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Introduction

L et G  be a  connected real semisimple Lie group w ith Lie algebra g. For a
Cartan subalgebra 1) o f  (I, w e denote by lib the  corresponding C artan  subgroup
o f G .  L e t  b  b e  a  C a r ta n  subalgebra o f  a such that its toroidal p a rt has the
possible maximal dimension, and put B=1-1'. D en o te  by  h  th e  space o f  linear
form s A  o f b in to  C  su ch  th a t BB exp 21( ,—exp A (X )E C  (X b ) defines a unitary
character o f  B , a n d  b y  b;t3 '  its subset consisting o f regular elem ents. W hen
every root of (ç ,, b c ) (or simply o f  1)) is im aginary, w e call b  c o m p a c t. In  that
case, Harish-Chandra proved the existence and the uniqueness o f  a  ce rta in  kind
of invariant eigendistribution o n  G  fo r A e  b r .  W hen B  is  compact, it is char-
acterized a s  a  u n iq u e  tem pered invariant eigendistribution which coincides on
B nG ' w ith  a certain function, where G ' denotes th e  se t o f all regular elements
in  G .  We define th e  sa m e  k in d  o f  in v a r ia n t eigendistribution 7rA f o r  A e br
evenwhen so m e  ro o ts  o f  b  a re  not im aginary (n- in  th e  above case, and
for the exact definition, see below).

T h e  purpose o f  th is  p a p e r  is  to  g iv e  a  g lo b a l exp lic it fo rm ula  o f the
invarian t analytic function 7U'A o n  G ' corresponding canonically to  7 rA. W e
assum e t h a t  G  i s  a c c e p ta b le  in  th e  sense  o f  Harish-Chandra [2(b), § 181 fo r
convenience. B ut th is  is  n o t a n  essential restric tion, and the essential assump-
tion w e made here  is  th e  connectedness o f  G .  Our main results are Theorems 1
and 2 in  § 5 w hich give th e  explicit form ulas of the functions 7 (h  ) on  I -P n G '
for every b.

W hen B  is  compact, G  h a s  th e  d iscrete  series representations, a n d  their
characters a r e  e q u a l to  OA's except th e  known multiplicative s ig n  + 1 . Thus
we get the explicit character formula for these representations. M any researches
have  been  m ade in th is  direction, for instance, Hecht [3 ], M artens [6], Midori-
kawa [7(a), (b)], Schmid [8(a), (b)] and Hirai [5(a), (b), (e)] (cf. also Arthur [10]).
T he first tw o authors treat essentially th e  holomorphic discrete  series, and the
next tw o authors treat som e type  (or types) of linear groups.

T he  method o f th e  present paper goes along the same line as in the previous
paper [ 5 (e)]. Thus w e apply  th e  necessary and sufficient condition in [5(c)] for
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th a t a  given invariant analytic function o n  G ' defines canonically an invariant
eigendistribution on G.

L et us define exactly the invariant eigendistribution 7rA for A E  b r .  Let P(b)
be the set of positive roots o f I) with respect to  a  lexicographic order, a n d  p
half th e  sum of all roots in  P (b ) . We p u t fo r  h

P (f ) ) )= p (h )f I r Ep(1) )(1 — er (h) - 1 )

where and denote the  character o f Hb canonically corresponding to p  and
7' (cf. [2 (b ), §  1 8 ]) . We denote by W(T)c) the W eyl group of g, acting on b c , and
by W (i5) (resp. W ( T ) )  the group of transformations on b (resp. on IP ') obtained
as the restrictions of the inner automorphisms of g  (resp . o f G) leaving b (resp.
TM  in v a ria n t. Then Wc(b) is  a  subgroup of TV(bc), and TVG (b) can be canonically
identified with W 0 (B ) because B  is connected. W e fix P(b) and put

CA ( b ) =  E  sgn(s) 3 4(b) (b E B ),
seivG(b)

where sgn(s) denotes th e  usual sign of sE  WG(b)CW(bc).
We define 7rA as a unique invariant eigendistribution on G  with th e  follow-

ing properties

1) 2r'i1 (b )= J 6 (b; P(b)) - ' ( A (b ) (b B n G '),
2) 2 1(h; P(1)))7r/ 1(h ) is bounded o n  IP In G ' fo r  every b.

Note that the existence and the uniqueness o f such a distribution are guaranteed
by the discussions in [5(d), 88 8-9]. In the case where th e  center Z G  o f  G  is
finite, Harish-Chandra defined th e  tempe redeness of a  distribution on G  and  also
gave  a  criterion for an invariant eigendistribution on G  to be tempered. When
its infinitesimal character is regular, this condition reduces to th e  same thing as
2) above (for all these, see [2 (d )]) . In  analogy o f this fact, w e call in  this paper
the distribution 7rA " tempered" evenwhen ZG is  no longer finite, f o r  t h e  sake
o f  sim plicity. Thus t h e  resu lt o f  th is paper is , in  sh o rt, the  presentation of
g lobal form ulas of a l l  " tempered "  invariant e igendistributions on G  o f th e
possible highest height (cf. [5(d )]) w ith  regu lar in fin itesim al characters. In
such distribu tions, the  characters o f th e  discrete series representations are the
most important ones.

Now l e t  u s  ad d  o n e  w ord a b o u t th e  b a c k g ro u n d  o f  th e  present work.
Midorikawa's form ula in [7(c)] of discrete series characters f o r  some types of
sim ple groups (o f  c la s s  I  in the classification of the present paper) w as very
impressive and encouraging for the author of the present paper when he first
k n ew  it o n  th e  o c c a s io n  o f  a  m e e tin g  o n  harmonic analysis in Japan, 1975,
Sum m er. E ven though h is fo rm ula  g iv es  o n ly  a  sum  o f  s g n ( w ) e A  over
w  W (1 )  (in his case, w A belongs to 'VA fo r any A E bt and w  W (bc)), it makes
th e  author possible to imagine how th e  general fo rm u la s  m u s t b e . In  fact he
draws up th e  present formulas in Theorems 1 and 2 from the above Midorikawa's
one and the form ulas for Sp(n, R ) in  [5 (e )]  a n d  fo r  S0 0 (p , q ) (not published)
explicitly calculated.
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W e  c a ll a  s im p le  root system  of class I  if  i t  is  o f type  .4 1 , D 2 „, E 7 , E 8 o r
G2 ,  o f  class I I  i f  i t  i s  o f  t y p e  B . (71 '2 ),  C . (n  3 ) o r  F 4 ,  and  o f class III
otherw ise. A  root system  is called o f class I-III if  an y  o f its  simple component
i s  o f  c la s s  I  o r  I I I .  L e t  A  be a  connected component o f  1-1b. We denote by
ER(b) (resp. f R (A )) th e  root system consisting o f  r e a l ro o ts  o f  1) (resp. those
such that Ea(h)>O f o r  h E A ) .  T h e n  e v e ry  simple component o f  E R (A ) is  of
class I o r  II  if  g  has a com pact Cartan subalgebra a n d  especially i f  G  h a s  a
compact Cartan subgroup. The form ula of the function kb-= . 4bIr'A o n  A  is given
b y  m e a n s  o f  f R (A ) , a n d  hence  varies on H  according to  its connected com -
ponent A .  I t  is  simple w hen f R (A ) is  o f  class I-III, but becom es com plicated
w hen such is not the case.

P u t T =2 ' R (A ), P= R (A )nP(b), and  le t W (f) be the W eyl group o f  X , and
M (P) t h e  s e t  o f  a l l  maximal orthogonal system s in  P .  Assume th a t  g has a
compact Cartan subalgebra and  th a t f  is  o f  c la ss  I . T h en  the formula is given
a s  follow s (§ 5, Theorem 1 ). T a k e  th e  u n iq u e  s tan d a rd  e lem ent F  in M (P)
(§ 1.7), and  le t 1.),E  b e  the C ayley transformation o f  g, corresponding to F (§ 2.2).
T h e n  th e  C a r t a n  subalgebra 1) F -= vp(1)e)n  g  is com pact (§ 2.3). P u t  A u =
1h e A ; ea (h)=1 ( a  f ) }  and bi, =E.EzR1-1a. T hen  h  A  is decomposed uniquely
a s  h =h u  exp X  with h m  A ,  XEriv.

T h e o r e m . P u t b =1 7  and P(b)=1,F P(f)). I f  a  tem pered invariant eigen-
distribution 7E' is giv en on B  as d'7'=CA  fo r  A h ' ,  then it is giv en on A c I P
as follows:

where

(E 'R 4 r ' ) ( h )= ( - 1 ) " "  E
s ETV G (6)

E sgn(s)Y'(h ; F, u , sA ),
.Ew (X)11 ( F)

d(h)=sgn { 11 (1—e a (h) - 1 )} , I (F)= f u E W (E ); u FFU — F1  ,
ae)21,,o)

Y '(h ; F, u , A)=---sgn { 11 (A, L, FT)}.1(hu) H exP{ - 1(uï)(201 (A, vE1)1/1r11,
E F rE F

and the second sum  runs ov er any  f ix ed com plete sy stem  o f  representatives of
W (X )/1(F).

W e can understand that this formula is given essentially by means of M (P)
because W (1)1 I(F) corresponds bijectively o n to  M (P )  i n  s u c h  a  w ay  th a t
u.I(F) (uFU —  u F)n P.

W hen f  is  no  longer of class I, the formula of J r 'r ' on A is given essentially
in  the  same bu t much m ore complicated manner (§ 5, Theorem 2). Note th a t in
th is case M (P) contains different types of orthogonal systems and even more we
a r e  ob liged  to  use the set M ° ( P )  of certain ordered orthogonal systems in  P
(§ 1.6).

The contents of th is paper a re  arranged a s  follow s. In  § 1, some properties
of root system s are  studied, especially those of orthogonal system s and  strongly
orthogonal systems o f  r o o ts .  I n  § 2, w e  s tu d y  th e  re la tio n s  betw een Cartan
subgroups a n d  a lso  betw een  their connected  com ponents. I n  § 3, we define
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ce rta in  fundamental functions Y , Z , Y ' and  Z ' on A c H li by means o f fR(A),
and study their properties using results in  §§ 1-2. Section 4 is devoted to recall
th e  fundamental results in  [2(d)] and  [5(c)] and  prepare some nota tions. In  § 5,
t h e  explicit fo rm u la s  fo r  k'')=G147 ' a r e  given  on every A c IP ,  by Theorem 1
when E R (A ) is  o f class I-III, and by Theorem 2 in gen era l. The definitions and
th e  n o ta tio n s  necessary to understand these form ulas are given in  §§ 1.2, 1.5,
1.7, 2.1, 2.2, 2.5, 3.1, 4.1 and 4.3.

O ur proof o f these theorems is reduced to prove that th e  given  system  of
functions JO satisfies the conditions (a), (b), (c) and  (d) in  § 4. In  § 6, we outline
this proof, a n d  s h o w  th a t the  conditions (a), (b) a n d  (d )  a re  satisfied . The
condition (c) connects th e  function el I A  with a  neighbouring o n e  k')' A ' with
aE E R (A ) ,  w here A "  denotes t h e  connected component o f  IV )" containing
{h E A ; (h )= 1 } .  T h e  proof of this condition is given in  §§ 7-9. W e treat in
§ 8 the case where f R (A ) is  o f class I-III an d  in  § 9 th e  general case.

The form ula of k b  o n  A C IP  in  § 5 a re  valid fo r all regular A  at th e  same
t im e , a n d  i s  t h e  most reduced ones when we consider 7i(h )  a s  a  function of
two variable A E 013"  and  hE  A nG ' in  the  sense that there exists no cancellation
between th e  summands in  t h e  form ula. H ow ever fix a  A F "  a n d  consider
71-1(h) a s  a  function o f  a  o n e  v a r ia b le  h .  W hen .ER (A ) is  o f class I-III, the
fo rm u la  fo r  i t  i n  Theorem 1  rem ains also  to  be reduced, b u t  w hen T R (A)
contains simple components o f class II, the form ula in  Theorem 2  can contain
t h e  term s cancelling o u t  each other. I n  f a c t ,  a s  is  k n o w n , t h e  reduced
expression of n-'A (h ) in  this sense depends on the Weyl chamber of VI' containing
A , o r  m o re  exactly  the W (0)-orbit 0  o f  th e  W e y l chambers. Therefore in
this point of view , w e m ay h a v e  #(W(bc)/WG(b)) different reduced expressions
o f  7"A(h) according to th e  orbit 0D A .  However th e  differences a re  very minor
when E R (A ) is o f class I-III.

In  § 6 o f [5(e)], all these reduced but complicated expressions are given for
sp(3 , R), and in § 9 of that paper, it is shown fo r Sp(n, R ) how th e  overwhelm-
ing complexities come out when we tried to give the reduced expression for every
orbit 0  separately WW(0,)/W G (b))=2 4  i n  this c a se ) . Thus th e  author realized
that it is really difficult to write down th e  reduced expression fo r each 0  in  a
reasonably sim ple  fo rm . In  this w ay, he was lead to study a form ula valid for
a ll A  expressed essentially by the  te rm ino log ies o f root system s a n d  various
W eyl groups, even if  it contains some cancellation when A  is fixed. (Recall the
multiplicity form ula of weight of Kostant o r that o f K-multiplicity o f  Blattner.
They contain alw ays negative term s.) In  other point of view, such a formula
has som e adventages, fo r  ex em p le , w hen  w e consider th e  im p o r ta n t sum
E sgn(w)7c w A  over { w  W(0); wA .

We know the sim ple character form ula for the holomorphic discrete series
(this corresponds to a  special 0 ).  When G is  simple and has such series, E R (A)
contains simple components o f class II fo r some A  if  and  o n ly  i f  G  is locally
isomorphic to S p (n , R ). F o r  G =Sp (n , R ), w e have shown in  [5(e), §9 ] th a t
this simple formula can be deduced easily from t h e  general form ula va lid  for
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a ll A , which is essentially th e  same thing fo r  G  a s  that i n  Theorem 2  in  th e
present paper.

Afterwords we added Appendix on this point.
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§ 1 . Elementary facts abou t root systems

F or the  later uses, we collect in  this section som e elem entary facts about
root systems, especially on the orthogonal systems o f roots.

1.1. L et 2' be a  root system . W e pu t fo r a E

(1.1) fc ‘.=  {7E 2 '; Ia }.

If is  sim ple, the type of I' depends only on whether a  i s  a  s h o r t  root or
a  lo n g  r o o t .  T h e  correspondence between th e  ty p e  o f  I  and  that of I "  is
given in  [5(d), Remark 4.11. Since we will quote it frequently, le t u s  transcribe
it here.

A n B .
(n. - 2)

C.
(n_2)

D„
(y/ __3)

Es E, E s F, G,

2 ' A n _2

B„ 2 -1-A111 ) C.-1
Dn_2+A1 A, D, E,

C, AV),

B n _, C„_2+Al00 B3 AV)'

Table 1.1.

(In this table, the notations A_,, Ao etc. stand for 0 ;  2-V), 'I f "  denote th e  root
systems of type  A 1 consisting of long roots or short roots respectively ; B1=2418 ) ,
C1 =A1", D 1 =0, D,=-A i +A i . F o r B .,  C . ,  F 4 a n d  G ,, th e  upper column fo r  f a
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is  the  case w here a  is  long and the lower one is  the  case w here a  is  short.)

1 .2 .  Orthogonal sy stem s. W e denote  by  W (f) th e  W e y l g rou p  o f  a  root
system  I ,  by P  the  set of positive roots i n  f  w ith  respect to  a n  order P  i n  f
and by  H the  set of sim ple roo ts . H ere  w e  u n derstand  th a t f  is  a  subset of a
Euclidean space V, and I '  in  I is  in du ced  fro m  an  order in  V  w hich m akes V
a n  ordered vector space. Note that if a and p in  X  sa tisfy  a= P -Fr1+;"2 -F- p
w ith  1 a  P, then  w e have a> 13 w ith  respect to  P .  However th e  order P  i n  f
is not uniquely determined by th e  se t P  in genera l. The reflexion corresponding
to  a  root a  is denoted by s „ .  T he  operation o f  w cW (E ) o n  a E  f  is denoted
b y  t u a .  F o r a  se t F  an d  w E W (f), we define w F by

w F=. { w a; aE F}

A  s e t  o f  roots F = Ia l , a 2 , ••• , a r l i s  c a l l e d  an  o rth og o n a l system  i f  a i _La,
(orthogonal) for i =  j .  It is called a  strongly orthogonal system  if  any two roots
i n  F  a r e  s tro n g ly  orthogonal to  e a c h  o th e r .  Here, by definition, a  root a  is
strongly orthogonal to  another root 19= -Ha if a -F IBE I .  I n  t h a t  c a se  w e  g e t
a lp .  D e n o t e  b y  M ( f )  and  M (P) the  se ts  o f a ll maximal orthogonal systems
in  f  a n d  P  respectively. W e study here th e  properties o f  M (f)  a n d  M(P).

W e devide the sim ple root system s into th e  following three classes :

C l a s s  I  :  A1, D 2 .  ( n - 2 ) ,  E 7 , E 8 , G 2 ;

C la s s  I I  :  B . (n 2), C . ( n - 3 ) ,  F4 ;
C lass III : A . ( n - 2 ) ,  D211+1 E6.

A  roo t sy stem  f is  ca lled  o f class I-III if  a ll the sim ple components of it are of
c lass I or III.

L et us first lis t up  I ,  P ,  H  a n d  M (P)  f o r  e v e ry  sim ple  ro o t sy s te m  as
explicitly  a s  is  n e c e ssa ry  i n  t h e  following. H e re  w e  d e n o te  b y  e l,  e 2 ,
e i , e 4 1, ••• an  orthonorm al system  o f vectors in  a  Euclidean space and use the
lexicographic order with respect to this system.

TYPE A .  P --- -{e i —e ;  (1_< i< j n+1)}.

Put k --=[(n+1)/21, then every F in M (f) is conjugate under W (E) to the following :

(1.2) F °=  { e 1 — e + 1 ,  e 2 —e n , ••• , ek — en - k+2}.

TYPE  B .  P=-- leche i e i  (1 i 71)}.

(1.3)1 7 —  { e — e 2, e2—e3, ••• , e,-1—en, en} •

E v e ry  F  in  ./14(f) is  c o n ju g a te  u n d e r  W ( f )  to  o n e  o f  t h e  following : for

(1.4) ei

TYPE C .  P ={ 2 e 4

(1.5)1 7 =  { e 1 —e2 , e2—e7, ••• y en-1 — e., 2enl •
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E v e ry  F  i n  M ( E )  is  c o n ju g a te  u n d e r  W ( T )  t o  o n e  o f  t h e  fo llow ing: for
O r [11/21,

(1.6) Fr= {2e, e n -2 r + 2 i e n -2 r + 2 i

TYPE D .  P =- { e - ± e ,

(1.7) H = {e1 —e 2 , e 2 — e, •-• , e 1 —e ,

Then every F  in  M (E ) is conjugate under W (E ) to  th e  following:

(1.8) {e26_1-±e2 (n=EN/21).

T Y P E  .E6 .

X =  {-Fe i -Fe ;

± 2 - 1 (e 6 -1-e7 — e 8 +E ( - 1 Y le i )  w i t h  E odd},1 5 
15i55

H= { 2'(e 1 —  E  e i -±(e 5 -1-e6 -ke 7 —e 8 )), e4+e51.
25 i74

Every F M (X ) is conjugate under -1/1/(2', )  to  th e  following:

F°={ e i ± e 2 , e3±e4} .

TYPE .E7 .

f ={ - ± e i ± e ; ± ( e 7 — e 8),

± 2 - 1 (e 7 —e 8 +  E  ( - 1)"ei) w i t h  E odd},
15156 15 i56

H={2 - 1 (e1 — ez -- ••• —e 7 +e 3 ), e5-1-e6, e7 — e8}.

Every F M (X ) is conjugate under W (E ) to  th e  following:

(1.9) F° = e5+ e 6 , e 7 —e8}.

TYPE E g.

I =  {-Feche i 2 - 1 (  E  ( - 1 ) e )  w i t h  E even},
15i58 1 5 i58

11= {2 1 (e — e2 —  ••• — e 7 H-e8), e,—e4+1 07-1-e8}.

Every F M ( )  is conjugate  under 147 (f )  to  th e  following:

(1.10) F° = e3-he4, e 6 -he 6 , e7 - Fe81.

T Y P E  F 4 .

(1.11) P-= e, 2-'(e1±e2±e3±_e4)}.

W e denote the four sim ple roots a s  follows:

(1.12) a=-2-1(e1— e2— e3— e4), 19=e2 — e3, r=e3— e4, 3=e 4 .

Every F M (') is  con jugate  under W (E) to  one  of the  following:
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(1.13) F°-= {ei, e2, e2, e4 } ,  F'= fe1 -±e2, e3, e41, F2 = e2-±e4}

TYPE Gz . Let H =  { a, 13}, where p  is  longer than a .  Then

P-= {a, 13, ad-P, 2 a+ , 3 a4 -p , 3 a+ 2 13}.

The set M(P) consists of the following three elements

(1.14) F°= {a, 3a+2,3}, F'-= {2a+p, , F".= { a+ p,3a+P} .

3a +2P

a +g 2a - P)3 3a - Fie

Figure 1.1. Type G2

The above assertions on the conjugacy of orthogonal systems can be proved
by applying the result in Table 1.1.

1 .3 .  Now let us prove an elementary lemma on the orthogonal systems.
F o r a  subset F  o f X, denote by f F  the subset of I  consisting of all elements
which can be expressed as linear combinations of the elements in F, that is,

(1.15) I F n (L , e F R a ) .

Lem m a 1.1. Let I  b e  a simple root system. I f  I  i s  o f class I or II, then
I = E F  f o r  an y  maximal orthogonal system  F in  I .  In particular, the number
o f elements in F is equal to  the rank  o f I .  I f  X is  o f class I or III, any ortho-
gonal sy stem  is strongly  orthogonal. If I  i s  o f  class II, f o r  an y  orthogonal
system F in  I ,  tak e a strongly  orthogonal system  F ' in I F  w ith maximal number
o f elem ents, then I F ,= I F  an d  F ' is also strongly  orthogonal in E .  Let X  be of
class III, then I *  I F  fo r  any  orthogonal system  F in I ,  and the simple compo-
nents o f I F  are of class I.

P ro o f .  The assertions can  be easily  p roved  by using Table 1.1 and the
above list of maximal orthogonal system s. Note th a t, fo r  I  o f  class II, a
maximal strongly  orthogonal system  is not necessarily a maximal orthogonal
system , and so  is  it  if and only if its number of elements is maximal, that is,
equal to the rank o f X. Q. E. D.

C o ro llary . Let I  be a root system  and F an  orthogonal system in T .  Then
I F  does not contain simple components o f class III.
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1 .4 .  Root system o f class I or III.
F o r  w EW(f), we denote by sgn(w) the  usual sign o f  w .  Here we wish to

prove th e  following lemma.

Lemma 1 .2 .  L e t I  be a  root system o f class I-III. For any two elements
F, F 'GM(P), there exists wEW (E) such that wF=F'. If an element wEll7 (f )
satisfies wF=F fo r some Fe M (P), then sgn(w)=1.

P ro o f. It is suffic ien t to  prove t h e  lem m a w hen I is s im p le . T h e  first
assertion is proved in  § 1.2 and  therefore it rests only to prove the second one.
When I  is of type A , o r  G2 ,  we see easily that w F=F  means w = 1 . Therefore
th e  a sse r tio n  i s  t r u e .  W hen I  i s  of type A n , we m ay take a s  F  the  special
one F ° in  § 1.2, and  in  this case we see sgn(w)=1 by a n  explicit calculation.

For the  case of types D „ and  E „, we prove the  assertion  b y  induction on
the  rank o f I .  (Note that D 3 ---113 .) We reduce th e  proof fo r  I  to that fo r  f a

with some aE E .  T h is  is  possible because o f th e  result o n  th e  ty p e  o f  X ' in
Table 1.1. First consider th e  c a se  o f  ty p e  D , .  T hen  I is  g iven  in  § 1.2 and
we take a s  F  th e  following system

(1.16) F°= {e1 - Fe2, e3 -±e4}

F o r  th is  case , w e can  p ro ve  eas ily  th a t i f  w  W ( f )  satisfies w F=F , then
sgn(w)=1, and that for any two elements a l , a 2 i n  F, there exists a  w EW(I)
such that wa1 = a 2 , wF=-F.

Now consider th e  general c a s e .  We apply th e  following lemma.

Lemma 1 .3 .  Let I  be o f type DN E 6 . E7 o r  E ,  a n d  le t F E M (f).
Then f o r  any two elements a l , a 2 E F, there exists a subsets F' o f F  containing
orb  a 2 such that I F , is  o f type D4.

F o r a  moment, we take Lemma 1.3 fo r gran ted . Assume that there exists
a n  a F  su ch  th at w a = a .  Then by Proposition 1 in  [1, Chap. V, § 3 , p .  75]
we see that W EW (Ta ). Therefore the situation is reduced to th e  c a s e  o f  I "
a n d  F— {a} E M (E " ) .  Because th e  signs o f  w in  T/17(f )  an d  in  IT7 ( 2 )  coincide.
Thus the assertion is proved by the induction hypothesis. (Note that if  I  i s  of
type E „ f a  i s  of type  A 5 . )

Now assume that a# wa fo r any a E F . T h en  I  is  of type  DN O r E n , and
by Lemma 1.3, f o r  a  f ix e d  a  F , there exists a  subset F ' o f F  containing a,
wa such that f F ,  is  o f  ty p e  D , .  Then a s  is proved f o r  D 4 ,  there ex ists a
w' eW(E F ,) such that w 'F '= F 1 a n d  a-=w'wa. Since w 'r= r  fo r any im i  such
that l i a ,  r  Iw a , w e get w 'F = F .  P u t w"-=w'w, then  w "a = a , w "F = F , and
sgn(w")=sgn(w) because sgn (w ')=1 . Therefore the situation is reduced to the
above case already discussed. Thus the  lemma is now proved m odulo Lemma
1.3. Q. E. D.

Proof o f Lemma 1.3. L e t I  be of class I o r  III, then  a s  is  s e e n  i n  § 1.2,
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every  F E M ( E )  is  con jugate to  t h e  fixed F 'E M ( f )  under W (E ) .  I f  E  is  of
type DN , E 1 ,  E ,  o r  E 8 ,  the assertion in  the lemma can be easily seen from the
explicit forms o f F °  given in  (1.8), (1.9) o r (1.10) respectively. Q .  E .  D .

1 .5 .  Root systems o f class II.
L et f  be a sim ple root system o f class II. Every I contains long roots and

short roo ts. Along with the  m axim al orthogonal system s i n  P ,  we consider
ordered system E  o f  roots w ith  th e  following properties (B 1 ), (B 2 ) and  (B3).
Consider a n  order P  in  I  corresponding to th e  se t P.

(B1) F o r E =( a i ,  a2, ••• , an), th e  underlying s e t  {a 1 , a 2 ,  ••• , a n }, w hich is
denoted by E * , is  a maximal orthogonal system in  P, e ., E *E M (P).

(B2) In  E , long roots a re  placed before short ro o ts . L e t  a 1 , a 2 , ••• , a z b e
long roots and a1+1, a1+2, ••• , a n s h o r t  roots, and  put 772= [//21 , then

cr1>a3> ••• > a m - i ;
(1.17)

at+i>a/+2> ••• >an _ i>a n .

(B 3 )  For 2-1(a2i_1±a21) are (short) roots in  P. (If 2 - 1 (a 21 1 — a 2 1 )  is
a root, then so is 2 - 1 (a21_1±a28), because a21_11a21.)

T he  se t o f all such ordered systems E  i n  P  is  deno ted  by M r .(P ) .  Note
th a t t h e  correspondence E ,--->F = E *  from M(nr(P) to M (P) is  surjective but not
1-1 when X is of type  C „ (n - 3 ) o r  F., (cf. § 1.2).

Definition 1 .1 .  A n  element EE/11°T(P) is called standard i f  it satisfies the
follow ing. L e t  E  be given a s  in  (1.17) and put {TEX; j - 1 )
fo r j _ 1 ,  E 0 = E .  For a28_1 (or a21 r e s p .) is  t h e  highest lo n g  root in
T21-1 (or f2 1 such that 2 - 1 (a2,--1 - Fa21) a re  roots in  P  resp .), a n d  when 1 is odd,
a t i s  th e  highest long root in  f 1 ,  and  fo r /d-1 - j . 7 2 ,  a ;  i s  t h e  highest short
root in X .  A n element F E M (P )  is called standard with respect to P  if  F =E *
f o r  some standard  element E E M ° T (P) . W e define t h e  type o f  F M ( P )  or
E E M °r(P) as  th e  number 1 of long roots in it.

To exclude useless complications, we choose a s  P  th e  canonical order in  E
corresponding to P  defined below, and  in  that case M °T (P ) is denoted simply as
M or( p ).

L et I  b e  of type  B .  T h e n  a ll positive short roots are mutually orthogonal.
The arrangem ent of them such that

(1.18) (II, 12, •-• r i > n > • • • > r n  (for P)

does not depend o n  th e  choice of the  order P  corresponding to P  because for
any two such roots r ,  7 ',  w e have r— r' E =PU — P and  hence 7•> 7 '  or 1 <1'
is determined by th e  se t P  o n ly . L et X  be of type  C .  T h e n  a ll positive long
roots a re  mutually orthogonal, and the arrangem ent of them such that

(1.18') (a2, a 2 , ••• , a n ) ,  a1 >a 2 > ••• > a n (fo r P)
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does not depent on  the  choice o f P  because fo r an y tw o  o f  such roots a ,  a ' ,
w e  h a v e  2- 1 (a—a')G E .  L et I  be of type F 4 . T h e  highest long root a ,  in  P
is uniquely determined by P  only a s  is seen from th e  theory o f highest weights
of the  finite-dimensional representations. Then I ai i s  o f  ty p e  C3 ,  a n d  a s  is
said above th e  lo n g  roots in  P n f  ai is uniquely arranged a s  a 2 >a 3 >a 4 b y  P
only. Thus th e  ordered set

(1.18") (a1, az, a3, a4)

is uniquely determined by P.
L et us call a n  order P  corresponding to P  canonical w hen it is defined  as

follows :  f o r  I  of type  B i i  o r  C ,„ P is  th e  lexicographic order with respect to
Ti, r2, ••• , TT, in  (1.18) o r to a i , a z , •-• . a r,  in  (1.18') respectively, a n d  f o r  I  of
t y p e  F 4 , P  is t h e  lex icograph ic o rder w ith  re s p e c t  t o  r i =2 - 1 (a i  a , ) ,
r 2 = 2  i (a 1  a z ),  r 3 = 2  i (a 3 + a 4 ),  1 4 = 2  i (a 3 — a 4 ),  where a i 's  a r e  g iven  i n  (1.18").
When we realize I  a s  in  § 1.2, th e  canonical order P  is nothing but the  special
lexicographic order given there.

L et P  be canonical. For FE M (P ), le t  a i , a 2 , ••• , a t b e  it s  lo n g  roots and
a1+1, a1+2, ••• its short roots numbered as

(1.19) a i > a z > - - > a i ;  a 1 4.1> a1 + 2>  ••• > a n  .

We put

(1.20) P=(a i , a z ,  " .  ,  a l , a1+2, Y an)

then  it a lw ays be longs to  M " ( P )  (cf. 91.2). T h e  se t o f  all is denoted by
/17/(P): /17/(P)= {P; F M(P)} Note that every s tan d a rd  element Ec
M o ( )  is given a s  E = P  with FE M (P). Moreover, fo r every simple I ,  a ll the
standard  elements i n  M (P )  a r e  given by the  elements F°  an d  F 's  in  the  list
in  § 1.2.

Here we m ust remark the following. Assume th a t I  is  n o t of type  F4 .  Let
a E I  and P  be canonical. T hen its re s tr ic tio n  o n  th e  s im p le  component of
class I I  o f  I  a  ( if  exists) is again canonical for the set of positive roots Pa=
E a n P  (see §91.1-1.2). When I  is  of type F 4 ,  w e a re  not sure about this fact,
but w e have for I  w ith  ran k  X 3  the  following.

Lem m a 1 .5 .  L et I  b e  o f  type B 2 , B 3  or C3 . L et P  and P '  be tw o orders
in  I  both corresponding to P .  T hen M " ( P )  an d  M " ( P ')  coincide with each
o ther. M ore exactly, i f  E E M °r(P), E 'eM °r(P')  satisfy  E * =(E ')* , then E =E ',
and i f  E  is standard in M °r(P), then so is it in  M°r (P ') and v ice versa.

Pro o f . It is suffic ien t to  rem ark th e  follow ing. F irstly, le t  a ,  IS be two
roots in  I  such that a—fi o r 2- 1 (a—fi) is  in  I , th en  a>  fi o r  a < f i  is deter-
m ined by P  only. Secondly, th e  highest root in  P  is  long and uniquely deter-
mined by P. Q. E. D.

By this lemma, we may restrict ourselves to use only the canonical order in
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I corresponding to P .  This is alw ays done in the sequel unless the contrary is
explic itly  noted. Thus M °r(P) is denoted simply by M°r(P).

For E =(a,, a 2 , , a n ) M °r(P) given by (1.17), w e put

P(E )= a2, ••• , a,,, 2 - '(a2 _1 -± a 2 1)
(1.21)

F 0(E)== {a l , a2, •-• , a l ,  a l  2 -2 -±a1+21

and a n i f  n - 1  is odd} .

T hen F o (E )  belongs to M (P) since the order is canonical, moreover is a  strongly
orthogonal system  of roots which is called associa ted  to  E .  W e m ake u  1 47 (2')
operate on E  by

(1.22) uE.-=(ucti, ua 2 , ••• , ua.).

Note th a t  u E  does not necessarily belong to M °r (P ) .  Put

W (E ; P)=IuG W (E ); uE lt/Pr(P)}
(1.23)

V (E)= IvETV (E ; P); (vE)*=E*1 ,

and for FEM (P),

(1.24) U (P)= 1u E W(1) ; u M(P)} .

Let us study M °'(P) according to the type of X .  W e  r e a l iz e  I  as in  § 1.2.

TYPE B „.  Let FrE M (P) be given in (1.4), then  the corresponding element
PrE./14(P) are  stan d ard  an d  th e  se ts  o f roots PCP r ) and F o (Pr)  are given as
follows

(1.25) Pr= (ei±e e1— e2, e3+e4 , e3 —  e3, ••• ,

e2r-1+e2r, e2r-i — e2r, e2r+1, 02r+2, en) I

(1.26) P(Pr)= F r U F° , F0(P 49= F k w i th  k -=[n12].
Moreover V (P )=  {1 },  and therefore M 0 r(P)=1a(P) in th is  case , and  the corre-
spondence E , ->E *  of M °r(P) onto M (P) is  b ijec tive . Every elem ent w  in  TV (f)

can be expressed as

(1.27) we i =- Ei e g ( i )

w here s,•= + 1  and u = (o -(1), u(2), ••• , a(n)) is  an element of the n-th symmetric
g roup  e n . Put s-=(si, 6 2 ,  • • •  e n )  and express w  by  (e, a ) .  Let s°=(1, 1, ••• ,

then

(1.28) U (P )= 1w = (s °, a ) ;  a  satisfies (1.28')},

where

I a(2 i-1 )<o - (2i) a(1)<o-(3)< • <a(2r — 1);
(1.28')

a(2r+1)<o-(2r+2)< ••• <o-(n).

TYPE Cn . T h e elem ent P r  AP) corresponding to  F M (P) in (1 .6) is
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standard and given by

(1.29) Pr —(2e1, 2e2, •" 2en-27, en-27+1+en-2r+2, e n -2 7 + 1  e n -2 7 + 2 ,

en_2N-3+ en-2,+4, ..• , en-i+en, en-1 — en) •

Put k=[n/21, then

(1.30) P(Pr)=F'U Fk , F o(Pr)=F°.

Every elem ent w G W (f )  can be expressed as in  (1.27) and so it is denoted by
(s, a ) as above. Then

(1.31) V (Pr)= {w=(s°, a ) ;  a  satisfies (1.31')} ,

where s0 =(1, 1, ••• , 1) and

o-(2i-1)<o(2i) k —r), o-(1)<a(3)<•-• <cr(2k — 2r-1 );
(1.31')

I a( j)=j

The group U(Pr ) can be given similarly.

TYPE F 4 . F o r F°, F 1 , F 2 M (P )  i n  (1.13), t h e  corresponding elements
P O ,

 1  2 J J ( )  are standard and can be written down easily, and further

(1.32) P(Pr)=FT UF°, F 0 ( P T ) = F 2  (r= 0 , 1 , 2 ).

Moreover, denoting the simple roots as in  (1.12), we get

(1.33) V (P°)=V (P)= {1}, V(P2)= {1, s„., s5s„}.

Furthermore

(1.34)
U(P°)=- {1, sa, U(P2)= {1, sp,

U (P ') contains 18 elements.

The elements in  M(P) conjugate under 1,17 ( f )  to F r  (r=0 , 1  or 2 ) a re  listed up
below . The corresponding elements in  i171(P) can be written down easily.

Fo r F°: F°, F9, 1 =s a F°, Fcl i =s 3 s„F°,

where F =  12- 1 (e1+€2e2+ 63e3+64e4); E 2s 4s 4= e l  for s= +1.

For F 1 : f e i ±e,, ek, ell,

where i< j, k<1 and {i, j, k,1}= {1, 2, 3, 4}, and

fer-He i , ei-f-s t ek, 2-1 (ei—se1 -±(ei—s'ek))1,
where s, s '= ± 1 ,  j<k, j, k l=  {2, 3, 4}.

For F 2 : eriek} ,

where j< k, fi, j, k l=  {2, 3, 4}.
Note that for any type of I ,  the strongly orthogonal system F o (E) associated

to a standard element EEM °r(P) is always equal to the unique standard element
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in  M (P) which is strongly orthogonal.

1.6. Let X  be a sim ple root system of class II.

Lemma 1.6. L e t la, p l  and {a', p '} be two pairs of long roots (short roots
resp.) in X such that 2- 1 (a-±p) and 2- '(a '±p ') (a±-13 and a'±- 15' resp.) are roots
in Z . T h en  a_LP and there exists a w E W (f ) such that w a=a',

P ro o f. W e see from  t h e  explicit form o f  I  in  §1.2 t h a t  a lp .  On the
other hand, there exists a  w'E W(I) such that w 'a = a '.  Then w'p and  p' are
two roots in  I" . w ith  th e  same length. T he  root system fa' is simple except
w hen I is of type  B n a n d  a '  is long, or X  is  of type C„ a n d  a '  i s  short (cf.
Table 1.1). I f  X '  i s  sim ple, there exists w"EW(2'"') such that w "(w 'a)=a'.
P u t w =w 'w ', then wa=a', wp-=P'. If a '  is not sim ple, the roots /3 a n d  p'
a r e  characterized i n  I up  to  their signs by the condition that 2- 1 (aH-p) and
2 1(a'± j3') (a±/3  a n d  ce'-±p' resp.) a r e  again roots in  X. Therefore we get
w'p=sp' with s=1 o r  —1 in this c a se . Since it  is enough to p u t w -=w '
o r  S ,9, W ' according a s  e=1 o r  —1. Q. E. D.

Lemma 1.7. (a) For any two elements E , E ' in  M "(P) o f th e  same type,
there exists uniquely a  w EW (E; P) such that z v E =E '. (b) For any FEM (P),
W (P ; P) is a direct product o f U(P) and V (P) in the following sense: fo r  every
w EW (P; P), there exist uniquely uEU(P), v EV (P) such that W = 1 ,t1 ), and con-
versely any element o f this form belongs to W (P ; P).

P ro o f. L e t {a, p l be a s  in  Lemma 1.6, then f '= I r E E ;  l i a ,  pl is again
a  s im p le  root system o f  class I I  o r  o f  ty p e  A , .  Therefore the assertion (a)
follows from Lemma 1.6. For the assertion (b), note that u EW(T) belongs to
U (P) i f  a n d  only i f  u  does not change the order relations between the long
roots in  P and also between the  short roots in P'. T hen it is not d ifficu lt to
see that the assertion (b) holds. Q .  E .  D .

L et I  be th e  ty pe  o f an  EEM °r(P) and M°r(P, 1) b e t h e  subset o f  M°T(P)
consisting of elements of type  1. Then it follows from Lemma 1.7(a) that there
exists a  natural bijective correspondence :

(1.35) W (E ; P)D u E E M °r(P, 1) .

On the  other hand, consider a collection D  o f m ordered pairs (a,, p i ) (1- i_m)
of long roots in  P, and at most one long root TE P, and  some number of short
roots in  P  such that

(B'1) th e  underlying se t F  of D  belongs to M (P), and
(B'2) 2 '(a i -±P i ) a re  roots in  P  for

L et 1141 (P) be th e  se t o f all such D's. We define the  type  o f D  a s  th e  number
of long roots in  it .  N o te  that under the condition (B'2), we get always a1 >p 1.

There exists a  natural 1-1 correspondence between M "(P) a n d  M i(P) as
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follows :  fo r  a n  EE M "(P) given in  (1.17), we make correspond D i l l '( P )  con-
sisting of long root pairs ( a 2 1 , a2 i) (1 - i n2), and  a  long  root a l if  l is odd, and
short roots a1+1, a1+2, ••• ,

Now we make operate W (f)  naturally on  DE M '( P ) .  Then f o r  any D . D'
M /(P) of the same type, there exists a  u E W (f) such that u D =D ' by Lemma

1.6. F o r a  D e M i(P), we define I(D) a s  a  subgroup o f  W (I )  consisting o f  u
such  that (1 )  l e t  FE M (P) be th e  underlying se t o f  D, then uFcFU — F, and
(2) for {uai, u/3 ,}  C  {± a, ± p}  fo r  some i'. L et 1 be the  type  o f D
and M '(P, 1) be the  subset o f M '(P) consisting o f  elements o f  ty p e  1. Then
w e get a  natural bijective correspondence

(1.36) M i(P, 1)B  D'=uD ,—)uI(D) W (I)II(D).

Through th e  natural correspondence between W r(P, 1) a n d  111/(P, 1), t h e  bijec-
tions (1.35) and (1.36) give u s  W (E ; P) a s  a  complete system o f  representatives
of the  coset space W (X )/1(D), where EE M"(P) correspnds to D.

1 .7 .  L e t  I  b e  a  s im p le  root system  o f  class I o r  I I I .  S in ce  it  h a s  no
im portance to introduce a n  order i n  I correspond ing to  P  in  this case, we
introduce the following formal convention in accordance with the  case  of class II.

CONVENTION 1.1. W e p u t  sim ply a s  M°r(P)-=11/1(P)=M(P), P(E)= F o (E)=
E*-=-  F, w here E  denotes FE M (P) itself v iew ed form ally a s  a n  element of
111°r(P). T he  type  / o f any element in M°r(P) is by definition 1= 0 . A n  element
FE M (P) is  ca lled  standard i f  it can be obtained a s  follows : (1 ) pick up the
highest positive root a, o f I (determined by P  only), (2) fo r every simple com-
ponent o f  ty p e  A 1 o f  2 1 ,  pick up the unique positive root in  it, an d  (3) for
another simple component o f  E al, repeat th e  picking up in  (1 ) a n d  (2 ), a n d  so
o n .  T h e  s e t  W (F ; P) denotes an  arbitrary complete system o f representatives
of W (E)II(F) consisting o f  u 's  such that uFEM (P), where

(1.37) I(F)= { u E W (f ) ; uFcFU — F } .

Remark 1 .3 .  Taking into account Lemma 1.2, w e see  th at th ere  ex ists  a
natural bijection : T/17 ( F  P )  u ,— *uFE M(P). In  the  case  of class I or III, w e do
n o t fix  a  special choice o f  a  system o f representatives o f W (I)II(F) contrary
to the  case of class II (cf. (1.35), (1.36)).

In  th e  sequel, we apply frequently Convention 1.1 when the discussions are
parallel fo r a ll classes of root system s. In  this sense, we shall use the notations
M "(P), AP), P , P(E), F0(E) etc. fo r any root system I  u n d e r  the following
definition.

Definition 1 .2 .  Let 2:1, X2, • •  •  ,  X, be all the sim ple components of X , a n d
pu t P i= P n I i . Then M 0 ( P )  is  d e f in ed  a s  t h e  s e t  o f  all ordered s e ts  E =
(E l , E„ ••• , Ep) with E i E  Alw- (P i )  for 1 i p. W e  define
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(1.38)
P(E )=P(E 4 )U P(E 2 )U ••• UP(E 7,) ,

F0(E)=F0(E1)UF0(E2)U ••• UF0(Ep).

W e  c a ll F o ( E )  t h e  s tro n g ly  orthogonal system  associated to  E .  Let l  b e  the
ty p e  o f  E i ,  th e n  w e  c a ll  (/„ 12 , ••• , l p ) t h e  type o f  E .  W h en  ev e ry  E ,  is
standard , E  is  c a lled  standard. T h e  se t W (E ; P) is defined as  th e  product of
W(E i  ; P„) over 1 -7 • . p ,  w here  W(E i  ; PO= lu W (E„); uE,EM °'(P i )} i f  f i  i s
of class II, and W(E t ; P,)  is  a  complete system of representatives of W (I i )//(F i )
w ith  F i =E,* such  tha t uF i EM (P i )  otherwise.

N o te  t h a t  f o r  a l l  s tandard  elem ents E  o f A Pr(P) th e  associated strongly
orthogonal system s F o ( E )  c o in c id e  w ith  e a c h  o th e r . T h is  h a s  an im portant
significance in  the  sequel (see § 5.2).

F or the  la te r use, we also introduce th e  following definition.

Definition 1.3. F o r  E E M °r(P), a  s ig n  s ( E ) =± 1  is  de fin ed  a s  follows.
W hen  I is  sim ple , le t  E =(a i , a2, ••• , al, a1+2, ••• , a .)  be a s  in  (1 .17 ). By Con-
vention 1.1, w e p u t 1= 0  if X  is  o f class I o r  I I I . P u t  m=[//2] and

(1.39) E(E)=(-1)n(-1)ln=(-1)n(-1)C112:.

W hen 27 is  no t simple, express E  a s  in  Definition 1.2 and put

(1.39') r(E) s(E1)s(E2) • •• s(Ep).

1 .8 .  L et I  be a sim ple root system.

Lemma 1.8. Assume that r, z are orthogonal but not strongly orthogonal
to each other. T hen X  is one of the types B „, C „ and F 4 ,  and 7', r ' are short
roots in  T .  M oreover pu t F'.= fr, r'l , then I F = { -± r, -±r±r/} and is of
type 132 .

More explicitly w e can list up the possible pairs F '= 7 1  of positive roots
a s  fo llow s. (1) In  th e  c a s e  o f  B„, 7.'1 i s  a n y  orthogonal pair of positive
sh o r t  roots : { 7 , r' } _= {ei , e ,}  f o r  som e i < j ,  a n d  is conjugate under W (f)  to
{e,, e 2 } . (2) In  the  case  of C . ,  fr, r'l = {ei -±e.,} for some i < j ,  and  is conjugate
t o  fe 1 +e 2 1. (3) In  th e  c a s e  o f  F 4 ,  fr, 21 i s  a n y  orthogonal pair of positive
short roots and is conjugate  to  {el , e2}

§  2 .  S tru c tu re  o f C artan  subgroups

L e t  G  b e  a  connected  real sem isimple L ie  g ro u p , g  its  Lie algebra, 1) a
Cartan subalgebra of g  and  IT  the C artan subgroup o f  G  corresponding to  b.
I n  th is  section w e  s tu d y  the structure of every 1-11' and the relations between
them.

2 .1 .  For gm  G , w e denote by v g  t h e  inner automorphism o f  G  correspond-
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ing to g:t- g x =g x g - ' ( x E G ) .  L et H  be a  subgroup o f G  and C a  subset o f  G
(resp. o f  g ) .  Then we denote by N H (C) and Z ( C )  th e  subgroups o f H  consist-
ing of elements h such that z- h (C)cC and v 7 (x )=x  (x  EC) (resp . A d(h)CCC and

A d(h)X =X  (X EC)) respectively. Then by definition, 1- -P=ZG(T)). Put

(2.1) W0(C)-=N0(C)1 ZG(C).

L et 0 be a Cartan involution of g, and  g = f+ p  be th e  corresponding Cartan

decomposition o f g. L et K  be th e  analytic subgroup o f  G  corresponding to
a n d  denote by exp th e  exponential map o f g  into G .  Then th e  map (k,
k exp X of K x p  into G  is a n  analytic diffeomorphism onto G .  Moreover 8  can
be lifted up to an automorphism of G given by k exp k exp(—X) (k EK, XE p).
Assume that 6I)=1). P u t Ije=bnr, f4=-I)np, then

(2.2) fl=f)t-i-I4 (direct).

Moreover p u t 1-11=H nK , 1-1 =exp(bn4), then

(2.3) 1-1b-=-16H; (direct).

In  this case W A ) and W 0 (lib) are canonically isomorphic to  W K ( b )  a n d  W K (11b)
respectively (see [2(b), § 161).

2 .2 .  Denote by f(b) th e  se t o f  roots of (gc , 1 )  o r  simply o f b. Let P(I)) be
the set of positive roots in  f(I)) with respect to an  order in  E(15). A  root a  o f
b is called real o r im aginary  if  a(I))cR  o r  a(I))c-V— 1 R .  We denote by E R R)
the  se t o f real roots o f I) and put

(2.4) PR()=E R(lj)nP(b)

F o r a  root a ,  we choose root vectors X i „ from the  complexification g, of g
in  such a  way that Ha=1X a, X... a ]  holds, where E be i s  t h e  element corre-
sponding to a  under th e  Killing form o f gc . We put

(2.5) H'a=21a1 - 2 H„,

where I al denotes t h e  length o f  a  w ith  re sp ec t to  th e  Killing fo rm . A n
imaginary root a  is  ca lled  compact o r  singular i f  gn(CH„±CX „-FCX _,,) is
isomorphic to .?,11(2) o r  l(2, R ) .  I f  a  is real, we can choose X*,,, from g. So
done, put

(2.6) va -=exp-C—V— 1 7ia d (X 'a ± X a )}

and Ir= --va(U ng. Then I r  is another C artan subalgebra o f g  not conjugate to
b under any automorphism o f  g .  L e t  ue,  be th e  hyperplane o f b defined by
a (X )= 0 . Then

(2.7) T)=o-ad-RH'„ f)".=a„-FR(X— XL„).

T h e  root p=v„a=ce.(7,V V )  i s  a  singular imaginary root o f  b a  a n d  I-Pp=



434 Takeshi H ira i

-s/ — 1 (Xia — Xi a ). We know th e  following fact [5(d), Lem. 4.5].

Lemma 2 .1 .  The set ER( fia ) o f rea l roo ts  o f f) is given by

(2.8) R(V)= {1.) ;  1 EIR(0), r  a} .

P u t f-=E R (b), then f R (b")=v a f a ,  where Ea is defined in  (1.1). L et 7. E
then

ar I a a= T I  a , ar)(11'(i)=7(11 ta) = 0

and H,,,,, --=v„Hr =H r . Moreover we get th e  following.

Lemma 2 .2 .  L et r La. I f a  a n d  r are strongly orthogonal to each other, then
va X, T =X ± r . Otherwise,

-‘/—(2.9) vaX±r-n-- 1 a d (X 'a  XL„)X.± , .2

P ro o f .  I f  a  a n d  r a re  strongly orthogonal to each other, we get [ 7(s „, L T]
= 0 and therefore va X, r --= X „ . Assume it is not th e  c a se , then by Lemma 1.8
we know that E'=En(Ra+RT) is of type  /32 a n d  a , r are  short roots in  E'.
By an  explicit calculation on  the Lie algebra 1)(2, R), we get without difficulty
that

(2.10) ad(X'a)ad(X1a)X,r=ad(XLa)ad(X'a)X±,=2X±r

and therefore ad(X'a -f-XL a )'X i 1 = 4 X ,.  From  th is w e get t h e  above equality
(2.9). Q. E. D.

We know th e  following [2(a), Lem. 46, p . 255] : Assume th a t Of)=-1). Then
f o r  a n y  a E E R N , the  roo t vecto rs  X + a in o  can be norm alized in  such a  way
th a t jX a = — X„, where 0" denotes the conjugation o f pf, w ith  respect to  the com-
p a c t re a l fo rm  •%,/— 1 p. In  that case, Oba•-=1r. B u t  in  th e  sequel, we do
not demand the normalization .0 ( a = —X_, unless th e  contrary is explicitly noted.

L et F= {a 1, a2 , ••• , a s} be a  strongly orthogonal system o f real roots o f  b.
Then v „  v a ,, ••• , va s  c o m m u te  w ith  each  o th er. T he transform ation  v ,  is
defined by th e  product o f them as

(2.11) 2)F—V . 1
1).2 uaS

a n d  th e  C a r ta n  subalgebra bF is defined a s  V=14 (tong. Then putting
fl a, we getaCF

(2.12) b=c,F+ 0•F+ E  R(X'a —X , , ) .
aEF aEF

2 .3 .  Connected components o f  a  C a rto n  su b g ro u p . F o r  a  root a  o f  b, we
define a  character e a  o f  1- -P) by

(2.13) A d(h)X a=ea(h)X a (h.f/b).

Then we know that i f  a  is real, e„ takes only real values 1 o r  —1 on H .
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L e t  A  b e  a  connected component of H .  Assuming Ob=f), w e  g e t the
following direct product decomposition o f A :

(2.14) A = AK  exP(N) , where A K= A n K

Define a  subset I R (A ) of E R ( l )  by

(2.15) IR(A)t-= IaEERM; ea(h)>0 fo r h e  ,

and  put PR(A)=P(b)nER(A). Note that the condition e a (A )> O is equivalent to
uAK)-= {1} .

L et D  be a  subset o f H f) and  b a  subset o f f ( l ) ) .  Then we put

(2.16) D(b)= lh e D; e a (h) , 1 (a e b)I

Lemma 2 .3 . Let a e I R (A ) and put P-=2)„a, a = l " .  T hen A({a})CMIPI).
M oreover let C be the connected component o f Ha containing A ({a } ).  Then

n(C) .= ; R (A ), î I  a }..

P ro o f . Let hE A( ), then Ad(h)X ia-=e ±.(h)X±„.= Since i)" -=a is given
by (2.7), we get Ad(h)X=X fo r  any XECI. Hence h E W .  O n the other hand, a
root vector f o r  13 i s  g iv e n  b y  X = v c,X'„=2 - 1 (-V— 1 Hia ± X H - X ) .  Since
Ad(h).X=ep(h)X ii3 by definition, we see that e  p ( h ) =1 .  T h is  proves that A({a})
C Ha( { IS} ).

The second assertion can be proved by using Lemma 2.1 and  (2.7) (cf. [5(d),
Lem. 4.5]). Q. E. D.

C o ro llary . Let F  be a strongly  orthogonal system  o f roots in  2'R (A ) and put

a = b .  T h e n  A(F)cHa(v F F).

P ro o f .  N o te  th a t i f  a ,  a 'e E R (A )  a r e  strongly orthogonal to each other,
then  so  a r e  also in E (t )). T hen t h e  corollary follows immediately from the
lemma. Q .  E .  D .

Now le t M(TR(A)) be a s  in  § 1.2. We wish to prove th e  following fact.

Proposition 2 .4 . Let FEM (f R (A )) be strongly  orthogonal. T hen the dimen-
sion  o f th e  vector part of f)F  tak es  the minimum possible value, or equivalently,
ER(V)*=.0.

To prove the proposition, we need a  lemma.

Lemma 2 .5 . Assume th at  E R ( ) is  is o m o rp h ic  to  a  m ultip le of the root
system o f type A l . T h e n  fo r  any connected component A  of H ,  TR(A)=ER(b).

P ro o f . T ake  a  C artan  invo lu tion  0 of g  such that 0b-=1). P u t D=ZG(b1),
then D D IP, and by [2(b), Cor. 3 of Lem. 26, p . 4811 we see that
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D=ZKNeXP 3p(l !) (direct),

where 81,(b f )  denotes th e  centralizer o f I), in  p. Note that T=exp(b ! )  i s  a  to ta l
subgroup in  the  sense o f  [4 , p. 247] and that ZK(1)f)=Zic(T). On the other hand,
we see that Z K (T ) is connected by [Cor. 2.8, lo c . c it .] . Hence D  is connected.
L e t  b  be t h e  subalgebra o f  g  corresponding to D , then b=31(10. L et gc=
b c +  E  (1,, be th e  root space decomposition o f  g , .  Then we get

a E f (b)

b = b +  E  ç l„ n g = 1 ) '+  E  n ',
P R O)

where

t)' = IX I );  a (X )= 0  (a fR (1 )) )1  g ( " ) =RH,,-E-RX„±RX_„K(2, R).

N o te  that 1)=1)'-F- E  R I L .  Since D  is connected, we see that Ad b (D ) is
a E P  R (tl)

canonically isomorphic to a m ultiple of SL(2, R )/1+ 11 . Then from t h e  result
o n  SL(2, R), w e see th at fo r  every a E E A ), ea(h)>0 (hcfP)). T h is  proves
our assertion. Q. E. D.

Proof  of Proposition 2.4. By Corollary of Lemma 2.3, we see that A(F) H°
with a=f) F . L et C be th e  connected component of containing A (F ).  Let us
prove that IR (C )= 0 . I n  f a c t ,  le t  rEER(C), then by Corollary of Lemma 2.3,
there exists r/ E R (A ) such that r=p,r, 7 '1  a  fo r all a  in  F .  T his contradicts
t h e  m axim ality o f  F  as an orthogonal system . Now, since ER(C)=0, fo r  any
two roots a ,  a '  i n  X R(a), a ± a ' are no longer roots. T h is  means that E R (a )  is
isomorphic to a m ultiple of the root system of type  A , .  O n the  other hand, in
th is case, ER(a)=ER(C) by Lemma 2.5. Hence Z R (a)= 0 . Thus the proposition
is now proved. Q .  E .  D .

A s a  corollary o f this proposition, we give th e  following significant result.
We call a  C artan  subalgebra o f g  com pact if its vector p a r t is trivial.

Corollary 1. Assume that g has a compact Cartan subalgebra. L e t b  be a
Carton subalgebra o f  g  a n d  A  a  connected component of H .  T h e n  the root
system IR (t ) and E R (A ) contain no simple component o f class III.

Pro o f . L et b' be th e  vector part o f I). W e  ta k e  a n  FE M(Z R (A )) strongly
orthogonal. Then th e  vector part o f b ' is equal to b"= {XEW ; a(X)=O ( a  F)}
(cf. (2.12)). By Proposition 2.4, it follows from the  assumption on g  that b"= {O}.
T his means that b i is spanned over R  by H„ (am F), a n d  therefore that I = E F

fo r E=2' R (A ).  Then by Corollary o f Lemma 1.1, w e get th e  a sse rtio n  o f  th e
corollary. Q .  E .  D .

Corollary 2. L e t  A  b e  a  connected component o f  1-111 . Then M(2' R(A))C
M(2' R(b)).

Pro o f . The number o f  elements i n  every FE M(Z R (A )) i s  c o n sta n t. By
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Proposition 2.4, th is m u st be equal to  that fo r M ( X R ( f ) ) ) ,  because the Cartan
subalgebra w ith  m inim al vector p a r ts  a r e  mutually conjugate under G  and
hence th e  d im en sio n s  o f  these p a rts  a re  equal to each other. Thus we have
MaR(A))CM(f R(b)). Q. E. D.

2 .4 .  L et FGM(X R (A )) be strongly orthogonal, then by Corollary o f Lemma
2.3, we see that A(F)cHa(vpF)CHa, where a=bF. Here we wish to prove the
following more exact fact.

Proposition 2 .6 .  L et FE  M a R ()) be strongly  orthogonal, and assum e that
Of)=1) and 6X« =--X _ «  (a E F ) .  Then

WG(HVI liK(vFF)=Inc, w here b=fr.

P ro o f .  P u t  B-=-I-P , B K =I-Pi c  a n d  J=v K F .  B y  Proposition 2.4, we know
that the dim ension of the toroidal p a rt o f  B takes the  m axim al possib le  value.
Therefore B is connected and  so is B K  too . Let us first prove that B K(J)CI-Pk.
For a GF, p u t P=v F a and  X..,3= vFX±a, then

(2.17) X + X L , g = X 'a -1-XL a , X — ,1Lp=•/-1H '„, H = '‘/  —  1 (X  'a  — .

L et bGB K (J ) .  Then f o r  an y  13E J, Ad(b).( Y ± p (b )X ,A =  Therefore by
(2.12), we see that Ad(b)I f) is th e  identity. T h is  means that b 1-14 a n d  hence
B.K(J)

Now l e t  u s  prove W G(11')B K(.1)=--  M c .  A s  is rem arked i n  § 1.2, every
element co  in W 0 (H )  h a s  a  representative i n  Nic(b). Therefore we get
W G(PP))B  ic(J )C IA . To prove the converse inclusion, take a n  arbitrary connected
component A  o f  l i b ,  then a s  is remarked above, A K  c A (P ) c la c (vF ,F ') with
b f r '  f o r  any strongly orthogonal F 'G M (E R (A )). O n  th e  other h a n d , by
Corollary 2  of Proposition 2.4, we have M(XR(A))CM(XR(b)). Therefore F ' is
conjugate to F  under W(IR(b)) (see § 1.2).

L e t  u s  study th e  re la tio n  between 1-1 (vF , F ' )  a n d  B K (J ). Note that the
reflexion s«  corresponding to a G ER(b) is realized  by a n  element g « E G  as
Ad(g a ) I b„ where

(2.18) g a = e x p

Therefore we can find a  product g  of g a 's such that wF' , F with w =Ad(g) be.
We see that Ad(g)b=b, because Ad(g a )11),=s a and H a I). Since geNG(b)=NG(TP),
g  induces a n  element w in  W0 (1-14 )  a s  th e  inner automorphism by g .  Moreover
ro=w under th e  canonical homomorphism oy--(7) o f W G (H )  onto WG(b).

L e t IX a l  be th e  root vectors used to define vF  a n d  vF ,. Then there exists
a non-zero constant Ca  f o r  every a e F ' such that

Ad(g)X„= ca .X„, a  , Ad(g)X._ « = c ; 1X , « ( a E F ' ) .

Put ca =sa exP(ta al 2 ) with Ea =± 1 ,  t a R , and g o = g • ll a e p, exp(t « H« ). Then co is
also realized by g o and w = A d ( g o ) l k .

 M o r e o v e r  Ad(go).X.,a=EaX*.a (a G F'), and
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hence by (2.12), w e  g e t Ad(g o)f)'=b , g ol l ga-' , H b =B . N o te  t h a t  f o r  p=1.), a
w ith  aE F' , H 'i9= — 1  (X  'a  — XL a ). Then putting 7,  Ad(g o) I V„ w e  g e t  z-H

1 (X.Wa—XL,,,,,)= H ,, w here p'-=1)F w a. Hence 713=s a p i and

ep(h)=e,,s(gohgV )=es a p(gohgV ) ( h  H o ') .

T his m eans that g ol-P  (2)F, F')g(T 1 = 1 P(I)FF)=B (/) . Since A K  CH b"(14, F ')  a n d  w
leaves H 6K  invariant, w e  g e t A R C B ( J ) C 1 K = B x ( J ) ,  a n d  therefore A K  cHTu (H 4)•
B K (J) . Hence In c W u (H b )BK(i).

T h e  proof of the proposition is now complete. Q. E. D.

2 .5 . H ere w e give a proposition (cf. [5(d), § 7.4, Lem. 7.9]) w hich  w ill be
applied la t te r . L e t  A  be a  connected component o f 11f) a s  before . T hen A  is  a
direct product of A K  a n d  e x P ( ) .  W e will utilize another decomposition o f  A
in  th e  sequel. L e t 1)17 be  th e  subspace o f 14 spanned over R  b y  11„ (aE1R(A )),
and  put 1)u= th where i  d e n o t e s  the  orthogonal complement o f  by  i n  bv

w ith  respect to  th e  Killing form o f  ge . W e put

(2.19) A v =exP l , A u = A R  exp 5U—AK exP l5 .

T hen  w e have the d irect product decomposition

(2.20) A =A vA v •

The subsets A u  a n d  A v  h a v e  intrinsic m eanings independent o f  0  such  tha t
Of)= 1). In  fac t, A u=A (ER (A ))= -M E A ; e a (h )=1  (aE IR (A ))} . W e see  tha t fo r
any  a R (A), A u  com m utes w ith  g a i n  (2.18), th a t is,

(2.21) w ah=gahg-,;1=h (hEA u).

Rem ark 2 .1 . T h e  subspaces i5 ,  a n d  f)u  o f  m ay depend o n  th e  connected
component A  in  q u estio n . H ow ever this is not the  case w hen g  has a compact
Cartan subalgebra. In  fac t, in  th is  case, by a n d  fh, co inc ide  w ith  t h e  vector
part and  the  toroidal p a rt o f  1) respectively because of Corollary 1 of Proposition
2.4. Moreover A v .= exp bp,  AU—AK.

Proposition 2 .7 . L e t F  be a strongly  orthogonal system  o f  roots in  E R (A).
For w E W G (A ), le t w =c7) b e  th e  elem ent in W G (b) induced canonically from co.
A ssum e w FC FU — F. T h en  th ere  ex is ts  an  e lem en t g E G  w ith  th e  following
p ro p e rt ie s : ( i)  g  leav es A  inv arian t and com m utes w ith v F  o n  qe . (ii) There
ex ist n„:=0 o r 1 f o r  a E F  such that

ghg . - 1 =co(Hco:a)h ( h  A ),
a EF

in  p artic u lar, g h g '=-c o h  (h E A u ), w here w a h =g a hg -,-, 1 w i t h  g a i n  (2.18), and
that i f  a ,  a 'E F  satis f y  th at b o th  2 '(a '± -a ) a re  ag ain  ro o ts  in  E R (A ) , then
(-1 )n a(-1 )n a =1 .

M oreover g  leaves also 1) an d  f r in v arian t . Pu t  w' , Ad(g) b„ v.= Ad(g)
then w 'EW G(b), vEW o(b F )  and
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(2.22) vF(w 'X )=v(vFX) (X  E f)c) , w'= w( s,n, a ) .
a = F

The element w' can be written also as w'=(ILEFsTa)w, where m a = 0  or 1 and
ma 's have the same property as n a 's.

P roo f. Take an element g E G  such that g 0,hga,'=w12 (ha A). F o r aEIR (A ),
we get

Ad(g„,)X„ -= ca X,„ a , A d (g o,)X_ a = c 1X w a,

where c c,  i s  a non-zero rea l constant. Put ca=sa exp(ta al 2) w ith  Ea =H-1,
ta R , and

(2.23) g= g o, i n exp(— Eat .1101
. . F

where na-=(1— ea)/2. It follows from (2.21) that g  leaves A  invariant and we
get the expression of ghg - 1  in  (ii). Since F  is strongly orthogonal, we see that
for any two different a , a ' in  F, Ad(g a )X , a ,= X ± a ,  and ga, ga , commute with
each other. Note th at Ad(g a )X , a = — X ,„ , then we get for aEF, Ad(g)X, a =
Xo a a  (s = ± 1 ).  Therefore we get from (2.6) that

Ad(g)ov a . Ad(g) - 1 ----expl— /— 1 niad (A d(g )X ",± A d(g)X L 4

=exp.{— ,\/— 1 n
7

-
4 ad(X ;.+X L „,,4=2)„,, .

Thus using (2.11), we get Ad(g).),
F . A d(g)'=1) F  on gc.

For the equality in (ii), put 1 = 2 - 1 (a '— a), r '-- -2 - 1 (a 1 + a ) .  Then ca =c r ,/cr ,
c  =  c r , cr a n d  hence (-1)n.(-1)Th.' =Sg11(C a  Ca , )=sgn(cr,) 2 = 1 .  For another ex-
pression of w ', note that w '=w (ILEFs«')=(FLEFs,,,Za)w . Then it is sufficient
to put m „=n r w ith 7=w - 1 a  or — w 'a  such that T EF, because w FcFU— F.

The rest of the lemma is easy to prove. Q. E. D.

§ 3. Fundamental f unctions on a Cartan subgroup

Let f) be a Cartan subalgebra of g and A  a  connected component of Hb. In
this section, we define some fundamental functions on every A .  Here we need
the direct product decomposition of A  given in § 2.5. Let by  and f)u =b1+1) 1

1,- be
as in  §2 .5 , a n d  p u t  A v =expf) v , A u -= th E  A ; e a (h )= 1  (a  E  T W A ». Then
A u=A K exp i) -

T and

(3.1) A = A A v (direct).

By definition, the root system E R (A) consists of real roots a  o f b for which
ea(h)>O for h E A .  We imbed W(ER(A)) into W 0 (A )  in  such a  w ay  th a t the
reflexion s a  w ith  respect to a E  R (A ) corresponds to wc, I A , that is,

(3.2) sah-=wah=gahgV (hEA),
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w here g a  is  g iv e n  b y  (2 .18 ). Then the subgroup W(XR(A)) of W (A )  acts on
A u  trivially because e a(h )=1  for a E I R (A )  and  h E A u  a n d  hence g a hg a l=h .
Therefore expressing h E A  as h-- ---h u  exp X  w ith h u E A u ,  XE th,, we get

(3.3) u h = h u  exp uX (u W (fR (A ))).

W e fix the set PO) of positive roots in ZR(b), and put PR(A )=ER(A )nP(b).
Let F  be an orthogonal system of roots in //A), we define a  map p F  o f f)

into itself by
PFX =X —  E 2a(X)1-1« (XE f1)..EF

Then it is the projection onto the subspace 1)(F )=  1 X E  ; a (X )= 0  (a  F )}  along
E .E F R H ,. For an y  uEW(ER(b)), w e have P F ( u - I X ) = u - 1 P . F ( X ) .  I n  particular,
if  u EW(T F )  with E=-ER(1)), then pp(u - l X )=PF(X ). W hen F C I  R (A ), w e get
PF(bv) f)v, and hence f)v=PF(bv) - F EFRHa, because by definition b y  is spanned
by II«  (a  E TR(A)).

3 .1 .  Let EEM"(PR(A )) and F =E * E M P R (A )), and F0 -=F0(E) be the strongly
orthogonal system  in  M(PE(A )) associated to E  given by (1.21), (1.38). Then
PF,=-PF, and by Corollary of Lemma 2.4, A (FOCH b (vF0 F0)C H b  w ith  b=1)F0. The
space fy1b= (IF ,  in (2.12) is given as a F 0 = 1 ) u + P F o r l y .  T herefo re w e get A (Fo )=
A u  exP(PFo f)v), vF0X -= X  for XŒb u +p F o bv  and

(3.4) b=i)u+PFobv+ — 1 vRo (  E  RHO •
aE.F0

Put B =H b , B u - = la ,  then they are connected because b has no real root. Denote
by hK the dual space of bc over C , and by h t its additive subgroup consisting of
A Ell such that

(3.5) A(exp X)= eA(x) (XE b)

defines a  unitary character of B . (This can be expressed a s  4 = lo g  B * , where
B *  i s  the group of all unitary characters of B .)  We denote by b r  the subset
o f  bt consisting  o f  re g u la r  e le m e n ts . L e t  A E bt, then A (b ) i/ —  1 R  and
therefore A(bu+PFobv)E A/— 1 R, AO, F ,Ha )=(A , 2.)F 0 a) E R  for any a E I F , (C F),
where (•, • ) denotes the inner product induced from th e  K illing form  o f gc.
Therefore we can define for A E br,

(3.6) sgnp(F)(A)-=sgn{ H (A , vFoa)},rEp(E)

where P(E ) is given by (1.21), (1.38), and F o -=- F o (E).
For every A E ll', w e  d efin e  certain fundamental functions Y  and  Z  on

A  a s  follows. Express hE A  a s  h-= h u  exp X  w ith  h u  E A u ,  X E by . For
E E M"(PR(A )) and u EW (f E (A)), put

(3.7) Y (h; E, u, A )=sgnp(E)(A )eA (hu)

xexpA(15F0(u 1 X))• H  exp {—a(u - 1 X)1(11, 2-)Fo a)1 / I a 12 }
cr E F
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where F=E *, F 0 =F 0 ( E ) .  From (3.3), we see that

(3.8) Y(h ; E, u, A )=Y (u - 1 17; E, 1, A ),

where 1 denotes the  un it element in  W (X R(A )). Moreover put

(3.9) Z (h; E , A, PR ( A ) ) =  sgn(s) E Y (h; E, u, sA ),

where th e  sum runs over all s  and  u such that

(3.9') sG1/17G(V0), u c W (E ;P R (A )).

Here W (E; PR (A )) is given by Definition 1.2 a s  follows. L e t  1, 1 2 , ••• , f p  be
all the sim ple components o f E =E R (A ), and  P i = f i n P  with P =P R (A ), and let
E i  ( 1 _ i p )  be th e  p a rt o f  E  in I,. T hen  W (E; P) is the product of TV(Ei ; P i ),
where W(E 1 ;13 ,)=IuGW (E i ); uE,EM ° 7 (P1 )} i f  E t  i s  o f  class II, otherwise
W (E,; P,) i s  a n  arbitrary complete system o f  representatives o f W (I i )II(F i )
with F,=E ? consisting o f elements u such that uFz E M(P i ).

We will prove in  § 3.3 that the definition o f th e  function Z  does not depend
on the  choice o f W (E,; P,)'s fo r  X i 's o f class I o r III . N o te  that since f)F0 has
n o  rea l ro o t, W 0 (r o )  is generated by th e  reflexions corresponding to compact
roots o f Vo [2(d), § 16, p. 277].

Remark 3.1. When a has a compact Cartan subalgebra, we have Ppobv = {0} .
Hence b=f)u-F — IvF or)v in  (3.4), and the factor exp A(Pp o (u - 1 X ))  i n  (3.7) dis-
appears.

3.2 . L e t  u s  prove here a n  im p o rta n t property o f  t h e  function Y . Let
EEM °r(PR (A )). Assume that wEW (ER(A )) satisfies that wF=F, wF0=F0l.l— F0
fo r F=E *, F o =F o ( E ) .  T hen by Proposition 2.7 there exist vEW G (V °), g G
such that

ghg - '= h  (h e A u ) ,  Ad(g)I f)ro=v,
(3.10)

v(vF0 X)=1)F0 (w 'X ) (X 0 )  with H ,
a e F o

where ma =0  o r  1 fo r a E Fo , and  ( -1)7n.(-1)m.-=-1 fo r any two roots a , a ' in
Fo  such that 2- 1 (a a')E E R (A).

Lemma 3.1. Assume that EEM °'(PR (A )) and wEW (E R (A )) satisfy w F=F,
wF0 E F 0 U— F0 fo r  F=E * , F 0 =F 0 ( E ) .  Take v e WG (Vo) satisfying (3.10). Then
for any uEW(ER(A)),

(3.11) sgnp ( E ) (A)Y(h ; E ,u w , A)=sgn(w)sgn(v)sgn„_ip ( E ) (A)Y(h ; E ,u ,u A ) ,

where

(3.12) sgn .-ip m (A )=sgn  H  (A  140  W - 1 r)} •
TEP(E)

P ro o f. Note that
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sgn(w)=( H ( - 1)m.)•sgn(w')=( H (-1)ma)•sgn(v).
ae F o aE F0

It follow s from  wF0CF 0 U — F 0 th a t

(3.13) sgnp(E)(vA)=sgn(w)sgn(v)sgnw-ip(E)(A).

In  fac t, the  left hand side is equal to

sgn ( H  (v A , vF o rl =sgn  { H  (A , 14,11/ - 1 1)1rep(E) TEP(E)

= s g n { H  (A ', (  H  sZ,na)r)},
rE F  (F ) LI E F  0

w here A '= w v i le A .  T h e re fo re  it  is  su f f ic ie n t  to  p ro v e  th a t  t h e  la s t te rm  is
equal to

(  H  (-1)Ina)•sgn{ H  (A ', r)}.
aEF0T E P ( E )

T o  d o  s o ,  w e m ust take into account o f the  difference between F o = F o (E )  and
P ( E ) .  P u t f = E R (A ), and let f = i 1U2' 2 U ••• U2', and E = E 1 l..) E 2 U  ••• LLE, be
th e  decompositions a s  a b o v e . I f  I ,  is  o f  c lass I o r  III , then F o (E 5 ) = P (E 5 ) _— E'
a n d  th e  product o f  scn,t, o v e r  F IE , )  in  (* ) comes ou t o f sgn {•} a s  th e  product
o f  (--1)ma o v e r  F o (E ) ). Assume X 5 b e  o f  class II a n d  e x p r e s s  E 5 a s  E .,=
(a 1 , a 2 , ••• , al, a1+ 1, ••• , a,i ) w ith  t h e  properties (B1), (B2) a n d  (B3) i n  § 1.5.
Then P (E 5 ) a n d  F o (E 5 )  a re  given by (1.21). Therefore th e  difference between
them  consists  o f  tw o kinds :  (1 ) P (E 5 )  contains a 2 1 _1 , a 2 i ,  2- 1 (a2_i+a2), and
F 0 (E 5 )  conta ins a2-1 , an  (1 - .i - m ); (2) P (E 5 )  contains a i+ n _ i, a 1 + 2 t ,  and F 0 (E )
contains a1+21_1 -± ,a1 +2 1  (1 - i_ [(n-1)/2]). P u t  (a', a ) --= : (a 2 i - i ,  a 2 i )  i n  (1), and
(a', a)=(a1-F21-1 - Fa1+21, at+21-1 — a t + 2 , )  i n  (2). M oreover put {a ', a , r =
2- '(a i+a ), r=.2 - '(a'—a)}, th e n  L'.=•-P / U — P ' i s  a  ro o t  s y s te m  o f  t y p e  B 2 .

Corresponding to the  case  (1) o r (2), w e  g e t th e  following respectively :

sgn  H (A ', s,Tas a Ta' 5)} -=(-1)ma(-1)ma'sgn( H (A', ô)}, o r
SEP ,S E P ,

sgn{ H  (A ', s = sgn { H  (A ', 5)}.
a=r.r. 6=r , r

T hus w e have seen  tha t th e  product o f  scl,"‘,  o v e r  aE F o (E , )  in  (*) comes out of
sgn {•} as  th e  product o f  ( -1 )" , , o v e r  a E F 0 (E 5 )nEP.

O n  t h e  o th e r  h a n d , F1E 2 ) — E ;  i s  a  u n io n  o f  p a i r s  {a, a l  such  tha t
2- 1 (a '± a )E Z R (A). S in c e  (-1)ma(-1)ma 1 f o r  e v e r y  s u c h  p a i r ,  w e  g e t
H a e F o (E , ) (1 4 (- 1 )m '= 1 1 c r e F o (E , ) ( - 1 )m a .  T hus w e  see  tha t th e  te rm s i n  ( * )  and
(**) are  equal to each other, and g e t th e  equality (3.13).

Now it follows from  (3.10), I w a l= la l an d  w F = F  that

(3.14) E a((uw) - 1 X)I(A, 2 , F,a)1 II a 12 =  E (wa)(22 - 1 X)I(vA, vF o wa)I II wal 2

aE F aC F

= E a(u - ix)I(vA, vFo a)I I I al 2

aE F

(*)
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Finally consider th e  f a c to r  eA(hu). Since A H ' w i t h  b'•=1)1 '0 ,  we can
take from 1)F0 a n  element X u  such that hu =exp X u . Recall that W(XR(A)) acts
on A u  trivially, then we get by (3.10),

(3.15) eA(hu)=Ug'hug)=exp(A, Ad(g')Xu)

=exp(A, u - l Xu)=exp(vA, Xu)=evA(hu)•

For the  factor exp A ( P F 0 ( u 1 X ) ) ,  w e have

(3.15') PF,((u w) - i X)=1 , F0 PF0 (w 'u 'X )=1)F o w- 1 P.F 0 (u ' X )

= 2)F0 wi - l PFo (u - l X)-=v - i vF0 PF0 (u - I X )=v - 1 PF,(u - i X ).

Then the  equality in  th e  lemma follows from (3.13)-(3.15'). Q. E. D.

C orollary. L et E, w be as in  Lemma 3.1. Then f o r any uEW(T R (A )) and
hE A,

(3.16) E  sgn(s)sgnp ( E ) (sA)sgn u, - , , ( E ) (sA)Y(h ; E,uw, sA)

=sgn(w)• sgn(s)Y(h ;  E, u, sA),

where s runs over W0 (V 0 )  with F0 = F D(E).

T h is  is a n  immediate consequence o f th e  lemma.

Remark 3 .2 . L e t  V (E ) b e th e  subset i n  W(E; PR (A ) )  defined i n  (1.23).
Then every element w  in  V(E) satisfies th e  assumption in  Lemma 3.1 because
of the condition (B2) and  Lemma 1.8.

3 .3 .  L et EEN P(PR (A ) ) .  Let f i be a sim ple component of EE(A ) of class I
or III, and P i , E i  a n d  F i = E t  be a s  in  § 3 .1 . We prove here that th e  definition
of the  function Z(h; E , A, PR(A)) does not depend on  the  choice o f  W(Ei; Pi).
We define a  subgroup K(F i )  o f I(F i ) by

(3.17) K(Fi).= 1w EW(f i ); wF i = F i l .

Then applying Lemma 3.1 and  its corollary to wEK(F i ), we get th e  following.

Lemma 3 .2 .  L et EEM°r(PR (A ) ) .  L et X i be a sim ple component o f  class I
o r I I I  o f  ER (A ) and P i , K(F i )  be as above. For wEK(F i ), take vEW G (V . 0 ) f or
which (3.10) holds. Then f o r any uE W (I R (A )) and hE A,

Y(h ; E, uw, A)=sgn(v)Y(h ; E, u, vA).
Moreover

(3.18) sgn(s)Y(h ; E,uw, sgn(s)Y(h ; E, u, sA),

where s runs over WG(bF °). Thus the definition of the function Z(h; E, A, PR(A))
does not depend on the choice of  W(E i ; Pi).
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P ro o f. W e k n o w  by  L em m a 1.2 th a t sgn(w)=1 fo r  wEK(F%). Moreover
u riP (E )= P (E ) a n d  h en ce  sgnpcm(sA)=sgms-ipcm(sA) f o r  E .  T herefore  the
equality (3.11) tu r n s  o u t  t o  b e  t h e  f ir s t  o n e  in  th e  le m m a . T h e  re st of the
lemma follows from it immediately.  Q .  E .  D .

3 . 4 .  H ere w e assume th a t ER (A ) is  o f  c lass I o r  I I I .  W e define  tw o new
functions Y ' a n d  Z '  on A EPP) which do not differ essentially from Y  an d  Z
respectively.

E x p ress  hE A  a s  h= h u  exp X  w ith  hu  E A u , X E  b y .  F o r FE M (P R (A )) we
put sgnF (A)=sgn{H a E R (A, 1)F a)}, and

(3.19) Y'(h; F, u, A)=sgnu(A)A(hu)

Xexp A(PF(n - i X))• exp {-1a(u - 1 X)1 • 1(A, vFa)111 a  ,
EF

(3.20) Z'(h ; F , A, PR ( A ) ) =  sgn(s) E Y'(h; F, u, sA),

w here th e  sum  runs over a ll s in  1/1/0( F ) and  u in  a  complete system o f repre-
sentatives o f W (I R (A))1 I(F) w ith  I (F ) in  (1.37).

W e m ust first p rove that Z ' is well-defined, o r  t h e  sum  does no t depend
o n  t h e  choice o f  a  system  o f representatives o f W(E R (A ))1 I(F ). Let J(F ) be
the  subgroup of I(F) generated by the  commuting family {sa ; aE F}, then  I(F )
is  a  semidirect product o f J(F) and K (F ). W e see easily  that fo r any  wEJ(F),

(3.21) Y'(h; F, uw, A)=Y'(h, F, u, A ).

Now le t  w E K (F ). Then repeating th e  proofs o f Lemmas 3.1 and 3.2 word
fo r w ord , w e get th e  following.

Lemma 3 .3 .  Assume that .'R (A ) is o f class I-III and let FEM (PR (A ) ) .  For
wEK(F), take vET/Vo(bF ) for which (3.10) holds. Then fo r  uEW(ER(A)),

Y'(h; F, uw, A)=sgn(v)Y'(h; F, u, vA).

From  this lem m a and  (3.21), w e see  tha t fo r any u EW(E R (A)) and wE/(F),

(3.22) E sgn(s)r(h, F, uw, sA) , E sgn(s)Y'(h, F, u, sA) (sEWG(V)) •

T h is  proves that th e  definition (3.20) of Z ' does not depend on  the  choice o f  a
complete system o f  representatives o f W(ER(A))//(F). Hence Z ' is well-defined.

N o w  le t  u s  s tu d y  the relations between the functions Y , Z  and those Y',
Z ' .  Denote by A+(P) with P = P R (A ) the open subset o f  A  given by

(3.23) A (P )=  {h E A ;  each>> 1  (a E PR(A))1 •

Then AnH /b(R )=- IhEA ; „(h )1  (aE I R (A))1 is the disjoint union of uA+(P)
over uEW(E R (A ) ) .  Put

(3.24) TYP= IXG by  ; a(X)>0 (aEPR(A))}.
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Then every element h in  A +(P) is uniquely expressed as

(3.25) h=hu exp X  w ith  hu E Au , XEbi+/- •

Lemma 3 .4 .  Assume th at  I R (A ) is of class I-III. Let PR(A ) b e  the set of
positive roots. T hen fo r  FEM (PR (A)),

Z I(h; F, A , PR (A ))=Z (h; F, A , PR (A)) (hE 11 + (P)),

and if uE W (I R (A )) satisfies uFEM(PR(A )), then

Y '(h; F, u, A )-=Y (h; F, u, A) (hEA +(P)).

Pro o f . L e t  u s  f ir s t  p ro v e  th e  seco n d  equality. A ssum e uFEM(Pu(A )).
T hen ua> 0 fo r a E F  and  therefore (ua)(X )=a(u 1 X )>0  fo r x E l ip. Hence by
the expression (3.25) fo r  h E A (P ) , w e g e t the second e q u a lity . T h e  f ir s t  one
follows from this immediately by taking a sum over a complete system of represen-
tatives of W (IR(A ))//(F) consisting of elements u such that u FE M(PR(A)). Q. E. D.

3 .5 . L et us now  study t h e  boundedness o f th e  functions Y , Z , Y ' and  Z '.
T h is  property  re la te s  d ire c tly  w ith  t h e  temperedness of the  invariant eigen-
d istr ib u tion s w h ich  w ill b e  g iv en  la te r  by  m ean s o f  these  functions. T hese
distributions cover th e  discrete series characters.

Lem m a 3 .5 .  Let EEM °r(PR (A )) and uEW (E ; PR (A )) . Then fo r  hEA + (P),

IY (h;E , u ,

Z(h ; E , A , PR (A)) i • -•#1'17  G(T)F °) • #147 (E ; PR(A)) ,

where F0=F 0(E), and for a set C, #C denotes the number o f elements in C.
Assume that . R (A )  is  o f  class I-III. L e t FEM (PR (A )) and uOEW(IR(A)),

then fo r  any  hEA ,

IT"(h; F, u,

1Z i (h; F, A, PR(A))1 #WG(11F )•#W(ER(A))1#1(F).

Note th a t  A(PFobv)C -V— 1 R , then the  above inequalities a re  easy  to  prove.

3 .6 .  Consider W(E R (A )) and W G (A + (P)) a s  subgroups o f TVG (A) canonically.
Then every element co in W (A )  is expressed uniquely as

(3.26) c o =u o / w ith  u  W(ER (A )), co'EW G (A+(P)),

and  it operates o n  h=h u  exp X E A  w ith  hu E A u , X  Eb y  a s

(3.27) wh=((o'hu)exp(uV  X) ,

w h ere  co' denotes t h e  e lem ent i n  WGQ) induced canonically from co'. (In our
convention, Co= uro'.)

L et us study how  th e  fundamental functions behave under Wu (A+(P)). Let
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coEWR (A+(P)), then (7)PR (A )=P R (A ) .  From this, we see that w=-Co satisfies for
a n y  s tan d a rd  element E  o f  M°'(PR (A ) )  th a t  wF=F, wF o = F o  f o r  F=E*,
F0 = F 0 (E ) .  In  fac t, le t I  b e  a simple component of I R (A) and put P = I n P R (A).
Then the standard element of the  given type of M ( P )  is uniquely determined
by P .  Since wPR (A )= P R (A ) fo r  w=Co, w e h a v e  w E = E  (recall that M"(P).=
M (P ) by definition if  I  is o f class I o r  I I I ) . Hence wF=.-F, wF0 = F 0 .

N ote  3.2 . F o r  th e  s im p le  roo t system  I o f  ty p e  A nE ,  o r D N
(N 4 ) ,  there exists at least one outer automorphism w, o f I such that wi P=P,
which gives an  automorphism of the  Dynkin diagram o f I .  In  particu lar, for
D N  (AL>:5) realized a s  in  (1.7), we have

(3.28) tv1(ei— ei+1)=e4— ei+1 , tv i(eN -i+ eN )--= eN -1-T eN .

F o r  D , realized a s  i n  (1.7), w, i s  a n  element o f th e  group generated by the
reflexions corresponding to th e  vectors

(3.29) e4, e4. e 2 e 3 —e 4e 1—e2—e3-1- e4 •

Note that fo r  D N  (N 4 ), w i F = F  fo r any FeM (P).

Applying Proposition 2.7 to co, w=c7) and  F0 = F 0 (E), we see that there exist
geG, vEW 0 (I)F0) satisfying (3.10). Then we have the  following.

Lemma 3.6 . Let wEW0(41 + (P)) and put w=Co. Let E  be a standard element
in  111"(PR (A ) ) .  Then fo r  any  uEW(IR(A)),

Y(orlh; E, u, A)=sgn(w)sgn(v)Y(h ; E, wuw 1 , vA),

where vEW G (Vo) is given by  (3.10), and moreover

Z(co - lh; E, A , PR (A))=sgn(w)Z(h ; E, A , PR (A)).

Let I  R (A ) be of class I-III and F  a standard element in  M(PR (A ) ) .  Then

r(co - lh; F, u, A)=sgn(w)sgn(v)r(h ; F, wuw, vA) (uEW (ER(A))),

Z '(orlh ; F , A , PR (A))=sgn(w)Z'(h; F, A  PR(A)) .

Pro o f . L e t  wEWG(A + (P )),  then  by (3.27), co'h=w - ill u exp ro 'X  f o r  h-=
hu exp XcA, where co'h u E A u ,  (6- 1 .7(=w - 1 X E I5 ,  First consider the  fac to r
sgnp (E ) (A ) in  Y. Then since wF=F, wF0 = F 0 , we get a s  in  (3.13),

sgnpcm (vA)=sgn(w)sgn(v)sgnw-ip(E)(A)

Moreover since wE=E, we get w- 1 P (E )= P (E ) and

(3.30) sgnp(m(vA)=sgn(w)sgn(v)sgnp(E)(A).

Next consider ,1(u)- 1 /2u). L et X t, be a n  element in 15F0 such that exp Xu=hv,
then
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(3.31) ./1(0)-1 h y)= eA (g'hug)=ex p A(Ad(g - i)X u )

=exp A (v 'X u )=exp(vA )(X u )=e,,A(h u ).

For the  fac tor exp A (p F 0 (14- 1 (Tr I X )), we have  as fo r (3.15'),

(3.32) A (pFo(u ico lX ))=A (p F 0 (w - l• wu - lw - lX )-=yA (p F 0 (wu - l w - i X )).

F or the  rest part o f Y , no te  that fo r aŒ F,

a(u - iro- lX )=(w ua)(X ), 1(A , vp„a)1=1(vA , vFo lva)1.

Therefore noting that w F=F, we get

(3.33) E  a(u - 1 (7)'X )I(A , vFoa)1/1a1 2 .= E (wua)(X )I(A , vFo w al/lw ar
aEF aE F

= E (wuw - ia)(X) (vA, vp0a)1/1a1 2 .
aE F

Thus we get th e  first equality in  th e  lemma from (3.30)-(3.33).
Now l e t  u s  deduce th e  se c o n d  equality from th e  first. W e get from  the

first equality that

Z(w - lh ; E , A , PR (A ))= sgn(s)Y(or'h ; E, u, sA )

-=sgn(w)E E sgn(s)Y(h ; E, wuw 1 ,  sA ),
8

where u and  s  runs over W (E ; PR (A )) and  W0 (I70) respectively. L et I '  (resp.
f 8 )  be th e  root system consisting of all simple components o f E R (A ) of class I
or III (resp. o f class II) , then w E i=T i  f o r  i=1 , 2 . P u t P i =E i n P R (A ), and let
E 1 EM°r(P 1)  b e th e  s ta n d a rd  elements canonically corresponding to E .  Then
wF 1 = F ' with F'=(E 1)* and wE 2 -=E 2 , because w Pi=P' ( i=1 , 2 ). Every element
u W (E ; PR (A )) is expressed uniquely a s  u=u t u, with u.,, W (Ei ; P 1 ). Noting
that 24 =-wu 1w - 1 EW (E') fo r i=1, 2, it is sufficient fo r u s  to  see that w hen ut

runs over W (Ei ; P 1)  (i=1, 2), 14 runs over a  complete system of representatives
of W(E 1)1 I(P) such that u;FiEM (P 1), an d  74 runs over W(E 2 ; P 2 ).

First consider u ,.  Since w P = P ' a n d  wu l w - i F l = w u ,P ,  w e see that
wuw - 1 F 1 be longs to  M(P 1)  a n d  runs over M (P') exactly once when u, runs
over W (E l; P ') . T h is  gives u s  th e  desired fact fo r  16  Now consider u2. Let
I  be a  s im p le  component o f  I '  and  put l '= w f .  Then the transformation
wIE of I onto I '  preserves th e  order relations because w P =P ' with P-=13 2 n I ,
P '=- 13 2 n E ' .  L e t  L  a n d  L ' be the  standard  elements o f M°r(P) and  M°r(P')
corresponding to E 2 respectively. Then w L =L '.  L et y  be W(E)-component of
u,, then W(E')-component o f  /4=w u,w - ' i s  y'=wyw - 1 . O n  th e  other hand,
I'-component o f  14E 2 is equal to v 'L '-=w (v L ). Since w  E  preserves th e  order
relations and v L e ilPr(P), we get w(vL)E M°7 (P'). This proves that 24E 2 E M° r (P 2)
and hence u W(E 2 ; P 2 ). Moreover, a s  is easily seen, u runs over W(E 2 ; 13 2 )
exactly o n c e . Thus we get the second equality in  the  lemma from th e  first.

T he assertion  on  Y ' and  Z ' can be proved similarly. Q. E. D.
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3 .7 .  Assume th a t E R (A ) is  of c la ss  I-III. L et us study t h e  sym m etries of
Y ', Z ' under W(ER(A))CW G (A).

Lemma 3 .7 .  Assume th at  I R (A ) i s  o f  class I-III. T han the functions Y'
and Z ' satisfy  the follow ing: fo r  FEM (PR (A )) and w, uEW(IR(A)),

Y'(wh; F, u, A)=--Y'(h; F, A ),

Z'(wh ; F, A , PR (A)),-= Z/(h ; F, A , PR (A)).

Pro o f . E x p ress  h  a s  h=h u exp X w ith  hu E A u, XEI) v . T h e n  b y  (3.3),
wh=h u  exp ivX . Since a(u - '7uX)=a((w - 1 u) 1 X ),  w e g e t th e  first equality . To
deduce the second equality from the  first, note tha t w hen  u  ru n s  o v e r  a  com-
ple te  system  o f  representatives of W(E R (A ))II(F ), so does w u .  W e  k n o w  b y
(3.22) th a t the  definition (3.20) o f Z ' does not depend o n  a  com plete system  of
representatives o f  W(E R (A ))//(F). Therefore  w e get the second equality from
th e  first. Q .  E .  D .

3 .8 .  When ' R (A ) is  o f class I-III, th e  function Z(h; E, A , P R(A)) does not
depend o n  t h e  choice o f  t h e  root vectors X+ a (aEF-=E*) used to define the
transformation ).)F  (see  § 6.1). If  2' R (A ) contains a  sim ple component of class II,
th is  is  no t th e  c a s e . However the  dependence o f  th e  definition o f  th e  function
Z  on  the  choice o f  root vectors X±a(aEF0=F0(E)) is so little that we can cancell
it out by putting the  following simple regularity condition on the choice o f  these
root vectors (see § 6.1).

CONDITION 3 .1 .  I n  t h e  definition (3 .9) o f  t h e  function Z(h; E, A , P R(A)),
we choose th e  root vectors L a (aEF,,=F0(E )) in  such a  w a y  th a t th e re  e x is ts
a  system  o f  ro o t v e c to rs  Xi l (rG F '= F o(E )U E *) s u c h  th a t  i f  r, r 'G F ' and
r'LL-T F ', then X, , , , T=EaCX r , X r  f o r  = +1, w here a=1 o r  0  according as
th e  s im p le  component o f  I R (A ) containing 7. , is  o f type  /3„ w ith  n  odd or
not.

In  § 9, w e need th e  following lem m a. F or 6ET R (A), define 7.)=va by means
o f root vectors X ± 3E g  such  tha t [Xe, X+e]=He. T hen fo r  72EE R (A)3 ,  w e have
1)72E I R (A ') by Lemma 2.1, w here A ' is  the  connected com ponent o f  W I"  con-
ta in in g  {h E A ; a (h)=1 }. Define a  ro o t v e c to r  X E  g  f o r  142 f ro m  a  root
vector X, E (3 fo r  72 as follows : if 72 and 3 are strongly orthogonal,
and X = s  -V— 1 ).).X,, otherwise, where E= H-1 such  tha t 6.72> 0 (cf. Lem. 2.2).

Lemma 3 .8 .  L et r,r/EIR(A) be such that r/ ir,r±rEIR(A), and 3E2' R (A)
orthogonal to r, r'. Then fo r  a=-0, 1, the relation X ,,,,=sa [X „, X 1,1 (s=±1)
giv es X,,,„,,=sa[X„ r , X„,1  or X,,,,„=ea -1 -1 ,- -L  X s  X „ , ]  according as r  is
strongly orthogonal to 3 or not. In the latter case, r, r' and 3 are three short
roots in a simple component of type B„ (n 3) or F, o f IR(A).
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P r o o f .  It is sufficient to note th a t r and o  a r e  n o t s tro n g ly  orthogonal if
and only if  so  a re  not r ' and  3. In  fac t, in  th is  case, the sim ple component of

'R (A ) containing r, r and  3  m ust be o f type  B .  (77__ 3) o r  F4. Q. E. D.

Note 3 .3 .  N ote  t h a t  i f  a  root system  E  is  o f type  B .  (72.>:3) o r  F 4 , then
fo r a  sho rt root 0a I ,  th e  ro o t sy s te m  E  is  o f  ty p e  B 7,_1 o r  B 3  respectively.
To explain th e  significance o f  th is lem m a, le t u s  take  the  case  w here E R (A ) is
s im p le  a n d  o f  ty p e  B .  w ith  n =2k +1 o d d . T h e n  fo r any  standard element
EEM°r(PR (A)), F0(E)= {e21-1±e2t (1--i k), e n} in the realization in (1.3) of PR (A).
P u t  0=e,, v=va a n d  e =ve, E R (A ')  for — 1. L e t  E '  be th e  system
obtained from vE by rem oving ou t the  last e lem ent vb . T hen  E ' is  a standard
elem ent o f  ilPr(PR (A ') )  f o r  PR(A')--=), (PR(A)r)TR(A)6), a n d  Fo(E')-= { eL -i± eL

k)} . P u t  F0=F0(E), Pô--=- P0(E'), th e n  w e  h av e  vR0 =2).F;) v,3, w here vF 0  is
defined by means o f  a  system  o f  root vectors S=  { X ;  )2E Fol.) — Fo l  and  vR '0 b y
S '=  ; )2a Fo U—F o , -I-6} canonically defined from S .  W e see from Lemma
3.8 th a t if the  orig inal system  S o f root vectors sa tisfies Condition 3.1  f o r  E,
then so does fo r  E ' th e  new  system  S'. (For the general case of I R (A), cf. § 9.6.)

F or the  significance of Condition 3.1, see also Lemmas 7.5 and  Al.

§ 4. Recapturation o f fundamental theorems

L et G be a  connected real semisimple Lie group and G' its subset consisting
of regular elem ents. L e t u s recall here a  theorem in  [5(c), § 4] giving a  neces-
sary  and sufficient condition for th a t an invariant analytic function on G' defines
canonically an invariant eigendistribution o n  G . T h is  th e o re m  is  the principal
tool to calculate th e  discrete series characters. W e also recall a  characterization
o f  t h e  discrete series characters a s  a  special kind o f tempered invariant eigen-
distributions o n  G [2(d), §§ 40-41].

4 . 1 .  A s is well-known, th e  character o f  a n  irreducible quasi-simple repre-
sentation o f  G  o n  a  H ilb e rt space is an  invariant eigendistribution o n  G . On
the  other hand, an invariant eigendistribution TC o n  G coincides essentially with
an (invariant) analytic function o n  G ' w hich w ill be denoted by Tr '  :

(4.1) 
7r( f ) = - ,Ç Gf  ( g )7 '  ( g )d  g  ( f C ° s ( G ) ) '

w here dg is  a  fixed Haar measure o n  G and C (G ) is  the  space  o f a ll C- -func-
tions o n  G w ith  compact supports.

L et H4 b e  a  C artan  subgroup o f  G corresponding to a  C a r ta n  subalgebra
o f g . A ssu m e  th a t  G is  acceptable [2(b), § 18]. T hen  the  charac te r &„ o f  11')
is canonically well-defined, where p denotes half th e  sum  o f  roots in  P(I)). Put
fo r  h a lib,
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S (h )=e  p (h ) H —e a (h) - 1 )
(4.2)

.ePtto

J '1 (h )=  H  (1 — a(h ) - 1 ).
aE P  R ())

L et 11'3 , 11/(R ) be th e  subsets of Hi) defined by 4P(h)*0 , 4 '(h )#0  respectively
and put

(4.3) ebR (h)=sgn(41(h)) (h E H'b(R)) .

For an  invariant eigendistribution 7  on G , p u t

e(h)= 4 4 (h)Tr' (h) (h E H/b) ,
(4.4)

K4 (h)= sl(h)L lb(h)n-'(h)= sl(h)e(h) (h E .

T h en  it is  kn o w n  th at kb  and Kb can be extended analytically from onto
[2(b), § 191. Note that the  definitions o f e  a n d  Kb depend o n  th e  s e t

P ( )  of positive roots o f  f). In  the case when this is cruc ia l in  the  discussions,
we denote 4 11(h), e(h) and Kb(h) respectively as

4"(h ; P e(h ; P ( ) ) fcb (h ; P (b))

L et b' be a Cartan subalgebra conjugate to 1) under G .  Choose a  ge G such
that Ad(g)r)=-1)'. Then there exists a  w W (k)=W (E(f)')) such that

Ad(g)P(11)=wP(f)').
In  this case we get

(4.5) e(h)=sg,(w)e (g hg - 1 ) (h e H'b) .

F o r an  element we W G (1-1b), denote by Co th e  corresponding element i n  TVG (b)c
W(b) and  pu t s(w)=sgn(e6). Then 4P(a)12) ,  e(a))21(h) and  hence

(4.6) e(a)h)= e(w )e(h) (h E H ' 6 (R)) .

Moreover, define a sign e (a h )= +1  fo r we W G (.1-1b) an d  h EH') a s  in  [5(c), § 2.1,
(2.2)], then it is locally constant in  h  and it holds that

(4.7) Kb(wh)= s(o), h)e(h) (h E H'(R )) .

Take a  connected component A  of H . T h e n

(4.8) A n H '(R )= th E  A;  a (h) # 1 (aePR(A ))} ,

and this se t is a disjoint union of u A+ (P)  over all ueW (IR (A ))CW G(A ), where
A +(P) is given by (3.23). Note that fo r  h E A+(P), 69?(h )=1  and so

k-b(h).= e(h) (h e A+(P))

and that we can define s(w)=sgn(Co) fo r co e W 0 (11+(P)) a s  above, and then

(4.9) e(.h)=. s(w)0(h) (h E A+ (P)) .

T h e  reason why we define two kinds of functions e  and Kb is the  following.
They a re  both natural from th e  various points of view , for exem ple, Kb can be
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extended to a  continuous function on  the  whole 11') [5(c), § 2.2, Th. 1 ] .  Con-
cerning th e  discrete series characters in the present question, the situation is as
follows. When I R (A ) is class I, Kt) fo r such a  character r  can be expressed on
th e  whole A  b y a single  form ula using th e  functions Z '(h, F, A , PR (A )) with
FEM (PR (A )). O n the  contrary, when E (A )  is not o f class I ,  such  is not the
case and we give kl) on A +(P) by a formula using the functions Z (h; E , A , PR (A))
with EEM°r(PR(A)), and for other connected component uA ÷(P) with u  W(IR(A))
o f A n il/ 4(R), kb on  it is determined from A +(P) by means o f (4.6).

4 .2 .  L et us give th e  necessary a n d  sufficient condition mentioned at the
beginning o f this section.

Denote by Car(g) (Car(G) resp.) t h e  s e t  o f  conjugate c lasses under G  of
C artan  subalgebras o f  g  (C a r ta n  subgroups o f  G  resp .). W e fix a  complete
system of representatives Q o f C ar(g). Then H (I)w Q) gives a complete system
of representatives of Car(G ). Assume that the set of positive roots PR ) is fixed
for every b E Q. Denote by Car°(G) th e  se t o f all conjugate classes under G  of
connected components o f  C a r ta n  subgroups o f  G , a n d  le t  D° be a  complete
system o f representatives o f Car°(G) such that every elem ent A  i n  Q° i s  a
connected component of H  fo r some I)E Q.

Assume that we a re  given a  system of functions ((h ; A (P), PM ) on A+(P)
for every A w Q° with H 4 A  and that they satisfy th e  following condition.

(a) Symmetry condition. For any wEW G (A +(P)) and h A+(P),

(4.10) C(coh ; A (P), P(1)))=6(w)C(h ; A (P), PR )).

Then, extending this system o f functions, we can define uniquely f o r  any
C artan  subalgebra b' a n d  any PR ') a  function e'(h) , e(h ; P(I)9) on 1/ 1 "(R)
in  such a  way that they altogether satisfy the conditions (4.5) and  (4.6).

L et S (k ) be th e  symmetric algebra o f b, and /(1),) its subalgebra of elements
invariant under W(t)c). L et b ' be another Cartan subalgebra. Then we say that
a  homomorphism Xt, o f  /(t)e) into C  is consistent w ith  a  homomorphism 72)' of
/(t)) into C  if  r(D )=e(v D ) (D EI(bc)) fo r  an  inner automorphism i  o f  g , such
that 14',=f),.

W e consider t h e  following c o n d i t io n  o n  t h e  system  o f  functions
((h; A (P), P(b)) (A S 2°).

(b) Differential equations. There exists a system o f mutally  consistent homo-
morphisms Xb of M c) fo r  fiE S2 such that fo r  A ES2° with

(4.11) DC(h ; A(P), P(f)))=---X t)(D)((h; A (P), P(t)) ( D I ( f ) ) .

To state th e  necessary and sufficient condition, we need one more condition
on C s . F or r  Z (t)), put

Er .-= {h H 4 ; 1 (h)-=1},

E (R )={ 12E S ,; e , ( h ) i  fo r a n y  aefR(I)), #-±71.
(4.12)
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L et AE S2° w ith  R D A .  L e t  ER(A), PR(A)=ER(A)nP(b) be a s  in  § 2.3. Denote
b y  H R (A ) th e  se t o f  s im p le  roots o f ER(A) w ith  respect to  P R (A ) .  Then any
w all o f  A +(P ) in  A  is g iven  as  z..7„nCl(A + (P)) fo r some aE H R (A), where Cl(E)
denotes the  closure o f  a  se t  E .  F o r an  acH R (A ), Put b"=1).(1)c)ng and  le t A"
b e  t h e  connected component o f  H b" containing th e  w all E a n C I(A + (P )). We
know  that p--.-v a ct is  a  singular im aginary root of a n d  it  fo llo w s fro m  (2.7)
that

8,9=27,,,HbnHba ,

N o te  that .F.,: ( R)EH/b(R) a n d  th a t , u n d e r  th e  c o n d itio n  (a ) , th e  function kb
coming from some b y  the conditions (4.5) and (4.6) is analytic on 11.' 1(R ), and
m oreover that, under the condition (b), th e  function k') 1A+ (P)----=C(• ; A (P ) ,  P (If)
has finite  lim it values everyw here on  the  w alls of A ( P ) .  T hus the  following
equation has meaning :  le t  P(r)=1)„P(I)), then  fo r  hE23"„(R)nCl(A+(P)),

d1 d  (4.13) kb(h exp(ti) ; P(t)) t=1-0= 
— 1  d t  

kb"(h exp(t 'V— 1 Hp; P(V)) I t=0dt

w here th e  left hand side denotes th e  lim it values for t--++0.
L e t  u s  r e w r ite  th is  eq u a tio n  b y  m ean s o f C s . T h e re  e x is t  unique tr E S2

and CEQ° such  that C crib ', Ad(g)t)"-=t)' and  gAag - 1 = C  fo r some g E G . Note
th a t  w e  f ix  P (I ), PR ') for I), W E S2 ap rio ri. Since W(ER(C))CWG(C), we may
assume th a t g(A")+(P R (A "))g - 1 =C+(PR (C)), o r  equivalently, Ad(g)PR (A ")=-P R (C).
(Note th a t I E(C)=- (A d(g ).) ,)1R (A )", w here E R (A r=  IT E IR (A ); r I a l . )  There
e x is ts  wEW(1)) s u c h  th a t  Ad(g)P(V)--- - wPCV). Then under the condition (a),
w e  g e t fo r  hEA" + (P )= (A " ) + (PR(A')),

e(h  ; P(V ))=sgn(w )e '(ghg - i  ; P M )

=sgn(w)C(ghg - ' ; C + (FR(C)), Pa')) •

Thus, rew riting  the equation (4.13), w e have the  following condition on Cs.

(c) B oundary  condition. For AED° w ith H A and aEH R (A), tak e b'ED,
CED° and gEG such that Ad(g)tr=b' and C is  the connected component of Hb'
containing g(E a n A )g - 1  and m oreover that va PR (A )= A d (g ) 'P R (C ).  Let w  be an
element in W(1)) such that (Ad(g). va)PQ) -= wP(tj'). Then for hEE'a(R)nCl(A + (F)),

(4.14) 1-1,„((h ; A(P), P (b))=sgn(w )HpC(h;C+(P), P (tr)),

w here the lef t hand side denotes the lim it value at h.

T he  following theorem is a version of Theorem 3  in  [5(c), § 4.31

Theorem A .  Let D  and D° be complete systems o f  representatives of Car(g)
and Car°(G) respectively  such that fo r  any A m  Q°, H A fo r  some 15E Q .  For

an inv ariant eigendistribution 7  on G, put for A D°,

(4.15) ((h ; A (P ) , db(h ; P(I)))7'(h) (hE A4"(P)nG').
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where bE S2 is such that A c l i b .  T hen can be ex tended to an anly tic  function
on A ( P ) ,  an d  the system  o f  functions ((• ; A (P), P(b)) (AG Q°) satisfies the
conditions (a), (b) and (c) above.

Conversely  assum e that a  system o f analytic functions C(• ; A (P), P(b)) on
A +(P) is given fo r  A [2 °  in such a m anner that the conditions (a ) , (b ) and  (c)
hold. Then it defines uniquely an invariant analy tic function 7r' on  G ' by (4.15),
and an invariant eigendistribution 7C on G by (4.1).

To deduce this theorem from Theorem 3  in  [5(c), § 4.3], it is enough to
apply Lemma 7.9 in  [5(c), § 7.4].

4.3. When G  has a  finite center, Harish-Chandra defined th e  temperedness
o f  a  d is tr ib u tio n  o n  G  i n  [2 (d )]. H e also  g a v e  a  criterion for a n  invariant
eigendistribution 7C o n  G  to be tempered by means o f th e  functions kl (or K1))
corresponding to it [2(d), § 19]. F o r th e  present purpose it is sufficient fo r  u s
to quote it partially a s  follows.

Theorem B .  Assume th at  the center o f  G  is f in ite . T hen  the following
condition (d) is sufficient for an invariant eigendistribution Ir on G to be tempered.
Moreover it is necessary if the infinitesimal character o f Ir is regular.

( d )  B oundedness. The functions kb (or Kb) corresponding to 7r is bounded on
Hib(R) fo r  every Carton subalgebra

In  this paper, w e use  the  following conventional terminology : evenwhen G
has an  infinite center, an invariant eigendistribution 7r on  G  satisfying the  con-
dition (d) is called tempered.

I n  [5(d), §§ 8-9], w e  h a v e  studied th e  e x is te n c e  a n d  th e  uniqueness of
tempered invarian t eigendistributions in  general fo r  G w ith fin ite center. The
method and the discussions there can also be applied to G  with infinite center.
In  particu la r, w e get th e  following theorem which serves very conveniently to
calculate explicitly tempered invariant eigendistributions, especially th e  discrete
series characters. To state it , we need a  certa in  order in  Car°(G). L et A  be a
connected component o f 1-1') and  denote by [A ]  its con jugate c lass i n  Car°(G).
T ake a E  R (A )  a n d  le t  A "  b e  t h e  connected component o f  Hb a  containing
AnE a . Then we p u t [A ]-<[A a]. Extending this relation transitively, we get
an  order -< in  Car°(G) which is naturally related with the condition (c) in  § 4.2.
I n  t h e  proof o f  th e  e x is te n c e  theorem, Theorem 11 in  [5(d), § 8], w e gave a
method o f constructing tempered invariant eigendistributions o n  G  inductively
according to th e  order -< in  Car°(G). Depending on  this inductive process, we
proved the  uniqueness theorem, Theorem 12 in  [5(d), § 9]. I n  th e  w a y  o f th e
proof of this theorem, we get th e  following result.

Theorem C .  L e t  G  b e  a  connected sem isim ple L ie  group not necessarily
center f inite, and 7r an invariant eigendistribution on  it. Pu t e=Abn - '  on H'b
fo r  T)E Q, and put for A E Q°,  ; A (P), P(I)))=e1A +(P), where H A . T hen
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el A  is uniquely  determ ined by  C(• ; A (P), P (f )). A ssum e  that r  is tempered
and its inf initesim al character is regular. T hen f o r  an y  A E S P, the function
C (- ; A (P), P (tj)) is uniquely  determ ined by  the fam ily  of  functions C(• ; C - (P),
P M )  w ith  H "'D C  such that [C1>-[A ] under the conditions (a), (b), (c) and (d)
all restricted on [2°(A )= [ 2 '  ;  [ C ] } [ A ]  or =[A ]} .

4 .4 .  L e t  b  b e  a  C a r ta n  su b a lg e b ra  o f  g  such  th at the dimension of its
vector p art takes the possible m inim al value. T hen B = H ' is connected. Let
b t  a n d  b r  be a s  in  §  3 .1 . F o r  A G IT  define a  function CA o n  B  by

(4.16) C A (b)= /.; sgn(w)e,,,A(b).
wEwG ()

Note that in  this case W G (b) is canonically isomorphic to IVG (B), and identifying
them  w ith  each  o ther, w e get e.A (b)=A (w - '1)). Moreover n o te  that, since
f R (B )=0, w e get M (PR (B ))=0, M °r(P5(B ))=0 and  hence putting E = 0 ,  w e get
from (3.9) and (3.20) that

(4.17) CA (b),Z(b ; E , A , PR (B )).--Z '(b; E, A , PR (B)).

(In this case, the symbol PR (B ) has no meaning in  th e  definition o f Z  and  Z '.)
A ssum e n o w  th at B  i s  com pact. T hen G  h as th e  discrete series repre-

sentations and their characters are  characterized a s  a  special class of tempered
invariant eigendistributions on G a s  follows ([2(c), P a rt II] and [2(d), Part III]).

Theorem  D . A ssume that G has a compact Cartan subgroup B . Fo r A Ebl,
there ex ists at least one tempered invariant eigendistribution x  o n  G  such that
the corresponding function e = 4 'z '  on B nG i is equal to CA  in  (4.16). In  partic-
ular, if  A  is regular, n- is unique and equal to the distribution OA  in  [2(c), § 241
The distribution

(-1)qs(A )0 A

is  the character o f  a representation of  G  in the discrete series. Here

s(A)=- s g n  IT  (A , 7)} ,
reP(b)

(4.18)
q=2-1(dim G—dim K ),

where K  is a m axim al compact subgroup o f  G. M oreover any  such character is
given in  this form.

§ 5. Form ulas fo r th e  discrete series characters

Fix a Cartan subalgebra b of  ç  such  that its vector p a r t  h as  the possible
minimal dimension, an d  p u t B =H b . W e fix once for a ll the set P(b) of positive
roots in  f ( b ) .  I n  this section, we give explicitly a  tempered invariant eigendis-
tribution 7A such that kb =CA, for any A G I ' .  More exactly, fo r any fixed  set
of positive roots P(b) in  / (b ) , we give th e  function kb o n  H '(R ) corresponding
to  7r,f f o r  a n y  C artan  subalgebra  b  of l .  N o t e  that since A  is taken to be
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regular, :TA is uniquely determined by A .  W hen B  is  com pact, 7rA is  e q u a l to
the distribution  & A  in  § 4.4. Therefore th e  discrete series character (-1 ) g e(A)eA
is written down quite explicitly on every H 'b . T h e  proof o f  these formulas will
be given in  th e  subsequent sections.

5.1. L et b be a  C artan  subalgebra a n d  A  a  connected com ponent of H .
T h e  ex p lic it fo rm  o n  A  o f  th e  function kb essentially depends on the type of
the  root system  . R (A ) and  is  simple w hen I R (A ) is  o f  class I-III. L e t u s  first
trea t th is  case.

A ssum e t h a t  IR (A ) i s  o f c la ss  I-III. T ak e  a n  element FEM (IR (A )), then
by Lemma 1.2 and Proposition 2.4, bF is conjugate to b under G .  L et g ,  be an
element in G such  that Ad(g o)b=V, and denote A.Ad(g or  g  b y  A d(g o )A , then
Ad( g o ) A ( g ) * .  (Note that since  I R (A ) is  o f  class I-III, M "(PR(A ))=A PR(A ))=
M(PR(A)) formally, by definition in  § 1.7.)

Theorem 1. L et A  t)I' . L et 71" 'A  be the inv ariant analy tic  f unction on G '
corresponding to the inv ariant eigendistribution ira. L et A  be a connected com-
ponent of  a C artan su b g ro u p  H . W h en  E R (A ) i s  o f  class I-III , the  function
7c:11A G ' is  g iv e n  as f o llow s. L et F be the unique standard element in M(PR(A))
w ith respect to  PR (A )=IR (A )nP(b). T hen there ex ist an elem ent g o c G  and a
wo EW(b c )  such that

(5.1) A d (g o )b = b ',  A d (g o )w 0 F (b )= 1 )F P (1 ) )  •

Then for hEA (111 1 (R),

(5.2) Kb(h ; P(T)))=(s14 b )(h ; P(I)))7rY h)

=sgn(w o )s(F)Z '(h; F, Ad(go)A, PR(A )),

w here the function Z ' on A  is giv en by  (3.20), and the sign e(F) in  Definition 1.3
is given by

(5.3) e ( F ) ,( - 1 ) " '

Remark 5 .1 . Midorikawa gave in [7 ] a n  analogous form ula for the sum  of
th e  d isc re te  se rie s  ch a rac te rs  w ith  t h e  sam e infinitesim al character. But he
excluded th e  ty pe  G I for the sim ple factors of G  (for the  definition of type GI,
see [9, p. 429]), and assum ed  tha t G  is  l in e a r .  T h u s  h e  t r e a te d  t h e  su m  of
sgn(w)e w A over w EW(bc). Note th a t th e  fo rm u la  in  Theorem  1  i s  a  reduced
one, th a t is, there occurs no cancellation between terms appearing in it.

5 .2 . Now le t u s  tre a t th e  general c a se . L e t  A  b e  a  connected component
of H .  F o r  a n y  sim ple  component I  o f  I R (A ) o f  class II, we consider the
canonical order corresponding to P =I  n P R (A ) . L et {E 1, E 2 ,  • • •  Ep}  be  the set
of a ll standard elements in  W r(PR (A )). T hen a s  is seen in  § 1.5 a n d  § 1.7, the
associated  strongly  orthogonal systems F 0( E )  coincide with each other (denote
it b y  F0). T here  ex ist g o e G  an d  wo E W(bc ) such that
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(5.4) Ad(g0)b=1)F0 , Ad(go)w0P(b)=1)R 0P(b).

H ere w e pu t the  following regularity condition on the choice of the root vectors
L a( aE F 0)  used to define vF o  (c f . Lemmas 6.2 and 7.5).

CONDITION 5.1. P u t F '= U i,ig ,-(E i)*D Fo. T he  root vectors L a  (a E F 0) are
so chosen that there exists a  system o f ro o t v ec to rs  X ± r ( r E F ')  s u c h  th a t  if
r , r , EF ,  a n d  ï ' ± - î F ' ,  t h e n  Xr ,,,, = sa [X ,, X r ]  fo r  s= ± 1 , w here a= 1  o r  0
according as the simple component of ? R (A ) containing 7, r' is  o f type  B „ with
n  odd or not.

L e t  A +(P) w ith  P =P R (A )=I R (A )(1P(I)) b e  a  connected com ponent of
A n H '(R )  given by

(5.5) A (P)= { hG A; „ (h )> 1  (aEPR(A))}.

T h e n  A n H '( R )  i s  a  d is jo in t  u n io n  o f  uAl- ( P )  o v e r  uE W (I R (A )), where
W (IR(A )) is imbedded canonically into W G (A ) . W e give th e  function e  corre-
sponding to rh  on  every  uA +(P) separately a s  follows.

Theorem 2 .  L e t  A b t  b e  re g u lar and 7-c1j  th e  tem pered invariant eigen-
distribution o n  G  such that e = 4 67 I=C 1 . Put e(h; P(b))=4b(h; P(I)))7(h) for
h E H 'b . Then for any connected component A  of  1113, i0  is giv en on it as follow s.
L et E iE M "(PR (A )) (1-i_r) b e  a l l  the standard elements in M°'(PR(A )) and Fo
the strongly  orthogonal sy stem  associated to them . L et g o eG  and  w o lV(be ) be
as in  (5.4). Then f o r h il± ( P ) ,

(5.6) e l(h ; P(t)))=sgn(wo r E(Ei)Z(h; E i, Ad(go)A, PR(A)),

w here  the  f unc tion  Z  is  g iv e n  b y  (3.9)-(3.9') an d  th e  sign s ( E )  is given by
(1.39)-(1.39'). Moreover for um W (E R (A )), hmA +(P),

(5.7) e (u h ; P(I)))=sgn(u)gb(h ; P(I))) .

W hen th e  C artan  subgroup B  is com pact, the discrete series character
(-1)gs(A )0 A  is given on A +(P) by

s(E i )Z(h
(5.8) (-1)q sgn(wo)e(A) E ; E ,  Ad(go)A, PR(A)) 

ZP(h ; PO))

w here q and s(A ) are giv en in  (4.18).

It fo llow s from  L em m a 3 .4  that when  ' R (A ) is  o f  class I- III, the formula
(5.2) in  Theorem 1 and  those (5.6)-(5.7) in  Theorem 2 concide with each other.

R em ark 5 .2 .  T h e  character form ula for S p(n, R ) given in  [5 (e)] is essen-
tially  the  same a s  th a t g iv en  ab o v e . L et M r(PR (A)) be the subset of 11.1° ' ( PR(A))
consisting o f  E  s u c h  th a t  E*EM (PF (A )) is  s tro n g ly  orthogonal. N ote  that
Mr(PR(A ))=W (Po ; PR(A))P0, w h e re  W (P o ; PR(A )) i s  t h e  su b se t o f  W(IR(A))
defined  i n  (1.23). I n  [5 (e ) ] , w e  u s e  essentia lly  M r ( P R ( A ) )  o r  equivalently
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W (P); PR(A)) to  g iv e  a  fo rm u la  fo r  kb o n  A , a n d  th e  ro ll o f  .111°r(PR (_4)) is
implicit there. (Determine W(P 0 ; PR (A)) a s  a  subset o f  a  symmetric group as in
(1.28)-(1.28') and compair it  w ith  the form ula in  [5(e), § 7, T h . 5].)

Remark 5 .3 .  Assume th a t ER(A) is  o f  class II. F o r  a n  FeM (PR (A )), the
set W ( ;  PR (A )) is expressed a s  a  product o f  U(P) in  (1.24) a n d  V (P) in  (1.23)
by Lemma 1.7. Note th a t  th e  su b se t U (P)È  i n  APR (A )) can be canonically
identified  w ith  t h e  su b se t o f  M(PR (A )) consisting o f elements conjugate to F
under W(ER (A )). These facts m ean that anyhow  the  fo rm ula  (5.6) f o r  k b can
be rew ritten by m eans o f  M(PR (A )) not using M"(PR(A)) explicitly. By Remark
3.1, fo r an y  w  V (P), F a n d  w satisfy the condition in  L em m a 3 .1  a n d  hence
the  equality (3.11) h o ld s . W e  a sk  in  what extent this equality serves to simplify
our formula (5.6) fo r kb.

Remark 5 .4 .  W hen I R (A ) contains simple component of class II, the general
formula (5.6) fo r  kb  can be reduced to more simple form s in  some special cases,
for exem ple, for the holomorphic discrete series (cf. [3 ]  an d  [6 ]) for the groups
locally isomorphic to S p(n, R ). F o r Sp(n, R ), w e  h a v e  sh o w n  i n  [5 (e )] that
this reduction of the general formula can be carried out easily. See also Appendix
of th is  p a p e r . However, a s  is rem arked in Introduction, the formula (5.6) is  the
m ost reduced  o n e  w h e n  w e  c o n s id e r  th e  function £ A  a s  a  function o f two
variables h E A n G ' an d  A b ' .

§ 6. Outline of th e  proof of m ain theorems

To prove Theorem s 1 and  2, we apply Theorem s A  a n d  B . To prove The-
orem  1 only , it is  a  short passage to apply Theorem  C . B u t, because of Lemma
3.4, Theorem 2 contain Theorem  1  essentially, a n d  th e re fo re  w e  g iv e  h e re  a
proof fo r Theorem 2 only.

6 . 1 .  F irs t of a ll, w e  m ust prove that th e  function kb in  Theorem 2 is well-
d e f in e d . N e x t w e  s tu d y  th e  re la tio n  betw een k b a n d  k b ' w hen b and b ' are
conjugate to each other under G .  T hus w e shall p rove i n  th is subsec tion  the
following.

(1) F or any connected component A  o f 1-1b, th e  function kb 11±(P) defined
by (5.6) does not depend on  the  choice o f root vectors X ,  fo r  a E F0 (=F0(E)
fo r any  i) satisfying Condition 5.1. (These root vectors a r e  u se d  to  d e f in e  the
automorphism vF 0  an d  th e  C artan  subalgebra Il F °=gnvF 0 bc.)

(2) L et b and b ' be  tw o  C artan subalgebras o f  g  con jugate  to  each  o ther
under G (w e adm it the case 15= 1 0 . L et P(b) and  P'(1r) be  the sets of positive
ro o ts  o f  b  a n d  b ' respectively, and choose a  gE G such  tha t Ad(g)15=Ir. For
h E H I ,  p u t hg---ghg', then

(6.1) 41)(h; P(0)) - l ieb (h; P(b))=S v (h g  ; P'(15')) - l e'(h g  ; P'(b')).

L e t u s  a n a ly se  (1) m o re  in  d e ta il .  L e t  {Xt„} be another choice o f  root
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vectors fo r aOEF0 such  tha t g, [X :, X .1 = H „,  a n d  sa tisfy ing  Condition
5.1. Using these root vectors, we define a n  automorphism 4' 0 an a lo go u sly  as
V F01 and  pu t bF ° =-Iant40bc. W e can choose ,e,' E G  a n d  w W(bo ) i n  su c h  a
w ay that

(6.2) Ad(gt)b= b F 0' * , Ad(0)2,11P(b)=2)P 0 P(1)) .

F o r  a  w h ile , w e  d e n o te  t h e  func tion  Z (h; E 1 , A d (0 )A , PR (A )) o n  A  by
Z (h; E 1 , A d (0 )A , PR(A ); 4 , )  indicating explicitly the  automorphism 14 0 u n d e r
u s e .  Then it is sufficient to prove th e  following equality :

(6.3) sgn (w ) E  s(E i )Z (h; E i , A d(0)A , PR (A ); v t- o )

=sgn(w o )  E  E(E i )Z (h ; E i , Ad(go)A, PR (A ); 2.)F0)•izigr

Therefore it is also sufficient to prove that for

(6.4) sgn(w nZ (h; E ,, A d(0 )A , PR (A ); 14)

=sgn(w o )Z (h; E i , A d(g o )A , PR(A); 14- 0 ).

T his equality will be proved in m ore general setting in the proof of the assertion
(2) (Lemma 6.2).

Now let us analyse (2). L e t  X , „  f o r  aE F o , vp o , goE G  a n d  wEW(b c )  be
those elem ents used to  define  (h; P(I))) b y  (5.6). T a k e  a  g E G  such that
Ad(g)1)=- V .  W e transform  th e  above things by g  a s  follows :

bg=-Ad(g)b (=1)'), P() -=A d (g )P(T ) , 
A g = g A g - 1 ,

 P ( A ) A d ( g ) P ( A ) ,

(6.5) a g= Ad(g)a E I R ( V ) ,  X !, a gr= Ad(g)X„ ( a  F0),

E f =A d (g )E ,, v gF g=A d(g)ov F o ° Ad(gr i •

N o te  th a t  t h e  canonical order in  a  s im p le  com ponent E o f class II o f E R (A)
corresponding to  P = E n P R (A )  is  tra n sfo rm e d  b y  g  t o  t h a t  i n  E g=A d (g )f
corresponding to P g =A d (g )P . W e see that ( i )  E f 's  are  standard w ith  respect
to P ( A 9 )  and Fe=A d(g)F o  is associated to them , (ii) 2.)Rff is defined canonically
b y  X g ,g(a g E n ),  and  (iii) (V ) F g (--=V1v R ffi)f)=Ad(g)b F o. Therefore we get

(6.6) Ad(ggo)b= (I) g )F ff , Ad(gg0)w0P(b)=2)Fg P g (T)g ) •

T h u s  w e  s e e  th a t  t h e  genera l c a se  is  re d u c e d  to  th e  ca se  w here bi=b and
Pi(fr)*P(I)) b y  the following lemma.

L em m a 6.1. Assume that (5.4) holds. F o r  a  g E G , p u t bg=A d(g)t), P(Z )
-=Ad(g)P(f)) etc. a s in  (6.5), then f o r  h E IP,

ZP(h ; P(f)»--=21 g (h g ; P g (bg ) ) ,
and f o r  h E A c i r ,

(6.7) Z (h; E i , A d(go)A , PR(A );v1,
0 )=Z (h g  ; EV, Ad(ggo)A, P(A ); v p-t) •
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P ro o f .  T h e  first equality is easy to p ro v e . L e t  u s  p ro v e  the second one.
N ote  t h a t  i n  t h e  decomposition o f  A g analogous a s  in  (3.1), w e g e t (A g )u=
gAug - 1 =(Aa)g, M g -=(1-In g .  T hen  the second equality follows directly from the
definitions (3.7) and (3.9)-(3.9') of the  functions Y  and  Z. Q. E. D.

T hus th e  proof of the assertion (2) is reduced to the case where g=e, hence
1r-b. In  th is  case, the equality (6.1) takes th e  following form :

(6.8) 44(h; P(i))) - 1 kb (h ; P (I)))=2 1(h; P / (1))) - 1 e (h ; P O )) .

Note that there exist uniquely a  w  W(T),) a n d  a  uREW(ER(A)) such that

(6.9) P i(il)= 7vP(1)), PR(A)=uRPR(A),

where P (A )=  R (A )f l  P'(13). T h e n  A+ (P WAD= u RA + (PR(A)). Therefore taking
into account (5.7), w e see  th a t th e  above equality is equivalent to the following :
fo r  hE.,4'(PR (A)),

(6.8') sgn(wo ) s(E i )Z (h; E 1 , Ad(go)A, PR(A); 1)F„)
1 5 i r

=sgn(w)sgn(u R )sgn (w ) E  E(E)Z (u R h ; E ;, A d (g )A , P (A ); v4 )

H ere  in  t h e  le f t h an d  side, PR(A), Ei, v F , etc. a re  a s  in  (5.4), (5.6), and in the
right hand side, E ' s  a re  s tan d ard  elements in  M "(P 'R (A )),  F = F 0 (E ; )  f o r  any

uF'0 i s  th e  canonical automorphism defined by a  sy stem  o f  ro o t v e c to rs  X t,
( a  FO satisfying Condition 5.1 for a n d  we assume the following, analogous
as (5.4) :

(6.10) Ad(g)b= ( , Ad(gL)w,',P(b)=1)F', P i a)) •

W e arrange the suffices fo r  E t ,  E't  i n  such a  w a y  th a t E i  a n d  E't  a r e  o f  t h e
sam e ty p e  f o r  ev e ry  i. T h e n  s(E 1 )= R (E ) by  (1.39)-(1.39'), and since P (A )= r
uR PR (A), w e h a v e  E'i =u R E , .  R e c a ll th a t f o r  e v e ry  sim ple c o m p o n e n t  I  of
class II (or of class I o r III resp.) o f IR (A ), th e  corresponding p a r t  o f  E; is  an
ordered  system  ( o r  a  s e t  resp .) belonging  to  M°r(P) (or to  M (P ) resp.) with
P = In P R (A ). T herefore  to  get (6.8'), it is sufficient to  prove that for

(6.8") sgn(wo)Z(h; Ea, Ad(go)A, PR(A); 1, F0 )

=sgn(w)sgn(u R )sgn(w)Z(u R h ; uR E i , A d(g)A , P (A ); R F0 )•

W e  k n o w  th a t  th e re  e x is ts  a  certa in  product g  o f g c, 's  in  (2.18) fo r some
a  ER(A) such that Ad(g)IER(A)-=uR. Then Ad(g)f)=1), hg=uRh, Ad(g)E i =u R E,
and Ad(g) - 1 Pi(b)-=uR 1P '( 0 ) .  Thus, applying Lemma 6.1 to  th e  righ t hand  side
o f (6.8"), we can reduce (6.8") to the case u R = 1 .  Therefore finally it is sufficient
fo r us to prove th e  following.

Lemma 6 .2 .  Let A  be a connected component o f 1--P , and let P (i5) ,  P '(I)) be
two sets of positive roots 'f) such that P(f))(12' R (A )=P'(1))nT R (A ) (= P R (A ) ) .  Let

b e  a l l  the standard elem ents in M"(PR(A)) and F0 = F 0 (E 1 )  be the strongly
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orthogonal sy stem  associated to them . L e t  {X±
 a } a E F 0  an d  {X L}  .EF0 b e  tw o

systems o f  root vectors both satisfying Condition 5.1. Define v F 0  and  VF ,  by using
{L a } and {X L }  respectively . T hen f o r hEA,

(6.11) sgn(wo)Z(h ; E , Ad(go)A, PR(A);2)R 0 )

=sgn(w)sgn(w)Z(h ; E 1 , Ad(g)A, PR(A); VF 0 )

where PV)) -= w P (I)) and

(6.12) Ad(go)woP(b)=vRoP(I)), Ad(g)wP(b)=1/F 0 P'(1)).

Note that the  equality in  the  lemma contains (6.4) a s  a  special case where
w=1.

Pro o f . P u t F '= - U i , ( E i ) * .  Then by assumption, there exist systems of
root vectors IX , ala-F , a n d  {210,3}5EF, such that if  3, 6' F '  and by-F3E F', then
fo r a=0 o r  1,

(* ) [X s a l  X 1 =  Sa XS, +c3 [21013 1-=' Ea  n  +ES (6 ' = ± 1)

L et E r  be the unique system among E i 's fo r which th e  number o f  s h o r t  roots
in  it is maximal for any simple component of class II, and put F r =(E r ) * .  Since
w e utilize t h e  canonical orders, we see that if  ô, O' F '  and 5'±3 F ', then
3, 5' EF,, and that every root in  F' —Fr  is expressed  a s  5/±5 o r  a' — 3 with
some a, E F , (see §1.5). We see in  § 2.4 that there exists a  g E A v  such that
A d(g)X±a-=eaX t. (aEF,) with ea=±1 . Then it follows from (* ) and what was
said above that there exist Er = ± 1  fo r 7- F ' such that Ad(g)X+ r = e , X .  Note
that if  a , a'G Fo and 2 1(a ±a ')E F ', then by M I a -= Ea , =63E5, with 5'.=2 - 1 (a±a '),
5-- -2 - '(a— a')EF; and  hence e„s a ,= 1 .  Since g  commutes with every element in
A  and induces th e  identity mapping on  b, we see by Lemma 6.1 that we m ay
assume from the  beginning that X ± a

--=e a X ','„ fo r  aEF o . Now put na =(1—R a )/2
and let w' be th e  product o f  5 7,» ,  over aEF o . Then w 'EJ(Po), the  group gener-
ated by the  commuting family {sa  ; aEF o} ,  and

(6.13) '4'01 bc=i)F o . w' I .

T h is  means i n  particular that gni)F0 llo=an)4- 0b,=IlF ° (p u t) .  Then Ad(g o)b=
Ad(gab=iro by assumption. Hence s'----Ad(g)Ad(g 0) 1 fro belongs to WG (Vo).
Then it follows from P/(b)-=wP(1)) and (6.12) that

vi.1,0•Ad(go). wo I bc= w (14 0 ) - 1 0A d(g0. I .

Therefore we get by (6.13)

1)R1
0 °Ad(go)owo b c .-= w 1 w s'oAd(go)°14 bo

and hence

(6.14) sgn(w0)=sgn(w)sgn(74sgn(s')sgn(w).

Then inserting (6.14) into (6.11), it takes th e  following form under the condition
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th a t X 'i a = s „X „ ( a e F 0 ):

(6.11') Z (h; E z , A d(g o )A , PR (A ); 14,0)

=sgn(w ')sgn(s')Z(h ; E „ A d(g )A , PE(A);

w here w 'E J(F 0 )  is g iven  by  (6.13).
W e see from  (3.9)-(3.9') that to prove this equality, it is sufficient to obtain

(6.15) Y(// ; E ,, u , ss ' Ad(g o)A ; vF 0 )=sgn(w ')Y (h ; E i , u, s • Ad(g)A ; 1./F o )

f o r  a n y  sEW G (V 0 ) a n d  uOEW(E.,,; PR (A )) , w h e re  W (E i ; PR (A ))  i s  g iv e n  in
Definition 1.2. T h e  fu n c tio n  Y(h ; E , u , A )  i n  (3 .7 )  is d e n o te d  h e r e  b y
Y(h ; E , u , A ; vF 0 ) ind ica ting  exp lic itly  t h e  automorphism vF 0  i n  u s e .  P u t
A i = ss' Ad(g o)A , then  s • A d(g) A = A ,. Therefore th e  above equality becomes

(6.15') Y(h ; E 1 , u , A l; 1)17,
0 )=sgn(w ')Y (h ; E 1 , u, A 1 ; VF 0 ),

w here 1./F 0 =1)F o 0 w' on  bc w i th  w'EAF0).
To prove this equality, first note th a t sgn(w ')=1 -1,, E Fo . W e obtain just as

in  the  proof of Lemma 3.1 that

s g n  H (A1, vF or} —=( H  s .)sgn  {  n 1 / F o r » ,
T E P(E a E F o rlF , 7 P (E 1 )

where F„,=(E i )*. By Condition 5.1, w e have s a s„,-=1 if  2 - 1 (a + a ')G F ', whence
ILEF onp,sa—ILEF 06. -=sgn(w / ). T hus th e  proof o f Lemma 6.2 is now complete.

Q. E. D.

T h e  assertions (1 )  and  (2 )  a t  th e  beginning o f  th is subsec tion  a r e  now
completely proved.

6 .2 .  N o w  w e  f ix  a  com plete  system  Q (resp. Q°) o f  representatives of
Car(G) (resp. Car°(G)) in  such a  w ay  tha t every  A E Q° is contained in  H 4 fo r
some bE Q .  W e pu t fo r any AG Q°,

(6.16) COI; A + (P); POD= e(h  ; P (t )) ( h  A + (P)).

To prove Theorem  2 ,  it is sufficient by Theorem s A  an d  B  to  p ro v e  the
following :  f o r  t h e  sy stem  o f  functions C(• ; A+(P))=-C(• ; A ( P ) ; P (b )), there
hold the conditions (a), (b), (c) and  (d ) in  Theorems A  a n d  B .  I n  th is  section,
w e  p ro v e  (a), (b ) a n d  (d ) . T h e  "b o u n d a ry  c o n d itio n "  (c) will be studied in
§§7 - 9.

L et us first prove the condition (a).

Lemma 6 .3 .  L e t  A  be  an arbitrary connected component of  H . T h e n  for
any coGW G (A+(P)),

(6.17) 0(coh ; P(b))=e(w )e(h ; P(b)) ( h  A+(P)) ,

w here s(o))=sgn(ro) i s  a s  in  § 4 .1 , an d  A +(P) with P P R (A )=X R (A )nP(b) is
given in (5 .5). In particular, the system of functions C(• ; A +(P))=C(• ; A +(P); P(b))
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given above satisf ies the condition (a).

P ro o f . The relation (6.17) follows from  Lem m a 3.6. T h is  is also contained
in the assertion (2) in § 6.1. Q. E. D.

For the condition (d), w e  have the following.

Lemma 6.4. Fo r any  Cartan subgroup lib, th e  f unc tion  k b  g iv en  by  (5.6)-
(5.7) is unif orm aly  bounded o n  i t .  T h is  m e an s  th at th e  sy stem  o f  functions
C(• ; A +(P))=C(- ; A (P); P(I))) satisf ies the condition (d).

P ro o f .  The boundedness of the functioned it follows from Lemma 3.5.
Q. E. D.

N e x t  w e  s tu d y  the  condition  (b). For any  Cartan subalgebra I) o f g , take
a n  inner automorphism y o f g , such that ih 2 =1)

2
 and let 'OA be the homomorphism

o f g i l e )
 into  C  given canonically  by vA =A av - 1 11)2 . T hen  X 's  a re  mutually con-

sistent in  th e  sense in § 4.2.

Lemma 6.5. Fo r any  Cartan subgroup Hb of  G , the function kb satisf ies on
H i(R ) th e  follow ing dif ferential equations:

(6.18) Dkb(h ; P(1)))=-X(D)kb(h ; P(I))) (D EM O )

In  particular, the system  o f  functions C(• ; A (P)) satisf ies the condition (b).

P ro o f .  L et A  be  a  connected component of H .  T h e n  the function kb A +(P)
in (5.6) i s  a  linear com bination o f  t h e  functions Z (. ; E, A ', PR (A )), an d  th e
la t te r s  a re  linear combinations o f the  functions Y(. ; E , u , sA ')  in (3.7), where
uEW (IR (A )), s WG(f)F °) with F0 =F 0(E )  and  A '=-A d(g o )A  w ith  g o E G  such that
Ad(g 0)V 0=1). Therefore it is sufficient to prove that fo r any D m /(t)2),

(6.19) DY (h; E, u, sA ')=X b i (D)Y (11. ; E, u, sA ').

Since 1)=-14Ad(g0) - 1 is  a n  inner automorphism of ne such that vb2=1)e, the linear
form  2 =v i'o sA ' on  I), induces the homomorphism )0 1 o f  1 0 2). L e t us rew rite
Y(h ; E , u , s A ')  a s  follows. Express XE1) 2 a s  X -=X u d-X v  w i t h  X u(i)u)c,
X v  E (v)c , and  define a  linear form A ' on 1) 2 b y

2'(X )=(sA ')(X u+PF 0 (u - l Xv)) —  E a(u - 1 X v) (sA ', 24,
0 a) / a 2,

where F=E*, F0=F0(E) and the projection Pp o =P F  is  ex tended  from  1 ) to  1 ),
n a tu ra lly . Then, since u11) (2 = 1, w e get

2 '= u , '2  w i th  u '-- =u( H W (fR(A )),
crE F

w h ere  n „= -1  o r  0  accord ing  a s  (sA ',I, F 0 a ) > 0  o r  < O .  F i x  120 E A  and  le t
h-=ho exp X  with b. T h en  Y (h; E , u, sA ') > a s  a  function in X , is a constant
multiple of e 2 ,(exp X)=exp 2 '(X )=ex p(u '2)(X ). Since A and u'2 induce the same
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homomorphism n of / (f )  into C , we get

Dea ,(exp X)=V;i(D)e,z,(exp X) ,

and hence (6.19). T h is  proves th e  lemma. Q. E. D.

§ 7. Lemmas to prove th e  boundary condition (c)

W e h a v e  proved that t h e  system o f  functions C(• ; .11±(P)) satisfies the
conditions (a), (b) and  (d) in  Theorems A  a n d  B . In  order to prove the  bound-
ary condition (c), we prepare here some lemmas.

7 .1 .  N o te  th at t h e  system o f  functions e(• ; P(f))) in  Theorem 2 satisfies
the assertion (2) in  § 6.1. Then we see that we can choose Q , [2°, P (b) for
bE Q, and PR (A ) fo r A E (-2° arbitrarily. Therefore we will choose i f  necessary
these things a s  convenient as possible to prove the condition (c). Note that on
th e  s im p le  components o f  class I I  o f  I R (A ), we consider th e  canonical order
corresponding to PR (A).

Take a n  AG Q° a n d  a n  a E H R (A )  w ith  1)E Q such that A CIP), where
H R (A ) denotes t h e  s e t  o f  s im p le  roots i n  T R (A ) w ith  re sp ec t to  PR (A )=
fR (A )nP(b). Put ir=f)"-- gr-12)„1), a n d  le t  A ' b e t h e  connected component of
1-1 '  containing A,= - { h E A ;  „(h)= 1}. Then a s  in  Lemma 2.1,

(7.1) TRO')= {var ; 1(1)), r a},

(7.2) TR(A ')= ivar ; rE R(A), r al .

We choose t h e  s e t  P (V ) o f p o s itiv e  roots o f  b ' in  such a  way that P(1)')-=
vaP(1)). Then th e  function e(h ; P())1 /1 (P) is  g iv en  b y  (5.6), an d  th e  o n e
kb'(h' ; POT' A'+(.13 1 ) is given by th e  analogous fo rm u la . P u t 13=1),„a and

(7.3) Ma= {hECI(A + (P ))n A a  ; 1(h)#1 fo r rE I  R (A), ±a}.

Then the condition (c) is equivalent to th e  following.

Lemma 7 .1 .  Let the notations be as above. Then fo r  h0 E111„,

(7.4) Ilak"(ho ; P(b))=Hpe(ho ; P O T  ,

where

H a(ho; P([j))=Iim ± •0 (h 0 exp(tH.); PM)dt

. 1  d  
(ho exp(t-\/—  1 11,0; P O T(h o ; P(Iy))-=ltim /—i d t

Note that fo r  ho E lt l a , hoexP(tH,,) belongs to A+(P) i f  t> 0  is sufficiently
small, a n d  ho exp(t A,/— 1 H ) belongs to A'(P ') fo r real t.

To prove Lemma 7.1, we separate the cases according to th e  class o f th e
sim ple component f ( a )  o f  T R (A ) containing a . T h e  c a s e  o f  class I or III will
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be studied in  3 8 and th a t o f  class II (type B .,  C . and F 4 )  in  § 9.

7.2. Hereafter in  th is  section, w e  deno te  by  A  o r  A ' a  regular element in
ht w ith  b=I)F °, D = H b , F 0 = F 0 (E ) fo r  EE M "(P R (A ) ) .  To prove Lemma 7.1 for

the case of class I o r III, w e apply th e  following elementary lemma.

Lemma 7 .2 .  L et E E  om (A )) and aOEI R (A ) .  Fo r uOEW(f R (A )), put

J (h )=Y (h ; E , u , A ')+Y (h ; E , s o u, A ') (hOE A ).

T hen  th e  f unction J  is ev en under the transform ation h—>so h on A , and hence
Ho J(h)=0 on A o = fhOEA; e o (h)=11.

P ro o f .  By (3.8), w e get

(7.5) Y(h ; E , u , A ')=Y (u - 'h ; E ,1 , A ').

The assertion follows from this immediately. Q. E. D.

7.3. For the  case  of class II, w e apply also the  following lemma.

Lemma 7 .3 .  L e t EOEM"(PR (A )) and aOEI R (A ) .  Fo r uOEW(I R (A)), put

J (h )= E  sgn(s)Y(h ; E, u, sA) (hOE A ),

w here s runs ov er WG (170) w ith F0 = F 0 (E ) .  A ssum e that w = u 's o u satisfies that
wF -= - F, wF 0 C F 0 U— F 0 w ith  F = E *  and that f o r any  sOEWG (1)F0),

(7.6) sgnp(E)(sA)sgni,, -1p(E)(sA )= - 1 ,

w here sgnp(c)(A) is def ined in  (3.6). T hen the function J is  e v e n  u n d e r h---.so h
on A , and hence Ho J(h )=0 on A .

P ro o f .  By assumption, w satisfies th e  co nd ition  in  Lemma 3.1. Therefore
w e  g e t th e  equality (3.16) in  its  co ro lla ry . Note th a t  in  th is  case , sgn(w)= —1,
uw=s„u, then using (7.6), w e get from  (3.16),

E sgn(s)Y(h ; E, s o u , sA )=E  sgn(s)Y(h ; E, u, sA).

T h is  m eans by (7.5) th a t J(s o h )= J (h ). Hence the assertion  of the lemma.
Q. E. D.

W hen f (a )  is  o f  ty pe  B .  o r C„, we also apply th e  following lemma.

Lemma 7 .4 .  L et EOEMœr(PR(A)) and aOEER (A ) .  F o r uOEW(ER (A )), assume
that there ex ist u'OEW(E; PR (A )) and wOEIV(IR (A )) such that sa u=u 'w  and that
the follow ing conditions ho ld: wF=F, wF0cF 0 U—F 0 w ith  F=E*, F 0 = F 0 (E), and
f o r any 5OEWG (1)F0),

(7.7) sgnp(E)(sA)sgn.-ip(E)(sA)=sgn(w) .
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Put for hEA,

J(h)=E sgn(s) {Y(h ; E, u, sA)+Y(h; E, u', sA)} ,

w here s  runs ov er W(15F0). T hen J(s a h)= J(h) fo r  hEA and hence Ha J(h)=0
fo r  hE A a .

Pro o f . By th e  assumption o n  w, we can apply Lem m a 3.1 t o  i t  a n d  then
g e t the  equality (3.16) in  its  coro lla ry . B y  (7.7), this equality  turns ou t to

E sgn(s)Y(h ; E, u'w, sA)=E sgn(s)Y(h ; E, u', sA).3

Since u'w=s a u, th is g ives u s  J(s,h)=J(h) b y  (7.5), and hence Ha J(h)=0 on A a .
Q. E. D.

7 .4 .  Case of type .1132 . A n  essential p a rt o f  our proof o f  th e  c o n d itio n  (c)
f o r  th e  class II is reduced  to  the  case  of type  B2=C2. T h is  has been already
se e n  i n  [5 (e)] f o r  Sp(n, R ) (c f . a lso  [5(b)]). H ere  w e  g iv e  th ree  lem m as
essentially fo r the  ty p e  B2.

L et A  be a  connected component o f a  C artan  subgroup PP o f  G , a n d  F  a
strong ly  orthogonal system  in  PR (A ) .  Assume tha t the re  ex ist in  F  two roots
a ,  a '  such  that r=2 - 1 (a'—a), r'=2 - 1 -(a'd-a) a re  again roots in  PR (A ).  Then, as
is seen in  § 1.2, the sim ple component o f  E R (A ) containing a , a ' i s  o f  class
II, and {±a, +r, -Pr' }  i s  o f  t y p e  B 2 .  M o reo ver a ll roo ts  in
F— {a, a l, e x c e p t a t  m o s t one short root in  FnE, a re  strongly orthogonal to I
and ri (cf. § 1.5 and  Lemma 1.8). F o r a  system  o f  root vectors :C A E g F)
such that [Xe, X _ ]= 1 -45, we define vF  a s  in  § 2.2. C hoosing  root vectors x ± i,
(72 =r, 7. /), w e  d e fin e  vr  a n d  p u t  F 1 =1)1 (F— {a, a'})U {v,71. Assume that any
ro o t  i n  F— { a ,  a l  is  s tro n g ly  orthogonal t o  r ,  th e n  w e  c a n  g iv e  the  root
vectors for F/U—F' as follows : vr X ± ,3= X ± a for 6E F— {a, a '} because [X i r , X±a]
=0, a n d  -\/— 1 sv1 X,,., =2 - 1 e•ad(XH-XI 1 )X, 1 , fo r  svir  (s = ± 1 ) because o f  Lem-
m a 2.2.

Lemma 7 .5 .  Let F, a, a ', 7' and r ' be as abov e. Assume that any  roo t in
F— { a, al is strongly  orthogonal to r , r i. Suppose that X„, X a ,  are so chosen
that f o r  some root vectors Y, r , Y r  fo r  ±r and r', XT,„ = [Y ± r , Y r ]  (a = r
ce= rid-r). T hen there ex ist root v ectors X,a (6=r, r') and a  gEG(a, a ') such
that Ad(g)/)F, I bc=i)F , 1 r1 f),, where G(a, a ')  denotes the analytic subgroup corre-
sponding to the subalgebra generated by  X 2 3E(1 (6E2' , a , , , , )  w hich is locally
isomorphic to sp(2, R).

Pro o f . It fo llow s from  gEG(a, a ')  th a t Ad(g)X.3=X ± a fo r 3 F — a, ,
whence Ad(g) and  va commute w ith  each  o the r. T he re fo re  it is  su ffic ien t for
u s  t o  t r e a t  th e  c a se  w here F= {a, a l. M oreover it is  su ffic ien t to  p rove  the
assertion for a  special choice o f  root vectors X 2 a , X ± a ,. In  fac t, le t ) ( l a ,
b e  o th e r roo t vec to rs  su ch  th a t X!', ± 1 _—[Y 1 , 17 1,] fo r som e root vectors
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YP, fo r  4-7, r. Then there exists h=exp(aH a +bH„,) with a, b  R  such that
Ad(h)Y:a=s3Y 4 a with e3 =-1-1 for 3 = r , r '.  Therefore Ad(h)X I , =5X± ;. „ w ith
e-=e r er . Denote by v'F'  the transformation analogous as vF, defined by )( 1 ,4, X-% , •
Then we get Ad(h)vP I bc--1, F(sr , s,) P  b e w ith  p = (1 -6 )/ 2 . A ssum e that there

holds Ad(g)241 flc:= 1)F'vr1 bc, then we get Ad(gh)141[1c--= 1)F, v, Ad(g1)11),, where
g i = (g r ,g r )P with g r  i n  (2.18). Take th e  root vectors Ad(g 4 ) 2X ± , Ad(g i ) -1 X,,,
f o r  -±Ad(g4) - '5.= -1- ( - 1 )P 6  ( 5 = T, 7'). Then  w e see from  (2 .6 ) that 1.4,
Ad(g 4 ) -1 vF ,Ad(g 4 ), 24'=Ad(g 1 ) -1 1)7 Ad(g 1 ) a r e  defined by means o f  these root
vectors. Thus we get Ad(g * )141f)c=1441i), with g*=gygh .

Now le t u s  prove Ad(g) ,,FIT)c=1)F, vy l bc holds f o r  a  special choice of
X ± „,. Since G(a, a ')  is locally isomorphic to sp(2, R ), it is sufficient to prove
this fo r sp(2, R ), th e  group o f real matrices x  o f degree 4 satisfying

x P x = -J , where J= w ith  E =

Denote by d(a l , a2 , a3 , 04 ) the diagonal m atrice with diagonal elements 04, 0
2,

a3 , a4 . W e  ta k e  a s  I) the C artan subalgebra of 4(2, R ) consisting o f elements
o f th e  form X=d(— t 2 , —t2, t1, t2) (1'2, t2ER). T he  roots a  a n d  a ' a r e  given by
a(X )=2t 2 , a/(X)=2t 2 . We take th e  root vectors a s  follows (.X. k-= A/ 2 151 -1 Xa)

/ 0 0\ ( 0  0\ (-1 V  0 \ ( 0  0
, X = , ,

0 U  0 0 V W  0 )

where

( 1 0 \ ( 0 0\ ( 0  0\ ( 0  1
, u= , , w=

0  0 0 1 1 0 1  0  )

W e put X 5= 1(X fd ). T h is  choice o f root vectors satisfies th e  co nd ition  in  the

lemma, and by a simple calculation, we get Ad(g)vp=v F , I), w ith  g=  1  ( 
E  —W)

V 2 q17 E
in  sp(2, R ) .  Now th e  proof of the  lemma is complete. Q. E. D.

To reduce th e  proof of the condition (c) in  th e  general c a se  to the case of
ty p e  B 2 ,  we need also th e  following lemma.

Lemma 7.6. L et g be a  real semisimple L ie  alg eb ra an d  I) a  C artan  sub-
algebra o f  g. A ssume that there ex ist tw o singular im aginary  roots 3, 0' in X(b)
s u c h  th at  y2=-2 - 1 (3 / -3 ) an d  72/=2 - 1 (3/ +3) a re  roo ts i n  T M .  L e t  (12,,, be the
subalgebra o f  ge generated by  X ± , (r=3 , ô ', 72, 72'), then a ano2

=
 • c  is isomorphic

t o  17(2, R). T he group W 0 ( f )  contain an  elem ent u such that

o-a=si3' , u5/=s3 (E=1 o r  —1)

and  o- X = X  f o r any  X 'f )  such that 3(X)=5/(X)=0.

P ro o f . Since 5, 5' a r e  singular imaginary, we see that o n e  o f  72, 72' is

X'„=

T=
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c o m p a c t a n d  th e  o th e r  is  s in g u la r  im ag in a ry , th e  reflexion corresponding to
th is compact root belongs to WG(1), and is  an  element looked for. Q. E. D.

N ote 7.1. Let A  and  2' be tw o im aginary roots o f  a  C a r ta n  subalgebra
Assume th a t 2+2' is also a  root o f  b. T hen 2+2 ' is  s in g u la r  i f  a n d  o n ly  if
one of A  and  2' is  com pact and the o ther is singular.

Now le t G be locally isomorphic to sp(2, R ), a n d  a s su m e  fo r  A c IP)  that
ER(A) is  o f type  B 2 . Let

(7.8) PR (A ), {a, a ',  1, 71.
w here 1 =2 - 1 (a'—a), r'.-- =- 2- i(a 1 + a ) .  T h e n  HR(A)=- {a, 7}, AI(PR (A ))= {F, F'}  ,
where

(7.9) F-= {a, a'} , F '=  fr,
In  th is case, M°r(PR (A))=/17/(PR (A )) and

(7.10) W (P; PR(A ))=- 14/(P'; PR(A))={1},

(7.11) P(P)= {a, a ', 1 , P(P')= fr, r'l ; P0(P)=F0(P')=F

L et b' , Ir  and  A 'E l-PY be a s  in  §7.1. Then I R (A ')= {-±v„a'} and
= H , .  Put P(b')r=v a P(b), then  PR (A ')=- {va a'}  and  M(PR (A')) -=F " , w here F"=
{ a a ' } .  Note th a t  s ( P ) =- 1 ,  s(P")=1, s(F") ,  —1.

P ut b=bF, then iV (h ) is  gene ra ted  b y  the refiexion corresponding  to  the
com pact ro o ts  o f  b. P u t  5=v F a ,  ó '= F a ',  th e n  th e y  a re  singular imaginary
roots of b. S in ce  ex ac tly  one  of vF r=2 - 1 (6/-6) and u g '=2 1(ö '+ô) is  compact,
there exists only one non-trivial element a in  WG (b) and

(7.12) j ô rs ',  o - 5 '= s a (e=1 o r  —1).

P u t P ( b ) - + - 1 ) F P ( 1 0  a n d  P(b 1 )=-/),,P(f). T hen the form ula in  § 5.2 gives us

e(h; P(f))--- - Z0(h)+Z1(h) ( h  A + (P)),

(h' ; P(bi))-=— Z z (h') (h ' A '+(P)),

w here fo r  A Ebr w ith  B =IP,

Z o(h)-= sgn(s)Y(h ; P ,1, sA) (he A ) ,

Z 1(h )=2  sgn(s)Y(h ; ,1, sA) (he A ),

Z 2(h 1)=  sgn(s)Y(h ; F", 1, sA ) (h' e A') ,

w h e re  s  ru n s  o v e r  {1, a } . T h e re fo re  t h e  fo llow in g  lem m a asse rts  th a t the
condition (c) is satisfied in  the  case  o f type  B2.

Lemma 7.7 (cf. [5(e), Lem. 8.3]). Put te =v „a .  T hen fo r  h o e  M , in (7.3),

11„(—Z0+Z1)(h0)=-1-1/3Z2(h0).
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Pro o f . Since A  is connected, A K  consists of single elem ent //K •  Put h E A,
a s  h=h K exp X ,  h i=  hK exp X '  w ith  X eb , X 'E b ' such that

X =t i lL -Ft 2 H ,=(— t 1 +t 2)H1 -F(t 1 -Ft 2 )H 1 „

X '=t i -V— 1 Hp - Ft2 1-1,a , ---- tiA/ 1 ,

and (A , 3)=2177 1 ,  (A , 6')=2m 2 . T hen  A—, a A  is given by (2m1 , 2/n2 )- (E2m1 , 2m 2 ).
Since er(hK)=- 7., (h 0=1, 12 K  b e lo n g s  to  t h e  c e n te r  o f  G  and hence ÇA(hK)-=

/,./(hK )=c (Pu t) . Hence we get

Z 0 (h) ,  c • sgn {In i m2 (m—m)I lexp( - 2 1 in  1 /1-21 hi2 I /2)-Fexp(-2 m 2 1 /1-2 1 M I  t2)}

Zi(h ) = 2 C  •  sgn(rn!—m )exp {— —mid-m2 I ( — / 1 +  /2)— 1 n11±1n21(t1 - f - t2)}

Z 2 (h')=c.sgn(m 2 )exp(2/7/ 1 -J-11 1 -21m 2 1/2 )— c • sgn(smi)exp(s2m 2 A/-1/ 1-21milt2) .

O n the  other hand, denote by (abati), th e  differentiation at t1 = 0 .  T hen for
M„,

Ha(— Z 0+ z i ) ( ho>=( 3/ati)0(—zo+zo ( ho), HpZ 2 (110 )=(-V  — 1 )_i(a/ato.z.A0),
Therefore we get

H a Z o (h o )=2c • sgn {mon 2 (//4—mT)} 1—  1 mi 1 exp(-21 717 2 I t2) —  1m2 i exp(-21m i l /2)1

HaZ1(ho)

=2c • sgn(Ird—ni )(  — m i + m2 I — 1 m1+7/12 1 )exp {—( 1 — 771 1+  777  2  +  I )771 +117 z I )t2}

HpZ 2 (14)=2c.sgn(m 11im2 ) mi , exp(-2 Im2 I t2) I 7n2 I exp(-2 7/711 /2)1 •
Note that

I — 1 7 1 1 ± In 2 in 1 - k in 2  - =  —2. sgn(mini 2 )  •  min(Imil, 1 17121),

1 — mi ±m 2 1 +  M I +17I 2 I =- 2. max( 1 777 1 1 1172 )

T hen  the  equality in  th e  lemma follows. Q. E. D.

§ 8 . Proof o f  Lemma 7.1 (C ase of class I or III)

I n  th is  section, w e  s tu d y  th e  c a s e  w h e re  the sim ple component f ( a )  of
T K (A ) containing a  is  o f  class I o r  III . T h e  c a se  o f  c la ss  I I  ( ty p e  B . ,  C .  or
F4 )  w ill be  stud ied  in  th e  next sec tion . T he  case  o f type  c. has been studied
in  th e  previous paper [5 (e )]. H ow ever w e w ill give in  th e  next section a new
general proof for the  case  of class II. T h i s  proof follow s essentially  t h e  idea
in  th e  previous paper [5(e)].

8 .1 .  L et us first g ive a  property of an orthogonal system o f  ro o ts .  L et I
b e  a  roo t system  o f  c lass I or III, P  the set of positive roots in  I  and  H  the
set of sim ple roots.
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Lemma 8 .1 . A s s u m e  th at  I  is  o f  c lass  I  o r  III. L e t a E l l .  Then for
FE M (P ), there exist only the following two possibilities: ( i)  aE  F , ( ii)  s a FEM (P)
and s a F# F.

Pro o f . Assume that aE F .  Then we get s E  M (F ) , because for any rE P,
#a , we have s a r E P .  O n the  other hand, there exists at least o n e  r E F  not
orthogonal to a .  We see from th e  result in  § 1.2 that the angle between a and
r is a n  integral m ultiple of 7/6. Hence s a r  is not orthogonal to r and therefore
s a rE F , and  s a F#F. Q. E. D.

P u t E a= IrE z ; r_Lal and  P a = P n .E a . L et M (P ; a ) be the subset of M (P)
consisting o f  F  such that F 2 a .  F o r FEM (P; a ) ,  p u t  Fa=F— {a}. Then we
get easily th e  following.

Lemma 8.2. The m ap  F— *Fa giv es a  b i j e c t i v e  correspondence between
M (P ; a) and M(Pa).

L e t  Fo b e  th e  s ta n d a rd  element i n  M (P ) a n d  F i  th a t  in  M (P " ) . Then
Fi U la l  is an  element o f  M (P ), and  there exists a  uo E W (E ) such that uoFo=
F i u {a} .

Lemma 8 .3 . Let F0 ,  a E l l  and F1 b e  as abov e. T hen it f ollow s f rom  u 0 F0

=F i l.) {a} that sgn(u 0)=1.

Pro o f . We may assume that X is sim ple . N ote  that it is sufficient for us
to prove the assertion for any fixed P .  In  fac t, le t P '# P  be the set of positive
roots with respect to another order in  X  and a ' l l '  a sim ple root in  P ' .  Then
there exists a unique wE W (E) such that w P ' , P  a n d  therefore a = w a 'E l l .
Thus F‘,-=w - iF 0 a n d  PT= w 'F i  a re  s tan d a rd  in  M (P ') and M (P '"') respectively.
Hence u0 F0 = F I U {a} means that w i t h  74=

In  general, when a e F 0 ,  w e  g e t  F0=-F1l . ) {a },  a n d  therefore the assertion
follows from Lemma 1.2. Moreover note that when Fo a n d  F1 contains a  root
r i n  common, th e  proof of the assertion can be reduced from th e  root system
E  to the  subsystem T T .

T h e  a sse r tio n  is  easy to  p rove fo r  th e  ty p e  A .  F o r  th e  ty p e  G2 , the
assertion is seen to hold from Figure  1.1. L e t u s  study t h e  ty p e  D N  (N
We apply th e  realization o f I ,  P  and  H  in  § 1.2. Then

I I= {e1—e2, e2 — e3, eN-i—eN,

F0 = {e1 -± - e2, e3 -± e4 , e2.-1-±e2n} (n=[N/21).

Assume that a E H  is not in  Fo , then a=e21 — e2t+1 fo r some i. Moreover F i  i s
t h e  s e t  obtained from Fo by rem oving e20 _1 ±e 21, e2i+1±e2i-i2 out and  adding

e214 - e21+1 instead. Therefore the situation is reduced to the case of
ty p e  134, and  uo =s a s, with 1=e21— e2i+2 is an  element such that uo Fo = F l U fal
and that sgn(u 0)= 1 .  Thus the assertion holds by Lemma 1.2.

Now consider the  case  o f type  E0 . In  th e  realization in  § 1.2,
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11-= {2- 1 (e2— E e i -±(e 5 d-e 6 +e 7 —e8)), ei—e1+1 ed-e,}  ,
2 i5 4

F0= tei± e 2 ,  e ,± e  .

L e t a  be a  root in  H  not belonging to Fo . T hen  Fo nF i  c o n ta in  r=eid-e2, the
h ig h e s t ro o t i n  P ,  except w hen a=-e 2 —e 3 . Therefore th e  proof is reduced to
the  case  of 1 7 ,  w h ic h  is  o f  ty p e  A ,  b y  T a b le  1.1. F o r  a=e 2 -6. 5,  w e  have
F,= {e1±e 4 , e2+e3}, and the assertion is  seen  to  hold.

Next consider the  case  of type  E 7 . In  the realization in  § 1.2,

H= {2 - 1 (e7 —e2 — ••• —07 +e8), e 8—ei+1 (2 2. 5.5), e,-Fe,, e7 — e8}

F0=f e1+e2, e3±e4, eo - Feo• e7— e8l•

L et a  be a  root in  H  not belonging to Fo . T hen  Fo r V i  conta ins r=e 1 d-e2 , the
h ig h e s t ro o t i n  P ,  except w hen a-=e 2 —e3 . Therefore th e  proof is reduced to
the  case  of I I  w hich is o f type  D ,, and the assertion h o ld s f o r  i t  a s  is seen
a b o v e . F o r a=e 2 —e3 , w e  have

F1 = fe1±e4, ecf-eo, e o :_t-eo , e7 —e81,

H ence F0 n F 1 D r=e 7 —e 8 a n d  therefore  th e  a sse r tio n  h o ld s  i n  th is  c a se  too.
Finally consider the  case  of type  E , .  Using th e  explicit forms o f  H  and F o  in
§ 1.2, w e see a s  fo r  ty p e  E ,  th a t for a a H , either F o  conta ins a itself or F o n F i

contains a  root r in  common. M oreover 27  i s  o f type  E , .  Hence the assertion
holds in this case to o . T h u s  the proof of the lemma is now complete. Q .  E .  D .

8 .2 . To prove Lem m a 7.1 in  the case w here f ( a )  is  o f  c la s s  I  o r  III , le t
u s  first assume th a t  / R (A) itself is o f  c la ss  I-III. L e t FEM(PR (A)) be standard.
T ake  a  g o a G  a n d  a  wo a  W(be ) such that

(8.1) Ad(go)b=V , Ad(go)woP({1)=1)FPR) •

T hen by  (5.6), w e have  fo r /2 /1+ (P )=A + (PR(A)),

(8.2) kb(h ; P(I)))=E(F)sgn(w o )Z (h ; F, Ad(go)A, PR(A)).

Moreover by (3.9) and  Lemma 3.2,

(8.3) Z (h ; F, Ad(go)A, P R (A ))=  E  sgn(s) E Y(/2; F, u, s•A d(g o )A ),
,ETYG (bF) u GU

w here U  denotes a  complete system o f  representatives o f  W (I R (A ))II(F) such
th a t uF M(PR(A)).

Let and be a s  in  § 7.1, and put P (r = v «P ( I - ). P ut PR (241)-=
fR (A ')n P (f) ') a n d  le t  F'E M (P R (A ')) be s ta n d a rd . T ake  ,g., E G  and  14EW(b e )
such that

(8.1') Ad (g )b=" , Ad (g )z4P (0 )=14 , P (b ') .

T hen th e  function /eY(• ; P(b')) is given a s  follows : for h'EA' + (P) -=- A' + (PR(A 1 )),

(8.2') ; P(f r))=s(F')sgn(w )Z (h' ; F', A d(g)A , Pu(21!)),
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where

(8.3') Z (h' ; F', A d(g)A , PR (A '))= E sgn(s') E  Y (h' ; F', u', s'A d(g),1).
ew Go, u' EU'

Here U ' denotes a  complete system o f representatives o f  W(ER(A'))11-( F ')  such
that u'F'EM(PR(A ')).

Note that E(F ' )= — E ( F ) .  Then we see that to prove Lemma 7.1, it is suf-
ficient to show  the following : fo r  h o EM „CA nA ',

(8.4) sgn(wo)H„Z(ho; F, A d(g o )A, PR(A))

=— sgn(1411Z (h o ; F', A d(g)A , PR(A )).

L e t  u s  prove this equality. P u t  I = I R (A ), P-=PR(A ) f o r  brevity. Then
ER (A ')=vaf a , PR (A ')=vaPa with P a = P n E a .  First we reduce t h e  left hand
side o f (8.4) by applying Lemma 7.2 . In the expression (8.3), we devide U= ful
into two subsets U1 a n d  U , according a s  uFB a  (i. e., uFEM (P; a )) or not, and
consider th e  sum Z , over sEW G(V ) an d  u EU, fo r i-=-1, 2 : Z =Z 1+Z 2.

First consider t h e  sum  Z 2 .  Since u Flp a, w e get s a u FE M (P), # u F by
Lemma 8.1. Therefore we may assume by Lemma 3.2 that s a u  belongs to U
a n d  hence to U 2  together with u .  T he  next lemma follows from Lemma 7.2
directly.

Lemma 8 .4 .  For u, s„uE11 2 , put for ev ery  sE W A F )  and Ai=Ad(go)A,

f (h)=Y (h; F, u, sA ,)+Y (h; F, s a u, (hEA ).

Then J(sah)=J(h) on A and hence H a  J(h0)=0 on Aa.

By this lemma, we get H a Z 2(170)=0  on  A a , and  therefore fo r  hoE Aa,

(8.5) H„Z(h o ; F, Ad(go)A, PR(A ))=E sgn(s) E Ha Y (h o ; F, u, s•A d(g o )A).

O n the other hand, we get from Lemma 8.2 a  natural bijective correspondence
between U1 a n d  U ' in  (8.3') a s  follows :  fo r any u 'E U ', since u 'F'E M (P') , we
see that 1,7,1 u 'F 'U la l  belongs to M (P; a), and  therefore there exists a unique
u E  U 1  such that

(8.6) uF=v aiu 'F'U  {a} .

L et uo EU , be such that u o F-=v; 1 F/U {a} .  Then sgn(u 0)=1 by Lemma 8.3 . We
may assume that any u E Ui has th e  form u=(vVu'v a )u o, where u'E U ' is given
by (8.6), because vVu'v a e W(2' a).

Thus th e  proof of Lemma 7.1 is reduced to compair H a Y (h o ; F, u, s•A d(g o )A)
with 11Y (h 0 ; F', u ', s 'A d(g)A ) fo r  u-.=-(vaiu'v a )u o a n d  ho E Ma.

8 .3 .  We can choose a n  ao E G  such that A d ( a 0 ) 1 1 ) = u 0  a n d  ao haV =h for
ha A .  Then under a n  appropriate choice o f root vectors, we get

(8.7) vF' a = ACI(C10) * VF ° A d (ao ) -1  •
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In  fac t, le t x s ,  E  F )  be root vectors used to define vF • P u t  F"=v ; 1 F ',  then
F"U {a} -=u ,F. F o r  r E F ,  p u t  X t u o r =Ad(a o)X ± r  a n d  define vuoF by means of
these root vectors. Then vu0v=1)Fa=v.vF , =Ad(ao)ovFoAd(a0) - '. F o r  r E F ' ,

p u t X ± r =v a X t r .=-X t r .  with r = v -,-, I r 'E F " .  Then we get vF,...---va vi ,v a l=vF . ,  and
therefore th e  equality (8.7).

A ssum e (8 .7) holds. T h e n  li' F ' =Ad(a 0)1)F . P u t  e ,'=a o g o ,  then applying
Ad(a o)  on the  both sides o f th e  equalities in  (8.1), we get

Ad(e)b=Ad(a o)17=1)'F' ,

Ad(e)woP(b)=Ad(ag)FP(1))=1)F , VaU 0P(i) = 1 ) F , V P (V ) 7

where v =u o .);leW (I) ',) . By th e  result i n  § 6 .1 , we m ay take as g  in
(8.3'). Then, since sgn(v)=sgn(u 0)= 1  by Lemma 8.3, we get for w  in  (8.4),

(8.8) sgn(w0)=sgn(tvo)sgn(v)=sgn(w0).

F o r s'EWG(W F ") an d  u 'E U ', put

(8.9) s=Ad(ao)-10 s'oAd(a0)11) F  , u= (vV u 'va)uo

then sEW G (V ), u U1, a n d  (8.6) holds. In  view o f (8.8), it is sufficient fo r  u s
to prove th e  following.

Lemma 8 .5 .  Let gr, =a o g o , and let s, s ' and u , u ' b e  a s  in  (8.9). Then for
h o E Ma,

Ha Y (h o ; F, u, s•A d(e)A )=— HpY (h o ; F ', u ', s 'A d (ail) .

P ro o f . N o te  th at t h e  subspace 1);,- of is  g iven  b y  {XE1) v ; a(X )=0}.
T hen  w e see that h o EM a  can be expressed a s  ho=h u exp X ' with hu E Au,
X'Ely'r ,  where r(X ')> 0  fo r any rE P a .  Put

h= hoexp(t1-10= huexP(X'±tHa)

hi= h o exp(t —  1 H p)-=hoexp(t —  1 H )exp X ',

th en  hE A +(P) f o r  sufficiently small t> 0 , a n d  h' A ' -'- ( P )  f o r  t  r e a l. For
brevity, p u t Al-=s•Ad(go)A , A 2 =s 'A d ( a i l ,  then we get from (3.7) that

(8.10) Y(h ; F, u, A i )=sgn{ 11 (A i ,  Fr)} eil i (hu )
TEF

xexp Al(PF(u X')) I I  expl—(ur)(X/+tHa)1 (Ai, 1)F1)1 /17'11
T E F

*(8.10') Y (h '; F', u ',  ./12)= sgn{ I I  (A2, 1, , , , 1 ')}  i i , ( h u ex p ( t  —  fH 8 ) )
v CF'

XeXP A2(1)1 ,
(

1 1 ' - i X T • H  expl— (u'r)(X ')I(A2, vF, r)1/171 2 1.
CF'

F o r r/ choose rE F  such that v V r'=u o r .  Then and by (8.9)
v ;lu 'r'=u r, and therefore (u'r')(X ')=(ur)(X ') fo r X 'E b f ,. By (8.9) and e = a o g o ,
we get
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Ad(a 0 ) • s. Ad(go)A =Ad(a 0 )A  .

Therefore by r'= vauor and  (8.7),

(A,, vF , I'')=(Ad(a0)Ai, Ad(ao)vF1)=(Al, 1.)F 1 ) .

Moreover, since ). Ju'v a = u u ; - 1 G W ( f ' ) ,  w e  g e t u / - 1 X '=v a (u o u 'X ') , ----- u o u - 'X',
a n d  hence pF, (u 'X ')-= u0PF(2C 'X '), a n d  finally A 2(PF ,(u'X '))= A i(PF(u'X ')).
Since a o h u aV =h u ,  we get ÇAi (hu)=eA 2( h u ) .  Thus we get from (8.10) and (8.10')
that

H aY (ho; F , u , A 1)=— (A l, v f i c i a )-Y (h o ; F', u ', A 2),

ligY (h o ; F', u', A 2)=(A 2, 2)F , 13)• Y (ho; F ', u ', A 2) •

Since 1.)Vu'v a  eW (I`r), we see from (8.9) that u - i a-=u -
o
- la ,  and  therefore by (8.7),

(A,, vF icia)=-(A i , 2.)FuVa)=(A1 , Ad(a0) - 1 2)1, 2"aa)=(A2, vr ,
48).

Hence we get finally

Ha Y (h o ; F, u , A 1)=-1-1/317 (h o ; F', u ', A 2 ).

T his completes th e  proof o f th e  lemma. Q. E. D.

Thus Lemma 7.1 is proved when ER (A ) itself is o f class I-III.

8 .4 .  Consider t h e  general case  where E (a ) is o f class I or III, bu t f R (A)
is not necessarily o f  c la s se  I-III. N ote  th at t h e  above calculations to prove
Lemma 7 .1  can be carried o u t  essentially only o n  f ( a ) .  Therefore putting
T = E (a ) , t h e  calculation f o r  t h e  general c a se  is quite sim ilar a s  that given
above. Thus th e  proof o f Lemma 7.1 is now complete in  th e  c a se  where f ( a )
is o f class I o r  III.

§  9 .  Proof o f Lemma 7.1 (Case of class II)

In  order to prove th e  boundary condition (c), we continue to prove Lemma
7 .1 . I n  th is section, w e treat the case where T (a)C E R (A ) is o f class II. (For
type C ,  c f. [5(e), §8].)

9 .1 .  F irst l e t  u s  study some properties o f  ordered system o f  mutually
orthogonal roots in  a  sim ple root system o f class II, i. e., o f ty pe  B .,  C .  or F 4 .

L et P  be the set of positive roots in  I ,  and  H th e  s e t  o f  s im p le  roots i n  P.
We consider th e  canonical order in  I  corresponding to P.

Lemma 9 .1 .  Let F M ( P )  and a E l l .  T hen there ex ist only  the following
three p o s i b i l i t i e s :  ( i )  F 9 a ;  (ii) s a F = F , in this case F 3 , c e ;  (iii) s a Fe M (P) , # F,
in  this case F a c e .  W hen I  is  o f  type B .  and a is  a shoot root, or I  is  of type
C . and a is  a long root, the case (iii) does not exist.

P ro o f .  T h e  first assertion  is  e a sy  to  prove . F o r the  second  asse rtion ,
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realize I ,  P  and H a s  in  § 1.2, then a=e n  f o r  B T„  a n d  a=2e n f o r  C .  T h en
we see easily that the assertion holds in  these cases. Q. E. D.

L et a E H  and  EE M °r(P). Then the relation of E  w ith a  is  devided into
three cases ( i), (ii) and  (iii) according a s  F = E * E M (P ) i s  in  c a s e  ( i ) ,  ( i i )  or
(iii) f o r  a .  Further we devide the cases (ii) and  (iii) o f  E  into (iia), (iib) and
into (iiia), (iiib) respectively according a s  s„EEM °r(P ) or not.

Lemma 9.2. Let F M (P ) and a E H . In  order that F  is in case (ii) f or a,
it is necessary and suff icient that there exists a r o EF such that ro l a  and sa r n EF.
In  this case, all the roots in  F  other than To, saro are orthogonal to a.

Pro o f . The sufficiency of the condition is clear. L et us prove the necessity.
Since FE9a, we can find a  roEF such that T o la .  T h e n  F=s a F  contains saro.
Therefore any element i n  F  other than To , saro is orthogonal to r o —sa r o *o,
hence to a. Q. E. D.

9.2 . L et us study the  case  (ii) m ore  in  detail. To prove Lemma 7.1, we
will apply Lemma 7.2 to the  case (iia) o f E , and  Lemmas 7.3 and 7.4 to the case
(jib). T o  th is  end and also fo r another purpose, we list up the possible pairs
(a, E ) in  case  (iib). First note the following. L et E E M °r(P ) be

(9.1) E=(cri, a 2 , ••• , a 1 , a1+1, ••• , a .) ,

where a t (1 2. -  0  a re  lo ng  roots, a n d  a ,  (l-F1._j - n )  a r e  s h o r t  roots. Then
by definition, it satisfies the  cond itions (B1), (B2) a n d  (B3). In particular,
2 '(a 2 i_1+a 2 i )  a re  again roots in  2' for where ni=[//2]. We see that
w E  w ith  zu T V (E ) belongs to M " (P )  i f  a n d  only if  th e  following condition
analogous a s  (1.17) holds :

wa2 wa2i , w a i>  w a 3 > •-• > wa2._3> wa2m-i :
(9.2)

wat+i> wai + 2> ••• > wa n _i> wan .

By Lemma 9.2, w e know  that there exist i n  F = E *  exactly two roots To ,
K-- r--. .sa r o w h ich  a r e  not orthogonal to  a  a n d  a r e  permuted with each other
under sa .

Realize I, P  and  H a s  in  § 1.2. Then the canonical order in I is the order
given there. L et re>re=saro.

CASE OF  B .  ( 1 B )  F o r  a=-e k —ek+ i (long  roo t), (re, 7)=(e0, e0+1) (short
roots), a n d  in  E  there exists some i>1 such that

(9.3) , a  i=ek+i •

(2B ) F o r a-=e n  (short root), (re, 7 )= - (e, - Pe., e,—en) ( lo n g  roots) f o r  some
j< n ,  an d  in  E  there exists some i such that

(9.4) ,

CASE OF C .  ( 1 C )  F o r a=2en, (To, e i— e n ) fo r some j< n ,  and
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in E  there exists som e i>1  such that

(9.5) ai=e ,± e n ,

(2 C )  For a=ek — ek+i, (To, T )=(2ek , 2ek+1), and in E , w e  have one of the
following :

(9.6) , a21= 2e4 + 0 for s o m e  i

(9.6') a ,  1=2ek a2J-1=2ek+i for some 1 i < j . 77/.

CASE OF F.,. ( 1 F )  For a=ek— ek + i  w ith  k = 2  or 3, w e  have the following
possibilities

(9.7) (ro, rO)=(ek, e0+1),

(9.7s) (To, T)-=(2 - 1 (ei+eei±ek— ek+i), 2 - 1 (ei-Fse1— ek-Fek+i)) w ith  6 = ± 1 ,

where k, k  +11 = {2, 3, 4}. Let /  be the type of E E M "(P), then the elements
E  in case (lib) are given as follows :

(/=0) E = P °  for (ro , rO) in (9.7),

E =P 9 _ , for (r o , TO in (9.7s),

w here F ° ,  F ,  are given in §1.5 for type F 4 ;

(1=2) E =(e i+e ,, ro, ro) for (9.7),

E =(e 1 --se i , ek - Fek-Fi, To, TO for (9.7e).

( 2 F )  For a-=2 1 (e1—e2—e3—e4), we have (ro, eri-ek ), where j<k ,
j , k l = {2, 3, 4} .  The elements E aM °r(P) in case (iib) are given as follows:

(1=2)E = ( î 0 , 2 - 1 (ei+e,-Fe,— ek),2 - 1 (ei-Fe,,— e,±ek));

(1=4) E=(ei+ei, e1— e 0, ro, .

( 3 F )  For a=e 4 ,  w e have (To, T)=(e4+e4, e,— e4) for some i  (1 i 3). The
elements E E M " (P )  in case (iib) are given as follows : let j < k  and fi. j, k } =
{1, 2, 3}, then

(1=2) E = (ro , 1 , e1 , e k ) for any i;

(1=4) E=(ro, ei— ek ) for i= 1  ( j=2 . k =3 ) ,

(9.8) E=(ro, 77, K, 77' )  with { 7) , 771-= fej±- ek1 for i =1 .

E =(erl-e k , ei—eh, To, ro) for i= 2 , 3  ( j= 1 ) .

Sum m arizing these results, we get the following.

Lemma 9 .3 . L e t  P  be th e  se t o f  p o s itiv e  roots in X  an d  I I  the set of
sim ple roots in  P .  L e t  aE 1 7 , an d  E E M ° r( P )  be in  c as e  (iib) f o r  a .  Then
there hold the following.
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(1) L et ro, 7L=s«10 be two roots in  E  not orthogonal to  a .  T hen they  are
long or short according as a  is short or long.

(2) A ssum e a i s  sh o rt . T hen ro, r() are  contained i n  E  in  two different
m anners: let r o >r,'„ then either

(iibl) there ex ists an i m="1121 such that (a 2 i_i, a2i)=(70, 7L), or
(iib2) f o r type Cr,  (n _ 4 ) o r F4, a24-1=10, a2 i-i=r, f o r  some

In the latter case, put a' -=- 2- 1 (a 24 —a2 ; ), then a'E E  and s a ,E  also belongs to M "(P).
(3) A ssume a is long . L e t 70 >1,, then (a i , a i + 1 )=(r 0 , ro f or some j > 1 .  Put

(9.9) (60, 6)--(ro - EK, To r ) ,
then ao , ô  are long roots in  I  and 30 >(%, 5,Y =a.

Note that the  case  o f short a  corresponds to (2B), (20 ), (2F) and (3F), and
the case (iib2) in  (2) corresponds to (9.6') in  (20 )  and (9.8) in  (3F). The case of
long a corresponds to (1B), (1C) and (1F).

L et aG 11  be a  lo n g  ro o t. F o r  every E E M °r(P)  in  c a s e  (iib ) f o r  a ,  we
make associate a n  element „E E M "(P) in  case  ( i )  a s  follows : take out from
E  th e  two roots 1, Kr and  then insert the  ordered p a ir  o f  roots (50, 50) in  a n
appropriate place so a s  to get an  element in M " ( P ) .  Then („E  exists uniquely.
We call th e  p a ir  {E, t a E }  an a-pair. (L et D  and  D ' be th e  elements i n  A P(P)
i n  § 1.6 corresponding naturally to E  a n d  ca E  respectively. Then D '=
(D— fro, Kil)u 6L)}.)

L et aE /1 be lo n g . L e t E eM ar(P) be in  case ( i )  f o r  a .  We say that E  is
in  case (i2) if  the  ty p e  1 o f  E  is odd and a i = a ,  otherwise we say that E  is in
case (il).

Lemma 9 .4 . L et cre II be  lo n g . I f  X  is  of  ty pe B ., C2d or F 4 ,  there does
not ex ist the case (i2) f o r  a .  I f  X  is  o f  type C2a-H, the type 1 of  an E e M "(P)
is always odd, and there ex ists the case (i2) f o r a .  I n  general, every  elem ent in
M "(P) in case (il) f o r a makes an a-pair w ith an element in  M °r(P) in case (iib)
f o r a .  I n  this way, the elements in  case (il)  and those i n  case (iib) correspond
bijectively.

Pro o f . T h e  first assertion is easy to p ro v e . L e t u s  prove the second one.
L e t  5G P  be a  lo n g  root orthogonal to a  such that 2- 1 (5-i-a) a re  roots in  E.
Then we have 5 > a .  In fact, express 5 a s  a  linear combination of simple roots,
then a  m ust be contained in  it with positive integral coefficient. Hence we get
6 >a.

L e t  E  M " ( P )  b e i n  c a s e  ( i l )  f o r  a .  Then there exists in  (9.1) some
i  ( 1 - i - m ) such that {a 2 4_1, a2 4} contains a .  Since 2- i(a 2 4 _1 -ha2 P  a n d  a  is
sim ple, w e  g e t cy, i = a .  P u t  ro=2 - 1 (a24-1+a21), r'0=2 - 1 (a2i-i—a2i), then ro>r,
r o l .K . Take out from E  th e  two roots a24-1, a 2 1, and  then insert (70, 70) in an
appropriate place, then we get an  element E ' in  M " ( P )  in  c a s e  (iib), because

rL)=(r , 70). Thus we get finally c,„E '=E .
Now the  bijectiveness of the  correspondence ca  i s  clear. Q. E. D.
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9.3 . Now le t u s  study the  case (iii) fo r  E E M °r(P). To prove Lemma 7.1,
we apply Lemma 7.2 to the  case  (iiia) and Lemma 7.4 to the  case  (iiib).

Lemma 9 .5 .  A ssume Ee M °r(P ) i s  in  case  (iiib) f or Then there
ex ist ex actly  4  roots in  F = E * which are not orthogonal to a .  Moreover there
exists a  unique non-trivial element vEW (f), depending on E  such that vE E M "(P )
and va=a, vr=r f o r any ï F  orthogonal to a .  Then sgn(v)= —1, and E'=vE
is in case (iiib) f o r a  too.

Pro o f . A ssum e th at i n  E  i n  (9.1), a,> a ,  a n d  a,—a, is a m ultiple of a
positive root ô (a 1 —a,=5 o r  25). Then we get s„a,>.s a a ,  in  case (iii). In fact,
since a i,_La„ we see that aa + a , is also a  m ultip le  of a  positive  root 5 '1 3 . If
szz az <s a a „  ô  m u s t  b e eq u a l to  a  because a  i s  s im p le , a n d  hence 6'1a.
Therefore s,„6/-='6' and  szz a i = a , .  T his means by Lemma 9.2 that E  is  in case
(ii) for a .

Apply the  cond ition  (9.2) f o r  w EEM °r(P) to  w=s, r . Then fo r  a n  E  in
case (iiib), it follows from sz,E€EM"(P) that there exist a z , a ,  i n  E  such that
the relation az > a , appears in  (1.17) a n d  sa a,<s a a , .  I n  th is c a s e , a s  is seen
above a,—a, is not a  m u ltip le  o f  a  ro o t. T h is  does not occur fo r  F.,.

T h e  proofs fo r  13„ and  C„ a re  given separately using t h e  realization o f  I
a n d  P  i n  § 1.2. First consider th e  c a se  o f  Bn . Then by Lemma 9.2, we see
that a=ek—ek+i fo r some k. Then by th e  result in  § 1.2, w e see  th a t in  th e
case (iii), F = E * contains one  o f the  following se ts  o f roots :

(1) ek +e i , e k + , (k+1< i); (1')
(2) ek+1(k>i); (2')
(3) e1 -±e,,, e ±-e,, + ,  ( i ,  j < k); (4)
(5) ek±ei, (j< k , k + 1 < i); (6)

ek+H-ei, ek (k+1<i);
ei -±ek+i, ek (k+1>i);
ei ±e k , ek+i -±e , (i< k , k + 1 < j);
e ek+i-±e, (k+1<i,

A s is easily seen, in  the  cases (1)-(5), we get s,„EEM°r(P) and  so E  is in case
(iiia). I n  th e  c a s e  (6 ), E  i s  in  c a s e  (iiib). P u t  v=s„, with a'=e z —e,, then
vEEM °r(P) and the assertion of the lemma holds.

Consider the  case  of C7i . By Lemma 9.2, we see that a=e k —e,, , f o r  some
k. Exactly a s  fo r  13„, we get th e  possibilities a s  (1)-(6). (In (1)-(2'), ek and ek+ 1
must be replaced by 2e k a n d  2e k + 1  respectively.) T h e  proof of the assertion can
be carried out sim ilarly. T h e  proof o f th e  lemma is now complete. Q.E.D.

9 .4 . In  the  sequel, we will need the following lemma. Let L, L'EM°r(PR(A))
be such that uo L = L ' fo r  some uo EW(E R (A ) ) .  We can choose a n  ao G  such
that

(9.10) A d ( a 0 )  r ) o =  u o  ao haV= h ( h  E  A U) •

Then choosing root vectors fo r Fo lJ—Fo w ith  F o = F o (L ) a n d  fo r  f ',u  with
.E = F o (L ')  appropriately, we have

(9.11) Ad(a0).140.Ad(ao)'=v4 •
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P u t 1)F °=gr -wrAcy f1F 'ci --= - gr11.vo l ,  then Ad( a 0
)f)F0=1)F'o • L et g o E G  be such that

(9.12) Ad(go)b= T)F0 ,

th e n  Ad(a 0g o) b = f6 .  F o r 2E ET ,  p u t  p=Ad(g 0)2 , p '=A d(a 0 ),u=A d(a 0 g 0 )2 , and
define Y(h ; L , u , p ) , Y (h ; L ', u , p ')  o n  A  f o r  uEW (E R (A ))  b y  m e a n s  o f  vF,
and  1,4  respectively (cf. (3.7)). T hen w e have the  following lemma.

Lemma 9.6 . L e t L , L 'E M "(P R (A )) be such that u o L = L ' f o r  some u0E
W (ER (A )). Then under (9.10)-(9.12), there holds that f o r any ueW (ER(A )),

Y (h ; L , u , p )=Y (h; L ', uu 1, p ') .

P ro o f. T h is  equality  fo llow s from  th e  definition (3.7) o f th e  function Y
d ire c tly . In  fact, it is sufficient to note that

(p, vFor)= (A d(ao)tt , Ad(a0)))F0 r)=(11',1 , 4uor) (r R(A))

ep(hu)=ep(aohuan=e fe(hu) (hue AU) •

PF0( 7 2 - 1 X ) =  UcTi P4 (74/1 -1 X ) (XE th,-) • Q E. D.

9.5 . L et us now  re tu rn  to  th e  proof o f Lemma 7.1. L et A  be a  connected
component o f  T P, a n d  le t  aE H R (A ) .  T hen  w e  m ust calculate Hae(ho; P a ))
for ho E M a , where the function kb is given on  A +(P)CA  b y  (5.6). T his function
is  a  linear combination o f  Z (h; E„ A d(g o )A , PR(A )), w here PR(A )=ER(A )nP(b).
I n  tu r n ,  th e  la t t e r  func tion  is  a  linear combination o f  Y(h ; E i , u, s•A d(g o )A)
w ith  u ŒW(Ei ; PR(A ))CW (ER(A )), s E WG(t)F ° )  with F0 — F0 (E 1 ) (for W (E, ; PR(A)),
see Definition 1.2). Therefore  it is our main task  to  ca lcu la te  H a Y (h o ; E 1 , u, s
.A d(g 0 )A ) fo r  ho E M a . P u t .2'-=f(a), an d  le t P  and  11 be a s  usual th e  s e t  o f
positive roots and th a t  of simple roo ts respec tive ly . L e t  E a M ( P ) ,  u a  W(1)
a n d  sEW G (V o ) .  L e t  gE G  be an  elem ent such that Ad(g)b=10 and  pu t /11 =
A d (g )A . F or sim plicity, we write in  this subsection th e  function Y (h;•, • , sA i )
o n  A  a s  Y (h; E, u, sA i ) , indicating only E , u for the sim ple com ponent I of

R (A ) (fixing corresponding things fo r other components of I R (A)).
F irst of all, w e  g e t th e  following result by applying Lemma 7.2.

Lemma 9.7 . L et aE H  and  E E M °r(P). For uE T /1 7 (E ), assum e that uE E
M °r(P), a n d  u E  is in  case (iia) o r (iiia) f o r a ,  that is , s ,u E E M ° r(P) . Pu t f o r
any s E WAN,

J(h)=-Y (h; E, u, sA i )+Y (h ; E , s a u, (hE A ),

where Fo =F o (E ) .  Then J(s a h)=-J(h) on A  and hence H a J(14)=0 on A .

P ro o f. F irst note th a t the case (iia) and (iiia) cover exactly the case where
s a uE M ° '(P ) . The assertion of the lemma follows directly from Lemma 7.2.

Q. E. D.

N ext consider the case (iib). W e apply Lemmas 7.3 a n d  7.4 t o  t h i s  case.
L et aE  H  be short, then  w e have tw o cases (iibl) and (iib2) in  Lemma 9.3.
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Lem m a 9.8. L e t  aE .11 b e  s h o rt .  F o r E c M " ( P )  an d  uE W (E ), assume
that uE E M "(P) and is  in  case (iibl) f o r a .  P u t

J(h) --= E  sgn(s)Y(h ; E, u, sA i) (hEA ),
s e i ( ) F

w here Fo =F o ( E ) .  T hen J(s„h)=J(h) on A  and hence TIJ(11 0 )=0  on A .

P ro o f .  Express E  a s  in  (9.1), and put E i=u E =((r,  a , ••• , a;, c6 + 1 , •-• , a;i ).
T hen  u E =E ' m eans that uai = d;  fo r  1 j n .  Since  E ' i s  in  c a s e  (iibl) in
Lemma 9.3, w e t  g e t  (c 1 , a )=0"0 , fo r  some (cf. Lemma 9.3). Put
w= it - ls„u, th en  w F=F w ith  F=E*, w F 0 =F 0 a n d  moreover

wa24_1=a2i, wa24=a2i_1 ; wai =a ;  f o r  j± 2 i- 1 ,  2 i.

Therefore putting D =P(E )nu - 1 P(E ) and r -= - 2- 1 (a2i-i— a2i), w e  g e t  f r o m  the
definition o f  P(E ) in  (1.21) that

P(E)= DU {r} , P(E)=DU {— r}

Hence fo r an y  sE WG(f)F °),

sgn w  -  p ( E ) ( S  A O =  sgn r ( E ) (s A I ) .

T h e se  fa c ts  m e a n  th a t  th e  assumption in  Lemma 7.3 is satisfied fo r  u , E  and
a .  T hus the assertion follows from Lemma 7.3. Q. E. D.

Now consider the  case (iib2) for a short

Lemma 9.9. L et a E l l  be sh o rt . Fo r E E M "(P) and  u G W (f),  assume that
E '=u E E M "(P)  and is  in  case (iib2) f o r  a .  T h e n  I  is  o f  ty pe Ci i (n_>_4) o r F 4 5

an d  i n  E'=((4, a , ,  (4 ) ,  w e  have 70 =ai-1 , 1 o= a 1  f o r  some
Pu t a '= - 2- 1 (cr i —a j ) ,  then a ' X an d  sa ,E '=s a ,u E E M "(P ) . Put

J ( h ) =  E  sgn(s){Y (h ; E , u , sA i )+Y (h; E , s a ,u,
sEwG ( F0)

w here F0 =F 0 ( E ) .  T hen J(sah)=- J(h) on A  and hence Ha J(110 )=0  on A .

P ro o f .  P u t u'-=s,, u a n d  w = u 'is„u . Then s a u =u 'w , w F=F with F=E*,
wFo =F o . Moreover sgn(w)-=1 a n d  w 'P(E )=- P ( E ) .  T herefore  t h e  assumption
in  Lemma 7.4 is  sa tisfied . T hus th e  lemma follows from Lemma 7.4. Q. E. D.

Note tha t w hen  aG17 is  long, every element E 'E M "(P)  in case (jib) forms
an a-pair w ith exactly one element ea E 'E M "(P) in  case  (II).

L e t u s now consider the  case  (iiib). W e apply Lem m a 7.4 a n d  ob ta in  the
following.

Lemma 9.10. L et a E l l  and EE11/1"(P). Fo r uEW (E), assum e th at  E '=
u E E M "(P)  an d  i s  in  case (iiib) f o r  a .  L e t  v EW (E) be the unique non-trivial
elem ent such that E "=v E 'E M "(P) and v a=a, v r=r f o r any  rE E /*  orthogonal
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to a .  P u t  u '=v u , then E"=u'E . M oreov er E" is in case ( iiib ) . P u t  f o r hGA ,

J(h)= E  sgn(s){Y(h; E, u, sA i )+Y (h; E, u', sA i)} ,
seW G (t1 ' 0 )

where Fo =F o (E). T hen J(s a h)=J(h) on A  and hence H a J(14)=0 an A .

Pro o f . We apply Lemma 7 .4 .  P u t w = u 's a u , then s a u=u'w , w F=F with
F=E * , w F0 =F 0 ,  a n d  sgn(w)=1 because sg n (v )= -1  by Lemma 9 .5 . Moreover
w e get u riP(E )=P(E ) . In  fact, I  i s  of type  B . or C7,  i n  th is  c a se , a n d  we
see  i n  t h e  proof o f  Lemma 9 .5  th a t a-=e k —ek + i  f o r  some k ,  and  the  four
elements in  F '=E '*  not orthogonal to a  a r e  given a s  ek-Fe,, ek + i -± e , fo r some

j < k .  Then w =u - 's a ,s a u  with a'-=e i — e. S in c e  uP(E)-=P(uE), this gives
u s  w - 1 P(E )-=P(E ). Therefore the  equality (7.7) in  Lemma 7.4 holds. Thus the
assertion of the lemma follows from Lemma 7.4. Q. E. D.

We see from Lemmas 9.7-9.10 that to calculate H d7,-b (ho; PR )), it is sufficient
to  p ick  u p  su ch  su m m an d s Y(h ; E ,  u, s•A d(g o )A )  w ith  uE W (E ,; PR (A)),
sGW G (V o) that satisfy th e  following conditions. P ut I=X (a).

(1) When aE  H  is  short, the  T-part o f  u E , is  in  ca se  ( i)  fo r  a ,  i. e ., uE,
contains a.

(2) When aG 11 is  long, the I-part o f  u E , is  in  case  ( i )  o r  in  c a s e  (iib)
for a . (The latter corresponds to (1B), (1C) and  (1F) in  th e  list in  §9.2.)

9 .6 .  T h e  case o f  s h o r t  a .  W e assume _---- f ( a ) = I R ( A ) .  L e t  u s  prove
Lemma 7.1 when aE H  is s h o r t .  P u t  b'=1)“, P(1)')=1.)„P(15), a n d  le t A 'c l l ir be
a s  in  § 7 .1 .  Our aim is to prove the  equality

(9.13) Ii„e(ho ; P(b))=Hpe(ho; PO T (h o M a )

where th e  left hand side denotes th e  limit va lue  as h  A + (P ) tends to h o c M a .
L e t  u s  r e a l iz e  I  a n d  P  a s  i n  § 1 .2 .  Since a  is  short, we see from the

result in  §9.4 that

(9.14) Ilde(ho; P(f)))

=sgn(w 0)  E s ( E )  E  E  sgn(s)Ha Y (h o ; E , u , s • Ad(g o )A) ,
l g j r U G U i i  SEW°

where wo , E ,, g o a r e  a s  in  (5.4), W 0 -=W G (I)F0) with F0 =-F0(E,) fo r any j ,  and

(9.15) U f uG W (f ); uE ,G M "(P) and in  case  ( i) fo r  a , i. e ., uE, al.

R eca ll th a t IR(A ')=1 , ER(A )", PR(A ')=ZR(A ')nP(f)')=2).PR(A )". W e  put
P'=v a P a .  Note that the  canonical order i n  I  corresponding to P

induces in  I '  th e  canonical one corresponding to Pa, except perhaps fo r  I  of
ty p e  F ,,  a n d  in  this exceptional case, we can apply Lemma 1.5 to I "  because
it is  of type  B 3 o r  C , .  L e t  E; (1_. _ j _ r ')  b e  a  complete system of standard
elements i n  M "(P') , then F0 (E;) coincide mutually fo r a ll j  (denote it by Fi)).
Take w e W (13) and  g4,GG in  such a  way that
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(9.16) Ad(g)b-=fi'F'0, Ad(g)i4P(b)=-- 1.)F 'o P (br) .

Then by the formula for analogous a s  (5.6), w e get fo r  h o e M .,

(9.17) Hge' (h o ; PM )

= sgn(u4) E  E(E;) E E  sgn(s')HfiY (h o ;  E;, u', s'A d(gO)A ),
u' s' Etir,

where W,;=-WG (fr '0 )  and

(9.18) 11;=-W (E; ; P')= f u 'e W ( I ') ;  u'ESe M°'(P')}

We see from (9.14), (9.17) that our task is to find (1) a  natural correspond-
ence between { E,; U, 1 -1--- 0} and a n d  (2) if  E , corresponds to E ,  a  natural
correspondence from //31 o n t o  IP.7, a n d  f in a lly  ( 3 )  t h e  r e la t io n  between
H,Y (h o ; E,, u, s•A d(g o )A ) and  HfiY (h o ;  E;, u', s'A d(gO)A ).

We discuss separately according to the  type  o f I .

CASE OF B .  L et I  b e  of type  B .  T h e n  I ' is  o f  ty p e  B n _1. We have
in  P only one short sim ple root a=e n , th e  lowest root in P .  L et 1, be the type
of E .  W e  see  th a t U11*0 if  and  only if  11 <n , and that i f  U j 1 # 0, E , contains
a  a s  its last elem ent. In  that case, let EY  be th e  system obtained from E ,  by
removing o u t a , then ES=v a ES' gives u s  a  complete system of standard elements
in  M °r(P'). Hence in  a n  appropriate numbering of E,'s, we have E; for 1 j r'
with r '= r  or r-1  acco rd ing  a s  n  is odd o r even.

Note that E,-=(E'L a )  a n d  ES=v er E ;'.  Then taking a n  appropriate system
o f  root vectors f o r  FOU—FO satisfying Condition 5.1, w e have Ad(gi)F , bc=
14'0 va I I), with a n  element g i E G .  In  fac t, we m ay p u t  g i = e ,  w hen Fo a ,  or
equivalently, when n  is  o dd . O th erw ise  p u t  a '= a n _ i in  E ,  ( a r a ) ,  then
a '± aE F o , and  a , a ', a '-± a are strongly orthogonal to any element in Fo —
Apply Lemma 7.5 to Fo ,  a  a n d  a ' ,  then under a n  appropriate choice o f  root
vectors f o r  -± a , FOU — FO, w e  h a v e  Ad(gi)v.r o bc=vro' vr, I I), w i t h  a n  element
g i E G(a, a ') ,  where G(a, a ') is given in  Lemma 7 .5 . Then Condition 5.1 follows
from Lemma 3.8.

In  that case, putting P(b')=vaP(I)), w e have

(*) AcygiAl'o= fro  A  d (g1 ) 14'0P(b) —  V F '0 MO •
O n  t h e  other h a n d , consider t h e  follow ing term  in  th e  e x p re ss io n  o f

; P(W )) in  (9.17) :

(9.19) sgn(wO)E(ES) E  sgn(s')Y(h' ; ES, u', s'A d(gO)A ).
s' ETV;

Then we see easily that this te rm , a s  a  whole, does not depend o n  t h e  choice
o f  gO, wO i n  (9 .16 ). T h is  m eans that i n  (9.19) we m ay take gO, wO in  (9.16)
depending on ( j, u ' ) .  Take gO a s  gO.--gigo, then we have w = w , .  In  fa c t , we
get from (5.4) and (*) that

Ad(g)b=-1) , , Ad(g)w 0 P (b).= P(Ij') •
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Assume U ., 1 # 0 .  F o r  u E U , , ,  u E ,  contains a  a s  its last element, hence
u a = - a .  Therefore u E W (E ") and  uE i =(u E ;', a ) .  P u t  u'=v,,,ui)Tr i E W (I ') ,  then

u E = u 'E ; .  Moreover we see that u.—*u' gives us a bijective correspondence
from U, 1 onto U .  Therefore w e see from  (9.14), (9.17) and  s(E )= — (E )  that
to get the  equality (9.13), it is sufficient to prove th e  following.

Lemma 9 .1 1 . Let E J -=(E;', a), E ;=v a E ;', and put for uEIV (I "), 11 / = ) ) , ,U L V

E W ( I ') .  For s E W A N , Put s '=- A d (g i) .s .A d (g ir 111/4  E  W0(W F '0)  with g i  in
(*), and put g = g 1g 0 . Then, for h o EA „,

H a Y (h o ; E» U , S •A d(g0)A )= - 1-1 1 7 (h0 ; E '»  u ', s 'A d (g )A ).

P ro o f. T he  proof can be carried out analogously a s  fo r  Lemma 8 .5 . In the
proof o f Lemma 8.5 , it is sufficient to put ao =g i ,  u 0 =1. Q. E. D.

T hus t h e  proof o f  Lemma 7 .1  is now  com plete w hen a  i s  short, and
I ( a ) = I R (A ) and  is  o f type B .

CASE OF C .  L et I  b e  of type C . .  Then Ea is of type C .-2+ A l s ) (C1=111 1) ).
We know that a=ek— ek + i  fo r some k < n ,  and  AV ) -component o f X  i s  {-±a'}
with ce=ek +e k + 1 . L et 1, be the  type  o f E ,  then U j i # 0  i f  a n d  only i f  1, <n .
F o r  u E U ,, ,  L =u E ,  contains a '  together with a  in  such a  w ay that fo r  some
p> i, depending o n  u,

(a, c ep + i )=(a' , a)

where we p u t L =(a;, a , ••• , a;,). We define fo r  L =u E , an  ordered system of
roots in  E a  by

(9.20) .iaL =./a(uE3)=-(a' ; a ,  4 • •• , a'p-i, a'p+2, • •• ,

L e t  T I  a n d  I ,  b e  A l"-com ponent a n d  th e  other one of I " . T h e n  { a l
E M (P i ) a n d  (4  4  ••• , av ,, (76 )+ 1 , ••• , a ;,)E  M "(P 2), w h ere  P , = f a n P .  We
denote this fact symbolically as L E M °r(P") with P '= f a r 1 P .  Then w e see
that uE, ,-->L ( u E ,)  g iv es  us a  b ijective correspondence between {11E 2 ; uE U , 1}
a n d  IM E M ( P " ) ; type  o f M = 0 .  L et E ; be the  standard  element in  M "(P')
with P '= v ,P "  of type  (0, 1,) with 13 .1 n - 1 .  Then fo r any u Œ U,,, there exists
a unique u 'e U ;=W (E ; ; P ')  such that

(9.21)

a n d  v ic e  v e rsa . Hence we see from (9.14) and  (9.17) that our task is to study
the relation between H a Y (h o ; E , u , s•A d(g o )A ) and HpY (h 0 ; E ,, u ', s'A d(g)A ).
T h e  s itu a tio n  is  q u ite  s im ila r a s  that fo r class I in  § 8.3. (The relation (9.21)
corresponds to (8.6).)

T he  following lemma corresponds to Lemma 8.3.

Lemma 9 .1 2 . Let u J EU »  be such that ja(u JE J)=E ;. Then sgn(u,)=1.

P ro o f. P u t 1=1 »  then  w e have
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E ; =(2e 1 , 2e2 , , 2e1y e1+1+e1+ 2, e1+1— e1+2, , en-i—en) y
vvE ,

J = (e k -Fe k + i  ; 2e , 2 e , ••• ••• ,

w here e'p =e 2, i f  p < k ,  e„' =e„ + 2  i f  p _ k .  When a  is contained in E,, we get
u, -= 1 .  Otherwise the situation is reduced to the case of C3 o r C , .  Checking
case by case, w e get sgn(u i )=1. Q. E. D.

P ut E .,!= u ,E ,  and vV E = (a ' ; Ti, r i ,  ••• T n - 2 ) .  T hen fo r some q>/ ; ,  we
have

(9.22) E 3-= (r1 , I i , ••• r , _ „  a ', a, r, q y In-2) •

For u'E U 'i ,  put v=vVu'v„ W ( f ) .  Then v a = a , v a '= a ',  hence v W (Ia•'")
with 2'  a ' 

a '  -= ( 2 ' ) "  Moreover

(9.23) vTriu'E=(a' ; VI2, v r2 , , v rn _ 2 )•

Let u t/i i  b e  the element corresponding to u ' under (9.21). Then by (9.20),

(9.24) vr2, ••• , vrp_i, a ', a , vïp, ••• , vïn-2).

Therefore we see from (9.22), (9.24) that u = vw u i ,  where w  is given by

(9.25) wE3—(r2, 12, r P - 1 1  a ',  ay r p ,• • •  I  In - 2) •

Let a i G G  be an element such that Ad(a.)111e-=u; and ai ha.» = h  for h Au.
Then,

Ad(ai).),Fo.Ad(a,)'=vFo ,

if the root vectors for F o U—F,,, F°U—F° are so chosen that Ad(a,)X ± ,= X ± „i ,
(TGF0), where F0 = F 0 (E ,), F °= F 0 (E3).

Lemma 9 .1 3 .  Assume th at vF ,  and vF o are norm aliz ed as abov e, and put
A i =Ad(g o )A, M-=Ad(a,)A i , and s;=Ad(a,)•s • Ad(a;) -1 11)F ° E .W G (r ) ,  w here bF° =
gnv F ok .  For uE lf,,, le t u 'EU ,' be the elem ent corresponding to u under (9.21),
and put v=vVu'v a . Then

Y(h ; E J , u , s il,)=Y (h ;  E ,  v, s;A) •

P ro o f . We have by Lemma 9.6 that Y(h ; E J , u, sil i )=Y (h ; E3, n u » , s;A).
Therefore, since uuy 1=--vw , it is sufficient to prove that

Y(h; E ,  vw, s;l11)=Y(h; E ,  v, s;AD.

T o  do so, w e app ly Lem m a 3 .1 .  A s is  seen  fro m  (9 .22), (9 .25), E3 and w
satisfy  the assumption in Lemma 3.1. Moreover we get w - 1 P(E3)=P(E3) and
sgn (w )-= 1 . Therefore we get the desired equality from Corollary of Lemma 3.1.

Q. E. D.

Now note that a '+ a E F °  and that a, a ', a '+ a  are strongly orthogonal to
any other roots in  F ° .  Apply Lemma 7.5 to F ',  a' and a, then for an appro-
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priate choice o f root vectors fo r  ± a  and w ith  F',--=- Fo (ES), w e  have
fo r some element g , in  G(a, a '),

(9.26) Ad(g02)F011),=))//o v .I b ,

and hence Ad(g 1)1)' ° =-- Tr''0 . Note th a t Condition 5.1 can be satisfied fo r (F°, E3)
and (F „  ES ). If  Ad(a,)0140 0Ad(a,) - 1 =-14,0 holds, then putting 1)'=1)a as above, we
get

(9.27)/ F ,  vl- P(W)-- =- Ad(gia,)vF o u »P (f )).

A ccord ing  to  t h e  re m a rk  a b o u t th e  te rm  (9.19), w e p u t fo r (9.19) g = g i a,g o

w ith  g o i n  (5.4). T hen  w e ge t from  (5.4) and (9.27) that

A d ( g ) b = b ' ,  Ad(g)w0P(6)=L)F'a (2)« u.711);1)P(11') •

Therefore it4) i n  (9.16) satisfies that sgn(w)=sgn(w„)sgn(u ) ). Hence by Lemma
9.12,

(9.28) sgn( Q = sgn(w o).

Note th a t  e(ES )= -6 (E ) ). T hen  by  L em m a 9.13 a n d  (9.28), w e see  from
(9.14), (9.17) that it is sufficient fo r u s to  prove the  following.

Lemma 9 .1 4 . P u t  g = g i a,g o  i n  (9.16), an d  l l '= A d (g )A ,  A =- Ad(a 5 g 0 ).A.
Pu t f o r u'EUS and  s' WG (t)'F '0), y=1.) 1u 'v „E W (f) and s;=-Ad(g3) - 1 •s'•Ad(gi)1
1)F °  W G (b''''). T hen for any  u ' and s',

113 17 (h 0 ; E ,  y, sil;)=—HpY(h 0 ; E;, u', s' A') (hoe An) •

Pro o f . Note th a t  v=v;lu 'i,„ belongs to W (f )  or va -=a , ya '=a '. Then,
tak in g  in to  acco u n t (9.26) a n d  (9.23)-(9.24), w e  c a n  g e t  th e  equality directly
from  th e  definition (3.7) o f th e  function Y. Q. E. D.

Thus by Lem m as 9.13 and 9.14, th e  proof o f  Lemma 7 .1  is now  com plete
w hen a  is  short, X (a )=  R (A ) and is o f type Cn.

CASE OF F4 . Let f  be of type F 4 ,  and  a E H  be  s h o r t .  Then X ' is of type
B 3 , and a=e 4 o r  2- 1 (e 1 —e2 —e3 —e4 ). In  any  ca se , if  E M ° '(P )  i s  in  c a s e  ( i)
f o r  a ,  i .  e ., E D  a , then  a  is contained in  E  a s  its last e lem ent. T herefore  the
proof of the equality (9.13) can be carried out quite analogously as for type  B .
T h u s  t h e  p roof o f  Lem m a 7 .1  is now  com plete w hen a  is  short, and ..Y."(a)=
TR(A) is  o f type  F4.

9 . 7 .  T he c a s e  o f  l o n g  a .  W e  assum e f - --__-f(a)=I R (A). L e t  u s  prove
Lemma 7 .1  when a H  i s  lo n g . O u r a im  is to  prove th e  equality (9 .13 ). Let
us re a liz e  I  and  P  a s  in  §  1 .2 . Since a  is  long, w e  o b ta in  fro m  th e  re su lt  in
§ 9.5 that

(9.29) Hoe(ho; Pa))
=sgn(w o)  E  E  E  sgn(s)11„11-(h o : E . u ,  s•Ad(g o )A),

1 _ 3 . ,  U  serf()
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w here w o ,  E ,, g o a r e  a s  in  (5.4), Wo=Wo(f) F °) w ith  F0 =F 0(E ,) , an d  u runs over
LIJ1UU, 2 U U .  Here L/3 7,'s are the subsets of W (E, ; P) ,  {u; uE,E11/1"(P)}  given
by

U

•

; uE , is  in  case  (il)  fo r a},

U, 2 = fu ; u E , is  in  case (iib) fo r a},

U • = f u  ; uE , is  in  case (i2) fo r  a}.

T h is  ex p re ss io n  o f  Ilaie(ho; P (i)) corresponds to  (9.14) fo r  a  sh o rt a .  On the
other hand, the expression (9.17) o f 11, ( h o ; P(b')) holds in  th is  case too.

W e  s e e  i n  § 9.3 t h a t  1.1,3 = 0  e x c e p t  w h e n  I  is  o f type  C 2 d + 1 .  Moreover
Uj 1 # 0  (resp. U .,2 #0) if  and  only if  /.)

. 2 (resp. n-1, 2), w h e re  I, denotes the
type of  E »  N o t e  t h a t  I ,  is  a lw ays even  fo r 13„ and  F 4 ,  a n d  n - 1 ,  is always
even for C .

L e t  u s  norm alize t h e  numbering o f  E , a s  Un—/ 3 ) / 2 1 = j .  Then we know
by L em m a 9.4 t h a t  f o r  a n y  u EU,,, the re  ex ists  a unique yoa (u) U , , , ,  such
th a t yoa (u)E 3 + 1 an d  uE i  fo rm  a n  a-pair :

(9.30) ot(ç u E

T h e  m ap wa  g iv e s  a bijection from  Up  o n to  Uj+1, 2. P u t fo r  u

(9.31) uE;-=(ce;y  (4, •-• a;,)

T hen by  th e  definition o f the  case  (il),

(9.32) (a6_0, a6) .=(a ', a)

for some p  ( 2 p i .i) w ith  a '> a  such  that a'_L a ,  2- 1 (a'±-a)E P .  W e call a ' th e
counter-part o f  a  in  uE J . Put

(9.33) 1o=2-1(a'—a), r=2 - 1 (a / -Ea).

Then E 2 .= { ± a, ± a', —±10, -±r } i s  a  root system  o f type  B 2 .  B y th e  definition
of c„ and by Lemma 9.3(3), w e see  tha t fo r some

(9.34) so,„(u)E.,,i=(a;, , a6-2, a6+1, 64, 1 , ro, ..• a;') •

W e w ill apply  L em m a 7.7 to  th e s e  a -p a irs  w ith  th e  help o f Lemma 7.6.
T his gives u s  Lemmas 9.16 a n d  9.18 b e lo w . T h e  a sse r tio n  corresponding to
Lemma 9.14 fo r  a  sh o r t  a  is Lem m a 9.16 e x c e p t w h e n  I  is  o f type  C2d+1, and
is Lemma 9.17 w hen E  is  o f type  C2d+1.

T o sta te  these  lem m as, w e  need  som e prepara tion . F irst rem ark  t h e  fol-
lowing.

(IB ) If is  o f type  B „, I '  i s  of type B.-2+ AV' (BI=A1 3 ) ) and a=e0—e0+0
f o r  so m e  k < n .  T h e  counter-part a '  o f  a  i s  unique and a'=e k +e k + i . The
Ali)-component o f I "  i s  {-1-4 .

( IC )  If  I  is  o f type  C ., f a  is  of type C._.2 and  a=2e., th e  low est root in
P, an d  as  the  counter-part o f  a , any  long root in  P  is  possible (k <n).

( I F )  I f  I  i s  o f  ty p e  F4 ,  I "  is  o f type  C„ and  a=e 2 —e3 o r  e3 —e4 . Note
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that i n  an y  c a s e ,  i f  a '  i s  a  lo n g  root i n  P  such that a '_ L a ,  then a '> a ,
2 - ' ( a 1 -Ea) E .  T h is  means that any such a '  is possible to become the  counter-
part o f a.

A s  a  cut-off o f th e  root a ,  we define a n  operation f a  a s  follows according
to  th e  ty p e  o f  I .  L e t u E , fo r U , 1 be a s  in  (9 .3 1 ) - (9 .3 2 ) . I f  I  i s  of type B .,
put

(J1) .i.(uE,)=-(a' ; a ,  4 •-• , a6_2, a6+1, ••• a'.) •

If  I  i s  of type C25 o r  F4, is always even, and put

(J2) ••• a 6 -2 , a 4 + 1 , • • •  , tY 5 , •••  , aD .

where indicates th e  boundary of long roots and  short roots. If X  is  of type

C25+1, l j  is always odd, and put

(13) L ( u E ,) = ( 4  a , •••  , a6 -2 , a4 + 1 , • ••  , a ; i - i ,  a', a; j + 1, ••• , a)

W hen I is of type  C 2 5 + 1 ,  U p Then by th e  definition o f  th e  c a s e  (i2),
uE i  f o r  uEL / i ,  has th e  following form :

(9.35) u E 5 =-(4  4  •••  ,a ' • • •  a ) ,

that is , a; i = a .  We p u t in  this case

(J4) . i . ( u E ;) =( 4  a , ,  a ; i -1 7  a ; i +1, •••

F o r u L / i i  in  c a se  ( J 3 ) , we define l ia  U 1 a s  a  kind o f exchange o f a ' an d
th e  last long root a" =- - a i  i n  uE 5 (l5 is odd in  this case): fo r  uE 5 i n  (9 .31 ), put
a"= .-a; i  and

(9.36) UE1=(a'1, ••• ••• , a /67 a + 1 , ,

where a n d  (c4 1 , ( 4 ) = ( a " ,  a )  f o r  some q (2q<1,), and all the  other
roots are  arranged in  th e  same order a s  in  uE 5 ( q  is uniquely determined by
th e  condition that CLE; GM °'(P)).

L et E ; be the  standard  element in  M " ( P ') .  We normalize th e  numbering
o f  E ;  i n  such a  w ay  th a t t h e  number of short roots in  E 5 a n d  E ; coincide
with each other. Note that in  th e  c a se s  o f  ( J 1 ) ,  ( 1 2 )  a n d  ( 1 4 ) ,  j a (uE ; )  i s  an
element o f  M œ r(P'). B u t  in  c a s e  ( J 3 ) ,  j a (u E ,)  does not necessarily belong to
M "(P ')  because a ' a n d  a " -- - - a ; i  may be any pair of long roots in  Pa.

In  the  cases of ( J 1 )  and ( J2 ) , we define for u a U 1 a n  element 0 a (u )c /P;  by

(?P') v aL (uE5)=0„(u)E,.

I n  th e  c a s e  o f  ( J 4 ) ,  we define fo r  u E (I i 3  a n  element 0 a (u )E U ; by th e  same
equation (V). Then we have the following lemma.

Lemma 9 .1 5 .  L e t  X  be o f  type B ., C25 o r  F4, then Oa  gives a bijective
correspondence between LIJ I  and U .  L e t  I  be the type C 2 5 + 1 ,  then O a  g iv e s  a
bijective correspondence between U5 3 and U.
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P ro o f .  T his can be proved case by case by applying th e  result in  § 1.5.
Q. E. D.

Now we can state th e  lemmas mentioned before.

L em m a 9 .16 . L e t I  b e  of type B . ,  C2d o r  E l .  F o r  u U  ,
u, u(j+1)==ço„(u)eU 5 + 1, 2 . Then fo r  hoEM «,

(9.37) sgn(wo) E  s(E1) E sgn(s)Ha Y(h o ; E i , u(i), s•A d(g o )A)
1=5,5+1 sEWo

=sgn(wDe(E) E sgn(s 1 )1-/17 (h 0 ; E ,  0„.(u ), s 'A d(g )A ),
s' EW 'o

w here w o ,  g o ,  W o a re  as in (9.29), and tu i ,  g ,1 / 1 /  are as in (9.17).

p u t  u(.i)=

L em m a 9 .17 . Let X  b e  of type C 2 d + 1 .  Then f o r  an y  u G U , 3 ,  i t  h o ld s  the
follow ing equality : fo r  hoEM a,

(9.38) sgn(wo)s(E,) E sgn(s)H”Y (h o ; E J , u , s•A d(g o )A)
scw o

-=sg n (w )e (E ;)  E sgn(s')11Y (h 0 ; E ,  0 ,,(u ) , s'Ad(go)A),
s•E14/0

w here w o ,  go, Wo, wL, g ,  .14.7 ,  are as in L em m a 9.16.

Moreover when X is of type  C24±1, w e  have the  following.

L em m a 9 .18 . Let I  b e  o f ty pe C 2 4 + 1 .  For u U 5 1 , le t  iiEL 1 ; 1  be  g iv en  by
(9.36). Put u ( j)=u , u ( i+1 )=ç o ,r(u ) , a( i)--=12, f i(j+1)=çoa(f t), then for

(9.39) E E sgn(s)TL Y (h o ; E i , y ,  s • Ad(g o )A )=0
1=5,5+1 v=. sew()

Assume Lemmas 9.16-9.18 for a m om ent, then we see that the equality (9.13)
to be proved follows from them. In  fact, w h en  X  is  o f  ty p e  B ., C2d o  F4 ,  it
follows from Lemmas 9.15, 9.16, and  (9.17), (9.29). When I  is  o f  ty p e  C 2 d + 1 ,  it
follows from Lemmas 9.15, 9.17, 9.18, and (9.17), (9.29).

9 .8 . We can prove Lemma 9.17 following C ase of B T,  in  § 9.6 and using the
analogous lemma a s  Lemma 9.11. We om it the details.

Thus it rests only to prove Lem m as 9.16 and  9.18. To d o  s o , we apply
Lemmas 7.6, 7.7. We need some preparation.

L et us introduce a n  operation k „ o n  u E ,  with u EU, i a s  a  cut-off of a  and
its counter-part a ' : fo r  u E ,  in  (9.31)-(9.32),

(K) k a(uE,)=(ce;,  a , ••• , a6_2, ••• , a;.) •

L e t  a '  b e  a  lo n g  root in  P  such that a'_ L a, 2- 1 (a'±-a)E P .  L et U5 1 „, be
th e  subset o f  U5 1 consisting o f  u such that in  u E ,,  a ' is  th e  counter-part of a .
Then U 5 1 i s  th e  d is jo in t  u n io n  o f  Uj i „,'s. (Note that if  I  i s  of type  B . and
a = e 0 —e 0 + 1, then U 5 1-=U5 1„, w ith a'=e 0 - he0+1.)

F ix  su ch  a n  a '  from now o n . P u t  f a a '  - - - ( E ( 5 ) a  and  P a a '= P n f a a ',  then
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we see easily that k a (uE ; )  is an  element o f  M " ( P a a ')  o f  ty p e  l i - 2  f o r  any
U ; l a ,. Let

(9.40) .A1., = (12 , r 2 , ••• , In -z )

be the standard element of type i i - 2  o f M "(P aa') , and  define p a ,(u)E147 ( f a ' )
fo r  u E U » ,  by

(P) k a(uE;)=pa,(u)N .,,, .

T hen w e see that p a , ( u )  gives a bijective correspondence between U » ,,, and
W (N a , ; Paa').

Choose x a , EW (2') as

(9.41) xa,Ei=cri, Iz, ri i _2, a ',  a7 rn

a n d  p u t  K a ,=x a ,E i , L a ,=x a ,E .H .i . L e t  ba , be a n  element i n  G  such that
Ad(bo,•)1(),=x. , ,  ba ,h b 7 d =h  f o r  h EA u . Then choosing t h e  root vectors for
Fa  kJ  w ith  Fa , =Fo(K a , )=Fo(L . , )  appropriately, we have

(9.42) Ad(ba,).vF0°Ad(ba)i=1"Fa, •

Hence 1)Fa• =Ad(b a ,)V o , where t ' a '  =g rly p a , I), M oreover by Lemma 9 .6 , we
get fo r  u E W(I),

Y(h ; E i ,  u , p )=Y (h ; K a ,, uxTd, A d(b a ,),u) (hE  A ) ,
(9.43)

Y (h ; E i + 1 ,  u , p )=Y (h ; L a „ u x V , Ad(b a , ) p )  (h E A ) ,

where 1i-=A d(g0)2 fo r  2 E 6 r , and g o is given in  (5.4).
F o r  u e U p a ,, l e t  v = p a ,(u)EW (A ra , ; P a ')  be a s  in  ( P ) .  Then by (9.31)-

(9.34),
(u x V )K a,=u E ; =(vri, v r2, ••• , v r2p-2, a ',  a, vr2p-1, ••• ,

(9.44) {
(çoa(u)xV)L«•=g0 a(u)Ei+1-=(/)n, vTo, vTg, TO, ro , v ro +i, •••  , v r7 ,-2 ) .

P u t g a , ---- ba , go, an d  fo r sEW G(I('),

(9.45) s'=Ad(ba,)•s-Ad(b.,)-11f)Fc a ' •

Then s'El/Vu (V a' ), an d  fo r p=-Ad(g0)2,

(9.46) A d (b a,)s  p = A d (b  g 0 )2=-  s' Ad(g a ,),1 .

Moreover put M o =- ( a ',  a), Mi=(TO, To), then M"(P2)= {Mo, A}, where P2= P rl f  2
with . 2 {±a', —±2-01, and P(M 0)=P2, P(M 0 )= M ' by (1.21).

L e t hE A  be h= h u  exp X  with h u E A u , X E by. Decompose X  as X =X 1 - FX2,
where X I E RIL+ RH a , and  a(X 2)=a/(X 2)=-0, and put hi=exp(X)), h2=huexP(X2),
then h -=-h1h 2. P u t fo r  il i =s 'A d (g a ,)A ,

(9.47) Y (h ; Mo, A1)-=17 (h1; Mo, Al)

=sgn r ) }  H exP { — r(xi)1(z - l Ai, r ) I  / I r  ,
rcP(mo)
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(9.48) Y(h ; M i , Ai)=Y(h i ; M 1 , A l )

=sgn{ (7 - A1, r)} H exp{-7(X01(7 - 1 .41, r>1 /I I r12 },rePcm 0 rcml

(9.49) Y(h ; N, v, A1)=Y(h2; N, y, A i)

= s g n { 1- 1 7)}eA,(hu)• exp{—(vrXx01(7 - - vli, r)1/111 2 1,
T E P (N ) T E N .

where N = N a „ 7 , - *-14„, •
Then we get from (9.43)-(9.46) th e  following lemma.
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Lemma 9.19. For u E U , a ,, le t pa ,(u)EW(N a ,; Pan be  g iv en  by  (P ).  For
sEW G (V0), put s' as in  (9.45). T hen for he A ,

Y(h; E, u, s•Ad(g o )A)

=Y(h; 1110 , s'Ad(g a ,)A)•Y(h; N, p„,(u s'Ad(g a ,)A),

Y(h; E 1 , ço„(u), s•Ad(g o )A)

=Y (h ; M 1 , s'Ad(g a ,)A).Y(h; N, p a ,(u), s'Ad(ga , )A ).

P u t 3=ra, 5'=ra', then they a re  singular im aginary roots i n  Ei-=I(1) F , e )
such  that 2- 1 (5-F5')E.E1. Then applying Lemma 7.6, we see that there exists
c'EWG(1)F , , ' ) such that

a'6=e6', a'6/=s6 (s=1 o r  —1); a'rf-=ri fo r any 72G f i , 15, 6'.

N o te  th a t f o r  a n y  rE N , (v s' 2', r)=(y - l a' s'2', r )  f o r  a n y  s'GW G (V .  ) and
,V=Ad(g„,)2 with 2 e b r . Then we see that fo r any vEW(Ea''),

(9.50) Y(h ; N, v, s'2')=Y(h; N, v, ti's/2/).

O n the other hand, applying Lemma 7.7 to E 2 , we obtain th e  following.

Lemma 9.20. Put g a ,=b a ,g o , and le t  s'EW G (T)F . ') .  T hen f o r  ho =exp X '
with X'=t/H„„

(9.51) E  s(M 0 ) E  sgn(y)11„Y(12 0 ; M,, y•Ad(g a ,)A)
0= 0,1 y= 8, , a ' S'

= E  sgn(y)11,9Y(h 0 ; { a l ,  y • Ad(g„,)A) .

Here t h e  function Y  in  t h e  right hand side is given a s  follows: le t  hl be an
element expressed a s  hl-- -exp(LV— 1 1-113)•exp X ' w ith  X'-=t / H a ,, then  pu t fo r
A i --=s'Ad(g„,)A,

(9.52) Y (h i; fa l,  Ai)

-=sgn {(7 - 1 /11, a')} eA,(exp(tA/— 11-1))•exp {—a / (X')1(7 - 1 A1, a') I / a' I 2 1•

R ecall that any e lem ent h o e M „  is  expressed  a s  ho =h u exp X ',  where
hu e A u ,  X'Ef);,={XEb v ; a (X )= 0 }. T h is  enables u s  to utilize Lem m as 9.19,
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9.20 and  (9.50) fo r our purpose . In  fact, Lemma 9.16 follows from these results
and the expressions of Y (h '; E ,  u ',  A ') analogous a s  those in  Lemma 9.19. On
th e  o th e r  h an d , Lem m a 9.18 fo llow s e ssen tia lly  fro m  th em  b y  t h e  h e lp  of
Lemma 7.6.

9 .9 .  Proof  o f  Lemma 9 .1 6 . T o  f in ish  th e  proof o f  Lemma 9.16, we need
th e  following lemma analogous a s  Lemma 9.12.

Lemma 9 .2 1 . Let u J ELI i i  be such that v a . i . ( u J E 5 ) = - 4  T h e n  sgn(u ; )=-1.

Pro o f . T his can be proved analogously a s  Lemma 9.12 using explicit forms
o f  E i  and  E . Q .  E .  D .

Now le t I  b e  o f type  B n , C 2 d  o r F 4 .  T hen  L/13 = 0  and I  is  a lw a y s  e v e n .
L e t Qa ,  be an  ordered system  of roots in  fa  g iv en  b y

1, -; 1 Qa , = ( a  ;r i , r i , fo r  B .;
(9.53)

(T i, Ii, ••• i n - i ) fo r C 2 d  o r F4

w here r i 's  a re  in  (9 .40 ). Note th a t valQ a ,  is obtained from  K a ,  b y  c u tt in g  off
th e  root a , a n d  th a t  a  is strongly orthogonal to  an y  T E E ". T h en  w e  see  th a t
choosing root vectors fo r  Ga ,U— G a ,  w ith  Ga , =F0 (Q ,)  appropriately, we have

(9.54) vFa, =vo w  1). =-1)., vc,,, •

Therefore we get l ' a '  -=t)' G . '  w ith  b'=- 1)". Now let z a , W ( 2 '')  b e  a n  element
s u c h  th a t  z  E ; =  ce . T a k e  a  ca , E G  such  tha t Ad(ca') ca, h' h'
f o r  h'EPli.T. S ince  a  is  s tro n g ly  orthogonal t o  a n y  rE  a , w e  m a y
assum e  in  add ition  that Ad(C a )  com m utes w ith  va . Therefore choosing root
vectors for with F=--Fo (E )  appropriately, we have

(9.55) Ad(ca)°.F' .Ad(ca , ) - 1 = vc, •

H ence w e get Ad(Ca , )ir F '°
Starting from  vF o ,  we normalize 1.)F a , bY (9.42), vc a ,  b y  (9.54), a n d  finally

vF'0 b y  (9 .55). T hen  w e  have

Ad(b a , ). vF o o Ad(b a , )- ' =Ad(ca , )° °Ad(ca, ) - 1  •

P u t cl a ,-=-cTdba „ u ,=( V z a ,p a ) - ix a ,. Then

(9.56) Ad(d , )014,
o . A d (d  ) - 1 = Ad(d., ) .

Moreover it follows from (9.41) and (9.53) that

(9.57) u JE U JI , v a.i.(itiEJ)=E;.

Hence 1,0  is independent o f  a ', a n d  s o  i s  Ad(d a ,)1 bc = ii i . Moreover t h e  trans-
formation Iv —  c  h d V  o n  A  is independent of a', because c a , h d V =h  for A u .
Using (9.55), w e get from  (5.4),



Characters o f  the  discrete series 491

(9.58) Ad(da,go)b=1)4, Ad(da , g o P (b)= v4(v au ivV)P (b') ,

w here P ( V ) = - 1 ) . P ( b ) .  H e n c e  w e  c a n  ta k e  da ,g o a s  g  in  (9.16) fo r  th e  te rm  in
(9 .19 ). In  th a t case, w e  ge t from  (9.57)

(9.59) sgn(w0=sgn(w0)•sgn(u,)=sgn(w0)

because sgn(u,)= 1 by Lem m a 9.21.
A fte r  th is  s tu d y  o n  th e  re la t io n  be tw een  vF0 a n d w e  w ill rewrite

Y (h '; E ,  u', A ')  analogously a s  f o r  Y(h ; E ,, u , - )  a n d  Y(h ; E ,,,, u , • ) in
Lemma 9.19 . F irstly  w e have by Lemma 9.6 th e  following expression analogous
a s  (9.43): fo r  u ' W (2 " ),

(9.60) Y(h' ; E ,  u', p ')=Y (h ' ; Q a „ u'zV, Ad(c a ,)p') (h'G A ')

w here p '= A d (g )2  w ith  2E br.
N o te  t h a t  Ad(c a ,)Ad(g)2=Ad(b w )Ad(g o)2. F o r  s E i V o = T V G ( r ) N ,  p u t  s'E

WG(r)F , , ' )=-TVG(r)G , ' ) a s  in  (9.45) and

(9.61) sa=Ad(c,,, ) - 1  • s' • Ad(va , ) I V,F Ad(d „, ) • s. Ad(da , ) 1 11) 0

T hen ,s2EIV)=W0(W F ) , and  Ad(c a ,)•s 2•A d(g)A = s'•A d(g„,)A .
Put then is a disjoint union of th e m . For u '=0 a (u )G Œ ,,

put v =- p,,(u)EW (N a , ; P a w ) .  T hen  w e ge t from  ( T ) and  (9.44) that

(9.62) v,7,1 ((u'zZd)Q„,)=1)V (u'E;)=(a'; Vii, v 72, ••• Vin-2)f o r  B a , or

=(vri, vr2, ••• , vri j -2, a';" vrt r i, • •• , vrn_2) fo r C2d o r F4 .

E x p re ss  h'E A '  a s  h '= h ', .h ,  w h e r e  h;=exp(t ,V— 1 Hp)•exp(t'Ha ,),
hu  exp X ' w ith hu E A u , X 'Œ 'f);, such that a '(X ')= 0 .  We put for A i = s' Ad(g )A,

Y(h' ; {v a a'}, /1 1) =Y (h 1 ; {a'} , A1), Y(h' ; vaAr , u', AI)=Y(17.; N, V , A1),

w here N = N a ,, u '= 0 a (u )E U ', a ,, v=p a ,(u ) fo r some u E , an d  th e  functions
in  t h e  r ig h t h a n d  s id e s  a re  given by (9.52) and  (9.49) respectively . Note that
th e  decomposition h '-=h ;N  is not necessarily unique on A '.  However we need
only  to  apply  it fo r  a  fixed hu.

N ow  w e have the following lemma analogous a s  Lemma 9.19.

Lemma 9 .2 2 . Fo r sEW0=WG(I) F °), Pu t s ' as in  (9.45), an d  s2 a s  i n  (9.61).
Then f o r uEU J i a ,, h 'E A ',

Y(h' ; E ,  0 a (u), s 2Ad(gO)A)

=Y (h ' ;  { ,,a '} ,  s'Ad(g„,)A)•Y(//' ; va N, p a ,(u), s'Ad(g a ,)A ).

T hus the  equality in  Lemma 9.16 follows from Lemmas 9.19, 9.20, 9.22, (9.50)
and (9.59), by sum m ing up over a ' .  T h e  proof o f  Lemma 9.16 is now complete.

9 .1 0 . Proof  of  L em m a 9 .18 . L et us prove Lemma 9 .1 8 . P u t ir=v1.0,
/=/ , for sim plicity. Recall that /=/ ,  is alw ays odd in  th is  c a s e .  F ix  a n  element
uE U ,,, and  le t r= a ',  th e  counter-part o f  a  in  uE,, a n d  6= -a ;, t h e  la s t  long
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root in  uE, (see (9.31)).
L et N a , E il l " ( P a a ' )  b e  a s  i n  (9 .4 0 ) .  T h e n  lc”(uE,)= p r (u )N , f o r  u E U ,i r .

Since /  is odd, th e  last long root in  Ic„(uE,)=,o r (u)N, is  5. From  the  definition
o f  et, w e see  tha t clE u „ , and  in  Icc,(iiE 5 )=p 3 (a)N3 , th e  last long ro o t is  r ,  and
a l l  t h e  o ther e lem ents co inc ide  w ith  the respective elements in p 1(u )N .  Let
( r;, r, • , h3) b e common part, then

Pr(u)Nr=(r; ,,  r ; - 8 ,  67 r;-2, ,
(9.63)

pa(u)N3-=(r;, ï , ,  r ; - 3 , 1  r;-2, ,

N o w  le t  u s  r e w r i te  th e  la s t re su lt  in  § 9 . 8 .  In  (9.47)-(9.49), we see from
(9.42), (9.46) th a t fo r  )2GE, A i =s'Ad(g„,)A,

)2)= (v 1 s•Ad(g 0 )A,

where 1-=-1)F a , .  L et E ,= (a i, a2 , • -•  , a n), then  by  (9 .40), (9 .41), we get

x ,a 1 _2 = a ', xa ,a i-i= a ; x „ ,a „= 4  (p 1 -3 ), x a ,a ,„-=r,

Since r=a', 6=ai=rt-2, putting A'=s•Ad(g o )A , we get

rp)=(Ai , vap) (p5.1-3), rp)=(A ', u ap + 2 ) (P 1 - 1 );

r)—(A', va1-3), 5)=(A ', va t), (7 - 1 A1, a) -.=(A 1 ,

Using these results, we obtain from Lemmas 9.19, 9 .20 th e  following.
F o r  u e U j i ,  p u t u(j)=u, u(j+1)=gan(u), then  fo r  hoEMn,

(9.64) E  s(E i )  E  sgn(s)Ha Y(h o ; E i , u(i), s•Ad(go)A)
i = j ,  j + 1 SEW°

= s (E ) E sgn(s)Y ; (ho ; u, s•Ad(go)A),
SEW()

w h e re  t h e  function  Y ;  i n  t h e  right hand side is defined a s  fo llow s. L e t ho=
hu  exp X ' w ith  hu Au, X '  1) ,  then fo r  il l =s•Ad(g o )A,

(9.65) Y ;(h o ; u, A1)=- U,(h 0 ; u, A1)•1/1 (h0; u, A1)

with

U ; (h o ; u, /11)=sgn{(A1, va1-2)(Ai, va/)}

xexp{-7 . (XT(A1, va1-2)1/1a1-31 2 1.exP{-6(X ')I(A i, va1)111a1r l,

V ,(ho ; u, A,)=sgn {(71 1 , vat_i)} •ŒAI (hu)

x sgn { H  (A 1 ,  1,07)} • E exPl— rp(X 1 )1(A1, vi8n)1/1i3p1 21,
n E P ( E ) 1 5 p i t - 3

w here E=(131, 432, ••• )3n--3)=-(ai, a2, ••• a 1 _3:7  a 1 + 1 , ••• ,  an).

It fo llo w s fro m  w h a t w as seen  ab o v e  th a t U ; (h 0 ; u, A1) is obtained from
U J (120 ; a , A i) by a n  exchange o f the  roots 1  a n d  3, and

(9.66) V;(170; a, Ai)=- V,(ho; u,
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O n the  other hand, put 31=vac_2, 62=- vat. Then they are singular imaginary
roots o f  a  such that 2- 1 (61 ±5 2 ) e  1 (a ). Hence we see by Lemma 7.6 that there
exists a  (ye W0 =W G (a) such that

o- 61 =65 2 , o- 52 =6 5 , (6 =1  o r  — 1); (Y 77= 77 for )2c T(a), l a i ,  0 2 .

C learly  w e have  V ,(ho; u, 0V 11)=V ,(h0; u, 111)=-V ,(110; ii, A i ). Moreover, since
a1-21= ort , w e get U,(h o ; u, r  A i ) .  Hence

,(ho; u, o111)=Y ,(h 0 ; U, A1) •

T his gives us fo r any s Wo,

sgn(us)Y ,(h o ; u, us • Ad(go)A)-Fsgn(s)Y,(ho ;  û, s • Ad(g o )A)=0 .

T h is  equality together w ith  (9.64) proves Lemma 9.18. T hus t h e  proof of
Lemma 7.1 is now  com plete w hen a  i s  lo n g  a n d  I (a )=  R (A )  is  o f class H
(§§ 9.5-9.10).

9.11. L et us consider th e  general case w here I R (A )  i s  no longer sim ple.
We see that the discussions to prove Lemma 7.1 can be carried out exclusively
only on the sim ple component (a) of E R (A ) con tain ing a H  in  question. This
fact comes out from th e  very definition o f th e  functions Y  an d  Z  in  § 3.1.

Now we have completed th e  proof of Lemma 7.1, and accordingly th e  proof
o f  Theorem 2. Since Theorem 1  follows from Theorem 2  by m eans of the
result in  § 3.4, th is is the  end  o f our long proof (§§ 6-9). (How well everything
works !)

A ppendix. T h e  c a se  o f  th e  holomorphic discrete series for S p(n, R)

1. A s is remarked in Introduction, for the group Sp(n, R ) ,  t h e  character
form ula in Theorem 2 is an another expression of the formula given in [5(e), § 7].
Once this is admitted, th e  reduction of the general formula in Theorem 2 to the
known one  in  the  case o f holomorphic discrete series [3, 6] is proved easily by
using certain identities o f th e  same kind as (A15) below in the symmetric groups
[5(e), § 9]. T h is  is remarked in  In troduction . However, since t h e  equivalence
between the form ula in Theorem 2 and that in  [5(e)] is not so apparent, it has
some worth to mention here how th e  reduction occurs fo r  th e  holomorphic dis-
crete series. It is a sim ple calculation given, in  a  certa in  sense , by going back
to the form ula in  [5(e)] and  following th e  proof there.

F o r th e  group S 0 0 (2n, 2n+1) a n d  A e fft in  the W eyl chamber of Borel-de
Siebenthal, th e  reduction o f th e  same kind is given by S. Mikami [11]. Similarly
as  fo r  S p(ii, R ), it is carried out using some identities like (A15) below in  th e
sym m etric groups. N ote  that fo r the  group S 0 0 (2n, 2n), the form ula in  Theo-
rem 1 contains no cancellation. In  general, for A I in  the  W ey l chamber of
Borel-de Siebenthal, th e  reduced formula is given also by J. A . V argas [12] by
a  completely different method.



494 T ak eshi H irai

2 .  L et G••=- S p(n, R ) and  A  th e  connected component o f  t h e  u n i t  element
o f  a  split Cartan su b g ro u p . L et I) be th e  corresponding Cartan subalgebra, then
th e  root system  / R (A )  is  id e n t ic a l  w ith  I (i5) a n d  o f  ty p e  C . .  W e  use  the
n o ta tio n s  in  (1.5), a n d  introduce t h e  co-ordinates (t 1 ,  t2 , ••• , t„) of  X I ) ,  by
t i = e , ( X )  ( 1 i _ n ) .  The standard systems in  111(PR (A )) a re  given by

F2= {2e 1e 1 + 2 , - 1 ± e 1 „ ;  ( 1 .j k)},

w here 1-1-2k -=- n .  Let b e  th e  sym m etric  group  o f  o rd e r  n  and define its
operation on i (1 - i n )  in  such a  w a y  th a t (su)(i)=cr(s(i)) (s, 0-E  -a n ). A l l  the
elements in  M "(PR(A )) o f type  1 a re  given a s  follows :

(Al) E=(2e,(1), 2e, (2), 2e,(1), ecu+i) - ke,(1+2), e,(1+1) ecru+2),

e6(n - 1) ± e ,(n ),  e a (n - n — e , (n ) ) ,

w here cr E „  satisfies the condition

a(21-1)<a(2i) M-=[1121), a(1) < a(3) < • • • < a(2m — 1) ;
(A2)

a(1+2i-1)<a(1+2i) (1_<i k ), a(1+1)< a(1+3)<• • • <a(1+2k  —1)

•=a(n-1).

P u t N = [ n / 2 ] ,  th en  k -E-m =N , C r<k _N . P u t E 2 , ---- 1 2 ,  t h e n  i t  i s  standard, and
b y  (1.21) and (1.39), w e have

(A3) P(Ek) -= {2e 1e 2 i - 1 ± e 2 ; e1+21-i±e1+2,

(A4) e (E k )= (____ ir-rn — (_1 )n -N +k

3. Now p u t ()=- V0=1.)F 0 (1),)(1q, and  le t B  be  th e  corresponding C artan sub-
g ro u p . In tro d u c e  t h e  co-ordinates (x i , x 2 , .•• , x ,,)  o f  X E b ,  b y  x i =e i (vilo X )

Then th e  real subspace b  is characterized by x ,E  -V— 1 R
a n d  th e  k e rn e l o f  t h e  m apping e x p  o f  b  o n to  B  i s  th e  n-tim es product of
-V— 1 2 7 Z .  Therefore A S  is  g iv en  by

A(X)---
1

; n 2,x ; ( X : = - ( x , ,  x 2 ,  . . •  ,  x n ) E b c ) ,

w here 2 Z  f o r j_<)1 a n d  X  is denoted by its co-ordinates as x2,
••• , x n ). T he  group W (h)=W 0(B ) is given a s  follow s. S ince th e  roots vF o (2e %)
and  vF 0 (2 e ,“ )  a re  both singular imaginary, exactly o n e  o f  vFo (e,± e, + i )  is com -
p a c t .  A ssum e t h a t  ), F0 (e,—E e(+1) i s  com pact, w here  s;--=1 o r  — 1 . P u t e i = 1 ,

••• and introduce auxiliary co-ordinates f o r  X h  a n d  A E b t
a s  follows

2'i••=efiRi

T hen  A (X )=2;x1+22x2+ ••• +2; i x ;,  and W 0 (h )  consists of the transform ations
given by

(A5) 52x2, Enx;,),—>sX-=(six',(1), E2x;(2), ,  snx's00),



Characters of  the  discrete series 495

where sE Then fo r  A=(612;, 622, ••• EnÂni ) ,  w e  h av e  sA 2=sei-'s(1), E22 ; (2),

En 2 ; (n ))•  T h e  sign o f this element in  W G (b) coincides with t h e  usual sign
sgn(s) o f  s  in Thus th e  function /6 on  B  corresponding to OA  is given by

(A6) ei(exp X ) =  E  sgn(s)exp( E  2 6 x 15 ).
sea n i5 j5 n

P u t 2'i = v i p i , that is , Âi = s i vi p i w ith  v i =  + 1 ,  p > 0 .  We p u t o n  A  th e  fol-
lowing condition :

(A7) p i>p2>•••>pn>0 , v i=v2=  •••=v. -- - v  (pu t).

Then e(A)=Line 1s2 ••• en . Assume that th e  root vectors used to define vF ,  satisfy
Condition 5.1. Then we assert that sn_2.7.-1=En-2; (0.__j_N -1) and  so under the
condition (A 7 ), w e  h a v e  E (A )= -2 . ) n , and  for exp XE A with X = (t i ,  t2, ••• , t.)E1)
such that t1> t 2 >•••>t n >0,

(A8) 6(exp X)-=(— )n  E  sgn(s)exp 1— E  p s ( D t,I.
8.5n

N o te  that, w ith  respec t to  t h e  canonical order, sim ple  roots a r e  given by
e i —e + 1 (1 i n-1), 2e..

4. L e t u s first prove that under Condition 5.1, we have  8 -2 J -1
=  1, that is,

is compact for Once this is so, w e  h a v e  8-  n -2 ,-1
=

E n - 2 j  for a n d  6162 ••• s t = 1  fo r  l+ 2 k = n .  L et X + 2 e , be
the  root vectors used to define vF o . Then Condition 5.1 says th e  following :  let

a=2e 2,  (0 .j. N - 1 ) ,  and 7s=2 - 1 (a'-i-a), 7=2 1 (a'— a), then there
exist root vectors Y r  a n d  Y „  fo r 7' a n d  ±-1 such that X , = [ Y r , Y r , ],  X -
[Y 1, Y 1

, ]. Thus we come to the situation in  Lemma 7.5.

Lemma Al. Let (1, { ), F, a , a ',  r and r/ be as in  Lemma 7.5. L et v F  b e  the
automorphism  defined by the system o f  root vectors {X* 5 E (1 ;6 E F}  satisfying
[X 6 , X_ 51 =H 3 . A ssume that every  root in F—  { a, al is  s tro n g ly  orthogonal to

r i  an d  that X a ,=[Y r ,  Yr . ] ,  X a=[Y _ 1 , Y r ]  f o r  som e root vectors Y „ ,  Y r  E
f o r -±r and rt. Then the  root vF r=2 - v̀F (ai— a) o f  bF  is com pact, and the other
v.F7-=2 1 vF(a / - 1- a)  is singular.

Pro o f . L et g(a, a ' )  b e  th e  subalgebra o f g generated by Y .„, Y i r , where
Y.„.E g is also a  root vector for , then g(a, R ) .  Since [X ± 3 , X ]= 0
for 3EF— {a, a'} , XE g(a, a '), it is sufficient to prove t h e  lemma in  th e  c a se
where g = g (a ,  a ') .  Thus we may take g=.1)(2, R ) .  We first prove the assertion
f o r  a  special choice o f F= {a, a l  and X „ ,  X ± „, given in  th e  proof o f Lemma
7.5. L e t  T ,  U  be a s  th ere . Note that va =exp 1  ( 7 / 4 ) a d ( X 'a + X L ) }  is
the inner automorphism of ge given by the  element exp 1— -V— 1 (7/ 4)(X 'a -I-X L)}
o f S p(2, C), and  similarly fo r  v .  Then we get by a sim ple calculation

( 0 —  iT LI) 0  — i \
,

0 0
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Remark that v i 'H = - 1 , 1-1-1  v F'11 , = - 14H , , that is, bc= — I)F bc. Moreover
24.H.

;
, , a r e  given easily and  we get two root vectors Z , (s = ± 1 ) f o r  Evi i-

a s  follows :

vF 11;, ,

( —D) — iE) (  A  eB \
, Z , =

0 iE 0 — s B  Al
where

(—i 0 \ (  1  0 \ (  0  1 \ (  0  i
, E = , A= , B =

0 i 0 1 —1 0 0 ) •

W e see that Z ,  belong to {XEN ; O X =X }  fo r OX =— tX , whence i)F1 is
compact.

Now consider fo r  (1=4 (2 , R )  another choice o f F*-= {a*, , X ta.,
satisfying Condition 5.1. Let r*=2 - 1 (a*'—a*), 1v=2 - 1 (a v+a*), then by assump-
tion, .20,,,=[YP*, 171,<,1, X t,=[Y * ,., 1 7 ;'*,1 for some root vectors S i n c e
all th e  roots o f I) a re  real, there exists a n  element g e S p (2 , R )  such that

Ad(g)r-=r*, Ad(g)r=r*/ ; Ad(g)Y 1 — Y ', Ad (g )Y r =s'YP.„

where E, s '=1  o r  — 1. Then we have Ad(g)X , =se'X t„,„ A d(g)X „.„,=ss' X t„,,„
and hence

Ad(g)ov F ° Ad(g) - ' = ( F * ) ' .

N o te  that Ad(g) - 1 7* -- - r ,  ())F)"7=-(6E'))47, th en  w e  g e t vF, r*=(ss')Ad(g)l)FT.
Since Ad(g) maps the compact roots of 15F  to  the compact roots o f b F * , we see
that vF ,T* is a compact root o f r .  Q  E. D.

Applying this lemma to our situation, we see that  1F 0 (e._2.,-1 — en -2;) is
compact for j - N - 1 ,  a s  desired.

5. F o r a=2e i  o r  e i -±e ; E I R (A ), we have

(sA , 2,F0a)/lal2={ (sA)
k /2 fo r cy=2e k ,

(A9)
((sA )1±(sA );)12 fo r  a=e i -Fe ;  ,

where (sA ) i  denotes th e  i-th component o f th e  co-ordinates of sA :(sA ) i =s i 2; ( i ) .
Note that sis 2 .-• s t = 1  and sgn(p7—p3)-=sgn(j— i), we obtain under the condition
(A7),

(A10) sgnp(Ek )(sA)-=v 1 H  sgn(s(2i)—s(2i - 1 ) ) H sgn(s(1±2j)— s(1±2j-1)) .
1-Si5711. i j k

F o r an  element E  in  (Al), there exists a  uEW (ER(A )) such that E =u E k . Then
by (3.7), we have for X =(ti, t2, ••• trt) f),

Y(exp X; E10 , u , S  A )= H  sgn(s(2i)—s(2i-1))
1. 7n

sgn(s(1+2j)—s(14-2/-1))•exp(—f(t, p, s)),
1 j  k

where
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f (t, p, a ,  s ) =  E  Pscptc(c)

+  E 2 {  I P8(1+2i-l)+Psu+20 I ( ta (1 + 2 i-1 )+ G (1 + 2 0 )
1 S ig  k

+ 1 P s (1 + 2 ti-1 ) — P8 (1 +2 0 1 (ta (1 +2 i- 1 ) — ta ((+ 2 i) )}  -

H e re  w e used the fa c t th a t -1 + 2 t-1 = 6 1 -1 -2 i•  Note th a t  vt=vn and

,

(A ll)
2- 1 (J Pi+Pil — IPi — P.f1)=Pmax(i .) •

Consider the following condition on

(Al2k) s(1+2i-1)<s(1-1-2i) k)

Then if  s S i i  sa tisfies (Al2k), w e have

f (t, P. a , s ) =  E  Ps(,i)ta(j) •
lg jg n

Taking into account (A ll) and the factor sgn(s)lli z i g k  sgn(s(1-1-2j)—s(1-1-2/-1)),
we get

E  sgn(s)Y(exp X  ; E  k ,  u ,  sA )=- 0 sgn(s)
sES n ( S ,  a): (A 2 k ) (A l2 k )

sgn(s(2i)—s(2i-1))2kexp(— E  1 ) , (D t c (D ) ,
lg jg n

w here the sum  runs over all (s, a ) satisfying (A2k) , (A2) for k , and (Al2k).
Put f = a ( j ) ,  s '=  a 's ,  th en  s(j)=s(a - 1 (f ) )=,s / ( f ) , sgn(s)=sgn(s')sgn(a),

E E  p s , (3)ti
1. j5 n 15j5n

and the condition (Al2k) takes the form

(A13s'k) si(a(/+2j-1))<.s/(a(l-F2j)) k)

For a  fixed s'ES,„ (A13s'k) is considered as a condition on a .  Thus

Z(exp X  ; E  k ,  A , P R (A ) )= 0  E E sgn(s')
E 78 g :  (A2  k) (A )38  k)

x2 k sgn(a) H  sgn(s'(a(2i))— s'(a(2i-1))ex p(—  E
158gr8 lg jg n

Since s(E k )=(-1 )n - N +k, w e have

E  e(E k )Z(exp X ; E  k ,  A, PR(A)) —(—t n  E  sgn(s') J(s')exp(— E  p 8 » t ) ,
0 5Ar v E S n 1“ S n

where

(A14) f i s ' ) =  E i)N+ k2 ks g n (0 .)
O g k g N  a :(A 2 k )(A n s , k)

igism sgn(s'(a(2i))— s/(a(2i-1)))
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Thus our task is to prove J(s ')=1 fo r any

6 .  Now fix s ' E S . .  Denote by Ck (s ') th e  se t o f all a ES. satisfying (A2k)
and  (A 1 3 s 'k ). F o r  k= 0, (A 13s'k) does not exist a n d  Co (s ')= - Co  is independent
o f  s'. F o r  () - k N  a n d  a E S . ,  denote by P k (a )  t h e  s e t  o f  ordered pairs
(a(2i-1), a(2i))  a n d  (a(1+2j-1), a(1±2j))  j k ) .  F o r  rEC O3 le t
Ck (s', z-) be the  subset o f C k (s ') consisting o f Ck (s ') such that Pk(a)=Po(r). Put

Po(7, s ')= j)E P0( 7 ) ; S ' (i)< e(i)}

an d  M=M,, =#P 0 (7, s'). Then #Ck (s', z-)= ( ' ). In fact, put

Da = {(a(1+2 j —1), a(1+2j));

then D , / 3
0 (7, s') fo r o- ECk(s', z- ), and conversely, for any subset D of k-elements

o f  Poer, s '),  there exists exactly o n e  element aEC k (s', 7-) such that D = D .
Moreover note that fo r any a EC k(s' , 7),

sgn(a)=sgn(r),f i  sgn(s/(a(2i))— s'(o-(2i-1)))=(-1) N - m

Then we get fo r  a  fixed s 'E S .  a n d  rECo,

E E (- 1 ) N ÷k 2 k sgn(a) I I  sgn(s'(a(20)—s'(a(2i-1))
051 N  t r E C  k (s ',T ) 1 5 i5 m

=sgn(r)(-1)N - mo , v ( -
1 ) N + k 2 k ( Mk  ) _

sgn(r)(-1)N - m (- 1 n 1 - 2 ) m

-=sgn(r) .

Note that Ck(s') is  the disjoint union of Ck (s', z-) over z-EC o. Then we get

sgn(r).
rEco

J (s ')=  E 

O n the other hand, we have

(A15) E sgn(r)=1, o r equivalently, E  sgn (r)= N !,
rEcop :  (A16)

where th e  last sum runs over all r E S .  satisfying

(A16) s-(2i-1) <7(2i)

Hence we have J(s ')=1 a s  desired.
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AK, A (F) :
A v , Au

435
438

H I, H I (R) : 450
CA: 454

sgn (w) :

A+ (P) 444 0 :4 3 3 Xa : 421
440 eA : 454

:sEIg? )) :( A )
R
: (:),4: 05444433242534

Car (g), Car (G) : 451 1(F) : 431
CI ( ) : 452 451 2 4
4b, d ' b

R : 450 476 f ( a ) : 463
(E) 432 10 ,7c1  : 450 U (P) : 428
(h), s (w) : 450 M (X ), M (P) : 422 V  (E) : 428

: 427 M . - (P) ,  M' r  (P )  : 426 W (t)c) : 418
F o (E) 428,432 )Î(P)  : 427 W(E) : 422
g: 432 M a :4 6 3 W  (E : P) : 428
g . : 437 Nu  (C) : 433 433
Ea: 434 va : 433 (')a 438438
EA:
Er,

440
451

up:4 3 4
P(E ) : 428,432 W :::C  :

437
433

11 1' , Hi;;: 433 P(b), P R (h) : 433 Y(h ; ••.) : 440
433 P R  (A) : 435 Y' (h ; ••-) : 444

H 433 P F : 440 ZH (C) : 433
ba: 433 p a

 : 469 Z (h ; --.) : 441
.4F 434 71- Al 76 : 418 Z' (h ; • -.) : 444

t)u : 438 n R (A ) : 452
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