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A certain class of distribution-valued additive functionals I
—for the case of Brownian motion

By

Tadashi NAKAJIMA

I. Introduction

Let B., be a  one-dimensional Brownian motion and T  be a distribution which
belongs to the class 9 ; 1, . M . Fukushima has proposed a definition of the integral

T(B s )ds via Ito's formula and showed that the integral is a  continuous additive
functional of zero energy ([3]).

T .  Y am ada [1 l]  a n d  M . Y o r [1 3 ] studied concretely principal values of
Brownian local time which are typical examples in the class of additive functionals
of zero energy.

It is well known that there is a  one-to-one correspondence between the class of
positive continuous additive functionals of cl-dimensional Brownian motion and the
class o f Revuz measures ([7], [8]).

R .  Bass [1 ]  show ed that additive functionals A (a,t ,w )  fo r  d-dimensional
Brownian motion are jointly continuous in a and t, as. a n d  represented A (a.t.w )
as d-dimensional analogue to the Ito and Mckean [5] that states that any additive
functional A , o f one-dimensional Brownian motion can be represented as

A, = L ;',u(dy ),

where Li' is the local time at y  for the one-dimensional Brownian motion and y  is
the measure corresponding to A,.

T. Yamada showed that any continuous additive functional of zero energy has
a  representation via convolution-type transform o f the  local time in the case of
one-dimensional Brownian motion and generalized a  representation formula given
b y  R . B ass in the case of multi-dimensional Brownian m otion ([12]).

I n  th is  paper, w e  show  th a t  A T(a: t,co) = T ( X s —  a)ds i s  a  continuous
additive functional for some T  E H I, where X, is d-dimensional Brownian motion
and this additive functional has jointly continuous modification in a and t. a.s, and
has zero energy.

Our method is very s im p le . It is principally based on the Fourier transform
theory in distribution sense. The concrete estimate of the characteristic function
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of d-dimensional Brownian motion plays an essential role in the proof of our main
result.

The present paper is organized as fo llow s. In section 2, we define distribution
valued additive functionals and prepare some notation.

In section 3, we discuss the existence and (a, t)-joint continuity of A T (a : t. w)
for d-dimensional Brownian motion.

In  se c tio n  4 , w e discuss th e  energy o f  A T (a : L a))  in  t h e  sense o f  M.
Fukushima [4].

In  th e  forthcoming paper we will show th a t A T (a : t,o)) for 1-dimensional
stable process with index  / is a  continuous additive functional for some T c
and this additive functional has jointly continuous modification in a and t, as .  and
has zero ene rgy . And we will show some representation theorems for A T (a : t. o.))
in  tha t paper.

2. Definitions and preliminary results

Throughout the paper, we shall use the following notation.

R  =  the  se t o f all real numbers.

N  = the  se t o f all natural numbers.

C  =  the  se t o f all complex numbers.

R d  =  {x =  (x i , .......y d ) x i R  for 1  <  i < d}.

F o r p c c, p denotes the complex conjugate of p.

= {0(x) : 0 is  a n  infinitely differentiable function o n  R d

and has a compact support}.

=  {T : T  is  a  continuous linear functional on  g} .

= {0(x) : 0 is  a n  infinitely differentiable function
and  (1 +1x1 2) kr o o zx s is bounded on R d  f o r  any k  and a}.

= { T :  T  is  a  linear continuous functional on

Here we take the topology for these spaces in  Schwartz's sense.
L et (Xs )  b e  the standard Brownian m otion on Rd  o r  one-dimensional real

valued stable process with index a  (0  <  a < 2).

Lemma 2.1. L e t T c  9 ',  e and se t T * 0(x) = <T,,,0(x — y)>„.. Then

<A T (t, w),0> = T * 0(X s (a)))ds
.1()

is well-defined and we have

A 7 (1, C O ) E
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P r o o f  Since 0 e _9, there exists a  com pact set K  which includes supp{0}.
Then there exists a com pact set L  = L ,(w ) such that

K + X s (w) OE L 1(w) (0 < s < t).

114And there exist the positive numbers CL  an d  N  such  tha t T *0(x) < CL 4  for
every K + x e L .  Here we denote = sup.„ K , pi < N  IDP (b(X)I.

Then we have

T(t, w), 0>1 t  sup  IT  * 0(X,)1 tCdiOlitAcT•o < s  < t

This implies that A T (t, w) is  a n  element o f 9 '.

Remark 2.2. In particular, in the case of T  = T1 = f  e L io c ,  w e have

<A T (t. w). 0> = f t f  *0(X s )ds.

Moreover, le t  i  b e  a  R adon  measure and  w e set

(11 * ch)(x) = .10(x — Y)11(dY)•

Then we have

<i 1,(t , w). 0> = * 0)(X s )ds.

We define r ,  and  0, a s  following:

: X,(r.,w )= X ,(w )+ x

and

Or : X s(00) = Xr+s(69).

Clearly, we have

Lemma 2.3.

(2.1) <A T(t. T,0)), 0> = T (t. ) 0(. +
(2.2) <A 7-(s + t, (0 ) , 0> =  <A T(s, (0). 0> + <A T (t, Os w),

Lemma 2 .4 .  L et T  be an elem ent of T hen A T  ,  ( 0 )  is also an elem ent
of

P r o o f  A T (t, w ) is  a  linear form clearly.
W e note that T e Y ' if and only if there exist constants M and p E N such

that

(2.3) 1<T, M11011p for any 0 e

JO

where = e ( + I.V12 )1) 1D1 0(x)S.
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F or 0 E  Y , w e have

1<AT(t•w),0>1 t  sup I T * 0(X .,.)1

t  sup I<<I ( X 5

Then by (2.3) we get

KA T(1, w) , 0>1 2 P H17/1101lp
 s u p  ( 1 + IXs(0 ))12 )o<s<t

Therefore A T(t, to) is  a  continous linear form.

W e denote the Fourier transform o f 0(a) b y  0(2):

iS(21) = f e.h(a)e'"da,

and the Fourier inverse transform o f ip(,i) by ,97 - 1  (0)(a):

( ) (a) — ( 2
1

7
)

d .1 IP 
( A ) e ' dÂ•

where x • y  (x c R d , y e Rd )  denotes the inner product.
L e t T e W e denote the Fourier transform o f  T  b y  T:

<T, 0> =  <T, for any

Definition 2.5. W e say that T  is an  element of H I  (1 < p < oo.—oo < fi <
cc) if and only if  T  is an  element of Y i and  the  F ourie r transform o f  T  has a
version as a function T(2) o n  Rd  such that

t (;1)(I + I/112 ) /312 e L .

Then we set

ilT114  =  HM O  + ii112 )11/2 11LP•

W e note (T)(2) = (27 )- q ( - 2 )  for T E H .

Lemma 2.6. L et T he an elem ent of  Hfl . Then A T (t, w ) is also an  elementP
of  1 11,-

P ro o f  For 0 c  , w e have

<ÂT (t• (0 ), 0> =  (AT(t,w),

I( T 1 ,1. C IA. '  'x '''0(x )dx) ds
o

= f < T ) , (27 )( e 'x ' 0 ( ') / ( A ) > , t cA
.o

•
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= (27r) d <,Y- 7  ( T i ) . e i x "- 0(.1)>i. ds
. o

= < t ( — A)e l "  0(/1 )> ). ds
0

=  (it P—.1)e' x '''Ids,

Thus we get

47-(r, Co) =

B y T G H ,  w e have

(iSi'(—/1)(1 1À(2 ) 1112 E  L P .
o

W e sta te  the  following lemma, which will p lay  an  im portan t ro le  in  th e  next
section. In fact, we will prove the boundedness of certain integrals by this lemma.
which will appear in  theorem 3.1 and 3.4.

Lemma 2.7. W e set

J =
J

L e t 2p +2q > d an d  p q >
(1) I f  2p < d  a n d  2q <

(2.4)

I
0  or

d ,  then

J

(1 +1,1112 )P (1 + 1/1+
p > 0 q.

1

( 1 +R d 2
)p + q - ( d 1 2 )

(2) I f  2p = d, then

1 + log(2.5) J
(1 + I/112 ) g

w here log+ = max (log 0).
(3) I f  2p > d ,  then

(2.6) J
+1212)".

Here w e denote that " f m eans k  < f  Ig < K  f o r some positive constants k  and
K , where f ,g  O .

W e will show  the proof o f  this lemma in  appendix.
N ow  let p , be  the molifier:

1

1 (x
1),(x)



298 Tadashi Nakajima

where

eCi xp ( 1 1.,c1 < 1,
2

) ,
P(x) = '

{
1 — lx1

0, H I ,

a n d  C d is  the constant which satisfies that Sp(x)dx  = I.
In  the  remainder o f th is paper, we denote

A (t,w )= <A T (t,(o),p,>

and
A (a: t ,w )  =

W e note that

<A1,;-(t, co), q5> <AT(t, co), p,*

Here we emphasize A (a : t ,w )  is  a  function o f  a. W e recall that p,—> 60 as
—> 0 and /5• uniformly converges to one  in  wider sense tending E to  zero and

11/5ellx 1.
I n  general, 261:- approximates the distribution  A T .   However, under some

conditions we will prove that the limit is a  function, which realizes the local time
associated to the distribution T, and study the (a, t)-joint continuity of AT(a :1. co).

3. Convergence and continuity theorems

In  this section we write

TN = { ( 2
1 / 2 )  12d N, A21 N } for any  N  > 0.

Let P., be  the probability measure of the d-dimensional standard Brownian motion
B ,(w ) starting from  x  a n d  w e denote p ( t ,x )  th e  transition probability density
function . W e notice tha t the characteristic function o f  B , is

E v [e'A B 1 =  exp { H22
 s  i Âx }

Theorem 3.1. L e t  1 < p ana' g  satis f y  1 1 p +11g =1. S uppose that
13 > (d — 2q)lq in  th e  ease  w here  d  > 2q  an d  th at  f l > (d — 2g)/2q in  th e  ease
w here d  <2g.

Then w e have f o r  T  e  H : that

lim  A 'T: (a : t,a)) = A T(a : 1,w) in  L 2 (dry ),
holds.

P ro o f  Without loss of generality, we can assume that the Brownian motion
starts from zero.
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I  = Eo[(76-(a : t,o)) 2 ]

= 2E0 U ds f  duT  * p„(B „ - a)T  * p„(B s -  a)]
o s

=  2  dy j d y 2  t cis duT * pe(y 1)T  * p,(y 2)p(s, y i + a)p (u  -  s , y 2 -  y i ).
. o s

By Parseval's equality with respect to  dy 2 and dy i , w e have
I
I/ =  (220-,d 1 (IX' JC1/12 f ds I du T * p c (A l)T * p,(22)

7 . o . s

x  e -(1;t1+A212/2)s-(1).212/2)(u-s)-i(;o+),2).a
.

Note th a t  T * p,(.1) = t(A )13(A ) holds. Then

/  =  2 d A 2 T ( . 1 . 1 ) / 3 , ( ; t i  ) i . (.1,2)/ ( ").2)e - i ( A 1 2 ) . "
(27 ) 2 d

X St ds due-(h11+;t212 /2 )s-(1,1212 /2)(u-s)

By 'e l  = 1  we get

(
• .1' J.'

(1),, 2,2,2 2,2, 2  sup 1,5,(2)1 j j  d , i d , 2 1 t ( , ) t ( . 1  ds due -

1,;. N .17v 0 0

+ 2 ( 15 e(Â) L ) 2 f d/I1d22It ( 2 1)t (22)1 J
.1 r

'

ds du e 1+1 212 )s-(k21212 ),
. 0

N ow  w e set

1
J  = e- k s -= -

k
(1 C I"),

where we suppose R e(k ) > O. If k  >  1 ,  then 1 +11(1 2. Using 11 - < 2.
we have

2 4
—  1J1 11(1 1 +

If k  <  1 ,  we have

2 t  
1J1 t l + kL

Thus we get

(k  e C, R e(k ) > O),
- 1 + 11c1

0

2

(3.1)
.10
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where C = max (4, 2r). We obtain

2
2  (su P  1/6e(2 )1) t 2 I  d i l l  d;t2i t( ) , I) t ( 2 2)1

TN

+ 2c 2 (11/),(A)ILY ;t1d221t(2.1)t(22)1(1 + + 2 212 )- 1 ( 1 + k21 2 )- 1

• • r A . '

2

= 2t 2 s u p  1/5,(A)1) + 2 C2 (11/5,(A)11,,) 2/2(1 ,4

By Holder's inequality we get

2/q

(3 .2 ) +1/1I )  q( "(11 T114 ) 2 ( .1 dA( I - 2))

Therefore / I is  f in ite  for any fl.
N ow  w e estim ate /2(G ) .  First we consider 12(Rd x Rd ) =  h .  We apply

Holder's inequality to 12.

(3.3) 1 2 = (RI id221t(Al)t().2)1(1 + IA] +222)1(l +12212)-1

(11T6,0 2

x 1(0,2(1 + 1) g, 112 )- 2 ( 1 + 1;t212 ) - ( 1 - 4 / 2 )  (I + + 21 2 ) - ") i l q

(117 114 ) 2

1/q
X  (  dill d 12(1 + 1111 P212 ) - ( 1 f l / 2  ( 1 + 1P212 ) - ( 1 - ( a 1 1 1 2 ) (1 ± 1,11 112 )  (i ) •

W e apply (2.6) to  12 . If f3 satisfies

cl — 2q
/3 > 2q

and
d — 2q

fi > in  the case where d > 2q.

then 12 is finite, therefore we can make /2(G )  small fo r sufficiently large N.
N ow  w e note  th a t  supA < N  LI: — — ›  0 a s  e, —> 0 and p , Pei1 x 2 .

Since
•

Aé.;..(a; t, w) — A(a : (u )  =  I  T * (P„ — pe )(B, — a)ds.,
. o

say.

in the case where d < 2q
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./ (a: t, co) is a  C a u c h y  sequence i n  L2(dp.,) a n d  A-(a : t , co) converges
A T (a : t, co) in  L 2 (dP,).

If  p = 2 then we can improve Theorem 3.1 as follows:

Theorem 3.2. S uppose that 13 > —1 in  th e  case w here d  = 1  and  that 13 >
(d — 4)/2 in the case where d  > 2.

Fo r T e Hf, tending E to zero,

A  (a : t , a)) —+ A T (a : t , in  L 2 (dP„).

P ro o f  F or the  proof, it is sufficient to show th a t (3.3) is finite.
W e set

{ (A I ,  A2) 111
2

11 < ild + 221}

and

A2 = { (À I, 2 2) , 1 2 .± ,2 1 } •

Then

I2 = C121d A21t(A1)i' (2 2)1( 1 + 1/11 ± 2 212 ) - 1 ( 1 +  M'212) - I

+ LIA1d/121PAIMA2)1(1 ± I A 1 + 112 12 )- 1 ( 11/1212)-I
A2

— JAI ± 41 2 , say.

First, we estimate .14,. W e have

\ 2
(3.4) 411 C 1(flt(A)1(1 +1).1 2 ) - 1 d).)

<
)2 1(1 212)-2-fid2.

Next, we estimate .14,.

= d2 d;i21t()11)1(1 + i'ii i2 )" 2 1t (22)1(1 + 12212 )/3' 2

x (1 + 1 .1112 ) - 11
i 2 (l + 12212 ) --fi/2 0 + 1,11 + A212 ) - (l + 1 2 212 ) - 1

= cblid;t21t(21)1(1 + 1A11 2 )P/2 1t( 2 2)111 + 12212 1[3/2/- say.
42

L et (Ai , /12 ) belong to A 2. Then we get 1A, +À21 1A21 and 2 1A1 +A21 1Ai 1. If
16' > 0, then we have
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L < C2(1 +121 + 2 212 ) - 2 - 1 3 for some positive constant C2.

I f  —1 fi < 0, then  using  1221 111 + 221 + 1;t11 3/21211 an d  1211 H-1 + )121+
12 21 21221, we have

L 0(1+ 1 2112 ) - 1 - '3 (l + 121 + 2 212 ) -1

C4(1 +121 + 2 212 ) - 2 4 .

Hence, if fl —  1  we get

L < C5 (1 +1A1 A212)-2-fl

where C5 = max (C2, C4)•
Thus, by change of variables (2, +2? p  and 2 1 2 )

JA2C 5 d ACIIIII T(A )1(1 +1;t1 2 ) 2 1Pli — 2 )1( 1 ± 212))812(1 +1P1 2 ) - 2 - f i

Using Schwarz's inequality for the integration with respect to  A , we get

(3.5)J A . C 5(117111-e)2  j d  P (1  ±  1/112)-2-fl.

Thus we obtain a  sufficient condition for the finiteness of 12,

d — 4> —1 and fi >
2

b y  (3.4) and (3.5).

If p =  1 w e have the following theorem.

Theorem 3.3. Fo r T E Hr, tending e  to zero,

/4 (a  :  t ,w ) AT (a : t, co) in  L2 (dP ,),

w here w e take 13 > —1.

P ro o f  For the proof of this result, it is sufficient to show (3.3) is finite. B y
Holder's inequality we have

(117110 2 11(1 ± 12 112 )4 / 2 ( 1 ± 1;t212 ) - 1 - (1 3 / 2 ) ( 1 +  A i ±  2 212 ) - 111x •

If )5' > 0, then clearly /2 is finite. W e consider the case of )3 <  0 . W e set

+1,1,112) - 2 0 +1221 2) -1-o/2) ±L = (1 (1 12 + 221 2 ) - 1 .

We consider A l an d  A 2 which are appeared in Theorem 3.2. First, we consider
the case of (2 1 ,2 2 ) b e lo n g s  to  A . T h a t is , 1211 2121 + 221. Thus we have

(3.6) L C6(1 +1 2 112 ) - ( 1 i / 2 ) - 1 (i 12212)-I-W2)•
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Second, we consider the case of (A1,22) belongs to A 2 .  Recall that 1/1.11 2 12 21.
Thus we have

(3.7) L C7(1 + 1.111 2 )4 - 1(1 + 1/1I + /121 2 ) - 1 .

Therefore using (3.6) and (3.7), for the finiteness o f 12 we take fi - 1.

Since the convergence of A  is  in L 2 , we can take a  subsequence {A} to converge
a lm ost su re ly . T hus w e  take  th e  lim it  A T (a: t,co ) a s  th e  almost everywhere
convergence of : t, co).

Next we discuss th e  (a, t)-joint continuity o f A T (a: t, w).

Theorem 3 .4 .  L et T  c PP (1 < p < cx )), w here w e tak e /5' a s  Theorem 3.1.
Suppose th at 5 = min(1, (q)(3 - d  +2 q )1 2 q )  in  th e  c ase  w here d  > 2 q  an d  that
(5 = min( 1. (20 -  d  +2q)12q) in  the  case  w here d  2 q .  Then A T (a : t. co) has
(a, t)-jointly  continuous m odif ication, w hich is locally  Holder-continuous w ith
exponent y , where 0 < y < 6.

P ro o f  We will estimate

Ex [(A (a : t, co) - : s, CO)) 2 1

and then w e apply K olm ogorov-entsov theorem  to get the jo in t continuity.
Without loss of generality, we suppose that t > s  and Brownian motion starts

from zero and b = 0.
W e set

nEoR A ,(a : t,co) - 2440 : s,cow ]

< 2 2"lEo[(A! - (a : t, w ) - iter (0 : t,co)) 211

2nni
- h L  LEO RA;-(0  : W ) —  A 'r (0 : s,(0 ))

2

"i

= 2 2"Val + 2 2t I,I,s a y .

First we estimate 1„ .

= (2n)! dyi dY2n

x * P,(Y i -  a) - * P,(Y1)) • • • ( 7 ' * P,(Y2ti -  a) - * PE(Y2n))
•t

X j.
J o

d u 2 du2nP(u2n —  u2n-1 Y2n Y 2n-1) • • • P(ui, Y 1).
u lu 2 n _ i

Then we set

Fn = H ( T * p e ( y i— c ) —  T * ,„ ( y i) )
i=,

and
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Pn  = P(14; —  u 1_ 1 , y1 Y i - t ) (setting y o =  u o = 0).

W e have

•,
= (2n)! dy, . . . dy2 n f dui J du2 . . du2nF2u-IP2n-i

OU 2 n -  I

X (T  *  Pe(Y 2„ — a) T  * PE(Y 2n))( (U2n U211-1, Y 2n — Y211-1))

By Parseval's equality with respect to  dy 211 ,  w e have

(2n)! f ,

dil2nF2n-1P2n-1I„ ay ' . . • d y 2 n - I  d Â 2 n d u i  f  d u 2
(27r) 

d

u i li2n - I

2 /2)( u2,, )2)-0,2n ' I — 1 )X  T  * p,().2„)e -(1)12n1

(2n)!
d  d y i d y 2 n - 1  ( 1/1.21, du2 . . . du2nF211-2P2n-2

(27r) o • u2-1

X  ( T  * Pe(Y 2u-1 —  a) — T  * Pn(Y 211))(P( 142n-1 1,12n-21 Y212-1 Y 2,,-2)

X 1R (1121i )e
2 / 2 )(a2/) )±/A2n. 2n- I ( e /A2,, I

By Parseval's equality with respect to dy2,_ , w e have

t
= 

( 2 n )

2
!

d  dY1 dy2n_2 d22,, dui du2...f du2 n(27r) o u1

X F2n —2P2n —2 T  *  p ,(22„)T  *  Pe ( ) , 211-1)

x  e -(112,,1212)(u2n-u2,,-1)-(1 ,12,+A2,-,1 212)042,,-1 , 2n-2)

x  e
i(2211±A2n-1)' (e iA2„.a _  1 ) ( e i22 '" '"  —  1 )  .

Using Parseval's equality with respect to dy 211_2d y ,  in  a  similar way of above.
we get

I„ =
(2n)! f

(2 7 0 2 n d  
61'11 • • • ( 12 2n dui (1142 . . . du2n

u, U2n-

X  P ; t 2 „ ) i ' ( ) ,  4 ,  ( 2 2n ) i5e ( 2 1 )

x  e -(1),2.1 2 /2)(112n-a2,,-1)-(1 ,12„+2.2„._11 2 /2)(42,,_1 u 2 „- 2 ) ( H 12n+•••+A i

x (eiA2n . a —  1)(e1A2n-i —  1 )  . . . (eiA va —  1 ) .

By using Holder's inequality, we get
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ILI < (2 1 1 ) ! (11THH/1/2"(M 11 ) 2"(27r) 2ndP GC

X  (  (  / 11 d /1.2n(1 12'112)-4 3 / 2( 1  +  1 A21112 ) - q " 2

X  ( du1 d u z du21,

x e-(1,12n1212)(u2-u2n_1)-(122,,+;i2n-112

1 /
X le/A2'r (  —  11( lei 2 2 n - 1 a  — — 11'1 ) .

W e change the variables Ai ( 1 i 2 n )  to  pi  (1 j  2n) as follows:

i i 2n 11217

112n- I  — 112n

=  2n +  ) -2n-I + • • • +

Then we get

, (2n)! 
( 2 n ) 2„d (II T114 ) 2"(Melloo) 2"

X  ( d P 2 n (1  + 1 1 1 1  -  / L 2
2 ) 2 .( 1  + /12n12)-"P/2

X ( 11 , 1 2 „  r 1" 2

x d u  J d u 2  •  •  •
du2ne-(1112212)(u2„-1i2-1) ( , 212 12)(u2-u1)-(111 2 12)iii

0 u2n_1

)1/q
X le i l '2".a —  I g le iCa2 n- l - P 2 n) . a  —  1 I ei(P1 - / 1 2  ) . a  —  1 q

(2n)! 
(2 7

)

2nd r i f i pil) 2 " (10ellcc,) 2n

x  ( f d p , . . . f d p 2 n ( l  + — /4212)-0/2...(1 +1/42„_1— p2„12) - qiii2

X (1 1/12n12)-q/3/2

t f t ,
X  ( du id u 2  . . . dU 2 n e - 0q2.1 212 )14.2,, - ••• - 0.(11- 12 )u,

0 0 0

I I q
X lei/12' ." — t 1 1 ,1 . . . 1e i(111- lii)'a 11q
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Now we notice tha t the inequality (3.1) and  fo r a n y  1 > >  0

lè "  - Kla14'(1 + qt1 2 ) L l2f o r  some positive constant K  > 0.

Then we apply these inequalities to /a :

'al
< (2n)!Ki

T114)2n(11/5t11,c)2n
'coat,

0 2ad (11(27

X  ( d217 (1 (1 + IP2n — I P2n1 2 ) ( 4 3 / 2 ) ± ( q 1 a / 2 )I
12 

\) 
— (012)+(q4,12)

— 

x (1 + 1/11 12  )  
—(1 (1 + Iii2„-112)—(

2 — q(1 ±  1112n12)— y(1 —(4,12))—(012) I / 1

where K1 = (CK) 2 "  .

We first estimate of this integral. W e set

li a2n dp2„( 1 ± ,-21? I — 41-12,/12)
(012)+(q1,12) -

(
I II12„12 ) — — (W 2 ))— (q f l /2 )

Now we app y (2.6) to this integral. If 13 satisfies

/a 0 (//3 (//a2 (q (1  - )  + )  +  2 - 2 > and 2 (q (1 - >

then we get

X  ( 1 + W2n-11 2 )
— (y 1312)+(q1 ,12)

Therefore, by induction, we reach the integral

J
d p i ( 1  ±  Lui1 2) - a(l-td2)-(0/2) .

F or the  finiteness o f this integral, we set the following condition:

2 (q(1 - 3-1 )  + V ) > d.

Thus we obtain the condition

-  2q+1„ d - 2(q - 1„))
(3.8) /3> max ( d  

q 2g

and

(3.9) 11„1 C 8 al 2"1”(II TH H , ) elloc ) 2" ,

where C g  is  a positive constant and only depends on  n  and  d.
Next we estimate I , in a similar way of I,. But we notice that for any /, > 0.

R e(k )> 0 and fixed t > 0, there exists a positive constant K , such that
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Il(/,+1)
< K ,(  s

1 +11c1

 

Jo e - k a du for s E [0, .

   

Because it is easy to see that

  

s
-r,/(/ 0 (1I f i r , + 1 )

 

e— k " du

   

is  a  bounded function o n  (s,11(1) e [0, x  [0, c o ) . T h e n  w e  have

(2n)!2K,d2
SI2 '/ ( 1 '± I ) ) (117 11:) 2 " (11/5 EL ) 2 "

(27)

x dit 2 n  (1 + /121 2 )—(11312 • • • ( 1 +1/12,- I - P2,112 ) '1'6/2

/qx (1 + 1/1112 )- "i ( I '± ( 1  +  I i i 2 - 1 1 2 ) -1 / (1 ' + I )  ( 1 + 1/12„12 )" n 

where K 2 = K 11.
W e apply (2.6) t o  th e  integral with respect to  dp, O n o f  I .  T h e n  w e

obtain the condition

(3.10) fi > max 
(d 2 g  

1, +1 1, +1 d  

2q

2q

for the  finiteness o f this integral and

(3.11) Vti < CrIt - si 2"( l 'A l '± I ) ) (11711H11)2" 11.c)2" ,

where C , is  a positive constant and only depends o n  n , t  and  d.
Therefore by (3.8) and (3.10) we make /, and 1, satisfy the following equalities:

2q 2q
d  =  d  2q(1 - la )  a n d  d  

I 1  
= d - 2q + ql„.

t +

Since /, and /, are positive, if fi satisfies the condition in Theorem 3.1, then we
obtain

(3.12) lEo[(4 .(a : t, w )  -  4 (0  : s , (0 )) 211

+
fi,

C ( )  ( Mell ) 2 "BM1 (1 12 " 6 s 1 2 " 6  ) ( 1 1 Ilp 2n

where we take 6  a s  follows a n d  CBm = MaX (C8,
If d > 2q, then for fi > (d - 2q)Iq we take 6 as (q/3 - d +2 q ) 1 2 q  6  by (3.8) or

(3.10) and if d < 2q, then for fl > (d -  2q)/2q we take 6 as (20  - d + 2q)/2q >
by  (3.8) o r  (3.10).
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Thus tending e  t o  zero , w e  g e t  (a, 0-joint continuity  o f  A T (a : t. w )  by
Kolmogorov-entsov theorem.

But we cannot still get the result corresponding to Theorem 3.2 and Theorem 3.3.
By Theorem 3.4, w e can  take  th e  (a, 0-jointly continuous modification of

A T (a: t,w ).
Now we discuss the existence and (a, 0-joint continuity of A T (a :1. w) in  the

cases of p = oo  and  p = 2  for d  = 1.

Example 3.5. W e set d  = 1.
If  p = o o , w e take  T  e  f e ,  where #  >  -1/2 . A T (a:1 ,w )  has (a, 0-jointly

continuous modification which is locally Holder continuous with exponent 0 < y <
min (1, (2/3+ 1)/2).

I f  p  = 2 , w e  ta k e  T E H'2G,  where f l >  -3/ 4 . A T (a :1,w ) h a s  (a. 0-jointly
continuous modification which is locally 1-161der continuous with exponent 0 < y <
min (1, (4fl + 3)/4).

L et T  =6 0 . Then T  belongs to 1-1° r1 H 2 - ' ,  where e > 0. A T (a :1,w ) is
th e  Brownian lo c a l t im e . A T (a : ro i)  h a s  (a, 1)-jointly continuous modification
which is locally H61der continuous with exponent 0 < y  < 1/2 in the case of T  =

e H I  and exponent 0 < y  < 1/4 in  the case of T  =6 0  e H '", where e > 0.
Therefore we conclude that the exponent is 1/2 - e, which agrees to the result

in  [6].
- I /2--1L e t  T  = v .p .-

1
. T h e n  T  b e lo n g s  to  1-1° n H 2w h e r e  e > 0. Thus

A T (a : t, w) has (a, t)-jointly continuous modification which has the same exponent
in  the  case of T = 6 0 .

4. Energy of A T (a : t,w)

In this section we will discuss the energy of A T (a  :1 ,w ) . First we define the
energy of additive function als in  [4].

Definition 4.1. F or any additive functional A (a : t,w ), w e set

e(A ) = U m -
1

E„,[(A (a : t,w))
2

]
tf 0 21

whenever the lim it ex ists. W e call e(A ) the  energy o f A (a : t,w).

F or the  Brownian motion and stable processes, we take in = dx .
To discuss the energy of A T (a :1,w ) we prepare the convergence theorem of

t, w ) in  L 2(dP, x dx).

Theorem 4.2. S uppose that 2 < p  o o .  For T  c ,  tending e  to zero,

A ( a : A T (a : t, w) in L 2(dP.1 x  dx),

w here w e tak e 13 > (d  -2 q )1 2 g . H e re  q  is  f llilder conjugate of  p.
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Pro o f  We only show that the following integral is bounded. The detail of
the  proof is the  same in  Theorem 3.1.

(4.1) I  = Eci,[(11,(a : t, co)) 2 1

= f dx.E., [ (A (a : t ,w )) 2 ]

=  jd xE 0 [ (A - (a  x  :  t .o ) ) 2 ]

•
=  d x  E o  [2 ds duT *p(13 5 — a — x)T * pE (Bi, — a — x)].

o s

By Parseval's equality with iespect to  x, w e have
•/ f  r

/ = 2(2n) - d  f dilE0 dul'l * P g(4 2 e ‘- B ")[
[. 0s

i l

< 2(2m )' d), ds i t chili' (A)fj,(2) 12 e- C ;1 L ' i 2 ) "
0 0
•t

< 2(270 - d  t J d  J du t()1),(5,(.1)12e-(1,11212)u
o

Using 1 fot e - k "dtd t  for any  Re(k) > 0 and  (3.1), fo r N  > 0  w e  have

(4.2) I  < 2(270- d t ( t  su p  1/),(4 2 f d/11t(4 2

1?1.1 tv . R.1<N

+ did t(4 211 + 2 ),1.

( )

By Holder's inequality we get

)1/q
/1 1 (117 114 ) 2d / 1 ( 1 1.1.12 ) - ( rn .

kl<N

Therefore I i  is  f in ite  fo r any fl.
Now we estim ate 12(1,1) > N ) .  H ow ever it is enough to  get th e  bound of

/12(1/11 > 0) = b. A pplying W ilder's inequality to w e have

(4.3) (11 T111-0 2 (1d11(1 + 12 12 )- c l - t i l l )  •

= 2(270 - d t t  suP 1/6 ,( 2 )12 /1 + 11/5,:112x-12(12 1 - N )  - say.

F o r the  finiteness of this integral we get 2q + 243 > d. Thus if 13 satisfies /3 >
(d — 2q) 12a, then w e can easily  see that tending  i  t o  zero, {A  (a  : 1. w )} is
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a  C auchy  sequence in  L2(dp., x dx) a n d  /1'-(a : t,w) converges A T (a  :t.w ) in
L2(dp., x dx).

If p = 2 , then (4.3) is

12 (11711 12E1 + 11112I II Do•

Thus we have

Corollary 4.3. For T  E f e ,  tending e to zero,

/11
7'-(a: t,w) —> AT (a :t,w ) in  L 2 (dP, x dx),

w here w e take fl > —1.

These results guarantee the existence of A T (a :t ,w ) fo r  T c H : wider than
Theorem 3.1 a n d  3.2. Especially, A T (a : r w )  exists fo r  a n y  T e H '  f o r  any
dimensions according to Corollary 4.3. However, th e  lim it  A T (a :t . (a ) exists
almost everywhere Px  n o t for a ll P . T hen  w e  deno te  the limit by AP (a: t. co) in
this sense.

Now we show tha t AP(c : t,w ) has 0-energy fo r the  same fl.

Theorem 4.4. Suppose that fi > (d — 2q)/2q in the ease where p >  2 and that
—1 in  the  case where p = 2.
Then, for any  T E111

1,3,  we have e(AP .) =  O.

P ro o f  By (4.2) we have

Edx [(A ' (a : t, w) 21

( i'l ()_)12  ._ 2(27r) — d t t  s u p  IP,() - )12 f d /11f (2)12 ± CM Ell 2„.f
12 1 N R.1 N , [ >N1  ±  1)1 1' )

If fi satisfies the condition, for sufficiently large N  we make

It (2 )12 
(12

.11,11>N 1 -F1), 2

s m a ll.  F o r  such N  w e take t  independent of p„ a s  making

(/), 1
I Al

sm all. T hese  estimations are uniform in  e. O n the  other hand we know

A.(a : t , co) —> A`ha : t co) in  L 2 (dp., x dx),

by Theorem 4.2 and  Corollary 4.3.
Therefore we get

lim -
1

Ed„[(AT(a: t,w) 21= 0.
flo 2t •
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Appendix. proof of Lemma 2.7

P r o o f  W e prove the case of p  >  >  O. W e  set

L = (1 + 11112 )- P (1 + + p12 ) - q

A1 =  { p : <  I i;1

A2 = { p IP + ;t1

A 3  =  1 P  11-11 2 } — Al A2,

and
A4 = (A i U A2 U A3) c .

We will consider each c a s e .  First, we consider which belongs to A 4 .  Since

1/11 + ;Id + 1,11 IP + + —
2
1 IPI

and

+ /11 1j I Al 1/41

we get lit + --zz Ltd.
Second, we consider p  which belongs to A 3 .  Since

1,11 1/11 2 1,11

and
1

r 1.11 Lu+

w e get 1.11 1// + --zz Ltd.
Third, we consider p  w hich  belongs to  A . U sing

1;t1 IP + ;t1
w e get 1;t' + p1 --zz 1.11.

Last, we consider y  which belongs to A 2 .  Using

w e get 1)..1



If IA > 2 > 21.11, then ji belongs to  A4. Thus we get

.11/(1>2 ( 1 +  L11 12 ) P + q
J(IP1 > 2) x ,   x 1.
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We consider the order of J  in Lemma 2.7. First we suppose that 12i 1 and

dit 

j f12 (1 + 1/11 2 )P (1 + + /112 )4 + 1/d>2 (1+ 11/1 2 /1)(1 +1 2 +1/1 2 )"

= J( (td 2) +/Gu ( > 2), say.

set

If 1/21 < 2, then w e have

1 >
1 1

L >
(1 + 2 2)1' (l + (2 + 1) 2 )q 5P10q

Thus we get J(Iti 2)
Next we suppose

x  1. Therefore for 121 1, w e get J
that 2 >  1. W e set

dit

1.

1, 2, 3, 4).(i =Ai (1 + 11-i12 )P ( 1 + + 1-112)"

First, we consider J(114)•
d„ 

J(A4) f A 4  (1 +11i 12 )P ( 1 + +
d1.1 

IA, (1 + + )1 12 )P ± q

!A id
1A 2p+2q

1
(1 + lAi 2 )P-Fq- (d 12 )

Second, we consider J(A 3).

J(A3)=.
1,13(1+1,,,I2)P(1+1A+,,il y

d 
A 3 (1 +1),1 2 ) P + q

12 14  

— + 1/112)"+q

(I - I-  1212)1)."-((//2).
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Now we consider the  order of

K = (ix

1\1 -a + lx12 )"

where a>  O.
F o r  a  fixed k > 0, w e have

K =
dx

2 +
dx

lx1. 1( (1 + Ixt)" Jk<xici ± \1 2 ) 1)

A  
1 + 2p

k<lx Ii a X

If  2p > cl , w e  have

If  2p = d ,  w e have

If  2p < d ,  we have

K 1.

K  1  +  log a — log k 1 + log+ a.

K  „„:„. +  ( a el-2p k(1-29 • d-2pa
1

a 2) 1' '/2 ) •

Keeping this discussion in mind, w e return  to  our original problem.

dit
J (A i) =

A (1 ± PI '
 2)P ( 1 + ± I 112

1 d f
+ /112 ) t i (1 ±  Lu.12)p

 

2p < cl

2p = d

2p > cl.

 

d,t1
J( A 2) =

1/12 ( 1 + 1/1! 2 )P + +1 112 r/

d 
(1 + 1/112 ) / 42  (1  +  I i i + /1t2 r
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1 fd i '

(1 + 121 2 )P J A1 + 11112 Y1

(1 +1212)p+q-(d12), 2 q < d

1 + log ,11
2q = d

( 1 +1 ) .12 )1)

1
2q > d .

( 1 +1/112 )P

Therefore we get Lemma 2.7.
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