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I. In tro d u c tio n .

Given a polynom ial ring R  over a  f ie ld , w e  a r e  interested in  p r im e  ideals
.pc R  having th e  following property :
(A)

p = p ( f l )
 f o r  every positive integer n , where p(n) denotes t h e  n-th  symbolic

power of p, i. e. th e  p-primary component o f pn.
In  [5 , Theorem 1], Hochster proved that (A ) is equivalent to each o f  th e

following properties :

(B) gr,,(R ):= pn/pn-" ,  th e  associated graded r in g  o f  R  w ith  re sp ec t to  p,
n=0

is a domain.
(C )  T he  Rees r in g  R [T , pT - 1 ] ,  th e  subring o f  RN', T - ' ]  generated over R  by
th e  indeterminate T  an d  th e  elements aT - '  w ith  a Ep, is a  unique factorization
domain.

O n the other hand, Samuel had conjectured that a unique factorization domain
is a Cohen-M acaulay ring. Thus, it may be possible that (A ) o r (B ) implies the
Cohen-Macaulay property o f  gr,,(R ) because, by [6 , Theorem 4.11], th e  Cohen-
Macaulay property of g r ( R )  is equivalent to the Cohen-M acaulay property of
R[T, 1.17— '] .  I f  w e have a  p r im e  ideal p c R  with (A ) then we can construct
either a Cohen-Macaulay graded domain o r  a  counter-example to Samuel's con-
jecture.

Until now, beside some solitary examples, only two classes of prim e ideals
p with (A) in polynomial rings over a field have been known :
1) p is a  complete intersection prime (see, e. g., [5, (2.1)]).
2) p is generated by th e  r x r minors o f  a n  r X s  matrix o f  indetorminates, r s
(see [5, (2.2)], [14] o r  [2]).

By all known prim e ideals p with (A )  g r„(R ) is  a lw ays a  Choen-Macaulay
d o m a in . N o te  th a t Nagata had raised the question of whether th e  zero-graded
p a rt o f  a  positively graded Cohen-Macaulay ring i s  a Cohen-M acaulay ring [10,
Q uestion 3]. So  o n e  might also expect that (A )  implies th e  Cohen-Macaulay
property o f R/p, th e  zero-graded p a r t  o f  g rp (R ) . B u t, lik e  N agata's question
which was negatively answered i n  [1 0 ], that is not t r u e .  T h e  first counter-
example fo r that was shown by Hochster [5, (2.3)], and  an  another can be found
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i n  [13]. However, i n  these two examples, using [12, Lemma, p. 7401, one can
easily see that the  local ring  of RIp at th e  origin is a  Buchsbaum ring. Here
we have to emphasize that th e  Buchsbaum rings generalize the Cohen-Macaulay
r in g s  in  a  quite natural w a y .  (See [11] o r  [12] fo r definition and further in-
formations ; notice that in  [11] one used th e  term o f  /-rings instead of Buchs-
baum rings.)

Recall that a n  ideal a c R  is perfect (i. e. dhR R/a=grade a )  i f  a n d  only if
R/a is a Cohen-M acaulay ring. We will give, in  every polynomial ring k [X ] of
2r+2 indeterminates over a n  arbitrary field, r 2 ,  a n  imperfect homogeneous
prim e  ideal P  of d im ension  r+ 2  having th e  equality o f ordinary and symbolic
powers such that g rp (k [X ]) is a Cohen-Macaulay domain a n d  k [X ] ( x ) / ( P )  is  a
non-Buchsbaum r in g  o f depth 3.

2. Statements ab o u t P.

L et X = {x i i ; i=1, 2 a n d  j=1, ••• , r}U {x 1 ,  x ,}  be a  s e t  o f  indeterminates.
Let

p i 5 =x .x2 5  x 1 5 x 2 1

f o r  a l l  i, j=1, ••• , r. We define P  to  b e  th e  ideal in  k [X ] generated by all
elements po  a n d  go . P  has th e  following geometrical meaning :

Proposition 1. L et u  be an indeterm inate. L et Q  b e  th e  id e al in  k [X , u]
generated by  the 2x2  m inors of  the matrix

(

X l l ' • '  X .  X 1  U

X 2 1  • -  X 2 r  It X 2  )

Then Q  is a prim e ideal and P  is  the defining prim e ideal o f  th e  projection of
th e  algebraic v ariety  i n  k " " X  k  determ ined by  Q  o n  the f irst f actor (i.e . Q
n k [X ]= P ; see [7, Chap. IV, § 2]).

L et A  denote the  loca l ring  k [X ] ( x )  a n d  m its  m axim al ideal. Let H ( M )
denote th e  i-th local cohomology group o f  a  finitely generated A-module M . Let
X , and X , denote th e  s e ts  {x 11 , « ,  x 1,} a n d  {x21, ••• , x27-}, respectively. Then,
considering the  ring  struc tu re  o f Al(P) we obtain

Proposition 2. M,(Al(P))=0 f or i 3 , r+2 , and 1-P (A l(P ))=- '11(11/(Xl, X2)).

Since 1-g,(AI(X i , X 2)) is isomorphic to the injective hull o f  k  over k [[x i , x ,]]
([3, p. 67]), which is not a  vector space over k , A l(P ) is not a  Buchsbaum ring
by [12, Corollary 1.1]. Moreover, by [3, Corollary 3.10], from Proposition 2  we
also get depth A l(P)=3.

L e t Y= {y o  ; l i < j r }  and  Z = { z o  ; be s e ts  o f  indeterminates.
L et y i i =0, y i i =— y o , and  zi i = z o  f o r  all i=1, ••• , r  and i < j r .  Let
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a X1t i jY

b11=x2iY  fi — x2J.Y id- x21yi;

d i f i m -= y j l Z i m

gif i=x 2iZ ji — X 2 X 1 1 Y i i

241

hiji m = z X1X2YIm Y j j

for all i,
 j ,  1 , m =1, ••• , r. Let I  denote th e  ideal in  k [X , Y ,  Z ]  generated by

all elements p i „  qi j , b111, C z j I m ,  C
1

2,11 m ,  f i 3 i ,  g i j j , h „ i m .  Using the same tech-
nique employed in  [ 4 ] ,  w e can  show th at I  is  a  perfect prime ideal. T h u s
we get :

Proposition 3. g rp (k [X ]).; k [X ,  Y ,  Z ]I I  and i t  i s  a Gorenstein domain.

As we already mentioned at the beginning of § 1 , the fact that Pn-=/=") for
every positive integer n  is only a  consequence of Proposition 3.

3. Proofs of the Propositions.

Pro o f  of Proposition 1. Let v  be a  new indeterminate. L e t Q1
ideal in  k [X , u , v ] generated by the 2x2 minors of the matrix

(X 11 X i r  X 1  U

X21 X 2 r  V  X 2  ) •

denote the

By [4 , Theorem 1], Q 1 is  a prime ideal w ith  ht Q 1 = r + 1 .  L e t Q 2  denote the
ideal (Q1, u—v, x 1 —x 2 , • - •  x 1 2 —x 2 1 ). T h e n  k [X , u , v ]/Q 2  is isomor-
phic to the coordinate ring of the Veronese variety 172,r+i ; see [1 ,  §  4 ] .  Hence
Q 2  is a prime ideal and

ht Q 2 =dim k [X , u , v ]— dim  V2, r+2

=2(r+2)-2=2i'+2.

Since Q I , Q 2  a re  homogeneous prime ideals with ht Q2/Q1=ht Q2 - h t  Q1 = r+ 1
and QI/QI is generated by the r+ 1  elements u—v, x i — x 2 r , •-• , x12 —

x 21 ,  we can conclude that QiC(Qi, u u—v, x 1 —x 2 )E • • • C Q 2 is  a  chain
o f prime ideals. From this it follows especially that k [X , u , v ] / ( Q 1 ,  u — v )  i s  a
domain of dimension r + 2 .  But k [X , u , v ]I(Q 1 ,  u — v ) =.k [X , u ]/Q . Hence Q  is
a prime ideal with

ht Q=dim k [X , u]— dim  k [X , u , v ]I(Q 1 , u— v)

= 2r+3— (r+2)= r+ 1.

As a consequence of this, ht Q n k [ X ] r .  Further, it can be easily checked that
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P Q n k [ X ] .  Thus, to prove Q n k [X ]=-P it suffices to show  th a t  P  is  a prime
ideal w ith ht P = r .  F or th a t  w e  have the following relations :

X

X1 X  2 f i l i  •

From  these relations w e  se e  th a t Pk[X , xT i t ] can be generated by th e  elements
P12> y P D . /  q n .  O n  th e  o th e r  hand , eliminating x 22 , • •• , x21., x 2 b y  th e  help of
these  e lem en ts w e  a lso  see  tha t k[X , x11(1)12, ••• , 2 1 ,  -  1 ,  / L •

Hence, Pk [X , x ï i i ] m ust be  a prim e ideal o f  h e ig h t r  an d  x ,  is  no t a zerodivisor
o n  Pk [X , x T f ]. L et P ' denote the inverse im age of Pk[X , xT i i ] in  k [X l .  Then
P '  is  a ls o  a  p r im e  id e a l w ith  h t P '= r  and  x 2 is  n o t  a zerodivisor on P', i. e.
P' : x 2 = P ' .  F u rth e r , s in ce  x r i P 'g  P  fo r som e la rg e  n , P'Ç (P, x 2 ): x ri . Note
t h a t  (P, x 2 ) h a s  t h e  prim ary decom position (P, x 2 , (X2) 2 )n (P , x l, x 2 ) , where
(P, x 2 , (X 2 )2 ) i s  a  ( X 2 ,  x 2)-prim ary ideal a n d  (P, x i , x 2 ) i s  a  p r im e  ideal ([4,
Theorem 1]), and th a t  x i i  i s  n o t  a zerodivisor on (X 2 , x 2 ) a n d  (P, x i , x 2 ). So
(P, x 2 ) : x r i -=(P, x 2 ). H ence, P'_Z(P, x 2 )  o r  P '=P d  x 2 (P ' : x 2 )=P+x 2 P '. Now,
applying Nakayam a's lem m a we get P '= P ,  w hich shows th a t  P  is  a prime ideal
w ith  h t P = r .  T h e  proof for Proposition 1 is completed.

To prove Proposition 2 and Proposition 3 w e  p rep a re  so m e  lem m as. L e t R
b e  a n  a rb itra ry  loca l ring  w ith  the m axim al ideal LI. Then we have two well-
known lemmas about Cohen-Macaulay R-modules :

L e m m a  4 . A  f initely  generated R -m odule M  is Cohen-Macaulay i f  and only
i f  I--fl(M )=0 fo r  all i=0 , , dim M -1 .

P ro o f . It follows immediately from [3, Corollary 3.1011.

L e m m a  5 . Let 0—, ./W—, M—M"— , 0  be an exact sequence of f initely  generated
R -m odules. T hen

(i) M '  is Cohen-M acaulay  i f  M , M " a re  Cohen-M acaulay  w ith dim M"
dim  M -1.

(ii) M  is Cohen-Macaulay if M ', M " are Cohen-Macaulay w ith dim M"=dim M.

P ro o f . Notice that dim  M = max {dim M', dim M"} by [8, (12.D) and (12.H)].
T h e n  w e  e a s ily  g e t  th e  statements o f Lemma 5 from Lemma 4 by considering
the local cohomology sequence

• • • Hcf - 1 (NI") 11(M ') (Ai) H,f(M")

T he  following lemma will play an im portant role in the proofs of Proposition
2 and Proposition  3 :

L e m m a  6 . Let P ;  denote the ideal (P, x i i , x 2 5 ) in A, j=1 , • • •  ,  r.  T hen PA P)
is  a Cohen-Macaulay A-module of dimension r + 2.
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Proof. B y permutation it suffices to show Lemma 6 fo r j = r .  If  r=1, P i/(P )
= (x „ , x 2 1 )1(q 1 1 )  and  the  statement follows immediately from Lemma 5(i) by con-
sidering the  exac t sequence

0 (x11, x21)/(411) --> A/(911) --> A/(xi i , x 2 1 ) ---> O.

Let r > 1 .  Note that (P, x11)1(P)-- 41((P ): x 1 1 )= A 1 (P ) and (Pr, x ii)IP r -= Al(Pr: x11)
= A 1 P r . We construct th e  following commutative diagram :

\it

0 0

\if

0

00 Pr/(P) P in P r I (P )
\it

P i l (P )0 A l(P ) x11) o,

\if
0 x21)1 Pr —> (P r, xn , x21)I(Pr, x11) 0A lP r (Pr, x11,

where a  is induced by the m ultiplication w ith  x „  a n d  E  denotes the module
Pirl(Pr, x1 1 )/ (P ,

 x 1 1 ) .  I t  c a n  b e  e a s ily  s e e n  th a t X 1 1 /  X 2 1 / (P ,  X 1 1 )  X 2 1

and  that
(Pr , x11)—(Pr, x11, x21)(1(X1, xl, x2r)n(Xi, XL ,  X 2 2 , X 2r)

(P, x11)—(P, x i i ,  x 2 1 )n (X 1 , x i ) n ( x i ,  4 „  x 2 2 , ,  X 2r)

hence
(Pr, x 1 1): X21 - ( X i ,  X 1 ,  x 2 r)n (X i, X 2 )

(P ,  x „ ):  X 2 1 - ( X 1 ,  X  i ) n ( x i , x2)

therefore E-='(Xi , xl, x2r)n(Xi, X2)/(X1, xi)n(Xi, X2) A/((X1, xi)n(Xi, X2)) : x2r
= A 1 (X 1 , X 2 ) ,  w h ich  is  a Cohen-M acaulay module of dimension r + 1 .  Further,
b y  induction w e m ay  a lso  assum e th a t (Pr ,  x11, X21)/Pr i s  a Cohen-Macaulay
m odule of dim ension r + 1 .  Thus, applying Lemma 4 to E  and  (Pr ,  x11, x21)/Pr,
w e get th e  following commutative diagram :

fir,-- ' ( (P r , x11, x21)1 Pr)--=0

0=1-P ( E ) — > .  I n (P r I (P ) ) 11 !,(P inP rl(P ))

13'

Iff„ (A l(P )) 1 1 ,(P/ (P ))
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fo r a ll i=-0, • •• , r+1. T h is  diagram shows th a t  a i  a n d  p i  a r e  in je c t iv e  f o r  all
i = 0 , •••, r+ 1. Now we consider the commutative diagram :

Ini(PrI(P))
Pi

ill

ai > In ,( P i l(P))
I i

x i ,
1 1 ( A l( P ) )   I ( A l ( P ) )

In (PrI(P))

 

HVP,AP)) •

 

Like ri  is  a lso  injective, hence x i i p i =-r i a i  is  injective, too . F rom  th is w e  can
conclude that .7(1 2 is  n o t  a  zerodivisor o f  H (P,I (P ) ) , o r ,  since every elem ent of
M (P r I(P)) is annihilated by som e power of x i ,  I-R i(PrI(P))-=0 fo r i=0, ••• , r+1.
Therefore P r / (P )  i s  a Cohen-Macaulay module by Lemma 4 , where dim Pr/(P)=-

r+ 2  is evident.

Now we prove Proposition 2.

Proof  of  Proposition 2 . By Lemma 6, P 1 / (P )  is a Cohen-Macaulay module of
dimension r + 2 .  Hence, using the local cohomology sequence of the  m iddle  row
o f th e  first diagram  in  th e  proof o f Lemma 6, w e easily see that

f 0 , if

1 1-11- '(P1l(P, x12)), if i =1, ••• , r+1 .

O n the  o ther hand, since

xii) -='A l(P, x22): x21-=A 1(X 1, xi)n(X i, X 2)

A l(X „ X 2 ) - - '(X 1 , X2, x1)1(X1, X2) (X 2 , x 1 )/(X 1 , x i)n(X i, X 2)

w e have the  following exact sequence

0 —> AAXI, X2) P1/(P, x12) --> A l(X i , x 1 ) ---> 0.

Hence, applying Lemma 4 to the Cohen-Macaulay modules A/(X i , X 2) and AAXI, x2),
we also get

0,i f  i #3, r+2
HL- 1 (P1 l(P, xn))=-{

H i(A /(X „ X 2 )) if i = 3 .

From  th e  above tw o relations of local cohomology groups, Proposition 2 i s  clear.

R e m a rk . L e t  A ' be  th e  lo c a l r in g  k[X]cx i . x 2)  a n d  a t '  i t s  m axim al ideal.
U sing  t h e  sam e m ethod  a s  above w e can show th a t  1-1 (A 1 (P)) --=0 fo r i# 1, r
and Hill, (A ' l(P))--= ;  hence A ' /(P) is a  Buchsbaum ring by [12, Corollary 1.1].

T h e  following simple but useful lem m a is due to  [4, § 5] :

In,(A 1P))
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Lemma 7. L et a  be an ideal and x  an elem ent such that Va x ) .  Then
a  is  radical, j. e . V a  =a, in the following cases:

(i) There exists an ideal 1) _-Vci such that x b = a  and b: x=b.
00

(ii) -V—a  : x= -V a—  a n d  n (a, x')—a.
n = 1

Pro o f . From t h e  assumption V a ( a ,  x ) w e  g e t  V a  =a+ x (V a  :  x ) .  In
th e  first case, x(Va : x)g x(b : x)=xbç_a, and in the second case, -Va =a-Fx.Va

= a + x 2 -Va = n (a, xn)=a.

T h e  proof of Proposition 3 begins, properly speaking, with th e  proof o f th e
following lemma, which is o f independent interest because it gives a  new class
o f (generically) perfect prim e ideals (see [4, §()]):

Lemma 8. Let
F t i f i

=
 X l iZ j i

—
 X

G i j i =  X 2  Z j i
—

 X 2 j2

I I i j i m Z i lZ j im Z i m Z j i

f o r all i, j, 1, m=1, ••• , r. L et J denote the ideal i n  k [X ,  Z ]  generated by  all
elem ents p u ,  q u ,  F f l , G o b H ijim . T h e n  J  is a  perf ec t p rim e  ideal w ith

ht / 4 1 - 2

Pro o f . T h e  c a se  r= 1  is  t r i v i a l .  L e t  r > 1 .  We introduce some notations.
L et Z , denote th e  se t {z,,, ••• , z,-,} fo r all j= 1 , , r. L e t j„, ••• , j h , h < r, be an
arbitrary family o f integers with 1 ••• We denote by jh)
t h e  ideal i n  k [X , Z ] generated by J, z „ ,  . . •  ,  Z  j h  a n d  all elements x i ,, x 2 1 with

••• , j h .  By induction we may assume that J (ji, • , jh ) a re  perfect prime
ideals of height

R r— h+2
2 ) - 2 1 + [ r +  • • •  +(r— h-1-1)±21]=(

r + 2

2 ) 4 - h - 2 .

Using these induction hypotheses, we claim :

(1) ( J , is an unmixed rad ica l ideal o f height (  r  + 2  \
2  )

To get (1), we have to consider a  la rge  class of ideals. L e t s, t be arbitrary
integers with r s t 1 .  L e t  J , , ,  denote t h e  ideal i n  k [X , Z ] generated by
J ,  • • •  ,  Z r  a n d  the elements z 1 3 , ••• , zt,. We show  that J 8, t is a radical ideal.
Of course, J1,1 is a  prim e ideal because J1,1=(P, Z ) .  Suppose s>1 and let

Zi ( S  - 1) 3 if t=s

Z Ct+i)s if t< s .
Notice that
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L - 1 , 1 , if t=s

, if t < s .

Then by induction on the number o f elements in  th e  s e t  lz 1 3 , • • •  zttl UZ8+1U
we may assum e th a t  ( J 3 , t ,  z ) i s  a  r a d ic a l  ideal. H e n c e  •Vj,,, z).

O n the other hand, if we define

Jt,1=J
J(s, ••• , r), if t=s

LJ(1, ••• , t, s, ••• r), if t <s ,

then  it can  be checked that e s , t .ÇJ,, t . Further, by th e  in du c tion  hypotheses
on J(s, ••• , r)  and J(1, •  t, s, ••• , r), w e  se e  th a t J;, t / Js, t and  J's,t: z = J t.
Thus, by Lemma 2  ( i ) ,  J , , t i s  a  radical ideal. Especially, J ,,,= (  J, z „) is a radical
ideal. From  this we have

(2) (J, zir)-=(P, Z) .1(1) J(r)

Hence, using the induction hypotheses on J (1 )  and J( r) ,  w e see that (J, z„)

is  an  unmixed ideal o f height ( 1 2 ) - 1 .  Thus (1) is proved.

Next we will show  the  following facts :

(3) ' v 'T  has only one associated prime o f height (r+  2
2  ) - 2 .

( 4 )  z ,  is not a  zerodivisor o n  •N/J .
Note that w e have  the  following relations :

X i i Pt i =  X I  i P l j  x 1 jP

X  t i =  X  t i q l j
—

 X  tX  2 jP

X  l i F t j t
=

 X  li F t j l
—

 X  j F l i l

x 1 1 G t j t
=

 x 2 1 F 1 j1
—

 x 2 jF i t i l
—

 Z 1 1 P i j

x i i H i j i m
=

 X  i n tF i j t
—

 Z j m F i i t
—

 Z l I F i j t r t

fo r a ll i, j, 1, m =1, ••• , r. From these relations w e see  th a t Jk [X , Z , x i -,1 ]  can
b e gen erated  b y  t h e  elements pl-„ qn, F1t, w ith  i = 2 , •  ••  , r  a n d  j= 1 , •••  , r .
Eliminating x 21 ,  • • •  x 2 , - ,  x 2 ,  2 .12, ••• z n -  by t h e  help o f  these elements we then
get an isomorphism k[X , Z, xT11 ]1(J) k[X 1, x21, xl, zn, xi-L • Hence Jk [X , Z ,

is  a prim e ideal o f height (  /1 2 ) - 2  an d  x12, ••• , x2r, z, are not zerodivisors on

f k [X , Z , xi- L .  L et J ' denote th e  in ve rse  im ag e  o f Jk[X , Z, .xT ] i n  k [X , Z ].

Then J '  is also a  prim e ideal of height (  rH
2
- 2  ) - 2  an d  x 11 , ,  x 2 r ,  z „  a r e  not

zerodiv isors o n  J'. Note that th e  same facts also hold if  we replace x 11 b y  an
arbitrary element o f th e  se t X I U X , .  W e easily see that J '  is the only associated
prim e of J  which does not contain X,, X , .  T h u s , / J r v V ( J ,  X 1 , ,Y 2). On
th e  other hand, it is not hard to see from [1 , §  4 , Corollary] that ( J  X,, X 1) is
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a prim e ideal o f  height ( )+ 2 r >  71 2 ) - 2  a n d  t h a t  zi r  i s  n o t  a  zero-

divisor on  (J, X 1, X 2). So -VT has only one associated prim e of height (  11 2  )

—2 and z „ is  n o t a  zerodivisor on ' I T .  H e n c e  (3) and  (4) a re  just proved.
N ow , f ro m  (1) a n d  (4) w e  c o n c lu d e  th a t  ,N/ J by L em m a 7 (ii), and

th a t J is unm ixed, by [8, (15.E), Lemma 4 an d  Lemma 5]. H en ce  b y  (3), J  is

a  prim e ideal w ith  ht J=( r t 2  ) - 2 .  It rem ains to  show the perfection of J or,

equivalently, the Cohen-Maculay property o f  k[X , Z ]/J.
L e t  B  deno te  th e  lo c a l  r in g  k[X , Z] c r ,z ) . I n  o rd e r  to  show  the  Cohen-

Macaulay property o f  k [X , Z ]IJ w e  h a v e  o n ly  to  show the Cohen-Macaulay
property  o f  B I(J)  (se e  [9 ]) o r ,  equivalently, the Cohen-Macaulay property of
B /(J, z „). F or that consider th e  following exact sequence

0 (J(1))1(J, BAU, zir) BA J(1))---> 0.

Using the relation (2), b y  induction w e know  that BI(J(1)) is Cohen-Macaulay and
dim B/(./(1)) -=dim B A U, z „). H ence, by L em m a 5 (ii), it  su f f ic e s  to  show that
(JO-DAJ, z1,-) is  Cohen-Macaulay.

L et us consider the  exac t sequence

0 (J(r))1(Jr,r)---> BA L,r) BAJ(r))----> 0.

B A IM ) is  Cohen-Macaulay like B I(J(1)). Further, since  Jr ,r  i s  a  r a d ic a l ideal
b y  the  proof o f  (1), it can be checked that

(5) jr,,=(P, Z )nJ(r).

H ence dim  B/U(r))=dim B I(Jr,r) a n d  (fir))1(.1r,r) (P, Z , J(r))/(P, Z)-=(Pr)I(P),
w hich is a Cohen-M acaulay m odule by Lem m a 6. Thus, (j(r))I(Jr,r) is Cohen-
Macaulay by Lemma 5 (0. N ote  tha t (jr,r, J(1))=(Jr,r, Z1, x i i , ,c, i ) h a s  a  similar
s tru c tu re  like Jr.,.. S o  u s in g  th e  same method a s  above, w e can also show that
B I(Jr  r , J(1)) is  Cohen-Macaulay. Now, by Lemma 5 (ii), th e  e x a c t sequence

0 ---> (Jr, r, J(1))I(Jr,r) --> BI(Jr,r) --> BA Jr,r, J(1)) --->

im plies that (Jr r, J( 1))I(Jr,r) is  Cohen-M acaulay. O n the o th e r  h a n d , u s in g  the
relations (2) and (5), w e have

(Jr.,., J(1))1(.1,-.7-) --"(T(1))1(Tr,rn A l))

=(J(1))1(P, Z)nA 1V -V(r))=CA1))1(L,r).

Hence (J(1))/(J1, r) is  Cohen-M acaulay, as r e q u ire d . T his completes th e  proof of
Lemma 8.

Lemma 8 is used to  prove th e  following lemma, which is ,  like Lemma 8. of
independent interest.
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Lemma 9 .  L et s  ( r)  be a positiv e integer. L e t  I , d e n o te  th e  id eal in
k [X , Y , Z ] generated by  I and all elements y i ;  w ith  i , j 1, ••• , s. T hen I, is a
perfect prim e ideal w ith ht I 8 = r 2 + s - 1 .

Pro o f . The case s=--- r  follows immediately from Lemma 8  because / r -=(J, Y).
L e t s < r .  By induction on s  we may assume that / ,  is  a  perfect p rim e  ideal
with ht

L e t  t ( s) be a n  arbitrary positive  integer. L e t  I s , t denote t h e  ideal in
k [X , Y , Z ] generated by /8 a n d  th e  elements v ics-Fot We prove that
/8 ,, i s  a  ra d ic a l id ea l. N o te  that /8 , 8 -=/8 + 1  is already a prim e ideal. W e  m a y
assum e th a t t<  s  and  that, by induction on t, (I,,t, Y (t+i)(s+1))=Is,,+1 is radical ;
hence -Vis, t ( Is t , Y(t+i)(s+1)). L e t  Fs , t denote t h e  ideal in  k [X , Y , Z ] gener-
ated  by I s  a n d  all elements x 1 i , x2 i, Y i,, z ,  w ith  i = 1 , ••• , t a n d  j=1, •-• , r .
Since /7,9, t has a  similar structure like /8 ,  by induction on r  to  t h e  statement of
Lemma 9  ( th e  c a se  r = 1  is trivial) we may assume that Its , t is  a  perfect prime
ideal with

ht I , , = [(r— t) 2 + (s— t)-1 ]± [2 t-F 2 r t— t9 = - r 2 + s — t .

By this assumption we get /1
8 , t 2 V/ s , t an d  P„ t : On the other hand,

it can be easily checked that y(t+t)(t+t)/;. tç/8, t. Hence, by Lemma 7 ( i ) ,  / , , t  is  a
radical ideal.

Since (Is, Yi(s+1))=/8,1 is th e  last member o f th e  class of t h e  ideals /8 , t ,  we
h av e  just shown that (/ „  y 1 ( , + 1 ) )  is a  rad ica l ideal. F rom  th is w e can  easily
verify that (is, y i( s + i) ) -- - / ,+ i n F s , i .  Note that /8+ 1, I ,  a n d  C[8+1, Fs , i )= F8 + 1 , 1 a re
perfect prim e  ideals o f heights 7-2 + s, r 2 ± s ,  a n d  r 2 + s + 1 ,  respectively, by the
induction hypotheses. Then, applying [4 , Proposition 1 8 ] , we see that (Is, Yi(s+1))
is p e r fe c t . T hus it is c lear that I ,  is perfect if iv s + i )  is not a  zerod iv iso r on,  c  
I. Hence, to complete th e  ro o f o f Lemma 9 , we have only to show  that 1 8 i s
a  p r im e  ideal w ith ht I 8 = r 2 H -s--2, because t h e  fact that yt(s+ i) is not a  zero-
divisor on /8 is then a n  immediate consequence o f this.

Consider th e  following relations :

X12P 23
.=

 X 1i P 2 j

x 1 2 q i i = X l i q 2 j — x i x 2 J P 2 i

xi2ciiinc==yitaum — Y itazind - Y fia 2 i. — Y2maiji+XimC2ijl

X  1 2 d  ij1 m
=

 Y l m f 2 i j j r a f 2 I i +  j i f  2 m i +  Z 2 i a X iX 2 iC 2 j1 m

X 2 2 f i j1
=

 x l i f 2 j 1
—

 X 1 jf2 1 1
—

 x1x21a20

X i 2 h i f i m = Z j i n f Z 2 I f  i jm +  X lY  i i g lm 2 +  X  i X 2 i d  mo2 •
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W e see that / s k [X , Y , Z, .2G1 ]  can be generated by th e  elem ents p 2 ,  q 2 ,

./t 2,; with i, j=1, ••• , r  an d  th e  elements y o  w i t h  i, j=1, ••• , s. It follows by
elim inating x „ ,  x 2 3 ,  • • •  , x 2 r ,  x 1 , yi, E  Y \  { y 1 ( 3 1 ) ,  " •  9  y z r }  z  Z\ {z22} that
k[X,Y , Z, xiT21 11(i s)=' k[Xi, X 2 2 , X l, Y 2 (S + 1 ), • • •  y  Y 2 T , Z 2 2 , X T 2 1 ] .  Hence I s k[X,Y , Z , XT21 ]
i s  a  p r im e  id ea l o f  h e ig h t r z +  s -1 .  T h u s  1)., 1(8+1) i s  n o t  a  zerodivisor on
I s le[X, Y , Z , x i-

2
1 ]. L e t  Fs d en o te  th e  in v e rse  im a g e  o f  I s k[X , Y , Z , xr ] i n

k [X ,  Y ,  Z ].  Then Fs is  a lso  a  p r im e  ideal w ith ht T3 = r 2 + s - 1  and 1 :  Yi(8+1)
-.=--F „  Since x i2r 3  1 ,  fo r  some la rge  n, Yics+n): xi2 . B u t  (/„ Yi(8+1))
= 1 2 + 2 n I , , and  it is  no t hard  to  see  from  the induction hypotheses on

that x12 is not a zerodivisor on r8,1 . Hence, (I8, Yi(8+1)) : x112= - (1-8, Y1(8+1)).
So we get I L  ( I 3 , Yi(8+1)) 

o r
 /3=i8+Y1(3+2)(T8 : y1(8+1))=I2+Y1(8+1)Ps. Now, apply-

ing Nakayama's lemma we have I = I , w h ich  sh o w s th a t  I ,  is  a  p r im e  ideal
w ith  ht I s = r 2 ± s — 1 . Thus t h e  proof of Lemma 9 is completed.

Proof  of Proposition 3. Note that is a  perfect prim e ideal by Lemma
9 . Then, by [5, § 0, Proposition], it suffices to show that g rp (k [X ])- k [X , Y ,
To see this, sending A, and  z,, to the im ages of p t ,  and qt ;  i n  P/P 2 ,  w e  have
a  natura l homomorphism fro m  k [X ,  Y ,  Z ]  t o  grp (k [X ]).  L e t  I '  b e  the
kernel o f  th is  homomorphism. T h e n , s in ce  k [X ]p [Y  , Z ]/ (P ) is isomorphic to
gr ( p) (k [X ]p ) , w h ich  is  a  regular dom ain o f  th e  same dim ension as k [X ]p , I'
m ust have a  primary component o f  height r 2 (=dim k [X ]p [Y  , Z ] —dim k[X ]p).
But it can be easily checked that  I L  I ' .  H en ce  I  is  ju s t the primary component
o f  I '  mentioned above, because I is prim e and ht 11 = r 2 . Consequently, we have
I i = / ',  which shows that grp(le[X ]) k [X , Y , Z ]/ 11 .
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