) 2 x3 ®u 2 , x „ 01, 21.x1 1 01)

By the dimensional reason it is seen that d ,= 0  for r > 8 ,  and hence
Thus we obtain

H* (Pi; Z3 ) Z3 [Yi] 00% (V V Y_ A 21_ n , _ 19  _  23 ) •

In order to see the relations among Y1 8 ,  Y 1 9  and y2, ,  we consider

the spectral sequence {Er*} associated with (2.9).
Then

E: = H* (Z , 3 ; Z3)®H* (P4 ; Z3 ).

According to Cartan 151,

H* (Z, 3; Z 3 ) --=A (u, 2 1 u , 2 32 1 u, • • •) ®  Z 3 [82 'u , 82 32'u, • • •] .

It is easy to see that d r (Egy,  )  = 0  fo r  7. < 1 8 .  Then .E 9
1 8 + 0 .

Let p  be the projection F--->K(Z, 3 ) .  Then the element x 3 (82 1 x 3) 2

o f H 1 9 (F4 ; Z 3 )  is  the p*-image o f u(d_T1 tc) 2 . On the other hand the
element g 'g ' i tt0 1  is not a d,--image fo r  r < 1 9 .  T h u s  it must be
a d.-image, since g ' 32 ' -x 3 = 0  by ( 2 . 2 ) .  By changing the coefficient
of y , i f  necessary, we have d19(10y18)----.T 3g 3 1 u o 1 .  A s 8.3,1 8 is also
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transgressive, we have 4(108348) = 39) 3 g) 1 u® 1. Here 82 82 1u 0 1  is
not a d r -image for r< 20 , whence 8.T3 'Itt0 1 + 0 .  This shows 8y,5 +0,
and so 8v v-is-- 19 • Similarly g'631,8 is transgressive and so d 5  ( 1 0 1 83/18)

=  2 1 8 2 8.T 1 U 0 1 ,  where 9? 18g) 3 2'u= g) 4 8g'iu= (82'u)' by the Adem's
relation. It is easily seen that (82iu) 3, g 1  is  n o t a  d r -im age for
r< 2 3  and hence (6.Titt) 30 1 * 0  in E ,  which indicates

Thus 2) 1 83148= y23.
N ext w e w ill show g 'y 1 1 = g 'y n = 0 . Note that P * . x n -- - - Y i t  fo r

the projection p : k 4 --->F 4  o f (2. 8). The elements o f th e degree 19
in H* (F4 ; Z3 )  are (8g'ix 5 )x 1 1 and  (82 1 x5) 2 x 5 .  These two elements

are mapped to zero b y  p * .  Hence 2 23, ii = P * (g3 2 xJ,) = 0 . Sim ilarly

g ' 5 , 11=  0  follows.

Thus we have shown

(2.13) H* (P4 ; Z3) -=- -_Z3 [Yis] ® A ( y i i ,  g p ly n  ,  a y ,8  ,  g ) la y „ ) ,

where

Consider the spectral sequ en ce  {E } over 2'5 associated with
(2. 8). Then we have

= H* (F4; ZOO H* (Z, 2; Z5)

=A (x 3 ,.g) l x3 , x1 5 , g) 1  x1 5 ) 0 Z 5 [u] .

Clearly d3 =0  and hence . We may choose the fundamental

class uE I/2 (Z, 2; Z 5)  so that d3 (1gu) = x301. It follows that

= Z 5 [10u10A(X 3 Ou 4 ,g) 1 X3 S1, x 1 5 ®1, g)1 x,5 01)

By the dimensional reason c 1, = 0  for 4 < r< 1 0  and hence

There we obtain d11 (1 0 u 5 )  = g 'x 3 0 1 , because the transgression com-

mutes with g ) 1 . Therefore

E  Z,[101,121  A (x 3 Øte , 3® u" , x 1 5 ®1 , T1 x1 5 ®1).

It follows from the dimensional reason that d r i s  trivial for r>12,
and hence Thus we get

H* (K; Z5) = Z5 [y50] ®A ( y 11 , y i5  , g ) 'Y's, Y5i) •
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It is easily checked by the spectral theory associated with (2. 9)
that 8y50 = y„ .

Thus we have shown

(2. 14) H* (F ; Z 5 ) - -= - Z 5 1 v Ø A ( y 1 1 ,  v 61)4.4 30, sc_r 11 , ,15 1_, 15 53) •

The same calculation as that for the case P = 5 shows

(2. 15) H* (P4; Z 7 ) Z 7 L Y 9 d 0 A  ( Y 1 1  Y 1 5  . T 1Y 1 1  a Y 3 8 ) *

„ 11 , 15 23 ,(2. 16)1 1 *  ( F
4 ; Z„)=Z11[.Y242 -1 ( R)' A ( V  V , V V212) •

T he calculation fo r th e  case  p 1 3  is easier than th e  other

cases, since there are no relations among generators o f H* (F4; Zr).
The results are stated as follows.

(2. 17) H* (P 4 ; Z p )= Z p rv  1 (2 ) 4 ( v  v  v  a v4 , 2P , ‘,  1 1  ,  1 5 , 2P) •

Summing up these results,

Theorem 2. 5. Let P 4  be the 3-connective f ib e rin g  ov er F4 .
T hen w e have

(i) H *(f 4;Z 2)=Z [y 8]® A (S q 'y s,S q 2 Sq'y.,y,5,SeY 15)•

(ii) H * (k 4 ; Z3)=Z3fyidgA(yu, 8Y15, 9)1 415),

w here .2)2 y i i = 2 3y, i — O.

(iii) H *(k 4; Z 0)=- ZpLY2p2l0A(y11, Y 1 5  Y23, y 2 p 2 )

f o r  p =  5, 7, 11, w h e re  ÇA•!- v v g D •1,v v_„, 1 5  —  2 3  —  1 1  —  2 3  •

(iv) )  H * (P ,4 ; z p )= --z0[Y 21,] 011(Y 11,Y 15, y 2 3  8y ,p) for 

In  th e  above deg. y ; =

Theorem 2. 3 and 2. 5 give much informations for the homotopy
groups of G2  an d  F 4 .  In the below we will investigate them.

§ 3 .  The odd primary components o f  r,(G 2 )  and r 1 (F 4
' ).

Let G be a com pact connected, simply connected, simple Lie
group . According to Hopf, we have

H * (G ; R )= AR (x„„ x„,),
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where deg. x„,=n,: odd (1< i< /), /=  rank G  and n= dim G =  n , .,=1
We set X (G) = S"1 x ....... x S"1.

Serre defines a p rim e p  to be reg u lar for G  i f  there exists a
map f : X (G )-->G  s u c h  th a t  f :  H ,(X (G ); Z p )  i s  an
isomorphism f o r  

P u t N (G )= (dim. G/rank G) — 1. Then the following theorem
is  due to Serre  [17 ] and Kumpel [121.

Theorem 3. 1. A  prim e p  is  reg u lar f o r G  i f  a n d  only  if
p >N (G ).

For the cases G , and F 4 ,  we have

H* (G 2 ; R)= AR(x3,

H * (F 4 ; R)—  AR (X 3  x1 1  x1 5  • x2 3 ) •

Hence N (G,) = 6 and N (F 4 ) = 1 2 . It follows from these facts

Corollary 3. 2.

7r,(G2 : p)-7r 1 (S3 X Sil : p )  f o r each P rim e  P>-7.

(F 4 : p)-- (S 3  X  S "  X  S "  X  s " : p )  f o r each  P rim e  P>13.

In the below we will compute n ,(G 2 : p) for p= 3, 5 and i t  ( F 4 :  p )
for p= 3, 5, 7, 11 by making use of the Serre's C-theory [17] .

(  I  ) n,(G2: p) P =3  and  5.
It follows immediately from (  i  )  of Theorem 2. 1

(3.1)7 C 4 ( G 2 : p)

f o r i< 9  an d  f o r each Prim e P>3.

The 5-components of 7c1 (G 2 )  are deduced immediately from  ( i i )
of Theorem 2. 3 and the results are the following

Proposition 3. 3.

7r,(G 2: 5 )--==7;(S" : 5 )  f o r  3< i< 49.

Further results are seen in  [19] .
In order to calculate th e  3-components o f n 4 (G 2 ) , we consider

th e  fibration G2/.53 = V7,2. A ssociated w ith  it w e have the exact
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sequence:

•••—.7rn ( S '  3)--->nn(G2 : 3) V 7 ,2 :  3) —>n,,,(S' : 3)-->n,(G 2 :

where mi (S 3 : 3 )= 0  and n io  ( S 3 :  3 )= Z  by 1181. And rci o(G, : 3)=0,
since we have nio(S Pin(7): 3)=740(SP(3) : 3)=0 b y  [8 ] in the fol-
lowing exact sequence which is associated with th e  fibering S pin

( 7 ) / G2= ST :

= 7r,i(S7) -- 7r,o(G2) - - .7rm(Spin(7)) — >• •

Next we need

Lemma 3.4.

n u (  V7,2: 3)=Z.

This follows from the exact sequence associated with the fiber-
in g  .11 .

7,2 /S'= S 6 :

• • • - -> n ii  (S 2 ) -->7.c11(S ') - > 7 r 1 0  ( S 5 )  ->  •  •  •  ,

where nii(S 5 : 3)=710(S': 3)=0 and ni i (S°: by [18].
We choose a map f : representing a generator of ( V-7r11\ •

3) Z ,  then f* : H * (V ;, 2 ; Z , )  H *
 (S " ;  Z 2 ).  We consider th e  in-

duced bundle f* G 2 o f f  from the bundle G.,/ S3 =  V 7 ,2

Tr.( V 7,2 : 3) — >rc, o (S ': 3) >0

LI
Trii(SH : 3) -->n io (S 3 : 3 )

The characteristic class of the bundle (f*G 2 ,p,s",s'), Jc i i ,  equals
to by the commutativity of the above diagram, where d' is

the boundary homomorphism of G2/ S3 =  V , .  So Je,, i s  a  generator

of ni o (S 3 : since the map f  induces an  isomorphism f * :
(sn.: 0) = n u (  V 7 , 2  3). Consider the homomorphism between the exact
sequences associated with G,/ S'= V,,, and f * G 2 / E 3 = S " .  Then the
homomorphism is identical o n  77, ( S ' )  and C,-isomorphic between

n1(V7,2) and 77,(S 1 1 ). Hence it is also C,-isomorphic between 7 r ,( G 2 )

and 7r,(f * G O . Thus we have
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(3.2) 7r( G2 : 3)  (f *G2 : 3).

In order to calculate this group we need some results in  [18] .

(7., (G3 : 3 ) for i< 9  are obtained from the known results of [18] ).

10 11 12 13 14 15 16 17 18 19 20 21 22 23

, i , i ( s ii :  3 )

g e n .

Z

C11

0 0 Z3

a1

0 0 0 Z3

a2

0 0 Z3

S i

Z9

a ;

0 Z3

a1i31

73- ( S ':  3)

g en .

Z3

a2

0 0 Z3

a2a1

Z3

a3

0 Z3

a iS i

Z3

a2

Z3

a4

Z3

01301

Z3

a2 Pi

Z3

a 2 a3

Z3

a3

0

In the above table, the generators of n, (S 3 : 3 ) for i 10, 14, 16,

18 and 22 are given in  Chapter XIII o f [18] . The other generators

are checked as follows.

Consider the exact sequence in  Proposition 13. 3 o f  [18]
G H

- - > 7E 5+ 2(S 7 :  3) — >n, (S 5 : 3)—>7r, + ,(5 3 : 3)--).7r, + ,(5 7 :

w here G(j9) = a i oSf3 for n , ( S 5 :  3).
Note that H (a z ) = a , .  Then we have H(a.,,) =a, i9i + 0 .  Thus

trA +0. M oreover we have

{a i , 3e, a l } — {3e, al, 1'3} { c 6 , 3e} D

Hencecr,a--= —ala4 mod { 3cforzi (S 6 : 3) eagrio(S 6 : 3)041 =0. Here we

have aia4+0, since a4 is not a 4-im age. Thus a 2 a ;+ 0 . W e have
the relation — z 1 4  since ce! { a 1 , 3e, 0 1 2 =  —  {3e, e e l, 6E2} D a ittâ

m od 0. So n 13(.36 : 3) is generated by a,a,. Sim ilarly it follows

from the relation a 1 a 2 =  — z 1 that 743(.5 3 : 3) is generated by ce2tEl..

W e have 491= G(a1t31) and is  not a  4-image. Hence 49,.+0.

So 742(S5 : 3) is generated by aT igi .

Now the characteristic class of the bundle f * G 2 is  zlei i = a 2 . By

making use of the above table one can obtain

(3. 3) n i(G 2 : 3 )=- - - Iri ( f *  G2 : 3)

Z 3  f o r  i = (6, 9,)14, 16, 18, 19

Z ,  f o r  i = 22

Z  f o r  i= (3,)11

0 otherw ise f o r  i< 2 4.
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The only difficulty to determine 771(f*G2: 3 ) will be found in
the case i= 22. I n  this case one has the extension

P*
Z3 - >  7r22(f *  G 2  0 ) ----->  3 -- > O.

It follows from Theorem 4. 3 in  §4 that for an  arbitrary element 8
of { a 2 ,  a ,  C  7 r 2 2 (S ': 3 ), there exists an  element eE 7r22 (f *G3: 3)
such that P*6 = CV3 and i * 8 =3e . Consider the stable secondary com-
position <a, a3 , 3c>=S - {a , a 3 , 3c} . Then we have

<a2 , a3 , 3r>= « a i ,  a 1 , 3c>, a i ,  3c>

=  < a l  < a l  3c, ce3>, 3c>

= <ai 3c>

=  £4.

Hence the order of e  in  the above is 9. Thus we have shown

7r22(f *  G 2  3)=-- Z9 .

Remark 3. 5. Analogously one can calculate the 5-components

of ni(G2)•

(II) ni(F4: P )  P= 3, 5, 7  a n d  11.

Hereafter we denote by n )  t h e  (n -1 )-connective fibre space

over F 4 , so that

r
0

i ( F 4 )  f o r  i> n
( K i ") )

 f o r  i< n .

For example F 4 ) =
It follows directly from ( i i i )  of Theorem 2. 5 that

(3.4)i s ,  ( F 4 : 1 1) (S" X S l5 X  S "  : 1 1 )  f o r  3<i<241.

Consider the cohomology spectral sequence over Z ,  associated

with the following fibering: K(Z, 10) Then

E : = H * (F 4 ; Z 7 ) 0 H * (Z ,1 0 ;  2'7)

Z7 [ y 9 8 ]  OA , Y15 ,  g j '„Yil., aY98)

OZ[U, g p 2 U , •  • ']  OA (8g: f l u, 8.T2 u ,  •  •  • )
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Obviously We choose uE H "(Z , 10; Z 7 )  so that d1 0 (12)u)
Y110 1 .  Hence

1ø.T2u, • • -1

(y , 5 '31, g)ly , 4
731,1(38 .T 1 u ,1 ® 8 g 2 u,- -.) fo r d im .< 70.

By the dimensional reason 0  fo r  1 1 < r< 2 3 , whence
Here we h ave  c12 5 (1 0 .T 1 u ) = T 'y ii® 1 , since the transgression com-
mutes with 9 ) 1 . Thus

 [10.gxu, • • •1

OA (y 2)1 , 106 .1D 'u , 1062 2 u, • • .) fo r d im .< 70 .

It is easily seen that el, = 0  fo r r> 2 4 , an d  hence E - - - E !  (dim.<

< 7 0 ) .  The degree of the elements 8 9 'u  and _ç/D2 u  a re  2 3  an d  3 4
respectively. So we obtain that

H* (F4 1 2 ) ; Z1) = {z15, z 7 3} fo r d im .< 34 ,

where { }  represents the additive basis.

It foklows that

(3.5)7 C ,  ( F 4 ; 7) =-7-c,(S" x S": 7 )  f o r  11< 1<32.

Recall that H* (F4: Z5) = Z 5  [Y 5 3 ] 0 A ( y 1 1 ,  Y 1 5 , -T 5Y 1 5 , 4 5 ) .  L et f
be a map: S ' — ]  representing a  generator of 771 1 (F 4 : 5) = Z .  We
may regard this map as a  f ib erin g . L et F  be its fibre. Then it is
easily obtained that

H* ( F ; Zs) = {z14, g i zi4} for dim.<25.

Associated with it we have the exact sequence

• • r (S ": 5) i (F 4 : 5)
Z  f o r  i= 1 4  a n d  2 2

Here we have n i (F:
0  otherwise fo r  i< 2 4 .

It follows directly that

{
Z  f o r  i = 11, 15, 23

(3.6)7  r  i (F 4 : 5)--=-- Z 5  f o r  i = 18
0  otherwise f o r  3< 1<23.
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A s to the 3-components of 7 r 1 ( F 4 )  we need more computations.
Consider the spectral sequence with Z 3 -coefficient associated with

P -a  fibering K (Z , 1 0 ) (4 12) F 4  Then we have

E H * (P ;  Z3)01/ * (Z, 10; Z3)

=Z 3 [ Y181 OA (Y u  gp l Yii, kV's, .g) 1 aY18)

Z 3 1u, 21u, g)2 , .Œ8 u, • • •1 OA (8g3 1 u, (l93 2 u, 8.g) 3 u ,  . )  .

We choose an  element u  H " (Z ,  10; Z 3 )  so that it m ay satisfy the
relation du (10u) =y 1 1 0 1 .  (Obviously d = 0 f o r  r<11 , and  hence
EAr-- - - E : ) .  The element g'tt is also transgressive and di,(10g) 1 tt) =

(g1 holds. The other elements of E' ) . *  are d,-cocycle for r 11.
Hence we obtain

E ! - - -= - Z 3 [y i 3 01, 10.T 2u, 109' 3u, • • •]

®A (1y 1801, g'idy 1 3 01, 1® 8 2 'u ,  1® 8 g 2 u ,  1 0 8 g 3 3 u, • • •)

f o r  dim.<30,

where 10R' 1u  an d  1 0 8 g 'u  a re  o f degree 4i +10(i>2) and 4i+11
( i> 1 )  respectively. Thus

II* ( F 4
1 2 )  ; Z 3 ) = { z i ,, 8.4 3, T 1 Szis, a19, a 1 2 , b13, 1)13 b23} for dim. -<26,

where a1 8 , a2 2  correspond to 1 0 g 2u, 10 .T3u and 1)3 5 , b 1 9 , b 2 3  to  10

893 1 u ,  1 0 6 g 3 2 u , d . Œ 3 u  respectively. Here we have the relations as
follows:

i*(Œ 1b1 5 -  b 1 3 ) 0, and henceb 1 9 b19 mod ay18.

i*  (g ' 2 1.1 5 -  82 3 )  = 0, and h en ce  g'b15------b23 mod g ) la y i8 .

i* (dai s -  bi 3 )  = 0, and h e n c e  1a 18=b23 mod 4 1 8 .

i * ( a a 21 b 2 3 )  - 0 , and hence 1 a 3 3 - b23 mod T lay18•

But it is easily seen that one may choose appropriately a1 8 , b 1 9 and

b2 3 so  that the next relations hold:

(3. 7) .T 'b i3 - 8a18

2 2 b1 5= b23+ A 2'8y , 3 , 8 . 2 3= 8a 2 2 .  (A = 0, 1, 2.)

(We cannot determine whether o r  not A  is  zero .) T hus w e have
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shown

(3. 8) H* (FP" : Z3) { y 1 8 ,  a y 1 8 , (1,8, au}

f o r  d im .< 26 , w here the relations (3 . 7 ) hold.
It follows from (3 . 8 ) that

Tc,( F 4 : 3) = 0 f o r  12< i< 14

for i = 15.

Case 1 . A = 0.
By calculating the spectra l sequence associated with fiberings

Fv6 F , i2).1 and F r —  .P i " ) one may easily obtain that

(3. 9) H* (Fr : Z 3 )  = v  ay ay aa a q a a18 -  1 8  —  1 - , 18  -  1 8  -  2 -  1 8  -  2 2  ,  a 2- 22 

(3. 10) H* (Fr': Z3) —  { d ., d . ,  en, aen , au , 8 3(722}
f o r dim .<26,

where 6„ is the Bockstein operation associated with an,- exact sequence

(8,= 8)

It follows (3 . 9 ) and  (3 . 10 ) that

0i = 16, 17, 19, 20
Z3 (1)Z8 i = 18

n ,(F 4 : 3) - -- - --  Z 3 (BZ3 i = 21
Z 2 7 i = 22

i=23.
Case 2. A * 0 .
Similarly one may easily obtain that

(3 . 9)' (KJ° : Z 3 )  = v v  g  8 v 8 a, ,  1 8  ,  a, 1 8  —  , -  22  , a 1 8  ,  82(118 g) l atli8 ,

(3. 10)' H* ( F (41 9 )  : Z3) —  {d31, ad21, au , 82a22, en  , ae n  , e 23}

f o r  dim .<26.

It follows from (3 . 9 ) ' and  (3 . 10 )' that

0 i=16, 17, 19, 20
Z a Z ,  i = 18rz,( F 4 :  3) =
ZEDZ3 i = 12
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Z,i = 22
Z i= 23.

In any w ay w e have shown

 

Z3 E Z9i  = 18
Z aZ , i = 21
Zy o r  Z27  —  22

i= 3, 11, 15, 23
o th e rw ise  f o r i< 24 .

(3. 11)i t  (F 4 : 3) =

 

§ 4 .  Some properties in the fibre theory.

W e denote by 7r(A , B ; C, D) the set of the homotopy classes of
m aps f : (A, B, ao)--> (C, D, co ) fo r  topological pairs (A, B , a o )  and

(C, D, c o).
Let X  be a CW-complex with a base point x o . Let S"X = XA S"

the smashed product o f  X  and the unit n-sphere S "  and le t  CS"X
be the cone over S"X.

Then for an  arbitrary topological pair (A , B , (4 ) w e  have the
following exact sequence:

.1* a
(4. 1) •• A)—.7-r(CS" X, S" X; A, B)---->n(S" X,

Let (E, p, B )  be a fibre space w ith a  fibre F  in  th e  sense of
Serre, that is, it  h a s  a covering homotopy property. Then w e have
a one-to-one correspondence

(4.2)p * : 7c(CX, X; E, B ).

Define a boundary homomorphism 4: 7r(S"'X , B)--->n(S" X, F )  by
the com m utativity of the following diagram.

.1*•••--->rc(S'X , E )--->n(CS 'X , S"X ; E , F)— (S "X ,

P*
P* n(S""X, B) zi

For this boundary homomorphism d , w e have

Proposition 4. 1. Let Y  be another CW -comPlex w ith a base
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Point y o . Then

J(aoSiS) =  ( J a ) c )  f o r  exE n (S ""X , B )  and Ezr(S'Y  , S"X ).

Here S  i s  a  suspension homomorphism g iv e n  b y  the commu-
tativity of the diagram:

Tc(S"Y, S"X )---->n (S "'Y  , S ""X )
 a P*

n(CS"Y, S"Y; CS"X, S"X)

where p  pinches S'X.
A s  to  the secondary composition (the definition is referred to

[18] ) w e have the following

Proposition 4 .2 .  Assum e that aoSjg = =0 for ceEir(S' X ,
B) (3En(S"Y, S "X ) and rE n(S "Z ,S '17 ) ,  where X ,Y ,Z  are CW-
complexes with base Points. Then we have

{a, S, Sy} {4a,

The proof may be found in  §5 o f  [15] .

Theorem  4.3. A ssum e that trEn(Si"X, B), ,eEn(S'Y, S ' X )
and rE7r(S k Z ,S 'Y ) satisfy the conditions (Joz)0,3=0 and t3or=0.
Then for an arbitrary element a of {zIa, t ,

 y } cn(Sk+1Z , F), there
exists an  element eEn(S 1+1 Y, E )su c h  that p  = S 3  and
.0S r .

This i s  a generalization o f Theorem 2. 1 o f  [14] but proved by
the quite similar manner.

Let G  be a compact Lie group. For a principal G-bundle (E,
p, S '=  E / G ) the element Je,, i =  X (E  )E n ,(G ) is  ca lled  the charac-
teristic class of the bundle and it determines the bundle up to eq-
uivalence.

Theorem 4. 4. Let j 2  and let C , be the class of finite ab-
elian groups without p - t o r s i o n  ( p  a prime).
Suppose that q x (E )=q 'x (E ')  f o r  two G-bundles E ,  E ' with the
same base and for q , q ' prime to p.
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T h e n  7-ci ( E )  and 7r,(E') are C,-isomorphic to  each other fo r  all

This is Lem m a 2. 3 o f  [1 4 ]. Th e fo llo w in g  is  a direct con-
sequence o f this theorem.

Corollary 4. 5. If th e  order o f  x (E )  is f inite and prime to
p, then w e obtain

n ,(E )= -'n  i(S '" )e n  f (G ) .
cp

Proposition 4. 6. In  a  f ibre space (E , p, B , F ) w e suppose
th at  s2B h as the homotoPy type of a CW-complex. T hen there
ex ists a m ap h: S2B--.F such that the follow ing diagram  is com -
m utative:

,,,(B) >7r1 (F )
S21)

ni (S2B) /

w here  4  is  the boundary  homomorPhism.

P ro o f .  Consider the following commutative diagram:
o

ni (Q(E , F ) )   n i , ( E  F )
1 \  a

   ( P P ) *    P*

S2
1 (S2B) ni,_1(B)

w here 1 i s  the projection of the canonical fibering s2(E, F) - -

There exists a map b: s2B— ).,Q(E, F )  such that b„, i s  the inverse of

(s2p),,, since S2P: S2(E,F)—)-s2B i s  the singular homotopy equivalence
and S2B has the homotopy type of a C W-complex. Put h=lob.

q. e. d.

A s is well known [3] , the exceptional Lie group G, contains the

subgroup S U (3 ) such that

(4. 3) G2/SU(3)=S6.
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According to [14] , 7.4.5 (S  U (3 ))  is isomorphic to Z  and generated by
such an element [2e 5 ] th at p,, [2e, ] 2 e 5 for the projection p: su (3 )
-->S 5 = S U (3 )/ S U (2 ) .  The characteristic class of the bundle (4.3)
is  th e n  44=  [2c5 ] , s in ce  7r,(G2) 0 ,  which follows from Theorem
2.3.

It follows from Theorem 4. 3

Corollary 4. 7. A ssum e th a t  [2c 5 ] o 0 = n 0 = 0  f o r  ,3E7r1 (S 5 )
an d  an  integer n - 2 .  Then f o r an  arbitrary element 8  in  {[24],
0, m ,}  c7 r ,+ i(S U (3 ) ) ,  there exists an  element e  in  2r h 1(G 2) such
that P - - - S ie  and

It is w ell know n that the classifying space B 53 o f  S 3 m ay  b e
considered as the infinite quaternion projective space Q13 —  = S 4 U esU  --
and that B SU (3 ) has the cell structure S 4 U e 6 U - • • ,  where e 6 is attached
to  S4 b y  a generator 724 o f  i t s (S 4)  =

In the homotopy class of a generator o f 7r6 (B s u ( 3 ) ) =- - Z  we choose
a map f :  S 6

— >Bsu ( 3)  so  th a t the diagram  m ay commute.

TC ( S 6 ) U (3 ) )

if * / ISU(3)

(Bsuo))

where Z1 su (3) is  the boundary homomorphism in  the exact sequence
o f the universal bundle o f S U (3 ).

It is easily  seen  that f  represents a coextension of 2e 5 .
Consider the following commutative diagram.

d
n 1, i (S 6 ) . - 7 r 1 ( S U (3 ) ) . - 7 C ; (S 3 )

=  4 s u o )  . "="ï Z153

li*
ni+J(Bsuo)) .(B s3)

io* /i 2*
(S 4)

where i o ,  i1 ,  i ,  are inclusions and d s 3 is the boundary homomorphism
of the universal bundle o f S ' •

W e note here that the next formula holds:

f *
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(4 . 4) As3(i2*(Sa)) = a  fo r  a n y  a E n ,(S 3 ) .

Suppose that a E n ,(S 5 )  satisfies 2e5 oa = O. T h e n  the secondary

composition { 4 , 2e5 , a } is well defined. According to Proposition
1.8 o f  [18] — {724, 2e 5 , a} coincides with the set o f all composi-

tion s  Coext.(2c 5) 0 Sa = f* (S a ). Therefore A  (Sa) = — SU(3)(f* (S a ))

belongs to — Asumio* {7/4 2e5 , a }  which is equal to i * Jsai2*  {i74, 2e5 , a}
by the commutativity of the above diagram. Thus we have shown

Proposition 4. 8. For any element ( 7-c ,(S 9  satisfying 2c5o a

=o,
(S c ) E  i * 0 Js3i.2 *  {7 2 4  2e5, a}

mod i * n5(S 3 ) oct i * o js 3 0 i 2* (4 .7 r,,-1  (S 5 ) )  •

Corollary 4. 9. Suppose that a E n , 2 (.53) satisfies 2 a  =  O.

Then
H ( i ;1 0 / 1 0 S 3 a )  S 2 tv mod H(LI.s3i2*7/40 7r,+1(.55) ) ,

where H  is  the H oPf hom om orPhism : rr 1 (S 3 )---)-7r,(S 5 ).

P r o o f .  The above proposition says that i V (A S 3a )  is  a  subset

o f As s is* { 71 4  2e, S2 a} . On the other hand, the secondary composition

{v3 , 2e4 , S a } , is  equ a l to  A  i 2c S fy}_s 3 2 *  , 4  —  5 ,  — 2 b y  (3 . 4 ), which is a

subset o f A s s is*  6 7 3  2e4 , 52} . Thus we obtain

iV (4 , 3 3 a) {7 7 3  2e,m o d  Lls31.2*
-wiri vt (S5) + 7C5 ( S 3 )  0  S'a.

Hence we have that

0 zl 0 S3a) H {7i3 , 2e4 , Sa} , mod R (.13i2* , 2 4.7 r ,+ ,(S 5 ) )

= —  4- 1 (27i2) 0S2 a  by Proposition 2.6 o f  [18]

S2a. q. e. d.

Remark 4.10. It is easily checked that 774°7c,+1 (S 5 ) CSrc, (S s ) for

i< 2 6 . and hence H O r—5 3i 2 * ,4 °  1 + 1 ( S
5) )  is easily obtained by making

use of (4 . 4 ) and the relations in [1 8 ] etc.

§ 5 .  Some lemmas.

This section is  a  preparation for the following on e . L e t X ,
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be a  cell complex S "U e "  where e "  is attached to  S "  b y  a  generator
6,5 o f  ir Z 35 .

Lem m a. 5. 1. First f ew  groups  n , ( X 1 5 :  2 ) are listed as fol-
lows.

i<14 15 16 17 18 19 20 21 22 23

2 0 Z Z, Z2 Z 5 0 0 Z 2 0 Z e  Z 2

gen C15 7215 72113 P15 7•46 <1 6 c33> E15

where p,,<16‘ 2 ,>=16é 2 , E n 3 3 (S 2 3 ) for a shrink ing m ap p : s"u e " -  S " .

P ro o f .  Clearly ni ( X , ) --- ---'ni ( S " )  for i < 21 . W e have the nex t
exact sequence, since ni (X,,, S 1 5 ) -===-ni (S 2 3 )  for i.<36.

_ P*
•-•—> 7r23 ( X35) 7.c12"--.7 r2 ,2 (X 35 )---> =  0 ,

w h ere  4- Z2= {n3} , 7P2=- ZED Z2= {c25, T15} Z = {e23} a n d  7C!_2-= :

Z 1 6 =  { 6 15} • B y  th e  difinition o f  X 35 , TrF, - - .7r i s  epimorphic and
hence 72 3 (X 35 )  = 0 .  It follows from Proposition 4. 1 th a t  A71—  ,  23 — 6 167)22

=  en+ i")16 and its  cokernel is  Z 3  Thus 7c23(X15) = Z(DZ2= { <1 6 C33), Elr,} •

Consider the Stiefel manifold V,,, of orthogonal 2-frames in  eu-
clidean 7-space. There associates a  fibering

w hose characteristic class is 2c5 . L et S i .  b e  th e  reduced product
space of S '  in the sense of Jam es [1 8 ].  This sp ace  S i. h as  a  cell
structure 5 5

U e 1 °U •••, where e "  is attached to  S '  b y  the Whitehead
product [c5 , =1 .02 2 , w h ich  is  o f order 2. T hen  w e have the fol-
lowing

Lem m a 5. 2. T here ex ists a m ap  f :  S :.- -> S 3 s u c h  th at  f 1 S 5

h as  a  m apping degree 2  and the f o llow ing diagram  is com -
mutative:

7c 0(.96) - - .T r i ( S  U(3))

IP *

f *
ni(ST,o)
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where A  and A' are the boundary  hom om orphism s associated w ith
the f ibering G 2 / SU(3)= S" and 177 ,2 /S 5 = S° respectively  and p  is
the Projection: SU(3)--.S 5 =S U (3)/S U(2).

P ro o f .  By Proposition A. 6 there exists a map h: s256 --->S ' such
that the following diagram commutes:

c Ht(S 6 ) > ( S 5 )

h,,
7C, (S2S6 )

Let i: S2.--->s2S 6 b e  a  canonical injection. W e set f=hoi: 52.--->S25°
— >S 5 . Then the commutativity o f  the lem m a is clear, since S21 =
f lo i * : n, (S I) —.7r, (DS')

The map f iS 5 represents an element f * r , ,  where es E n s (S 5 )  is
iden tified  w ith  its im age in  7r,(K ) .  B y  the commutativity, we
have f c s =  S 2 i es  . Here S25e5 is obviously equal to c6 . Hence f e s =

2c 6 ,  since 2e 6 = 2e5 (the characteristic class o f th e  bundle K 2 /.35 =

S 6 ) . q. e. d.

Remark that the restriction f1S 5 U e" i s  an extension o f  2c5 in

S5 U e "  whose attaching element is [ es , es ] =sm .
Let us recall that n10 (S U (3) : 2) —=Z2 a n d  generated by [P572 ]

where [1),7A] is such an element that p * [vo ]  = ,b7A for the projection

p :  S  U (3 ) 5 5 (  [14] ). Then we have the following

Corollary 5. 3. Fo r the boundary  hom om orphism n„(..S6)

— ir i o ( S U ( 3 ) )  w e have tl( A e 13) = [sis'e31 •

P ro o f .  F irst w e show that 2, ( A ci 3 )  is  a coextension o f 2e 9 in

S 5 U e " .  For th is it is  su ffic ien t to  show q * (S21 A 43) =2c  for the

pinching map q: S 'Ue"-->S ". The restriction of /15  (fo r  th e  defini-
tion see [18]) o n  S5 U e i °  i s  the map q .  By Proposition 2 .7  o f  [18]

we have H ( A e,3 ) =2e 1 1 . By the definition of H this is equivalent to

i lh * S21( A (1a) = 2cl].

Hence h5*.Q1( A ci3) — Qi  (2111) — 2elo •



156 M am oru M im ura

Thus q,s21( A cis)

It is a lready seen  that the map f  e "  i s  an extension of 2c5 . So
( A e1 3 ) , w hich  equals P A (  A e1 3 ) ,  b e lo n g s  to  { 2 ,  v5728  2e9 } by

Proposition 1 . 7  o f  [18] . T h is secondary composition i s  1)37A by
Corollary 3. 7 of [1 8 ] .  Thus we have shown p j (  c i 3 )  =  v o L  which
implies the corollary, q. e. d.

Next we consider some elements in 7 r .  W e  have relations 2)74

=0, 2 p w = 0, 8s' = 0, 16a i s  = 0, 8i, 6 =  0  [1 8 ]  .  So the secondary composi-
t io n  {774 2 t , ,  e l } , {e' , 8e 3 3 , 26 1 3 }  and  {Tie, 8e, 2 11 4 } a r e  well defined. We
will prove

Lemma 5.4.

(  i  ) ] I ( ') = i .
( • • \ {, 24, 2, 5, ply} mod { .7 2 4 w 1 4 ,  2.5i'} .

(iii) {e' ,  8e43, 2713} m cd {V i6 3?3,74} •

(iv) ) {T-6 844, 2 514} mod { .

Proof.
i  )  W e apply Lemma 5. 2 o f  [1 8 ]  for the element i 3 4 .  Then

H(8) = i ,  for an arbitrary element 8  o f  {773 , 2e4, -4 , 1 .  Such  a  19 be-
longs to 7 4 0  and =  2 i ' .  Hence we have i3 ë  m o d  {77t3, 7237141113,

.  Note that Tc, survives in the stable range. O n the other hand
w e have

= 2K = 0

and S -  8 E <72, 2e, = <77, 2e, 77K>

D <77, 2e, 77>x

D 21)/c = 0 m o d  {7777*, 7 } .

Thus m o d  {723/14613, 2i'}, w h en ce

H (i ')  =---H(19) = m o d  { H(7231240-13), 2H ( ' ) }  =0.

( )  We have

{724, 2e5, Pr y } = { 724 2 , 5, {(1 1  1 242, 80-12}}

{24, 0111 ,2e,5} 8a131 - { {774 2 5 , am} , 2( 13, 8d1.3}
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b y  Proposition 1. 5 o f  [18]

2e3, 8 613} s i n c e  {2e5 , , 2c,}  =

T N  m od  G,

w h e r e  G = 4° 77521 {77 4 °  S P IV } 244•8014+ /14
 ° 7 V

{ 724/1 10 1 4  2St'l .

(iii) W e have

H {e' , 8e 1 3 , 26, 3 }  c  {H (e ') , 8(1 3 , 2013} = 821 3 , 201 3 }

by Proposition 2. 3  o f  [18] .

M oreover w e have the follow ing relations in the stable secondary
composition (note th a t  the equality holds, since the largest composi-
t io n  <726, 82, 26> i s  a coset o f  {nas, 2 pa}  = 0) .

<e, 8c 2a> = <1-3 + r1 i, 8e, 2a>

=  ,  8e, 2a> + <no, 8c, 2a>

<no, 8e, 2 0 ) ,  s i n c e  <1, 8e, 2a> = 0

=  o<, 8e, 2a>

= a It b y  the definition o f At.

Hence { € , 8 c 1 3  , 2o} T V , ' mind F 77on, - se, - s in c e  the kernel
o f S - ( G . :  2 )  is  genera ted  by  725 z6 . Thus

{E', 8e1 3 , 2613} --=- P'614 m o d  {:A -6, 123T14} •

(iv) W e  have H{Pe, 821 4 , 26 1 4 } c  { 1 I ( 6 ) ,  & J R , 2614} -= 8e14, 261 4} by
Proposition 2 . 3  o f  [ 1 8 1  A cco rd in g  to  (9 .  2 )  o f  [18] , H(V )
is  e q u a l to  {12,1 , 8e1 4 , 20 1 4 }. The kernel o f H : 7-c,2- >7sP, is generated by
776

-t ,  and / 1 6 6 1 5 . T h u s  w e  have

{T6, 8e14, 2614} m o d  {726&7, /ion} •

Though /26 6 1 5 survives in the stable range, but C', 776
-E, and { -1-26 , 8e14, 2614}

do not. For, S - C'-----20-ve= 0, S = 2 = 0 and {T)6, 821 4 , 2614} =

8e, 2a) = 0. Hence {Pe, 8e 4 , 2614} m o d  {726E7} . q. e. d.
N ext w e w ill p rove  the follow ing lem m a w hich is due to  Toda.

Lem m a 5.5 .
1r14 (F 4 ) --=-"Z.

Proof.
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Consider the following commutative diagram where the horizont-
al sequences are exact ( (11. 4) o f  [18] ) .

,,(S 0 (1 7 ))  - - * i t i5 (  V 1 7 ,8 )  - 4 >  7 r14 (S  0(9 )) i '>' 7r14(S 0(17) )

/—= a S8
( S 9 >n24(S28S" , S 9) - -> n 2 3(.5 9) — > 7 r s i  (S " )

( V1 7 8 )( S  0(9)) -->0

1J S. '
—>7r23 (2 8 S", S 8) - >Tr22 (.9 9) it3U ( S 1-7 )

where
7ris(S 0(17))=- Z, 2t14(S0(17))---- - 0, 7r32(S")=- Z480eZ2,

7r23 (Sg) = Z 1 8 e 7r31 (Su ) z2ez, 7r22 (S 9 ) Z , ,  rso (S' 7) Z ,

and S 8 : n i (S 9)--.7r,,(S ") are epimerphic fer i= 22, 2 3  and Cokernel
of S': n24(S 9 ) —> 7 t , ( S " )  is isomorphic to Z 2  ( [18] ). It follows easi-
ly from the lower exact sequence that the sequence

(V , 7 ,) L Z , Z 2 O  is  exact and that

n13(S 0(9) ) "="Z, and .brn (S0 (9) ) =Z2 =  { d 9 1'6 1  •

As the image of Z , in  th e  above sequence into 7r15 ( V 1 7 ,8 )  coincides
with that of P r i , ( S 0 ( 1 7 ) ) --- - -- -- Z . ,  w e have 7r14 (S  0(9 ) ) ZED Z, and
P r i4  (SO ( 9 ) )  is generated by {24, 2/r9 = ) 9147}.

Thus we have shown that

(5. 1) z r i4 (S  0 (9 ))  ZED Z 2 , 7 -c i3 (S  0 (9 ) )=  Z 2 , an d  th a t  J-homo-

m orphism s on  these groups a re  m onom orphic.

Let ce be a  generator of 7r,(S0 (9 ))= Z . Then J ( a )  a ,  if  it is
restricted on 2-components. It follows that

J( a .  a') = 69 0.S9(/ = 24 which is of order 8,

v.7J (. )  = a9°v% which is of order 2.

Consider th e  ex ac t sequence associated with a  fibering F4/
S Pin (9 )=1 1 . It follows from Proposition 4. 6 that there ex ists a
map h: 2H — .S pin(9) such that the following diagram commutes
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n,(II)— >n,(S Pin (9 ))

h *

n,(217) '

Let f  = hoi be a composition of h and a natural inclusion i: S 7 --S211.
Then we have the following commutative diagram :

7% 5 (11) (Spin (9 )) 7r1 4 ( F 4 ) -- 7714( 17 ) (Spin ( 9 ) )

TC 14 (D 17 )  f * 7r43 (917) f

: ( S 7 )

/

7r4, (S 7 )

Here f* t7  is  a  generator o f 7r7 (S P in  ( 9 ) ) ,  since we have 7r7(F4)

=  0  by Theorem 4. 4.

Let P  be a covering map S p in ( 9 ) — S 0 ( 9 ) .  Then we have

JP *  f * (a') = J (ao a') = and hence

and J-13*f*()) ) = J( °v 2 )  = 0 -914 6  and hence f*: 77 13(S 7 )

— .7r13(SPin ( 9 ) )  is  m onom orphic.

Thus we have obtained

n14 (F4) Z2 • q. e. d.

§ 6 .  The 2-primary components o f 7r, (G2)•

In th is section we compute n,(G 2 : 2 )  by making use of the ex-
act sequence associated with the f ib e r in g  G2 /S U (3 ) =  S 6 :

i* P*(6. 1) • • • ( S ( 3)) — >n,(G2) (S 6) —  c ,- 1(S  U ( 3 ) ) - - >••••

Theorem 6. 1. TC (G 2 : 2 )  are listed as follows

1 2 3 4 5 6 7 8 9 10 11 12 13

z i(G 2 : 2 ) 0 0 Z 0 0 0 0 Z 2 z2 0 Z O Z 2 0 0
gen. i*L3 <0> < ,7 > 778 <2113>, 4 [ 1 4 ]

14 15 16

r i(G 2 : 2 ) Z 8 0 Z 2 Z2 Z20Z2EDZ2
gen. < 17 6 + &6>,4[UnV 11 < 26 + 6 6>n14 é>7/80-9, < n sp i> . i*[v5D4]
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17 18 19 20 21

ri( G2: 2) Z 8 0 Z 2 Z16

g e n . < T101.)14> , <71'6>  Pa A t13 > cr 22 i * [vsi;2]2.016 < 566v14> v 12

22 23

i ( G 2 :  2)

g en .

Z 8C,DZ 2 GC)Z2

<4' — i—Ik6cris> , < 2768 7> <,76/67> 7 1 6

  

where G Z 4  o r  Z(D.Z, and generated by {< So-Hv eK,>} o r {< 6, SO

+ vacs>, i * v5i 2} respectively.
W e have the follow ing relations

4<61, 14> 41_1fl14= 5

8<2 A c13>0n = 4[1)572019] mod ni s  (G,: 3)

2 ‹ A SO+ voco> i* [vt.i.3] in the case

Here the notation [a ]  means such an element o f  n4(SU (3): 2)

that q*  [a ]  a  E 7r; (S 5 : 2 )  for the projection q: SU(3)--.S 5 =SU(3)/
SU(2), and the notation 0 >  means such an element o f  n,(G2 : 2)

that p * o >= E 7 r,( S 8 : 2 )  for the projection p:
In order to prove this theorem we need the following results on

7r1 (S 6 : 2 ) and n4(SU (3 ): 2) ( [13] , [14] and [18] ) .

For simplicity we denote n1 (SU (3 ): 2)

(6.2)

1 2 3 4 5 6 7 8 9 10 11 12 13 14

7, 1+1 0 0 0 0 Z Z2 Z2 Z8 Z Z2 Z 4 Z 8 0 Z 2 Z 2 G Z 2 G Z 2

g en . 76 276 716. 06 At 13 14 Cr " , es , vg /he, 77667

U 3, 0 O Z O Z Z2 0 Z4 0 Z2 Z a Z i Z 2 Z4C)Z2

g en . i*c3 [26 5]  i*V [2 15)125 [1)527 ] [u !] [0 - 2 ]  i *&' [14]1)ii,

15 16 17 18 19

r?+2 Z8C)Z2 Z 8 0 Z 4 Z16 Z 2 Z 4 0 Z 2

g e n . v6O-2 , 176/62 ç s ,  p61)14 Acr13 Psa-suis c r " 0r13, 1)6144

Z 4 Z 4 0 3 Z 2 Z 2 0 Z 2 Z 2 C )Z 2 Z 4 0 Z 2

g e n . [2 1 5 ]o5 0 8 [212]Ç2 , [1.2214] [ 1, ]:41,[I.5178 6 9] i143, [1)5,78P91[ 0 - 1111) 0- 22, [P5M8j1)16
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20 21 22 23

7e,,
gen.

U 1
gen.

 

Z 4C )Z 2 Z 8 0 Z 2 0  Z  2 Z 2 ( )Z 2 0 Z 2 C )Z 2 Z 2 0 Z 2 C )Z 2

A60 - 15, 7I662 ASG, V64C9, 16 ,  776#70-
1 6  Ase.7723, 4'60 77, n6A7

 

Z 4C)Z 2 Z2 Z 2@ Z 2 Z 4 C )Z 2

[12W-] , i * P j .' o- 4i * T 6 '  ,  [ 2 1 5] 1 51C2 [24 5]4.' 54716, [ P5E8]

   

The exact sequence (6 . 1 ) induces an exact one:

(6. 3) 0 - -C o k e r . (d : 7r41 .--> 7r,(G,: 2)

P*

It follows from Proposition 4. 1

Proposition 6. 2.

GIS oz  = [24] .a f o r  ozE  r ,_1 (.5 5 )

Furthermore we will prove

Proposition 6. 3. F o r th e  hom om orPhism 7r we
have the f ollow ing table.

a = 716 i g VI p113V 0-" v6 6 6 P 77667 i66 v60-s

da i* v ' 0 [215 ]v5  [usn !] 25U  [O E M ] i* e ' i* e ' 2 [f lu i l  2 [0 ]v i i [215],50-8

a- - 376/6 76 96514 A,713 560-6616 0 - " 0 - 1 3  P 6 1 .4 4 px 86

d a = 0 [2t5 ] 5O  [ v E ] v i +  [561785s]i 6 3 [0-111]0-12 O [ p iv ]

a = 0 6 C F 1 5  7 1 6 8 7 A S O L6106 7161670-16 A S e n 2 3 4.60-17

da i*/1 /0 - 1 7 i*P/0 - 7 4 0 [265]v5x8 [265]v5#c8 0 0 1[2t 1 .5„ 5 0 - 16

P ro o f .  The cases a= V 6  1)60 - 6 7  C. 6  6!C9, C 6 0 17  are easily obtained by

Proposition 4. 1.

For the cases o = 6 , e , €8 , 126 we apply Corollary 4. 8.

H ( i 1 d728 ) 725 m od  H (72 )  = 0 ,  on the other hand H (w ) =  7 / 5  by

(5.3) o f  [14] . Hence 4 6 =  i v ' .  Similarly we have
H ( iV d e ,)  = 4 =  H (e 9 )  mod H( {77314, 723/24, i i } )  = 0  by Lemma 6. 6

o f  [18] , whence 4 4 =4 E '.

H(i;',J126) -=p5 -= H (/2 ')  mod H(713 s ,  b y  (7 .7 )  o f  [18] ,
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whence il,u6--- "i*,t/ mod i *  ( e o n +  V e6) = 0.
H (iV 44)=-- -- t 5 = H (t ')  mod H ( 3 7 , 3 2)41)71)1 5 1  )  = 0  by Lemma 5. 3,

whence jE6  =  .
H(iV AT4 ) = .-- Ti5 = H(T2') mod H(17,u60,5)  by Lem m a 12. 4 o f  [18] ,

whence zi7c6-- i * 7A' mod i * t1/4615= O.
For the cases a= p ; , o", pm  we use Proposition 4 .8 . B y  L em m a

5. 14 o f  [181 w e have 20."— S o". H ence we can apply Proposition
4.8  f o r  26"= Sam. W e  have 24a"=  ;  f

u t'2 * 1.724 ,

which contains i n i  / . / b y the definition o f /14 . B y (4. 4 )  i  A i4 2 * ,!I4

=  i* //3  , w hich is equal to 2 [a i n ] b y  (4 .1 )  o f  [14] . T hus w e have

obtained
J o "  [ a m ] m o d  2 [0-1 1 1 ] .

Similarly,
A 2 p in i* j s s i 2 *  { 7 2 4 , p l s / } i * j s 3 i 2 * T t 4  4 / 7 1 2

mod {24t', 47204613} =0 b y  ( i i )  o f  Lem m a 5. 3, w hence w e have
A p ui a.___ row,

] mod {2 [ply ,  since 47/3 . --2 [p l y ] mod i* -Z.

It follows from Proposition 4. 8 that

J1)(21= i* d e iz*  { 7 4  ,  2 c ,  1 } mod {i*721, ! +4433i2* -)2461/1} — 0

D 4433i2*e4 b y  (6 . 1 ) o f  [18]

w hich is equal to  4 e 3 = 2  [ I f ]  b y  (4 .  4 ) and (4 .  1 ) of [1 4 1 .  T h u s

Ji4=2 [ 21),,].

The cases a—pF , w n v 7) Le Lt6 , 6 7 7 , 6,-7 7  6  1 4  7  0- "_ , 6  1 . , 6E7 ,  6 ,  7  1 6  7  ,  6 -  1 5  and

are proved by making use of the relations of elements in  M

e  as follows (see §4 of [1 4 1 ).

z17A =  0 ,  s in c e  M = 0 .

4778e7= 41/4 =  i * esvn=  2 [1, 2] in UL.

414= .81(7201;7) = i*Vi).6= 2 [vn in U;.4.

4.1),= 4 E ',  s in c e  41),1= j(72 6, 7) + 0  im p lie s  S 6* 0 .

in M4.dv6/27= i*P',u6= 0

1* e'pi 3= 0, since 511 4 0  i n  M4.

( J o ' ' )  6 1 2
[ 6 1 1 1 ]  6 2 2 ,

726127
and

b y  the above.
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dv6144— 4 (VI3V14) V16 — O.

47i677=i3O1/6= 0, s in c e  v '6 =  0  in  U :231 •

1 7 70 7 6 1 6  =  (720 7 )6 1 5 =  O.

4/280 15=

s in c e  1,',.-a5 =  0  in M 3 .dv6117=411 ,726= 0,

Corollary 5. 3 says th at z1( A cis) [v54] This relation indicates that
4 ( A a n )=  [ +  [1 , 5 v8e9] , since p* (A ( A (1;3)) =1)5vaio vo8e9.

N ext w e w ill prove A (  a z,v6-92, 16, — -.*E3 •

Consider the exact sequence associated with the fibering

S U (4 ) /S U (3 )  . 3 7 : • • • —>

w h e re  Igf--- -- Z4= { [2c5] v5} { [v5e727] } , 7r78= Z 2 =  { 7 7 7 }  (see §4

o f  [ 1 4 ]  ) .  There we obtained already [2c5 ] v5 = 2 [v 5
,9727 ]  and 2[1,5 e

vi] 681)15 — • It follows that ;  (A*  . - 2'66 91)1 6 )  =  ( 4  4 1)8) 081'15 =  2 [ , 5ED,77] 08 1)15

and h e n c e  (1)5091)16 ) since i '*  i s  monomorphic.

For the cases a = C f ,  A SO w e app ly  Proposition 4. 2. B y  (iv)
o f Lemma 5. 3 w e have

4c'' . --_4{1)8,8c14,2014} mod {z1175,----

{dv6, 8ci3 , 2a13} b y  Proposition 3. 2

=  {i* e', 8cis , 2618}

D  i * {6', 8e 53 , 2 013}

where {e', 8c13 20.13} -=- ,e/8194 mod {1/(3, 723,a4) Hence 4C 'i= i,e/614

mod { i * e 'e n ,  i* e '513, — O.
It follows from Lemma 12. 11 o f  [1 8 ]  that

p* (  A S O )E p *J { A 013, Pis, 7221}

w h ich  is  a  subset o f  fb (A  A*— v ii, = veVses, 1111, 7220} • Here
w e have

{IA + 1 )5 7 7 8 4  , 1 )1 7  , 7/3 (M A  1)5e8) { 7716, V17 V20} mod {725/28015}

(V8 E 8 ) 1 4 9 by Lemma 5. 12 o f  [18]

= V IV ) 8146 b y  (7 . 1 3 ) o f  [18]
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21)5K8 by Lemma 10. 1 of [18]. .

Thus P 4 (  SO) -==-. 2p5 8 mod {)20 66,5} . Hence we obtain

d ( A SO) = [2e5 ] v5 Ar8 mod {i '}.

It follows from this relation that P.4( A se7223) =0 and hence 4( A sa
• 7223) 0, since P: M3.-->7r 3 is m onom orphic. Thus th e  proof is
completed. q .  e .  d.

The following lemma follows directly from the tab le (6. 2) and
Proposition 6. 3.

Lemma 6.4.
i) The homomorphisms e + i ---> M  are epimorphisms for 5<1
< 1 0  and i= 12, 13, 15, 20, 21, 22. For the o th e r values of i, 4 < 1
<24, w e have the follow ing table of the cokernel o f  4.

11 14 16 17 18 19

Coker-4
repr. o f gen.

Z, Z, Z, z, Z, Z.
<VD <I'D V11 < 2151) 8> <1.4> 1.4,1 <11672889> <11028/29> < V91)8> 1)18

 

23

Coker-4
repr. o f gen.

z,
<vsee>

  

ii) The homomorphisms 4:7r—q_1_1 are monomorphisms f o r i
6, 7, 10, 12, 13, 19, 21. For the other values of i, 4 < i< 2 4 , we have
the follow ing table of the k ernel of J.

8 9 11 14 15 16 17

Ker-j Z, Z, Z Z, z, z2ez2 z 2ED Z4
gen. 1)6 2 A C13 ±  6, (T)6 ± ee) '614 4097 796/1 7 72(2,P8, 1161114

18 20 22 23

Ker-4 Z8 Z2 Z 8 e  z, zEia Z2
gen. 2 A ern 1162114 C + P6615, 196e7 (  A SO +1, 6K9), vegraio
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We prove Theorem 6. 1 by dividing into three cases.

Case 1. 5 < i< 1 0 ,  i = 12, 13, 15, 20, 21 and 22.

For these values of i ,  it follows from  the exactness o f  (6. 3)

and i )  o f Lemma 6. 4 th a t n ,(G 2 :  2 )  is isom orphic to the kernel
of J: M _ . 1  under the projection homomorphism P .  Thus Theorem
6. 1 is established for these values of j by making use of i i )  of Lemma
5.2.

Case 2. i = 19.

For th is case, n i (G 2 :  2 )  is isom orphic to the cokernel o f  LI:.
M  under the injection homomorphism i .

Case 3. i =11, 14, 16, 17,18 and 23.

For these values of i ,  we must determine the extension (6. 3).

For the case i =11, th e  kernel o f  J: M o  is isomorphic to
Z , so the sequence obviously splits :

7r11 (G 2 :  2) — ZED = {<2 A an), ti,[1 g]) .

Consider the case i =14.S u p p o s e  i * 8 < ï ) 6 +  e 6 > ,  then
i* [v] 1'41-  8<2:,6 + 01)14— 0. This contradicts the fact that i *  [v?,.] vL +O.
So there are no relations between i *  [»!] and 06+ €6> , which im-
plies

n14 (G2 : 2) =Z8eZz = {06+ 4X i* [ 141 1)111 •

Consider the case i =16. O bviously the order o f  <77Dvso., i s  2.

We apply Corollary 4. 7 for the element 726 ,u7 . Then for an arbitrary
element 8  o f  { [24] , 720 6 ,  2 0 5 }  C  M o , there exists an element <726/0  in
7r18 (G2 : 2 ) such that P * ()2027)=7/ 6127 a n d  48= 2(726,a,>. On the other
hand we have that p* {[2,5],720 8, 2 0  i s  a  subset o f  {p* [24 ],
2c15} {24, U 6 ,  2ci , }  which contains 4C5 . Th is  m eans that the se-
condary composition { [2c], 6, 2c,,} contains 2 [24]C, . But 2 [24]

is already known to be zero in 746 (G 2 : 2). So <726P7> is  o f  order 2,

whence

n i , (G , :  2) =Z,E)Z2EDZ2= {<72D728 19, <776/27>, i* [1)5fd8]) .
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As we have the relation 2r, 1.)- 6- 14 =  2)6 V 9  w hich  is a  suspension ele-
ment, we may apply Corollary 4 . 7  fo r 21-)0114 . Corollary 4 . 7  says
that for an arbitrary element ô in  { [24] , v, , 2c} , there ex ists an
element <1)6P9> 2 < ) 361/2.4> such that p.0)6,- -)9> =2D-2 6114 and 48=2<v s f,,>—

406v14>. As the secondary composition {2c,, 1,,T),, 2c, 6 } is equal to
v51)87716=  v , so  w e have { [Zed 2c16} =  [vs'] ii and hence i [] 141
4 0 0 , 4>. Thus

7717 ( G 2  2)--=Z8EDZ2— {<1)6144>, <72 26>/28}.

Consider the case i = 18. Since the relation 8 A  =  v o 9 = S( v 5 /28)

holds, we can apply Corollary 4. 7 for this element. For an arbitrary
element ô of { [2e5] , ),)5/18, 2c17} there exists an element <v6,u9> En i s(G s : 2)

such that p.0)09> = p6/19= 8 A ai s and io =2 <v o s>= 8<2 A €13>du. Since
{2c5 , v5 8, 2r17} v1 -0 7 0 9  mod 27r3.8(S') by C orollary 3 . 7  o f  [18 ] , we
ob ta in  { [2c 51 , v5//8 , 2c17} [ 5 8 / 1 g ] . T h i s  im p lies that the order of

<2 (13>011 is  16 , and hence

: 2 ) Z36 = {<2 A cia>an}

an d  i* [1, 5-0/29]--=- 8<2 A cia>an mod 7v18 (G 2 : 3).

Obviously <v6,-e7>d16 i s  o f order 2. But we cannot determine
the order of < A SO+ voKg>. In any way

n23 (G2 2) .-- - Z211 )Z 2 0 )Z 2  o r  zez. q. e. d.

§7. Homotopy groups of the octonionic
projective plane H.

As is w ell know n the homogeneous space F 4/ S p in (9 ) i s  the
octonionic projective plane H. I t  h a s  a cell structure S8 U e" in which
e "  is attached to S 8 b y  the Hopf-m ap hs : S 1 5 --->S 8.

Let a  be a base point of H .  W e set { f:  I-- >11 ; f (0) =a,
f (1 )  E i l l  with a compact-open topology. Then we have a fibering :

(7.1)S 2 1 1 - - >  E T, , 17 .

Obviously E l l ,„ is contractible. W e  w ill c a lcu la te  H * (.911) by
making use of the spectral sequence {E,1̀ } associated w ith (7. 1).
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We have E: = H* (11)0 H* ( fi l l)

Z [x 8] / (4)0 H* (s217)

First there m u st exist a n  element y T E 11 7 (s2H) such that c/8 ( 1 0 y 7)

=  x 8 0 1 , since El` is t r iv ia l .  T h e  element 4 0  y ,  is  co cyc le , since
d8 (4 0  y 7) 0. So x f

2,0 y 7 m u s t  be killed by a  c e r ta in  element, say,

31.22E H22 (s277) ; namely d 1 6 ( 1 0 Y 2 2 )  4 0 3 / 7 .  T h e  third element which

will appear in  H*(12/7) to kill 4 0 ) / 7 3 / 2 2  is  of d im ension 44.

Thus we obtain

(7. 2) H* (S217)=-  A( y „ y 22) f o r  d im .< 44.

It follows from (7 . 2 )  that

(7. 3) r ,41(11 )=- - (S 2n) (S 7) f o r  i 20.

Consider th e  e x a c t sequence o f  th e  p a ir  (if, S 8 ) :
i * 0

•• • (H ) L* n,(17, S 8) - - * i (S 8 ) — > • • • .

B y B lak ers-M assey  theorem (or Theorem 1 . 4  o f  [1 0 ]  )  w e have
the com m utative diagram for i< 2 2 :

a
n i (11, .38) —

1-= - 5 -1 ï hs*
ni (5

1 6

)     ni_i(S18) .

First we show  that j *  : 7r22(11)--->n22(1/, .3 8)  is t r iv ia l .  F o r , h8*S - 1 (146)
=0.8245 is  n o n - tr iv ia l fo r  a  generator 146 o f  7 c 8 2 ( S " ) =- Z2=---- - n 22 (/ / , S 8 ) .

Thus we have  the  exac t sequence:
a i* *

• • —  7r24(17 S8) ---* 7r23 (S 8) - - - - *7r23 (11) — >n28(11, S 8)
a i*

— 7r21 (S 8 ) -7r22 (11) 0.

L et E E n 1 0 (11, S 8 )  be a  characteristic m a p , whence a z  is repre-
sented by hs a n d  it belongs to ni5(.38) --- ZEDZI20. Then it follows
from Theorem 1 . 4  o f  [1 0 ]  that

n23 (1 1 , .98) = --- .E*7r23 (CS", S") ED{ [43 , X]} .

We have  aE * 7,23(cs", s") = 40 .22(S")'= ,- Z240. According to the  for-
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m ula due to Barcus-Barratt (Corollary 7. 4 o f  [I] )  we have

(7. 4) 8 [ s , E l =  [es , { IN} ]

=  (2 a s — [ [c8 , e s ] ,  Cs] S H ( {118 } )

=  2ós — [ [Cs, c s ] ,  cs] ,

where [ [Cs, Cs], Cs ]  i s  non-trivial and belongs to  ,S7r21 (S 7 : 3) =--- Z3 b y
Corollary 2. 4 o f  [9 ]  .

Thus „ (I I  , S 8 ) =  z.oe Z24 and hence

c22(11) Z4 = {K7} •

Let S27 b e  a  cell complex S 7 Ue 2 2 w ith  an attaching map a E

1r21 ( S 7 )  such that there exists a map g: .Q7 —>S211 and

(7. 5) g * :  , (9 7 ) (217) f o r i<27.

•We should investigate the attaching map a  E  7r2 i (SO .

It is easily seen that there is an exact sequence associated with
427 for i< 2 7 : (4 ( 22 =  a)

(7. 6) •••—. TC, (S7 ) -- )•  Tr, (D 7 ) — *Tr, ( S 2 2 ) TC, _1 ( S 7 ) • ' •

Consider the following commutative diagram:

22(Q7)c  22 ( S 2 2 ) — >  7c 21( S 7 ) 21 (Q) ---> 0

7r22 (S27, S
7 )

7r22 (S2/7)

---> rr 2 2 (S217)

— > n 2 3 (17)

7r22 (s2f f , so
7r22 (S2/1, S25 8 )

n 23 (/ 1, S 5 )

7c21(S7 )  — >  7 72 3 (9 1 1 ) --->0
1i* II

- ->  7 r 1 (Q S ) — > 7c2 1 ( 0 1 )

772 2 (S 8 ) 7722(11)

where i: (DU, (sal, 95 5 )  i s  a  natural injection and the third
vertical homomorphism 7r21(5 7 )---.-7r22(S 8 )  i s  a suspension S.

The fa c t th a t i r 7 Z— 7,  -  ( 1 )–  = —  4  ind icates {4c2 2 } =- Z24 since

Ira  (S 7 ) ---= 2 .24EDZ, • It follows from (7 . 4 ) and the commutativity of

the diagram that

(7. 7)4 C 2 2 = CV = 1 0-54+  [[Cs, Cs] , Cs] .



i< 7  8 9  1 0  1 1  1 2  1 3  1 4  1 5 16

0 Z  z .  Z .  Z24 0  0  Z 2  Z 1 2 0 z2ezez
17 18 19 2 0  2 1  2 2 23

ZED Z29Z2EB Z2 Z24ED Z2 Z504(1)Z2 0  Z O  Z4 Z(DZ120EDZ2EDZ2
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Thus we have shown

Proposition 7. 1. For i<27, we have the isomorphisms

( j  ) n i+ i (11 . : 2) -="7r ,(121I: 2) =- - 7r , (S 7 Lje 2 2 : 2)
ecri,

n i + 1 (11: 3) (1211 : 3) = - 7. r Ue": 3)

( iii) P).-="-It1(S7 X  S 2 2 : P)
P * 2 , 3, w here  a' = ([[cs , C l ] , (81) E  7r21 (S 7  :  3).

Finally we determine 7r23(11). We have the exact sequence:

• • • (S 2 2 )  - - r 2 2 (ST) - - 8 Tc22 (127)

w here 7r23(S 22) Z2 -  { 722 2 }, n 22 (S 7 )= Z 120eZ 2 E D Z 2E D Z 2  and the gene-

rato rs o f 7r2 2 (S 7 : 2) = ,P" ( 1 6 1 4 ,  er) • B y  (7 . 7 ) we have

J7222 = cf'd147721

=  d f P14 a f ept by Lemma 6. 4 o f  [18] .
Hence

n23( 1 1 ) - 7 r22(127) - Z e Z 2 0 E B Z 2 e Z 2 .

Thus we have shown

Theorem 7. 2. The homotopy groups of the octonionic pro-
jective plane for i < 2 3  are stated as follows:

f o r  any  primes

§ 8 .  The 2-primary components o f  7r,(F4).

In th is section we compute 7r, (F4 : 2 ) by making use of the exact
sequence associated with a homogeneous space F4/G2 :

(8.2)•  •  • — > r c ,  (G2) — (F4) - - - >n,(F4/G2) - - >n1_1(G2) — >••••

It follows from Theorem 2. 1 that
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H* (F4/ G 2 ;  Z  =--".4(x1 5 ,Sq 8 x15 ) .

Hence, by th e  S e rre 's  C -th eo ry  [1 3 ] th e  2-primary components of
,(F4/ G2) are isomorphic to it, (X15 :  2 ) ,  which are already computed

in  §5  to some extent.
Thus (8 . 1 ) is reduced to the following

(8. 1) ' • • • , (G2: 2) 7C1(F4: 2 ) 
I
A 7 r, (X ,5: 2 ) 1 (G 2 : 2)

A s ni (X,,,) =0 fo r  i < 1 4 , it follows directly

(8. 2) ni (G2: 2) (F4: 2 )  f o r  i <1 3 .

Moreover, a s  to  th e  so-called boundary hom om orphism  d, we
have the relation

(8.3)d e 2 2 =  < P 6 +  so> + ai* M v i i  w h e re  a=0  O r  1,

since 7r24(F4: 2)--==- Z2 by Lemma 5. 5.

By making use of (8 . 3 ) one m ay easily show that A: 7r1(X15:
2) —.7ri(G2 : 2 )  i s  a  monomorphism fo r  i + 1 4 ,  i< 2 1  and th at the
kernel of d  is isomorphic to Z  for i= 14. Hence we obtain

(8. 4) n, (F4: 2) -- - - C o k e rn e l o f  d: 7r, + 1(X15)--->n1 (G 2 :  2)

f o r  i + 1 5 , i< 2 2 .

The easy calculations show th at th e  cokernel o f  d:

n 1 (G 2 : 2 )  are as follows.

(8. 5)

1 4  1 5 16 1 7  1 8  1 9  2 0  2 1  2 2  2 3

Z 2  o zeZ2 Z 2  Z 1 6  Z 2  0  0 G

where G-- -= - Z 4 o r  Z2EBZ2. It follows that 7r2 2 ( F 4 : 2) =Z .
Next consider the case i 22 :

.61:n23 ( X 1 5  2) -->n2, (G2 : 2),

where 71.23(X15: Z2 —  { <1
6c23>, e n }  and 7r2 2 (G 2 : 2) --_,:z8ED Z 2  {<cf

+ <v8i2>) . Obviously e 1 5  =  < since 4=728 -E7 in  7r22 (..56 : 2).
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Let X14 be a cell complex S"U e "  with an attaching map 0.14E

n 2 1 (S " : 2 ), a generator. Then SX14— X] ,. Let g  be a  map repre-

senting an element )7,6 + 4  in  n1 4 ( S 8 : 2 ) • Then g  may be extended
to X " , since ( v 6 + 4 )0 6 , 4 = 0  by Lemma 10.7  o f  [18] . We denote
by g th is extension of g , g:

Let p  be the projection map in the fibering G2 / S  U(3) = S°. Then
we have a commutative diagram.

n 2 2  ( X 1 4  2 )  --- - > 7r23 ( X 1 5  2 )

ik*
P*

7r22(S6:
,r, 

:

16e2:2-t

The element <16e2 3 > may be considered as a coextension: S"—>S

of 16e2 2 . Hence S- 1 <16t2 3 > is also a coextension: S"—.S
I

14 U  e 2 2  o f '5

Thus the element P*4(<1 6 e23)) —g*S- 1 (<16c23>) forms a  secondary
composition {1)-8-Feo, 614, 16e,} by Proposition 1. 7 o f  [18] . By apply-
in g  the Hopf homomorphism H  for this secondary composition we
have

H {D 6 eg  614 16 C21} c  {H ( +  en), 614, 1 6en}

— 16c31} b y  L em m a 6. 1 o f  [18] ,

which contains xCii for an odd integer x  mod 8G21. Thus the order
of { --1 s,, ô ,  16e21} , and hence that of d(<16e23>), is  8. This implies
that d: 7r23(X15) — .7r22(G2: 2 ) is  epimorphic. Therefore we obtain

n 2 2  ( F 4  2 )  O.
We have

Theorem
23.

shown

8. 1.

1 2

T he 2—primary components of n1 (F4 )  f or

3 4 5 6 7 8 9 10 11 12

ni(F4: 2) 0 O Z O 0 0 0 Z 2 Z2 0 ZED Z2 0

13 14 15 16 17 18 19 20 21 22 23

ni (F 4 : 2) 0 Z2 Z Z2 ED Z2 Z2 Z16 Z O 0 G



172 M am oru Mimura

where G Z 4 o r Z23Z2•

§ 9 . H o m o to p y  groups o f sp in o r  groups.

As to th e  s p in o r  groups of low rank, there exist homeomor-

ph ism s as follows:

Spin (3) = sp (1) =s U(2) =

Spin (4) = SPin (3) x x S8 ,

Spin (5) = sp (2) ,

Spin(6) = SU(4),

Spin (8) = Spin (7) x

Thus 7r,(SPin(k)), k < 6 ,  are  obtained from th e  known results in
[1 3 ] , [1 4 ,]  [1 8 ] for j< 2 3 .

In  this section we calculate 7r;  (SPin ( 7 ) ) ,  which also gives
7r,(SPin ( 8 ) ) ,  and ni (SPin ( 9 ) )  for j< 2 3 .

Let p  be odd  prim e fo r the m om ent. T hen , according to
Harris [5 1 ,  we have the isomorphisms :

(9.1)7 r 5 ( S p i n ( 2 n + 1 ) : p )  fo r  a l l  j.

Hence 7r,(SPin(7): p )  and  7r,(SPin (9) : p )  a re  given by the
known results of ni (SP(3): p) and ni (SP(4): p) for j< 2 3  [ 1 5 ] .

So we compute 2-components of these groups.
(I) ni (Spin(7): 2).

Consider first the fibration Spin (7) / G2 = S 7 . T h e  characteristic
class of this fibration belongs to r 0 (G 2 )  which is isomorphic to Zs.

Therefore by Corollary 4. 5  we have

Proposition 9. 1. For each Prim e p*3,

n3(sPin(7): P )=- - ni(Gz: P)ED7r,(S 7 : p).

Thus ni (SPin ( 7 ) )  will be obtained from th e  known results;
Theorem 6. 1, [15] , [18] .

For later use we list their 2-primary components and their gener-
ators. (For simplicity we om it the homomorphisms i , t h e  inclu-
sion one, and x,,„ the cross-section one of 2-components.)
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(9 . 2 ) 7r6(SPin(7): 2)

i1 2 3 4 5 6 7 8 9 10 11 12

0 0 Z 0 0 0 Z Z2C)Z2 Z Z O Z 2 Z8 Z O Z Z 0

gen. 4:1,813 17 ,77, < 77> f i, <Vti> 778 Y7 < 2A 13> , 4[143

13 14 15

Z2 Z 2 0 Z 2 0 Z 2 Z2OZ2C)Z2C0- Z2
gen. 1T2, <7.4 + S s > ,  1*_24]vii 1, 7, 57, <06+56>7714

16 17

Z2C)Z2C)Z2C)Z2C)Z29Z2C)Z2 Z2C)Z2C)Z2C)Z2
gen. 0- ' 7 7?4,14, 14 7, 7 1768, <ni>7180-9, <f6A7>, i*[1, 51;8] 1,70-16, 717/68, <V61 8 14,> , < 7 7fi> 1 1 8

18 19 20 21

Z 8 e Z 2 0 Z 1 6 Z 2 Z2 Z2 Z 8 G Z 4

gen. C7 9  1. 71, 15, < 2 A t1 3 > C r l1 1*[V58:1)26 1120-101)17, < 1 ' 0 1 4 > I27

 

22 23

gen.
ZwOZ2C)Z2CIZBEBZ2C)Z2 Z2(:)Z2C)Z2C)Z2 Z2C)G

P", e v 1 4 , 0 - '5 1 4 , 5 7 , < C '  + 1 6 60- 15> , < 7 1 6 6 7 > 0-'11,14, S e ' , 1670- 16 71768, <7761.4 7> 0 16

  

where G--= , Z4= {< A SO+1)8K9>} or ---=-- - ZEDZ2={<41.50+1)6K9›,i,i,v5t8}.

(II) 7r ) (S p in  (9 )  :  2 )

Consider the well known f ib r a t io n  S p in (9 )1 S P in (7 )=S " . The

characteristic class delis of this f ib r a t io n  belongs to n24(SPin( 7 ) )•
Thus, if on e  restricts it to the 2-primary components, it is

written as follows (c f. (9 . 2 ) )

(9 . 3 ) dc =  x< +6> +yo.' + z i * [24]vn,

where x , y , z  are integers.

In order to study the integers x  and y, we consider the exact
sequence associated with Spin (9)/Spin (7 )  =  S ":

i*
Irm(SPin (7) : 2) ---> 7r 21 (Spin (9 )  :  2 )  — >n izi

- - 7r2o(SPin(7): 2) •-,
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where 7r2 1(S Pin(7): 2) Z8EDZ4= {cr'd14, r  7r (S Pin(7): 2 ) =- Z2eZ2 =--7,1 , - 20

{V76 10, 17, < 1101 ,21>} 7 r 2 2 - Z 8  { 1 1 1 0 }  and 7r -- Z 2 =  {v 5}. It 'fo llow s from
( 9 .  3 )  that da15=Ycr'cr14 and 445= x<v6vi4>+Yv7criovi7 and hence

0—> Z(s.y)EDZ4-7r,(SPin (9) : 2) --->Z(„,2) —>0.

Here (a, b, c), (d, e )  are G. C. M  of a, b  and c , or d and e  respec-
t iv e ly . Note that Z 4  is generated by  i .

Next consider the exact sequence associated with a  fib ra tion

F,/ SPin (9 ) =II:

— rz2(i7 : 2) --) -7 r .(S P in  (9) : 2) —>7r2, (F4: 2) —.7r 2,(7/ : 2)

I f  we take a map f  in the proof o f Lemma 5 .  5 ,  the above zt
is equivalent to the hom om orphism  f .

22(11: L )  — " I t o  (SPin (9) : 2 )

And a generator K T  o f  7r22(//: 2)-- - --Z 4  is m apped  by it to  K 7  o f n21
(SPin (9 ) :  2 ).

Thus 7r21(F4: 2) h a s  (8, y) (x, y, 2 )  elem ents at least. On the
other hand, according to Theorem 8. 1 77 21 (F 4 :  2 )  = 0 ,  which implies
(8, y) (x, y, 2 )  =  1 .  Hence y must be odd.

If one supposes x  even, the c o k e rn e l o f zl: 7r12—.7r20(SPin(7):

i s  Z2= {<Tiovi4>} , and hence we obtain 7r20(SPin (9) : 2) —=Z2 = {06144>} -
Then the kernel of 7r21(/7: 2 ) - - -.7 r2 o (S P in (9 ))  is  Z 2 and hence 7r21(F4:

This is also  a contradiction. Thus we have shown

Proposition 9. 2. The characteristic  class of  S p in (9 )/S p in
(7) = 5 1 5 is de n = x 0 o + e ,>+ +z i* N iv i i ,  w here x  and y are odd
integers.

Now we compute 7r1 (S P in (9 ) :  2 )  by making use of the follow-
ing exact sequence:
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• • • — . i t ;  (Spin (7) : 2) --->n,(SPin (9) : 2) —>x j (S " : 2) • • • .

Since n AS") = 0  for j< 1 5 , we obtain
(9.4) n1 (Sp in (7 ))= -7 r,(Sp in (9 )) f o r  j<13.

Furthermore it follows from Proposition 9. 2 and (9. 2) that J:nr+i— >
ir,(S Pin(7): 2 ) is  monomorphic for 1 5 < i< 2 3  and the kernel o f  j

•for i =14 is isomorphic to Z.
Hence we have

ni (SPin (9 ): 2 )=-- --
ZEDCoker. d(: 7r 1;5,-1- - ->n5(Spin(7): 2)) fo r  j = 15

Coker. d(:7r 1;5,-4- -->n1(Spin(7): 2))
otherwise fo r  j<23 .

The cokernel of LI are easily obtained and their results are as follows.

14 15 16 17 18 19 2 0  2 1

zez (z)3 czy z8ecz2)2 zi6ezsez Z 2  Z 2  Z4

22 23

(z0203,(z2)2 Ge(zo 2

where (Z ,)k  denotes the direct sum of k-copies of Z ,  and G is same
as in  Theorem 7. 1.

Kyoto University.
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