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of the Dirichlet problem in a semi-

infinite domain in IT
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(Communicated by Prof. S . Mizohata, June 6, 1980)

§ O. W e  c o n sid e r  the D irichlet problem

l u sx ± u „ = - f  i n  GCR 2 , f e L 2 (G)

u  H ,(G )

in  an  unbounded  dom ain  w hich  is  narrow  a t in fin ity . In  th is n o te  w e  show,
following t h e  m ethod o f  K . Ibuki [2], the  so lu tion  is  in  fac t in  H 2 (G) under
some assumptions o n  G .  A s  a  result, w e can see self-adjoint extension of the
Laplacian with the D irichlet boundary condition in such a  dom ain is unique and
coincides with th e  closure o f th e  operator.

§ 1. W e consider t h e  problem  (0.1) i n  a  dom ain G cR 2 w h ic h  sa tis f ie s  the
following conditions.

I) G=GoU U G , w here G , is bounded and each G, (j 1) h as the  follow-

ing form  under certain orthogonal transform ation of the coordinates

(1.1) G,= { (x , y)GR 2 IR <x <co, a1(x )<y <a2(x )} .

II) a 2 (x ) (j=1, 2) a re  smooth and satisfy

i) b(x )=a 2 (x)— a1(x)-40 a s  x

ii) b1 (x) 0
(1.2)

iii) a(x)—>0 a s  x--*00 a n d  j a';(x)l - A l

b'(x) 
iv) <A4-

b(x)

W e  o b se rv e  th e  problem  (0.1) is  s o lv e d  f o r  a rb itra ry  fG L 2 (G ) b y  the
assumptions II-i) and ii) (see F . Rellich [41), and the solution is uniquely deter-
m in ed . Our m ain theorem is

M ain th e o re m  L e t u l-n(G) be the solution of  (0.1) in  th e  dom ain  G  under
the conditions I  and II, th en  u  is  in  112 (G ) . Here H ( G )  an d  H 2 (G ) a re  usual

(0.1)



1 p ()=. b(x ()) •
Since
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Sobolev spaces.
A s w e  c a n  lo c a liz e  th e prob lem , w e m ay  assume G  itself has the form

(1.1) and R  is sufficiently la rg e . T hen w e change the variables as the following

.rsR o  b(t) d l (R 0 a  fixed point)e =  

1  
Y2= b(x ) ( y  ai(x )) , b (x )=a 2(x)— a1(x).

W e  f in d  G  is transform ed to  CT
--=(T , 00)x(0, 1) ( T = . R

R
o  b

l
( t )  d t ) ,  and we

1ux = b ( x ) ( u  I- A i(x )u,)

1  
u ' b(x) 2477

1 1   (uz e - FA2(x)ue,) +A 3 (x )u „)+ b o o  (B2(x)ue+B2(x)u 72)
u x x —  b(x ) 2

1 1  
)2 ev d- A4 ,,,,) - 1-Us b ( x  ( u (x)u b(x) B4(x)u,,

1 1u „ = u  ,  d x d y = dech7
b(x) 2 " b(x)2

w here A , and B i  a re  uniformly bounded and A i c a n  b e  made arbitrarily sm all
if  we take sufficiently large T  (by virtue of (1.2)).

Using the computations above, we can see easily the followings.

1P roposition  1.1. W hen we put p(e)= b ( x ( e ) )  an d  L 2 (Cr )-= L 2 ((T, ) x  ( O , 1)),
we find

i )  u E  L 2 (G ) if  an d  only  if  p - luE L 2 (CT)
T)  uEl-P(G ) i f  and only  i f  ,o - l uE  L 2 (CT )  and  u ,  u L 2 (C )

iii) u E H 2 (G) i f  and only  if  ue1-1 1(CT )  and pu t e , p u e ,,, p u „e  L 2 (Cr).

Proposition 1.2.

(1.5) u„d-u„=,02(e)(uee+u7272±A (E, 77, De, D„)u)

w here  A  i s  a second  order dif ferential operator w hose coefficients can be made
arbitrarily  sm all i f  we take suff iciently  large T .

§  2 .  In th is  section we consider the following boundary-value problem

u...-z- ku 7272 =p - 2 ()f(e , )2 ) in  CT -=(T, co)x(0, 1)

u-=0 o n  acr.
F irs t ly , w e  no tice  som e properties o f  th e  function

b' b'- x (e)= —  -

b

—

'  
we can seeb2

(1.3)

have

(1.4)

(2.1)
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(2.2) p i(e )< M  a n d  pi I p—, 0  as

W e set

(2.3)I I  u1H-=11p-1 u p +112 H74 , •II 11177112+11PUE$112+11pliv I +  p u t I 2  •

Here II d e n o t e s  th e  L 2 -norm o n  CT and Proposition 1.1 says th e  norm II 112 is
03

equivalent to the original norm  in  H 2 (G ).  W hen w e expand u =  u n (e)sin n7r)2,
n=1

w e have

11 uH= 11 p -
n

i u  112 +11u' 11 2 ±n 2 11 un 112 +11 pu",' 112 + n2 11 pu'T 112 + 0 it11 p .112

n=1 n

00

Ilpun 2 -En2 11Pu;d2 +011PUid 2 •n=1

T hus w e have obtained

Proposition 2.1.
CO

(2.3) IIP4112+n211 up ,nii2+7,41ipun112,
n=1

where means the equivalence o f th e  norms and 1111 denotes the norm of
L 2 (T, 00).

W e  a r e  g o in g  to  c o n s tru c t th e  G reen's function fo r  th e  problem (2.1) by
CO

method of separation of the variables. When we expand f(e , )2 ) a s  Ef.(e)sin n7r.7),n=1
w e can see w e have only to consider th e  problem

u;;—n2 r 2 un=p'(e)fn(e)
(2.4)

1 un (T)=u,,(00)=0.

W e set Gn (t, s)= 1  w hich is th e  Green's function
2n7r

fo r the  problem (2.4). T hen  w e can  show easily

Proposition 2.2.

(2.5) G,,(t, s)1
1

e -nir It -SI

(2.6)I  G,,, ,(t, s)1 _e - nrI t - s1

We define an  operator G  a s  th e  following.

(G g)(e) ,  G  n ( p' g n )(e)sin nryj, wheren=i
CO

g ( , Egn(e)sin nn- 72 and
n=1

-
G „ (p 'g n )(t) = T G,,(t, s)p'(s)g n (s)ds.
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T hen  w e have

Lemma 2.3. If we choose sufficiently large T ,

(2.7) 11GgIlLCII,g112 holds for all gG L 2(CT ) .

P ro o f. By definition we shall prove

1pG'gp - i g.)112 -Fn2 MpG'(p'gn)11 2-1-n411pGn(p- 'g„)112

. .CILg-
7,112 w h e re  C is independent o f  n.

Since G'Jp - ig.)=7/ 272G „ (p 'g n )H-p - ig„, w e have only to prove

(2.8) 7/211pG'n(p-1gn)112-En411pG7,(p'g.)112_01g„112.

As

G n (p -  g ) ( t ) I  G ( t ,  s ) I  p 1(s) I g n(s)1 ds 1e - " " -31 p 1(s) g(s)i d s ,
n7r T

w e have

p(t)IG ( p- 1 g  ) ( 0 1  <  
 1

p P  s
t )

)

e - n t r i t - s l
Ig n (S)1d s .

Estim ating both sides in  well known manner, we find

1 (2.9) 11pG.(p'g.)112-5 
n

2 2
 Ii1211g.112 ,  where

I i —(supP ( ,t ),
p(s) e-nrrt-'IdS)

/2=(sup f -  P ( t ) .J r  P (S )
e- nnIt - s id t) (Holmgren bound).

i) Estimate of I .

P(t)  e -n1rIt-sld s - 4 ° — T J_I.  1 1  i 12 •T  p(s) Jr t

(t) .
Since p'(t)>ID,  p   

1 (s _>:t). So we can see /12-- e-nro-o 1ds_ . For
p(s) — t n 7r

integrating by parts we find

1  ri _  p ( t )  
e - - 1 1 7 ( t - T ) ] +  

 1   ç t p(t) p '( s ) e- n“t - s)ds .
— 227r L. p(T) n2r J r  p(s) p ( s )

I f  we choose sufficiently large  T , we can make I p '/p l arbitrarily small.

W e have
1 1 . Then

n 2r 222 rc n

ii) Estimate o f  1 2 .

B y (2.2), w e can see easily th e  integral / 2  is absolutely convergent.
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foo p(t) 
J r  p (s )

e -n v t - s id t =  
Jr
'2 - k = I -21+. I- 22 •

 s

A s before / 2 1 __  1 (1 e - n7 ( s- T) ) , and  by integration by p arts  we find

1 1   r  p i ( t)  e t-s)d t122= n n p(s)

1 1  r  P( t )  P i ( t )   e - ""r" - s) dtn7r n7r Js  p ( s )  p ( t )

After the same argum ents as in  i), we have R eplacing I and /2 in (2.9)

by the  estimates obtained above, we find

(2.10) n411pCn(p-1gn)112—<_ClIg.112

where C  is independent o f  n.
T he  estimate o f  Cn(p - i g n ) can be carried out just in  the sam e way a s  that

of G ( p i g )  an d  we obtain

(2.11) n211pG;(p-ig.)1125_ClIg.112 •

Thus we have proved th e  lemma.

§  3 . In  this section we prove the  m ain  theorem with the  aid o f th e  preceeding
lemma. Considering Proposition 1.1 and  1.2, t h e  theorem  is equivalent to the
next one.

Theorem 3 .1 .  Let f  L ioc (C T ) such that p - l f  L 2 (CT), and L 0 ( C ) ,
u ,E L 2 ( C )  be the solution of the problem

ueed-u„± A (e , 7 ), De, D )u =-p - 2 (e)f (, 27)

u I a c r  (the trace of u  on acT )=o ,
then u M 2 <°° .

P ro o f. Since the solution of (3.1) is uniquely determined, we can expect to
have the solution in the form

(3.2) u = G ( p 'g ) = n7r7) .

Applying 4 4.: 0--A  to th e  both sides o f (3.2), we find

u e e + u  „+ Au= p - 2 g± (A G )(p - 'g )= p 2 f .

Therefore g  m ust satisfies

(3.3) p 'g --1 -(pA G )(p1g)=p-1 f

We se t K = p A G . Since A  is  a second order differential operator whose coeffi-
c ien ts can  be m a d e  a s  small a s  we desire when we take sufficiently la rge  T,

(3.1)
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we can see the  operator K  is a  bounded operator from L 2 ( C )  to  /A C T )  and
that th e  operator norm o f K  can be made smaller than 1. So ( I+ K )  is inverti-
ble, a n d  f o r  any fG Lioc(Cr) such that p - 1 fE L 2 (C r), g= P (I± K ) - 1 (p - 1 f )  is  the
solution of (3.3). We se t  u= G (p - i g ) ,  then u is  the solution of (3.1) and we find

11/1 1125ClIglI C(1 - 11K11)- 1 11,0- 1 f11

which proves th e  theorem.

Last of a ll, we should m ention the uniqueness of self-adjoint extension of
th e  Laplacian with the D irichlet boundary condition (see H. Tamura [5 ] and F.
Asakura [1]) follows from t h e  preceeding theorem. Proof of the  theorem is
carried o u t in  th e  same way as in  S . Mizohata [3], Chap. III, § 16.

Theorem 3.2. W e consider the L aplacian as a sy m m etric operator f rom
c , (G)nc,l(G) to  L 2 (G ), then the closure of the operator is a  strictly  self-adjoint
operator w ith the dom ain H 2 (G )n H (G ) .  So s e l f -a d jo in t  extension is unique in
this case.
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