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1 .  Introduction.

The purpose of this paper is to prove the  following

Theorem 1 . 1 .  L et A  be a  N oetherian local ring and let 0<r<dim A  be  an
integer. T hen the follow ing conditions are equivalent.
(1) A  is a  Cohen-Macaulay ring.
(2) The Rees algebra R(q)-=- e qn  is a Cohen-Macaulay ring  f or every ideal q  of

nao

A  generated by a subsystem of  parameters f o r A  o f  length r.

In case A  is a Cohen-Macaulay local ring J. Barshay [1] showed that the
Rees algebras of ideals generated by subsystems of parameters for A  are always
Cohen-Macaulay (cf. p. 93, Corollary), and it seems to be natural to ask whether
the converse of his result is tru e . B u t unfortunately this does not hold in  the
c a se  o f  th e  parameter ideals. In fact, recently S. Goto and the author [2 ] (cf.
Theorem 1.1), heve proved that the  Rees algebras of parameter ideals of certain
Buchsbaum lo c a l r in g s  a re  alw ays Cohen-Macaulay. Neverthless t h e  above
theorem guarantees that the converse of Barshay's result is true if  the  length of
subsystems of parameters considered is less than dim A.

T h e  idea o f  th e  proof o f  Theorem 1.1 is essentially same as that of the
proof of the main theorem o f  [2]. We will prove Theorem 1.1 in Section 3.
Section 2  will be devoted to some preliminary results which we shall need for
this purpose. Finally we will show  w ith a n  example that the condition that
ev ery  ideal q  of A  generated by a  subsystem of parameters for A  is not super-
fluous.

In this paper we denote by A  a  Noetherian local ring of dimension d  with
maximal ideal m.

2 . Preliminary.

L e t q  be a n  ideal o f  A  generated by a  subsystem of parameters for A  of
length r. We put q=.(a i , a 2 , ••• , a r )  and R = R ( q ) .  Notice th a t th e  r in g  R  is
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canonically identified with th e  A-subalgebra

A [a,X , a 2 X , ••• , a r X ]

o f  A [X ],  where X  is a n  indeterminate over A .  B y  M  we denote the unique
graded maximal ideal o f  R , j. e.,

a,X , a 2 X , ••• , a r .X ).
Recall that

dim R=clim R m = d + 1

(cf. [ 6 ] ) .  L et ar+i, ••• , a d  be a  system of elements o f  in  such  that r l_ 1 ,  - 2 ,  ' • '

a r , ar+i, ••• a d  forms a  system o f parameters fo r  A  and put

a rt - a i X , ..• , ar-Far_ I X , arX , ••• , ad) •

We begin with

Lemma 2 . 1 .  M-=-- ,V N . In  particular,

a l ,  a2 4 -a1 X , •••  , ar+a,_ ,X , arX ,  0 r+1, ,  ad

is a  system  of param eters f o r  R m .

P ro o f .  Suppose that a i X E ,V N  fo r some i. Then a i _,Xe -VAT, as

(ai_ 1X) 2 = ( a 1 -  a i_,X )• ai_,X —  a 1 _,• a i X

T hus w e h a v e  a i X E ,V N  for b y  induc tion  on  i, a n d  so q C - V N ,  as

cz, ± a i _ ,X E N  by definition. Hence we have M c / N , which implies A 1=-V N .

Corollary 2 .2 .  R  is  a  Cohen-Macaulay rin g  if  and only  if

a l , a 2 ± a 1 X , ••• , arX , ar+1 , • • •  ,  ad

is  an  R m -sequence.

P ro o f .  If a l ,  a 2 + a 1 X ,  • • •  a r+ a ,X ,  a r X , ar+i, ,  a d  forms an R m -sequence,
R m  is  a Cohen-Macaulay local ring by Lemma 2.1. Therefore R  i s  a  globally
Cohen-Macaulay ring by [3 ] , Theorem. The converse is obvious.

Lemma 2 .3 .  L e t x  be an  elem ent of

(a 1 , a2, ••• , ar_i, c4+1, ••• , a 2c1 )

and supbose th at R  is  a  Cohen-Macaulay r i n g .  Then

x a;.E (a,,  a 2 , ••• , ar_1)q t - 1 +(a4 1 , • • •  , a 2
d )qt

f o r t r - 1 .

P ro o f .  L et us express x 0..--=y + r - 1  y i a ;  ( y E ( c 4 , 1 , ••• , y iE A )  and put

I = ( a , X , a .4 „ • • •  ,
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Then
r - 1

xa.+ 2 .X t=ya;-X t +  E y a j a X t5=1

and mod / fo r  every 1 — 2 . Observe the equations

••• ---a i af.Xt - i -1-1 - - a,X af.X t - i. 0 mod I

(1 - j r - 1 ) ,  a n d  w e  h a v e  xaf.+2 X t e I .  O n  th e  other hand, a r , •-•
a 1 —a 2 X , a i X, • • ,  a 2

d  is  an R u -sequence by Corollary 2.2. Thus x a;-X t IR m ,
i. e., f x a f .X 'E l  fo r  some fE  R \ M .  Now let us express

(*) f x a;..X t=ga i X + g (  — a p . i X )+r 2
1 E  h ")aL

i= r+ 1

d

where g, g ( J )  a n d  h ( i )  R .  L e t g k , g (i )  a n d  h i»  denote the  coeffic ien t o f the
term  X " i n  g, g ( J )  an d  h , re sp e c t iv e ly . Then, comparing th e  term X t in the
equation (* ), we see

r - 2 r - 2 d

f OXa
=

a l g t - 1 ±  E gra5—  E gM a i +1+  E  M oal.
5=1 5=1 i= r+ 1

As f o  is  a  u n it  o f  A , this equation gives th e  desired result.

T h e  following result is well known.

Lemma 2 .4 .  L et C  be a N oetherian local ring and suppose that

0  --> L  >  M  N  - - >  0

is an exact sequence of  f initely  generated C-m odules. Then either

a) depth L_>_ depth M-=depth N

b) depth M d ep th  L =depth N +1

c) depth N > depth L =d e p th M .

In particular i f  depth L =depth N , then

depth L =depth M = depth N .

Definition 2.5. (cf. [51) F o r a n  ideal q  o f A  we put

Assh (q)= {p e Ass (q); dim A/p=dim  A lq}  .

We denote by U(q) the intersection of all primary ideals o f q, of which belonging
prime ideals a re  contained in  Assh (q).

Remark 2 .6 . L e t a  be a n  element o f in such that dim A l(q, a)=dim A /q -1 ,
and w e see  th at a U  p  by definition a n d  th a t a  i s  a n  A/U(q)-regular

peAssh(q)
element.

Definition 2.7 . (cf. [ 5 ] )  A  system o f elements x 1 ,  x 2 , ••• , x k o f  in is called
a  weak regular sequence if
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(x 1 , x2, ••• , x ,): x  +1=(x l, x2, ••• , x i ): in

holds for every k .  A  ring A  is called a  Buchsbaum ring  if any system of
parameters for A forms a  weak regular sequence.

In the rest of this section we assume th a t A  i s  a  Buchsbaum ring. Now
we put q„=(a i , a 2 , ••• , ai ). We state the following results without proof.

Lemma 2.8. ([21 Lemma 4 .2 )  U(q i )nqn=-q i q'  f or ev ery  in teger n > 0  and
every

Corollary 2.9. ([2 1 Corollary 4 .3 )  U(a,A )nqn-=a l qn - i  fo r  every integer n>0.

Lemma 2.10. ( [2 ] Proposition 4 .4 )  T here is an exact sequence

0 - - >  h U (a,A )--> R I(a,X ) — > R (q+U(a 1 A )IU(a 1 A ))-->0

of graded R -m odules. Here we denote U (a,A ) by  h U (a,A )  w hen w e consider it
v ia h an R-module, where h is  the canonical projection R—../1.

Lemma 2 .1 1 . Suppose that depth A > 0 . Then a i X  is a nonzero divisor of R.

3 .  P roof o f Theorem 1.1.

First, we state the  following

Proposition 3 .1 .  Suppose that A  is a Buchsbaum ring and th at  depth
Let q  be an ideal of A  generated by  a subsystem of param eters a 1 , a 2 ,  « ,  a,- for
A .  Then depth R(q),=depth A +1.

Pro o f . We pu t R =R ( q ) .  A t first, notice that U(a,A ) - - ' A  as
depth A Then by Lemma 2.10 we see that there is an exact sequence

(*) 0 - - >  h ,A  — > R I(a,X )--> R (q Ia,A )— > 0

of graded R-m odules. W e p u t depth A = s .  W e w ill prove the  assertion  by
induction on s.

The assertion i s  tr iv ia l in  c a se  r = 1 .  T hus w e m ay assume that r 2.
Suppose that s = 2 .  Notice that a i , a 2 forms a n  A-sequence because depth A
and A  is a  Buchsbaum ring.

( r= 2 )  A s R (q /a,A ): A la,A [X ] we see that depth R(q/a,A) m =depth A /a,A
+ 1 = 2 . Thus depth (R /(a,X )) m =2  by Lemma 2.4 and so  w e  have  depth R m =3
by Lemma 2.11.

(r_ -. 3 )  W e p u t  271- -=- A la 1 A  and  g=q/a j A .  F o r  a n  element a of A  let us
denote by a an element of A. N o tic e  that ã 2 X  is  a  nonzero divisor o f  R (q) by
Lemma 2.11 a s  depth Â > 0 . We show that d 2 X , a s forms an  R(4)-sequence. In
fact, let f  be an element of (a 2 X ): (73 . As we may assume that f  is homogene-
ous, we can express f= i)- X n (b q n ). Observe the equation
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bX n • 673 = c72 X • JX 7 1 - 1

for some cEqn- 1 . T hen  w e  have ba 3 — ca 2 E a 1 A  and s o  ba 3 EU(q 2 ). A s  a a i s
A/U(q2)-regu lar by  R em ark  2 .6 , w e see bEU(q 2 ). T hus bEU(q 2 )n q n = - q 2 q ' by
Lemma 2.8. N ow  w e can express b=d071+ a2y2 for some y i , y 2 Œ q' .  Hence

bxn=d2x. 572x n - 1

and the a b o v e  c la im  is  p ro v e d . T h e re fo re  w e  se e  th a t  d e p th  R(4) 2, 2  and
depth (R I(a i X )) m _ 2  by Lemma 2.4. Hence we have depth R m =3 by Lemma 2.11.

Suppose t h a t  s 3. B y  induction h y p o th e s is  w e  se e  th a t  d e p th  R ()-3?
=depth A + 1= (s--1 )-1 -1= s. Hence depth (R I(a,X )) m = s  by L em m a 2 .4  and so
depth R m = s + 1  by Lemma 2.11.

Corollary 3 .2 .  Suppose th at A  is  a  Buchsbaum ring and th at  depth A 2.
L e t 0 < r d im  A  b e  an integer. T hen A  is a Cohen-Macaulay ring if and only
if the Rees algebra R (q) is  a Cohen-Macaulay ring for an ideal q o f  A generated
by a subsystem of parameters fo r  A  o f length r.

R em ark 3 .3 .  Corollary 3.2 is know n in case r= d =dim  A  (cf. [ 2 ]  Theorem
4.1).

Proof  o f  Theorem 1.1. ( 2 )  ( 1 ) .  B y  v ir tu e  o f Corollary (3 .2 ) this follows
from  the following proposition.

Proposition 3 .4 .  Suppose that the R ees algebra R (q )  is a Cohen-Macaulay
r in g  fo r  ev ery  ideal q  o f  A  generated by  a subsystem of parameters fo r  A  o f
length r ,  then A  is a Buchsbaum ring and depth A 2  i f  dim A.>_2.

Pro o f . W e put q =(a i , 0 2 , ••• , a r ) and R = R ( q ) .  Let ar-m., ••• , ad be a system
of elements of in su ch  th a t a 3 , a2, ••• , ar+1, ••• , a d  form s a  system  of parameters
for A .  T hen  a l , a2 -k a1X , « ,  a,-+a,- 1 X, arX , • • •  a d  form s an R m -sequence
by Corollary 2.2. In particular, a l , a r 4 1  is an R m -sequence. We show tha t a 1 ,  ar+1
is also an A -sequence. In deed, le t x  be an element of A  such  that x a,•= 0. As
a l  is  R u -regular, w e see x = 0  in  R m , e.,

f  x =0

for some fm  R \ M .  Comparing the constant te rm  in the above equation, we have
(unit)•x= 0 and so  x= 0  in  A .  Now le t y  be an element of A  s u c h  th a t  y ar+i

Since a l ,  a r+ 1  is  an R m -sequence, we see  y ( a 1 )R ,  e.,

.f Y =sa,

for some f R \ M  and sE R .  Then, comparing the constant t e r m  in  th e  above
equation, we have y E a i i i .  Hence the above claim  follows. Therefore we have
d e p th  A 2 .

Now let a 1 ,  a 2 , ••• , a , ,  a , - + i, • - •  ,  a d  b e  a  system  of param eters for A  and fix
ar+,, • •• , d . S in c e  R '=R ((a i , 0 2 , ••• , a r )) i s  a Cohen-Macaulay ring b y  the
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assumption, ar+i, , a d  form s an f fm -sequence by Corollary 2.2 . Then a„+ i , •••, ad
is  a n  A-sequence, using the same proof as the above. W e put B = A / ( a + 1 ,  • • •  ,  0 1).
In  order to  show  th a t  A  is  a  Buchsbaum ring  it  su ff ic e s  to  sh o w  t h a t  B  i s  a
Buchsbaum r in g  b y  [7 ] ,  T h e o re m . N otice th a t d im  B =r a s  0 , ,  • • •  ,  a 'd  i s  a
subsystem o f  parameters fo r  A .  For any elem ent b  o f  A  l e t  u s  deno te  by
the  im age of b  in  B.

Assume th a t th e  equality

(*) (51, 52, , : 57-=(51, 52,

holds fo r every system  o f  parameters 51, 52, , 5, fo r  B .  L e t  51, 52, ,
and E  b2,2 , •  •  •  y  

5
r -  1 y be tw o system  o f parameters fo r  B .  In  order to prove that

B  is  a  Buchsbaum rin g  it suffices to show  that

-15=( 2- ) :

w here (5)=(51, 52, ••• 5r-i) (cf. [5 ] Satz 5). Of course b y  the symmetry between
5 and ë , w e  have only to  prove CO : 5c(6): ë. L e t n >0  be  a n  integer such that

P G ( 6 ) + 5 B  and express en -= 5,i',.+55e with E B.
E=1

Now le t 57 be a n  element o f  B  such  that Y 5 ( ) .  T hen w e see  5Ye (b ): en as

9ëTh= ii y 5 ,x i d - y b x .  H ence  w e have j ( ) :  e,  b y  t h e  assum ption (*). Thus,

(5 ) : 5c(r2): ë , a s  desired.
Therefore in  order to conclude th e  proof of Proposition 3.4 w e have to prove

th e  assumption (*). T h is  follows the  next lemma.

Lemma 3.5. Under th e  sam e situation as in  the  Proposition  3.4. Let
B = A 1 ( 0 + 1 , ••• , a 2

d )  and let 5 1 , 52, •-• , 5, be a system o f  Parameters for B . T hen,

(51,
 5

2, •  •  •  y  
5

r - 1 )  r 4
-=

(
5

1 ,  
5

2 , •  •  •  y  
5

r - 1 )  Er •

Proof . Let 5'c  be an  element o f (5 1 ,  52, ••• , 5,-1): R . .  A s  R =R ( ( b i , b2, ••• , br))
i s  a  C ohen-M acaulay ring b y  t h e  assum ption, w e see xb.f. E (b ,, b 2 , ••• , br-1)41 - 1

+( a4 1 , • • •  ,  a 2d ) q  for t r - - 1  by Lemma 2.3, w here g i =( b i,  b 2 ,  • • •  ,  b r) .  Hence we
can express

r -1
x b f -= E b i z i + z

j=1

fo r  some zi Gq1- '  and z ( 0 + 1 , • ' ,  a2
d )qi. We put

J=( b i , b 2 - b 2 X , • • •  b r=1 -b r_ 2 X , b rX , ••• , a 2
d ) .

A t first, notice that

xb r (b r - b ,_ ,X ) `=x b r  E ( - 1)i (1)•14- 0 , -,XYi=1

=x 14+ 1 + x b r E ( - 1)i  •(D•i=1
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r -
E br bi zi  mod Jr .i=1

O n the  other hand, as br bi zi -b_i _i Xb r zi --= ••• - bi Xbr z. iX i - 2  mod J  (1 ,_ j_r —1), we
see xb 1 0mod J. T h u s  w e  have xbr (br —br _i X) t EJ, and s o  xb r EJR m  because
br —br _i X  is R m /JRm -regular by Corollary 2.2. Hence f • xbEJ for some fER\M .
Comparing the constant term similary a s  in  th e  proof o f Lemma 2.3, we see that

xb r E(b i , b, •-• , br-i, ••• , ed)

which implies F 2 ,  • b - r - 1 )  Er.

Example 3.6. Even i f  R(q) is  a Cohen-M acaulay ring for and ideal q  o f  A
generated by a  subsystem o f parameters fo r  A o f length  r w ith  1 < r< d , A is
not necessarily a C ohen-M acaulay ring. For example, l e t  k  b e  a  f ie ld  a n d  le t
11, V and W be indeterminates over h. We put

A =k [[LP , U 3 V ,U V 3 ,  V ', T/T7J].

L et a1 = U 4 , a2=V 4 , a 3 = W  and  q=(a i , c12 )A .  Then we have  the  equality

(a 3 )R=(a 3 )A [X ]n R

where R = R (q ).  In  fac t, let f  be an  element o f (a 3 )A [X ]n R  an d  w e w ill show
that f ( a 3 )R .  Of course we m ay assume that f  is homogeneous. Let us express
f-=cXn (cEqn), a n d  w e  s e e  cEqnn(a 3 )A .  T h u s  w e  h a v e  cEa 3 qn  a s  a3 i s
obviously a  nonzero divisor o f  A/qn f o r  every integer n > O. Hence f ( a 3 )R,
which implies (a 2 )A [X ] RC(a 3 )R .  T h e  oppesite inclusion i s  trivial. Recall
th a t  RI(a 3 )A [X ]n R  is  a Cohen-Macaulay ring by virtue o f Theorem 1.1 in  [2]
because RI(a 3 )A [X ]n R = R (q + a 3 A1a 3 A )  a n d  Ala 3 A  is a  two dimensional
Buchsbaum r in g .  Thus RI(a 3 )R  is  a Cohen-M acaulay ring b y  t h e  above claim
and we have that R  is  Cohen-Macaulay.

O f course  A  is  n o t  a C ohen-M acaulay ring. (A  is not even a  Buchsbaum
ring (cf. [4] Bemerkung 4.6)).
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